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Abstract

Unbiased estimates of technological parameters of an underlying production function
can be obtained by first estimating a cost-share equation. From the parameter
estimates of the cost share equation, it is possible to obtain all relevant elasticities,
including production elasticities, own and cross input demand elasticities, the
elasticity of input demand with respect to product price, and the output supply
elasticities. The approach has important implications for, and represents a new way
to estimate aggregate supply elasticities.
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Linkages among Estimated Technological Parameters,
Production, Supply and Input Demand Elasticities for
Agricultural Production Functions

Angelos Pagoulatos and David L. Debertin

For six decades, agricultural economists have made attempts to estimate production
functions describing technical relationships between inputs and outputs (Spillman,
1923, 1924; Furtan and Gray, 1981).! This paper derives some of the important
relationships that exist between the estimated parameters of a production function and
various production and demand elasticities.

The output from the agricultural production process is assumed to be a random
variable, with the mean given by the parameters of the production function. A
constant variance across all economic units that produce that same output is assumed.
The Gauss-Markov theorem results in unbiased estimates of production function
parameters estimated via ordinary least squares if the independent variables (inputs)
are uncorrelated with the error term. The error term can represent the effect of either
unobservable variables (which are uncorrelated with the amount of inputs used) or
observable variables (as observed by the manager), which are correlated with the
inputs used.

The conditional demand and supply functions (factor demands) for the firm are
functions of prices determined by the marketplace. Therefore, these prices are
uncorrelated with the error term. From the symmetry conditions, the partial
derivatives representing the change in the quantity demanded of each input with
respect to a change in the price of all other inputs should all be equal. In order to
obtain efficient estimates of the parameters, these restrictions should be accounted for
explicitly within the estimation process. This will reduce the number of parameters to
be estimated, thus conserving degrees of freedom and possibly eliminating
multicollinearity problems (Fuss, McFadden and Mundlak, p. 229).

Suppose a production function:

f(X, a),
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where
X = [Xg,...,Xn] 1S @ vector of inputs
a =[ay,...,ay] is a vector of parameters to be estimated.

The corresponding profit function is

g(p. P, a)
where
p is the price of the output
P = [p1,..., Pn] IS @ vector of input prices.

The difficulty with the estimation of profit functions is that data on economic profits
are usually not readily available. Moreover, pure competition in the output markets
may constitute an untenable assumption. Information on factor costs (input prices) is
normally more readily available. Therefore, cost functions are frequently used to
estimate technological parameters of the underlying production function. However,
estimation problems may arise as a result of the lack of independence between the
output level and the error term.?

Revenue functions and factor-share equations have been suggested as alternatives.
Revenue functions have been used by Diewert, McFadden, and Askari and
Cummings, with emphasis on multiproduct production processes. However, the
usefulness of the revenue-function approach is limited because of the need for an
aggregate input measure.

Under appropriate conditions, factor-share equations will provide efficient estimates
of the parameters of the production function. Hence, input-demand functions as well
as cost and supply functions can be derived. Cost-share functions have the advantage
of providing an estimate for every technological parameter of the underlying
production function. Therefore, it is possible to obtain either the input-demand
functions or the output-supply function. Elasticities with respect to prices for each of
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the above functions are expressed in terms of the technological parameters. In the
remainder of this paper, the linkages between the production elasticities and the input
demand and output supply-price elasticities are derived.

Production, Price and Derived Demand

Mosak's pioneering 1938 work dealing with the interrelationships between the
production function parameters, prices and derived demand for inputs leads to the
development of expressions for input demand and supply price elasticities. The
production function for the firm is defined as y = f(xy,...,X,) where y represents the
output of the firm, x; represent quantities of inputs or factors of production, p is the
product price and p; is the price of the ith input.

The elasticity of input demand with respect to the jth input price (n;y) is defined as
(1) Nipj = MM jerisaMas ™,

where A is some undetermined Lagrangean multiplier, which under profit
maximization conditions is equal to 1/p. M is defined as negative of the familiar
bordered Hessian

0 P1 ... Pn
P2 i fin
pn fln 1:nn



Pagoulatos and Debertin
Now define (Bocher Corollary 3 p. 33):
Mij = (MiMyg-MyM )M
Vijkl=1,...n
For the particular case, equation (1) can be restated as:
(2 N =AMupMyt
Nipz = MMMy
N2pt =AM1123My;™
The elasticity of supply with respect to the ith input price is given by:
(3) & = A(Oc/opi - xi). Mosak establishes the following relationship:

(4) & = -nip, Where nj, is the demand elasticity for the ith input with respect to the
product or output price. The elasticity of product supply with respect to the output
price is given by:

(5) &, =roclop.
Then:
(6) Xepi = -gp.

In the following section, we will propose a more direct linkage between the input
demand elasticities and the underlying production function parameters, by making use
of a somewhat different approach.

Relationships among Elasticities

Assuming a smooth, continuous, monotonically-increasing convex production
function (Fuss, McFadden and Mundlak):



Linkages Among Estimated Technological Parameters, Production, Supply and Input Demand Elasticities

(7)  y="1(Xs,... %n),

where y is output, and the x; are inputs with given relevant prices. Then, the
production elasticities are given by

(8) = oyloxi xiy ™ =pip Xy
where p is the output price, and p; is the ith input price,i=1,...,n

The second term of the equality substitutes for the relevant price ratio for each
marginal product. The sum of the production elasticities is called the function
coefficient (Carlson, Allen) and defines the degree of homogeneity or returns to scale

(©):
©) Soi=<i=1,..n

where each production elasticity is assumed to be non-negative over the relevant
range of the production function. Furthermore, each production elasticity may change
as input utilization changes. Define pj; as

(10)  pj = (Ooulox)xjou™
(i,j=1,.,n)
Griliches has shown that
(11) dy/dp = (oy/ox;)(dxi/dp) + ... + (Oy/oxn)(dX,/dp).

Define n;, as the elasticity of demand for the ith factor with respect to the output price
p. Then the elasticity of supply with respect to output price (ep) is

ep=(dy/dp)(ply) =(0y/ox;)(xiy ") (dxi/dp)(pxi ™)
+ ..+ (BY/0%0) (Xny ) (AXe/dP) (PXn ),

or,
(12) &= Zainip.



Pagoulatos and Debertin
Similarly, the elasticity of output supply with respect to the ith input price (g;;) is:

(13) Epi = ocianpi.

Direct- and Cross-Variability among Production Elasticities

In the general case, the production elasticity of input i changes in response to
adjustments in the use of input j as measured by p;j. Thus,

(14) pij <0,p;; =0 or p;j > 0 depending on if the inputs are competitive,
complementary or independent in the production process.

In general, the direct elasticities (pii) would be expected to have a negative sign and be
smaller in absolute value than the positive cross elasticities pjj. To the extent that the
relevant second cross-partial derivatives of the production function are positive, the
additional use of input x; would increase the productivity of the remaining inputs.®

From equation (8),

(15) x; = auppity, or

(16) y=oq'pipx:

Differentiating equation (15) with respect to output price p:

(17)  oxilop = oi(ypi™ + ppi™Ay/ap) + pypi™ douldx; Oxilop + pypi™ douldx; Oxlop
j#i

The elasticity of factor demand for the ith input with respect to the output price p
follows from equation (17)

(18) nip = (1+&, + Zpijejp) (L-pi) "
J#I

where

gip Is the supply elasticity with respect to output price and nj, is the factor j demand
elasticity with respect to output price.
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To the two well-known fundamental relationships [equations (4) and (6)] derived by
Mosak, we add a third relationship that also follows from equations (4) and (6):

The elasticity of supply with respect to the output price is equal to the sum of the
respective input demand elasticities with respect to the output price p.

Differentiating equation (16) with respect to input price results in
(20)  oylopi = i (xip™ +pip™ OXilOPi) - o *pixip™ BouldXi OXilop; -
oi? Zpixip™ oyldx; oxjlop for j#i

From equation (20), the elasticity of supply with respect to each of the factor prices
Is:

(21) & =1+ Nipi - NipiPii - ANjpipij for j#i
where nj, and n;p; are the own- and cross-price input-demand elasticities.

It is important to note that the fundamental proposition of neoclassical profit
maximizing behavior implies symmetric cross-price effects are symmetric (Varian p.
33; Fuss, Mcfadden and Mundlak). Therefore,

(22) Mgy Xip; = i Xipi -

Differentiating equation (15) with respect to input price p; first and then with respect
to input price p;, the factor demand own price elasticity n;y and cross price elasticity
Nipj IS Obtained as

(23)  Mipi = (gpi-1 + Z pijnjpi)(1- pii) " for j#i
(24)  ni = (g + Zpynyp) (L- o)™ for ji.

Following Uzawa, the linkage between the cross- elasticity of input demand for factor
I with respect to the price of factor j, and the elasticity of substitution between inputs i
and j (Gy) is
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(25)  Gij = nipi/Si = Zx;fi(xiX;)AOxi/Op;, where S; is the cost share for factor i.
Differentiating equation (16) with respect to output price yields
(26) oylop = o (-pixip *+pip il Op) - oy pixip™ Bouldxi OXildp - o
Ypixip 0ol Ox; Ox;ldp for j#i.

Thus, the elasticity of supply with respect to output price (g,) can be expressed in
terms of the input demand elasticities with respect to the output price as

(27) & =mip - 1 - nippii - Znjppij for j#i.

Successive substitutions would allow each of the relevant elasticities to be expressed
in terms of the other elasticities.*

Directly-Variable Production Elasticities

affect only the own production elasticities. Moreover, the greater the level of input
use, the lower the production elasticity for that input. These assumptions are
consistent with the neoclassical model of the three-stage production process.
Equations (17) and (20) can be rewritten as

In this case, assume that p;; < 0 and p;; = 0. This implies that changes in input use

(28)  oxilop = oi(ypi™ + ppi™* Aylop) + (pypit daildxi Oxilop)

and

(29)  ay/op;i = oy (xip +pip™ OXilop;) - o A(Pixip™ BouildXi OXilOpi).

From equation (28)

(30) mip= AXilAp Pxi ™ = ou(yppi X+ yppi X tep) + (Yppi XX BouildXi Mip),
and

(BL) nip=1+e+pinip = (L +g)(d—pi)™

10
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Similarly, from equation (29),
(32) &= (oylop)piy™
= o [Py P Oxilop; Py -oa P X Py X Dol ox; Oxil oy,
and
(33)  &pi =1+ nipi (1-pi).

Equation (33) also implies that the elasticity of output supply with respect to an input
price (epi) is smaller than or equal to the elasticity of the demand for the input with
respect to its own price (niy). The relationship between the two elasticities depends
specifically on the value of pj;.

The elasticity of the demand for an input with respect to its own price (ni) is
obtained from the differentiation of equation (15) with respect to the own-input price.

(34) Mipi = 0ui(-PyPipi X+ Oy/Opi PYPipiY i) + MipiPYPiPiXi ™ D0l X,
and
(35) Mipi = gpirl + Nipipii = 2pii.

The elasticity of supply with respect to product price can be obtained by combining
equations (12) and (29) as

(36) &= Zainip: Zai(1+£p)(1_p“)-ll
Solving for ¢,
(37) & = [Zou(L-pi) ][~ Zos(1-pn)] ™

Each production elasticity is divided by one minus its own p;. The p; takes into
account the sensitivity to changes in the level of input use.

Using equation (37), the elasticity of input demand with respect to the product price
(nip) can be restated as

(38)  Mip = [1- Zou(L-pi) T (L-pi) ™

11
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Each input-demand elasticity with respect to the product price decreases at the rate at
which the elasticity of production decreases with the expanded use of the input.

Cobb-Douglas Production Functions

The Cobb-Douglas function is a special case in which the elasticities ofproductionare
constant and therefore the p;; and pj; are equal to zero. Differentiating equation 15 with
respect to the product price and equation 16 with respect to the input price yields

(39) oxi/op = oi(ypi™* + Oylop ppi )
(40) oylopi = ai t(xip™ + oxilopi pip™).

Then the elasticity of factor demand with respect to output price (nj,) and the
elasticity of supply with respect to the input price (g,;) can be obtained as

(41) nip = ou(pypixit + pypixit dy/op py™), and
(42)  &pi = o (Pxipy T +pxip ™y Oxilop pixit pypixi ).

An alternative way for obtaining e in terms of direct- and cross-price elasticities of
input demand will allow for an explicit linkage between e, and the cross elasticity
Nipj- Thus,

(43) &y = 0ylop; piy ™ = (Oylox; Oxildp; - X dylox; oxilopy)piy
j#i
Rewriting (43),

(44) & = oinipit Zoynjpi = Zoynjpi-
J# J#, j=i

The expression for the cross-price elasticity of input demand is obtained from
(45) i = Oxilpi pix;” = 0% = o4Pp;”Y)/Opi Xy

= aiNipit ZoGNjpi =04 Njpi-

12
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Thus, &, = njpi, and it follows that the elasticity of product supply with respect to the
ith input price equals the input demand cross elasticities with respect to the ith input
price.

Differentiating equation (15) with respect to the input price (p;) yields

(46)  Oxilop; = ou(-pypi> + dylox; Oxilop; ppit +Xoylox;ox;opi ppiY).
j#i

The elasticity of factor demand with respect to the ith input price (njpi) is:

(47) mipi = ZOtilepi'l = Spi'l-
I£j i=]

Therefore,
(48) &y = Zaii(1+ep) =Xy Mip.

For the Cobb-Douglas case, starting with the production function, y = AIlx?, the
demand for an input and the corresponding price elasticities can be derived from the
profit-maximizing equation. The elasticities are exactly the same as those derived
here.

The ith input demand elasticity with respect to the output price is given by
(49) mip= (-1

Substituting equation 49 into equation 47 yields

(50) &, =8(5-1)™

From the Cobb-Douglas production technology, the derived ith input demand has an
elasticity with respect to its own price equal to

(51) nipi = [1-(8-04][5-1]™.
And from equation 47:

(52) Nipi = &pi-1 = [1-(5-04)][5-1] .

13
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Concluding Comments

Unbiased estimates of technological parameters of an underlying production function
can be obtained by first estimating the cost-share equations. From the parameter
estimates of the cost share equations, it is possible to obtain all relevant elasticities,
including production elasticities, own and cross input-demand elasticities, the
elasticity of input demand with respect to the product price, and the output supply
elasticities. Agricultural input demand elasticities with respect to the output price
equals the elasticity of supply with respect to the output price, based on cost-share
data.

This paperhasderivedsomesimple andpreviously unrecognized linkages amongthevarious
elasticities of production, supply and factor demand for three subclasses of the Generalized
Power Production Function. Thework by Mosak, although pioneering, could nothave taken
into account the new forms of production functions developed over the past forty years.
Mosak didnot provide explicit linkages, but rather a seriesofcumbersomeexpressions. The
equations contained in this paper provide explicit linkages that can be usedby agricultural
economists for obtainingelasticitiesfromadiversearrayofspecific functional forms.

Footnotes

The production function is a technical relationship between inputs and output
representing the minimum amount of inputs necessary to produce a unit of output, or
the maximum output that can be produced by a given level of inputs. A serious
problem arises in the measurement of the inputs which represent aggregate quantities
(Varian, p. 119).

’Independence between output and the error term would exist if the amount of
output supplied is determined exogenously (demand conditions). In general,
estimation of aggregate production relationships using time-series data would have to
account for endogenously determined prices.

3Although the analysis here is partial in that prices of inputs are not allowed to change
as a result of changes in their quantity demanded, this can be remedied by considering
more than one production process. If the supply function of the input- producing industry
is added, an estimate of the own-price flexibility of input supply can be obtained as

14
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1 - -1
(1) Kj= 8pi/8xi XiPi ~.

By differentiating the profit-maximizing relationship, an additional term representing the
partial derivatives with respect to the variable input prices is obtained.

“Using a simple cost-minimization approach, the aggregate-supply function (Pagoulatos and
Debertin) in log-linear form is

@) Iny=(1-2) INATIS - X (1-2)" Silnp; + £(1-0)* Inp.
[ [
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