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ABSTRACT

The effects of multivariate risk are examined in a model of portfolio choice. The conditions

under which portfolio choices are separable from consumption decisions are derived. Unless

the appropriate restrictions hold on investors’ preferences or the probability distribution of

risks, the optimal portfolio is affected by other risks. This requires generalizing the usual

measures of risk aversion. With two risky assets, the choices made by investors coincide if

and only if their generalized risk aversion measures are identical. An extension of Ross’s

notion of stronger risk aversion is used to characterize the effect of risk aversion on the -
investment level in the riskier asset. Finally, in a mean-variance model, the matrix measures

of risk aversion are used to generalize the results of Arrow and Pratt concerning the effects of

risk aversion and wealth on the optimal portfolio.

The authors are Ph.D. candidatc and Associate Professor, Department of Agricultural and Resource Economics,
University of California at Berkeley. -




Portfolio Choices in the Presence of Other Risks
1. Introduction

The effect of risk aversion on the level of investment in a risky asset is a well known result.
An individual whose utility function defined over wealth is more concave than another’s will
pay a higher risk premium (Arrow (1965), Pratt (1964)) and will invest a smaller portion of
his initial wealth in a risky asset (Pratt (1964)). If risk aversion decreases with wealth, then
the larger is initial wealth, the larger is the investment in the risky asset (Arrow (1965)). If
the choice set includes more than one risky asset, the Arrow-Pratt measure is not sufficient to
rank investors’ choices (Cass and Stiglitz (1972). In the absence of a risk-free asset and when
the choice is between two risky assets, Ross (1981) suggested a stronger fneasure of risk aver-
sion and showed that an investor who is strongly more averse to univariate risk than another

would choose a lower level of investment in the more risky asset.

These studies make use of the expected utility hypothesis, in which an investor makés
decisions so as to maximize the expected value of his utility function. An additional implicit
assumption is that the utility function is defined only on the levél of terminal wealth. The
process by which wealth produces utility, presumably through the consumption of goods, is
left implicit. |

Assuming that the investor derives utility frorﬁ the consumption of goods purchased from
his wealth, there are many situations where his objective function is multivariate, defined on
several random arguments, rather than a univariate function of wealth alone. A generalization
of the Arrow-Pratt theory of behavior under uncertainty is then required, and indeed was car-
ried out in a sequence of pépers—Stiglitz (1969), Kihlstrom and Mirman (1974), Epstein
(1975), Karni (1979) and others. In this paper, we apply some of the results from these
papers to the analysis of portfolio choices.

In the presence of univariate risk, when the utility function is assumed to be defined on

wealth alone (or if it is only wealth that is uncertain), the investment decision is not affected

by preferences for consumption goods (ordinal preferences), but it is affected by the degree of
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risk aversion, which is a cardinal property of preferences. However, in the presence of mul-
tivariate risk, where the return on investment and other arguments of the utility function are
uncertain, the portfolio choice is affected by both properties of preferences, and the familiar
separability between consumption and investment decisions breaks down. In other words, the
results in this paper show that the investment decision is affected by cardinal properties of the
utility function representing the investor’s ordinal preferences and the ordinal preferences
themselves. This finding is analogous to the results of Finkelshtain and Chalfant (1989), who
showed a similar non-separability with regard to production and consumption decisions in the
presence of uncertain prices. These findings are examples of the general results of Kihlstrom
and Mirman (1974) and Karni (1979)—ordinal preferences play an imponant' role in agents’

‘attitudes toward multivariate risks. ' ‘

The first attempt to analyze the effect of multivariate risks on portfolio choices was made
by Li and Ziemba (1989), who characterized the choices of investors with multi-attribute util-
ity functions facing multivariate normal risks. Using a formula from Rubinstein (1973, 1976)
for the covariance between two functions of normally distributed random variables, they
showed that investors with identical multivariate Rubinstein measures of risk aversion will
choose the same portfolios. In addition, they showed that if the vector of "attributes" of
wealth follows a distribution that is indepcndént of the asset returns, then the univariate
Rubinstein measure is sufficient for characterization of portfolio choices. Below, we use
multivariate generalizations of the Arrow-Pratt absolute and relative measures of risk aversion
to generalize the first result to hold for arbitrary distributions, and show that the latter result
need not hold without the normality assumption. Using the multivariate measures of risk
aversion, we consider comparisons between investors with different risk attitudes. In addition,
we show that Ross’s (1981) measure of strong aversion to univariate wealth risk, surprisingly,
is sufficient to characterize portfolio choices, even when the utility function is a multiattribute

one. However, the multivariate case requires either a special case of stronger risk aversion or

an additional restriction on the probability distribution.
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The paper proceeds as follows. In section 2, we presedt a model of the investor’s deci-
sion problem and discuss the cases in which his objective function is equivalent to the ordi-
nary indirect utility function defined on wealth and prices. We then describe the conditions
under which it will reduce to a function of wealth alone. In section 3, we derive necessary
and sufficient conditions under which portfolio choices are separable from the consumption
decisions made by the investor. It is shown that these conditions are very restrictive. How-
ever, if goods’ prices are independent of asset returns, separability is restored with plausible
assumptions about preferences. Following that, in section 4, we establish the main results of
the paper concerning investment decisions under multivariate risk. We use a multivariate risk
premium and corresponding measures of risk aversion to characterize the relatibnship between
aversion to wealth risk and portfolio choices. Finally, we show that a version of Ross’s meas-
ure of risk aversion is sufficient to indicate the relationship between the level of investment in

the more risky asset and the investor’s degree of risk aversion.

2. Modeling Investor Behavior Under Multivariate Uncertainty

In situations involving temporal risks, aggregation over goods may be misleading, as noted by
Epstein (1975), who conducted a disaggregated analysis of consumer choices under risk. Li
and Ziemba (1989) augmented the usual univariate objective function, utility defined on
wealth, with a vector of "attributes” of wealth, denoted by F in their paper; as they noted, an
obvious choice for an element of F is a measure of the real purchasing power of the nominal
value of wealth. However, disaggregation suggests an important particular choice for the vec-
tor of attributes—the vector of prices of goods consumed by the investor. This case was con-
sidered by Finkelshtain and Chalfant (1989), who made use of the entire vector of prices of

consumption goods, reflecting the fact that the Composite Commodity Theorem may not hold.

The model below follows this approach and allows the formal introduction of multivari-
ate risks into the investor’s maximization problem. The particular risks which are considered

are wealth and price risks; the latter seem to be the most natural example of random
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atributes. However, the analysis in the reminder of the paper is conducted for arbitrary vec-

tors of attributes, with prices presumed to make up a part of the vector.

We consider a one-period model of an investor engaged in both investment and con-
sumption. The investor makes ex ante choices concerning his portfolio and some of his con-
sumption goods and ex post choices of other goods. Hence, there are two types of goods;
those which are precommitted before the realization of prices and returns on investment, and
those which are chosen when all random variables are known. We denote the N, goods of
the first type by Z =(Z,, Z,, ..., Zy) 20 and the N, goods of the second type by
Q =(Q1, Q2 .., Oy,) 20. The prices of these goods are denoted by p = (p;, Py, . . - PNy
and by p = (P, Pa... . . ,DN,), Tespectively. We assume that the investor’s objective function
is his Von Neumann-Morgenstern utility function u(Z, Q), defined over both types of goods.
u(Z, Q) is assumed to be continuous in Z and Q, non-decreasing, and quasi-concave for
Z,0 20.

The investor is subject to the following constraints. Initial wealth is W (assumed to be

non-random) and the budget constraint is given by
W =pZ +pQ,
where total wealth is given by
W =Wolax + (1=-a)y] =Wylax -y)+y]

and o and 1-a are the shares of initial wealth which are invested in the assets with retumns x
and y, respectively. Finally, we assume that the ex ante knowledge of the investor concern-
ing p, p, x and y can be summarized by a subjective probability distribution function

F(p,p,x,y) with finite momerits.

The investor must choose & and the levels of Z and Q so as to maximize the expected

value of his utility function:

0sa<1; 2,020 ‘J’M(ZvQ) dF(p,p’x’y)
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subject to the above constraints.! The maximization pr'oblem can be solved in two
stages—maximizaton with respect to Q for a given realization of prices, returns and prior
choices of Z and ‘., and then maximization with respect to Z and a. As Epstein (1975)
argued, since consumption plans for Q can be revised when prices and asset returns are real-
ized, the first maximization problem may be taken inside the integral to obtain a revised
objective function, the variable indirect utility function? gZ,s,p), where s represents
savings—the amount of total wealth available for consumption of the goods in Q —and is

defined by
s(W,Z,p)=Wx,y,a) — p'Z.

The objective becomes

Elg(Z,s(W,Z,p), = Z,sW,Z,p), dF (p,p,x,y).
0TS [g,( s ( P).p)l H{yﬂ 5( p).p) dF (p,p,x,¥)

Without additional restrictions, the objective function g (-) does not reduce to the tradi-
tional objective function of investors—utility defined on wealth. Both include wealth as an
argument, but the former also includes the vector of consumption goods Z and the random
vectors p and p. The maximization problem is therefore a multivariate risk problem; the util-

ity function depends on more than one random argurnent.3

Two assumptions. are required for g( - ) to reduce to the univariate objective function
defined on wealth alone. First, all consumption decisions must take place ex post, so that Z
and p can be ignored. Second, the price vector p must t;e known when the investment deci-
sion is made. If the first assumption holds, g ( - ) reduces to the ordinary indirect utility func-

tion V(W, p). If, in addition, p is known to be fixed at some level j, then the objective

I To avoid the possibility of bankruptcy, we assume that the choice of Z is constrained by Pr(p’Z < W ) =1
(see also Epstein (1975)).

2 The variable indirect utility function was investigated and used by Epstein (1975), who established its duali-
ty with the direct utility function «. -

3 Randomness of attributes other than prices would have exactly the same effect on the objective function, as
is easily seen by adding other random variables of interest to the functions g and F.
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function is V(W, p). This, of course, may be treated as a fuhction of wealth alone.

The second assumption seems unrealistic, since it is hard to imagine that the prices of all
consumption goods (or other attributes) are known in advance. The first assumption is more
plausible, since situations which involve ex ante consumption decisions are relatively rare.

Below, we adopt the first assumption and consider the effects of relaxing the second.

In order to keep the notation close to that of Li and Ziemba (1989), we use U(W,C) to
denote the investor’s indirect utility function defined over wealth and a vector C, of M ran-

dom attributes.? As noted earlier, goods’ prices are assumed to be included in C .3

3. Separability of Portfolio Choices from Consumption Decisions

We showed above .that, in the presence of price risk or other random attributes, the invcstorfs
objective function need not reduce to the traditional objective function, utility defined over
wealth»alone. However, with certain types of preferences and/or probability distributions, the
investor’s portfolio choice is not affected by the introduction of the additional risks, i.e. the
levels of o in the two environments coincide. In this section; we derive necessary and
sufficient restrictions on the form of the utility function under which portfolio choices are
identical under univariate risk (wealth risk alone) énd under multivariate risk. Characterizing
these conditions is of interest, since they imply that the familiar separability between the port-
folio choice and preferences for consumption goods or other attributes, which holds under

univariate risk, is preserved under multivariate risk.

The investor facing univariate wealth risk is assumed to maximize the expectation, over

the joint distribution of asset returns x and y, of a utility function defined over wealth and a

4 U is assumed to be differentiable, and we assume the existence of unique interior solutions for the
investor’s problem, both in the univariate and multivariate modcls, as well as for the choice of consumption
goods.

5 Note that it would be straightforward to include the goods in Z in the vector of attributes C, should interest
be in the effects of precommitted consumption quantities, but this is beyond the scope of the paper and does not
affect the results we establish.
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fixed vector C, taken to be the mean of the marginal distribution of C when it 1s random (the

multivariate case). Under multivariate risk, the investor’s problem is

max [ [[UW,C)dF(C,x,y)
yC

0<as<l 3

where F(C,x ,y) is the joint probability distribution function of C and the returns on assets.
Restrictions on the form of the objective function are needed for equality between the levels

of o chosen under univariate and multivariate uncertainty. This is shown in Proposition 1.

Proposition I: Denote the optimal levels of o under multivariate and univariate risk as o™
and o, respectively. Then a™ = a* for all joint probability distributions of returns and attri-

butes if and only if
UWw, C)sUNW) + UXC).
The proof is presented in the Appendix. B
For portfolio choices to be unaffected by the presence of the additional uncertajnty'
resulting from the randomness in C, the utility function must be additively separable in W
and C. If the vector C consists only of the prices of consumption goods, U reduces to the
ordinary consumer’s indirect utility,funétion defined on wealth (income) and prices alone. In

this case, Finkelshtain and Chalfant (1989) showed that additive separability of U, of the form

in Proposition I, impliés that
UW,p)=log(W) - 1log[G )],

where G(p) is linearly homogeneous in p. This form places strong restrictions on prefer-
ences. The coefficient of relative risk aversion and the income elasticities of demand for each
good must all equal 1, thus excluding the cases of risk neutrality or risk seeking. It also

severely limits the nature of preferences for goods.6

6 If the set of probability distributions under consideration is such that some priccs are deterministic, then the
restrictions on preferences are somewhat less restrictive. The term for wealth or income in the indirect utility
function must be separable only from the random prices, and income clasticitics must equal R only for the
goods whose prices are random.
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Only investors with these preferences will choose o™ =a* for all probability distribu-
tions of returns and attributes. When the returns on assets are statistically independent from
the random attributes in C, however, one is tempted to conclude that the additonal risk will
not affect the portfolio choice. Indeed, when these random variables have a multivariate nor-
mal distribution, Li and Ziemba (1989) showed that this is the case. However, if the normal-
ity assumption is relaxed, then o™ and o may differ, even under independence. Under
independence, the joint density of returns and attributes equals the product of the two margi-

nal densities (of returns and of C), so the investor solves

max {%U(W,C)gl(C)gzu,y)dCdyc_zx = max J[!EC[U<W,C)]g2(x,y)dydx.

Only for a utility function U ( - ) which is linear in each element of C (i.e., the investor is
indifferent about instability in the attributes), can the expectadion over C in the first integral
yield the function the investor would maximize in the case of univariate uncertainty,
UW,E(C)) or UW, C). However, even if U(") is nonlinear in C, so that the investor fac-
ing multivariate uncertainty has a different _objective, the choice of portfolio could still be the
same. This requires not only independcnce, but a particular form for the utility function, spe-

cial cases of which are linear in attributes or wealth.

Proposition II: Given independence between C and the returns on assets, o™ = o if and

only if the utility function takes the form
UW,C)=AC)+BC)DW)

or

N
b,

UW,C)=LW)+K(C)+ 3
( W) T 2

where each b; is an arbitrary constant. The proof is provided in the Appendix.” =

7 Again, if C is assumed to coincide with p, more specific forms for the utility function may be derived.
These are given in Finkelshtain and Chalfant (1989), along with the implications of these forms for both ordinal
preferences and the corresponding cardinal properiies.
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The results established in this section illustrate that the presence of multivariate risks
changes the optimal portfolio unless restrictions are imposed on preferences and/or the joint
distribution of asset returns and attributes. Only under these restrictions is there separability
between the portfolio choice and preferences for consumption goods. We turn now to charac-
terizing portfolio choices in the presence of wealth and attribute risks, in cases where separa-

bility does not hold.

4. Portfolio Choices Under Multivariate Uncertainty

In this section, we examine in more detail the portfolio choice in the presence of randomness
in wéalth and attributes. The analysis requirés generalization of the Arrow-Pratt notions of
the risk premium and the measure of risk aversion, as well as an extension of the analogous
Ross (1981) notion. After describing these measures, we turn to comparisons between inves-

tors.
4.1: A Multivariate Risk Premium and Measures of Aversion to Risk

We begin with the generalization of the Arrow-Pratt risk prémium and the correspond-
ings measure of risk aversion. Basedon Karni (1979), Finkelshtain and Chalfant (1988)
developed a generalization of the lunivariatc Arrow-Pratt risk premium. They defined the
wealth risk premium as the maximum amount that an individual would be willing to pay to
stabilize wealth with the prices of consumption goods random. An analogous notion may be
defined when other attributes are random, as well. In that case, the multivariate risk premium

is denoted by II(W g, F) and is defined by
EUW,C)=EUW -1II,C).

IT depends on the particular risk, ¥, and on Wy since the individual’s willingness to pay

might depend on initial wealth.8

8 If the individual can affect the probability distribution of wealth, as in the case of the investor who chooses
o, then the risk premium depends not only on F, but also on the choice variable.



- 10 -

The interpretation of I as a wealth risk premium under- multivariate risk is analogous to
that of the regular Arrow-Pratt risk premium, which appears as a special case of II, when
goods’ prices and other attributes are fixed. This can be illustrated nicely for small risks.? As

shown in the Appendix, a Taylor approximation of the above expression yields

1 2 UWW M UWC i

II=-—=o0¢ - 20
2V o, El L

where o2y, is the variance of W, G, w 1s the covariance between wealth and the i th element

in C, and subscripts of U denote partial derivatives. The first term in this expression is the

Arrow-Pratt risk premium, the amount that the investor would be willing to pay to stabilize
wealth when prices and other attributes are fixed. The second term can be thought of as a
monetary measure of the investor’s aversion to the stochastic interaction between attribute risk
and wealth risk. If C is fixed, the second term vanishes, and IT reduces to the Arrow-Pratt
(univariate) risk premium. However, IT need not even be of the same sign as the Arrow-Pratt
risk premium when C is random, due to the second term. Note that the covariance matrix of
C does not affect [I—only terms involving-wealth affect the willihgness to pay for stabilizing
it.

The risk premium IT suggests the following matrix measure of absolute risk aversion,

when the elements in C are random:

9 Following Karni (1979), we define small risks as those risks such that Pr((cy, ... ,.cy W) € b] =1 where
b is an M + 1-dimensional ball centercd at (¢, . .. .Cy.W), with radius € which is arbitrarily close to zero.
Note that, in the investor’s case, the distribution of W is determined by the distribution of (x,y). For that prob-
lem, then, (x,y) will replace W in the above statement.




H 1is constructed from the first row and column of Karni’s (1979) matrix measure of mul-
tivariate risk aversion.!0 For small risks, the diagonal element is twice the risk premium per
unit of variance of wealth, while the i off-diagonal element is the risk premium per unit of
covariance between wealth and the i attribute. Every term of the forrﬁ

CiC;

Uw

is replaced with O; such terms do not affect the risk premium, and, as is illustrated below,

they also do not affect the portfolio choice.

Finkelshtain and Chalfant [1988] showed that IT> O for all risks if and only if H is posi-

tive semi-definite, which implies that the utility function is additively separable in C and W,
as in Proposition I. Moreover, if i and j denote two investors, then under small risks,!! a
positive semi-definite matrix D =H* —H/ is both necessary and sufficient for IT 2TV for all
risks. We state this as Proposition III.

Proposition III: A positive semi-definite (p.s.d.) difference D =H!(W,C)-HIW,C) is

necessary and sufficient for [T 2T for all small risks with mean W.,C).

10 Kami’s definition was specificd in terms of the standard indirect utility function, but easily generalizes to
U (W, C), with attributes other than prices included. '

1 Any of the results we obtain for small risks would be exact for quadratic utility functions. However, we
refer only to small risks, given the undesirable properties of such utility functions.
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Proof: From the expression derived for IT and the definition bf H, it can be verified that for a

given small risk with mean (W,C),

T -1V =é=tr (D Q]

where Q is the covariance matrix of wealth and attributes. Sufficiency follows from the fact
that the covariance matrix is p.s.d. and the product of p.s.d. matrices has a non-negative trace.

Thus, a p.s.d. D is sufficient for a non-negative IT* =TI/,

To prove necessity, we choose the probability distribution so that the correlation

coefficients corresponding to  are either 1 or =1. Under this assumption
II' -V 20
implies that
tr[DQ)=tr [Dw =t [V'Dv]=v'Dv20,

where v is a vector of standard deviations, premultiplied by either 1 or =1, depending on the
signs of the covariances of the specific argument with the rest of the arguments. Since the
elements in v can take any values,12 the above inequality holds for all vectors v and thus

implies that D is p.s.d.13 m

In cases where a riskless asset does not exist, the Arrow-Pratt measures are not sufficient
to rank choices. Ross (1981) showed that a stronger notion of risk aversion is required to
characterize investors’ choices in such cases. By his definition, a univariate utility function
A (W) is strongly more averse to wealth risk than a utility function B (W) if and only if there

is a A20 such that, for any two levels of wealth W, and W,

A" (W) oas A (Wy)
BII (Wl) - —BI (WZ) °

12 Some of its elements can be equal to zero if the corresponding random variable has a degenerate distribu-
tion.

13 Note that a positive semi-definite difference is a strong condition—the off-diagonal terms in the two ma-
trices must be equal and the first diagonal terms (the Arrow-Pratt measurcs) differ by.a positive amount.
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where ’ and “ denote first and second derivatives. Ross showed that this property is

equivalent to
AW)=ABW)+ GW),
where A>0, G’ <0, and G” <0 (Ross (1981, p. 626)).

This definition can be extended naturally to multiattribute utility functions in the follow-
ing manner. An individual with utility function U(W,C) is said to be strongly more averse
to wealth risk than one with utility function V(W,C), for any level of C, if and only if there
is a A>0 such that, for every W,,W,, and C,

Uyw (W1,C) o2 Tw W2 )
VawW1,C) ~ 7 Vg (Wp,C)

This relationship holds if and only if

UW,C)=AVW,C)+GW,C),

and again, Gy <0, and Gy <0. It can be shown that for every level of C, U would be wil-
ling to pay a higher amount to stabilize wealth risk than V, and if E (x =y)=20, U will invest

less in the more risky asset.

By fixing C, the problem remains one of univariate risk. However, if interest is in com-
parisons when C is stochastic, so that the investor faces multivariate risk, the above definition
must be modified or the set of probability distributions under consideration must be further
restricted. In the next section we show that, in the preserice of both wealth and attribute risk,
the form of the above relationship which permits comparisons with no further restrictions on
the distribution is the case where G is additively separable in W and C. This leads us to the

following definition.

Definition: We say that U is strongly more averse to wealth risk than V and has the same

attitude toward covariation of W and C (in the sense that the partial derivatives UWC‘, and

V., are proportional for each attribute C ;) if and only if




- 14 -

UW,C)=AV(W,C)+GW)+H (C),

with G" €0, G” <0. We now turn to using these definitions in comparing the portfolio

choices of investors facing multivariate risk.
4.2 Comparisons Between Investors: General Preferences and Distributions -
The necessary condition for the investor’s optimal choice of o is
EfUyx -y)]=0.

The sufficient condition holds for the case of an individual who is averse to univariate wealth
risk, since Uy < O implies that

E[Uyw(&x - y)? <0.
. Therefore, in the remainder of the analysis, we assume that the investor is averse to wealth
risk in the univariate sense (i.e. Upyy <0).

We begin with a generalization of the Li and Ziemba (1989) result concerning individu-
als with identical measures of risk aversion facing multivariate normal risks. In Proposition
IV, we show that the measure of aversion—to multivariate wealth risk defined in section 4.1
reveals when two individuals facing the same arbitrary multivariate risks will choose the same
optimél portfolio.

Proposition IV: Let H i and H/ be the risk aversion measures defined in section 4.1, of indi-

viduals i and j, respectively, and assume that the following conditions hold:
(1) The two investors face the same joint distribution of returns and attributes.
(ii) The two investors have the same levels of initial wealth.

Then, H; = H; globally (for all values of W and C') is both necessary and sufficient for

for all distributions of prices and attributes, where a;" and o j* are the optimal levels of o of

investors { and j, respectively. The proof is presented in the Appendix.
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An interesting observation is that, for H =H/, the two investors need not have the same
ordinal preferences.14 This is demonstrated easily by noting that, for the preferences used to
prove Proposition 1V, Roy’s Identity implies that the two investors need not have the same
demand functions. Thus, only the attitude toward wealth variation and the covariation
between wealth and attributes affects the portfolio choice, while the attitude toward variation
in consumption prices or other attributes alone is not relevant. The latter is determined by the
sub-matrix of second partial derivatives of the indirect utility function with respect to attri-
butes. This sub-matrix is part of Karni’s (1979) measure of multivariate risk aversion, but
does not affect the choice of portfolio, thus illustrating why it is omitted from our multivariate

measure of aversion to wealth risk.

We turn now to comparisons between individuals with different attitudes towards mul-
tivariate risk. We derive a Ross (1981) type result concerning the relationship béfween two
investors’ utility functions and their corresponding levels of a. In the next section, analogous
results are derived under mean-variance analysis, using the measure H. Following Ross
(1981), we reformulate the portfolio problem as a problem of investment in one risky asset,

x -y =z. Recall that
W =Wolox +(1-a)y] = Wy +aWyx—y).

The choice of a can be thought of as the choice to move a portion of wealth from an asset
paying random amount y to one yielding (x—y). Wy is random initial wealth, then, in the
sense that it is the uncertain amount carried forward if o équals zero. Following Ross (1981),
we assume that E (z IWqy)20, i.e. the expected return of the asset, given. any level of initial

wealth, is positive.

14 On the other hand, if the assumptions in Proposition IV are strengthencd, so that comparisons are restricted
to investors who have the same ordinal preferences, then equality of the univariate Arrow-Pratt measures of
aversion o risk is sufficient to ensure that two investors will choose the same portfolio, even under multivariate
risk. This is a particular case of the above Proposition, where one utility function is an affine transformation of
the other.
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Proposition V: Let U’ and U/ be utility functions such that U’ is srongly more risk averse

than U/, while both have the same attitude toward covariation of wealth and attributes:
U'(W,C) =AU/ (W,CY+G (W)+H(C), G <0,G” <0.

If E(z IWqy)20, then o <o/ for all risks.

Proof: The proof is the same as in Ross (1981), and is repeated for completeness. Evaluate

the first order condition for investor i at the optimal value of a of investor j:
E[U2)=E (AU, +G’)2}=E[G’ 2},

where the last equality holds since, at the optimal level of o for investor j, E[U;/z]=0. To

see that the last expression is negative, note that

EL(G2)|Wey]=Cov[G’, 2 Wy 1+E[G IW)E[z |\ Weyl.

The product of the two conditional expectations on the right hand side is élearly negative.
For a given y, z is random only through x, but G’ is decreasing in x. Hence, the conditional

covariance is negative. Therefore, the conditional expectation

E[(G z)IWyy]
is negatve for any y. This implies that the unconditional expectation
E[G z]

is negative. The first order condition is decreasing in o (an immediate implication of the
second order condition), so it must be the case that o <o/, because investor i has an incen-

tive to reduce o at the point o;. W

In Proposition V it was shown that, with the assumption that £ (x —y)=0, investors that
are strongly more averse to wealth risk will choose a lower a. However, this result requires
that the two investors have the same attitude toward covariation of wealth and other attributes.
To avoid this, one can further restrict ‘the set of probability distributions under consideration.
A natural extension of Ross’s assumption about the distributien of (x,y) 1is that

Ex-yly,C)=20, ie., the expected return of the asset z, given any level of initial wealth

L&D .
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and attributes, is positive. Under this assumption, an analogous proposition may be derived
and the assumption that G is a function of wealth alone can be relaxed. This, of course, will

allow comparisons over a larger set of preferences.
4.3. Comparisons Between Investors: Mean-Variance Analysis

Li and Ziemba (1989) derived their useful results under the assumption that the distribution of
attributes and returns is multivariate normal. They noted that a possible extension of their
study is its application to other situations where mean-variance analysis is valid. An example
is where the investor faces small risk, which may be plausible if investors have the flexibility
to rebalance their portfolios frequently enough. Under this assumption, a second order Taylor
series expansion of expected utility is exact and facilitates the analysis below. If the normal-
ity assumption is valid, then analogous results can be derived using the Rubinstein measure of
mulﬁvaﬁate risk aversion (Li and Ziemba (1989)), instead of the correqund_ing mul’tivariafe

Arrow-Pratt measure.

The portfolio problem to be analyzed is the choice between one risky and one risk-free
asset. In this case, we show that either the Rubinstein multivariate measure which was intro-
duced by Li and Ziemba (1989) or the one in section 4.1 is sufficient to characterize the
optimal portfolios of investors with different attitudes toward wealth risk, under multivariate

risk. 13

Consider the following portfolio problem of an investor:

max E(U[Wyla(x -r)+r)),C1},
0<asl

where o is the share of initial wealth (W) allocated to the risky investment with retumn x,

and 1--o is the share allocated to the risk-free investment with return ».

15 A second problem for which the same approach can be applied is where the investor must choose between
two risky assets and there is no risk-free asset. However, ordering the Icvel of investment in the more risky as-
set according to the risk aversion measure requires additional restrictions on the joint distribution of returns and
attributes. An example is that Cov(x,y) = Var(y).
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Proposition VI: Let H® and H’ be the multivariate measures of risk aversion defined in sec-
tion 4.1 of investors { and j. Assume that two investors face the same joint distribution of x
and C, that they have the same levels of initial wealth, and that E(x)=r. Then a positive
semi-definite (p.s.d) difference
HYW.,C)-HI(W.,C)

implies the following equivalent statements:

() o <o/ for all small risks with mean &.C),
where o and o/ denote the optimal levels of o of investors i and Js

i) E(PY) < E(PY)
where P denotes the return on the optimal portfolio for each investor; and

(iii) Var (P*) < Var (P/).

Proof: Using the assumption of small risks, a Taylor expansion of the first-order conditions

for the above portfolio problem yields

%fmbqu—m,

where Q is the covariance matrix of (x,C) and H is identical to H except that the first diago-
nal ‘element is multiplied by 2Wqa. Note that, from the definition of H, it follows that a
p.s.d. difference H’ —~H/ is equivalent to p.s.d. H'-H’. We now evaluate the first-order

condition of investor i at o/ :
—%tr[ﬁi(af)Q] +@ =)= =2 (1 @)+D1Q) + @ - 1),

where D is p.s.d. by assumption. Since both Q and O are p.s.d., the trace of their product
must be non-negative. The remaining terms in the above expression are identical to the first-
order condition for investor j and hence vanish. Therefore, the first order condition of inves-
tor i evaluated at o/ is negative and (i) implies (ii). Since E(x)2r, (ii) and (iii) are

equivalent. Moreover, since 7 is risk-free, it is easy to see that (ii) is equivalent to (iv). O

L2 N
- L d
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Propositions III and VI established that an investor who is more averse to wealth risk in
the present of attribute risk will pay a higher risk premium to stabilize this risk and will invest
a smaller amount in the risky asset. These results generalize Pratt’s (1964) result, which was
obtained under wealth risk alone. However, in the multivariate case, unlike Pratt’s univariate
case the relationship "more risk averse" seems to be sufficient but not necessary to ensure that

one investor will invest less in the risky asset.

Propositions III to VI compared the behavior of two investors. A second approach that
has been taken in the literature (Arrow (1964), Li and Ziemba (1989)) is comparing the posi-
tions of the same individual at different levels of initial wealth. Below we use the portfolio
problém of Proposition VI to examine the relationship between how initial wealth changes the

measure H and how it changes the level of investment in the risky asset.
Definition: The multivariate measure of absolute risk aversion is decreasing (constant,
increasing) in W at (W, C,) if the matrix

9H (W 4,.C o)
oW,

is negative semi-definite (the null matrix, positive semi-definite).

Proposition VII: Recall the portfolio problem of Proposition VI. Let a denote the absolute
amount invested in the risky asset (a =aW,). A decreasing [constant] [increasing] multivari-
ate measure of absolute risk aversion implies the following equivalent statements:

doa

(i) W, 2[=][<]0
... 0E(P) _._
(ii) —awo 2[=][<]0,

where P is the return of the optimal portfolio;

dVar (P)

e > [=][<] 0.

(i)
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Proof: Using the Taylor expansion of the first order condition we obtain

.L[,[ oH
da 2 W,

Q]

W d

where d is the second order condition, negative by assumption, and H is identical to H,
except that the first diagonal element is premultiplied by a. A decreasing (constant, increas-
ing) measure of multivariate risk aversion is sufficient to ensure that the numerator is negative
for any small risk, and, hence, is sufficient for o to increase [constant] [decrease] with the
level of initial wealth. Since E(x)2r and r is risk-free, the equivalence of (i) with (ii) and

(iii) is trivial.l6 m

6. Conclusions

This paper has examined portfolio choices in the presence of randomness of other attributes of
the utility function. Investors were assumed to face multivariate risk consisting of an uncer-
tain wealth, uncertain prices of goods consumed, and possibly other risky attributes. For the
case where all of the risky attributes are prices, we formally introduced multivariate risk into
the investor’s maximization problem and showed that the indirect utility function of the inves-

tor replaces the typical investor’s objective function defined on wealth alone.

Necessary and sufficient conditions were derived under which the portfolio is not

affected by the introduction of the additional attribute risk. It was shown that the assumption
of statistically independent attributes and returns is not sufficient to ensure this result. Addi-
tional restrictions on the utility function are needed. If these do not hold, the presence of
attribute risk affects the portfolio choice and the separability between investment behavior and

preferences for goods breaks down.

16 An analogous proposition may be dcrived concemning the proportion of initial wealth which is invested in
the risky asset. This requires analogous assumptions about the multivariate measure of relative risk aversion
which is identical to /4 except that the diagonal element is premultiplicd by W,
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A multivariate risk premium and corresponding measurés of risk aversion were used to
characterize the optimal portfolios of investors. Only under the special assumptions of addi-
tively separable objective functions or investors with the same ordinal preferences for goods
and attmbutes will the Arrow-Pratt risk aversion measures be sufficient to determine the rela-
tionship between the levels of investment in the risky asset and the degree of aversion to risk,
when multivariate risks are present. Yet, the multivariate generalizatons of these measures
are useful for characterizing optimal portfolios and making comparisons between investors
without these restrictions. Investors with identical multivariate measures of risk aversion will
choose identical portfolios, no matter what is the joint distribution of returns and attributes. If
mean-variance analysis is valid, a positive semi-definite difference between investors’ mul-
tivariate measures of risk aversion implies that the investor with the "larger" measure would
invest less in the risky asset. In addition, if the muliivan'ate measure of absolute risk aversion
is decreasing with wealth, the amount which is invested in the risky asset increases with
wealth. Finally, if choices are between two risky assets, then an investor with a larger strong
measure of risk aversion than the correspo_nding measure of a second investor, but with the

same attitude toward covariation of wealth and attributes, will choose a less risky portfolio.
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APPENDIX

Proof of Proposition I: (Sufficient) Let f(C,x ,y) denote the joint probability density func-
tion of C, x, and y, and let f;() denote the corresponding marginal densities (of returns and

of attributes). If the restriction on preferences holds, the maximization problem becomes!’

max [[[{U'W) + UXC)If (C,y,x) dC dy dx = max E, ,[U'(W)]+ E,[UXC)] .
O<as<l xyC O<a<l !

The solution to the above maximization is identical to that of the univariate problem

1 2~
Jax E; ,[UW)] + UAC),

since the objective functions differ only by terms that are constant with respect to c.

(Necessary) We assume two particular distributions, G! and G2 Let G! be given by’

(x,y)=(x%y% and C=C® with probability %

(x,y)=(',y) and C=C! with probability 5,

where C and C! differ only by the fact that a particular element of C takes on values C;° or

cl, respectively. Let each O superscript denote a low value and each 1 superscript denote a

high value. Also, assume that the two values for C; are each A/2 away from its mean, given

by the i element in C. Let the second distribution, G2, be given by

(x,y)=(x%y% and C=C' with probability 4

(x,y)=(',y") and C=C® with probability !5,

For both G! and G?2, all attributes except C; are assumed to remain fixed at the levels defined

17 The proof of this part is given for the case where the relevant distribution function is assumed to have
proper densities. The proof of the discrete case would be similar. This comment is applicable to proofs of other
propositions as well.
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by C. When (x,y) is low, wealth equals W% =W (x°,y% and when it is high, wealth is
wl=wx!,yl). The necessary conditions for maximization of expected utility under G! and

G? are

Uy W0, C% x%-y% + Uy W', CH x1-yH =0
and

Uy WO CH x%-y% + Uy W', CY (x!-yH) =0

respectively. Assuming that Uy (- ) > 0, it follows from these that (x®-y% and (x!-y?)

have different signs. Subtracting the second condition from the first and rearranging, we find

that
— -A — —~ A =
&0 =yOUw WO, C; + =, Ciu) = UwWO, C; = =, Cja)]
= @ -y UL G + 2. Ciu) = UpW G =2, Tl

where q# denotes the attributes in C that are assumed constant. Dividing both sides of the
equation by A and letting it approach 0, we obtain the following pardal derivatives as the lim-

its of both sides of the above equation:
Uwe, WO, ©) (x° = y%) = Uy, W1, ) (x! - y9.

Recalling that sign (x®~y% #sign (x! —y!), this result implies that either the two cross deriva-
tives have different signs, or that they are equal to zero for every value of W? and W!. The
former could not occur for choices of W? and W arbitrarily close together, given that Uy, is
continuous. Thus, the latter alternative must hold, and Uy, (-)=0. We can repeat the
above argument for each i = 1, ..., N, hence Uy, ( - ) =0 for each i, which implies the separ-

able form above. W

Proof of Proposition II: (Sufficient) Using the first form for U and the independence of C

and (x ,y), the investor’s maximization problem is
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max E[A(C) +EBECNEDW @ x,y))].
O<a<l1

Monotonicity of U in W, for every C, implies that the sign of B(C) is the same for every

vector C, and hence, the maximization problem above is equivalent to the univariate problem

max [A(C)] +[B(C)] E[D(W(x, x,y))].
0<a<l

The proof of the sufficiency of the second form is similar.

(Necessary) We establish this using a particular distribution for attributes and returns. Let
(x ,y) equal either (x! —y!) or (x* —=y*), each occurring with probability 1/2. Wealth then
will be either W!=W (a, (x! —y)) or W”=W (a, (x# ~y*)). Similarly, let C equal either C'
or C", each occurring with probability 1/2, where all attributes are now assumed fo vary

~ between low and high levels.

The necessary conditions for the multivariate and univariate maximization problems are:

!=y!) _ UyW", C")+ Uy Wk, Cl)
(xh —yh) Uw W, CPy + Uy (W, CY)

al-yhH Uy (W", C)
«-yh Uy WOy
If the levels of o are equal, then the left-hand sides of the two conditions are the same, so we

can rearrange the two right-hand sides, to obtain

Uy Wk, CH + Uy Wk, CH) Uy W, Cch + Uy (WH, Ch)

Uy (W", mean(C*, C'Y)  UwW!, mean(C", C")

Note that these ratios, which we designate »r(W , C Loch ), must not depend on W, since for
any arbitrary choice of W* and W!, r(W*, C',C*) = r(w!, C’, C*). If r does not

depend on W, while its components, the derivatives of U do 50,18 then the numerator and

18 1t might be that U(W, C) is linear in W, in which case Uw is indcpendent of W, so 7 itself is indepen-
dent of W. However, this is simply a special case of the form A(C)+ B(C) - D(W), where D(W) = W.

o
. -~
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denominator must have a common factor, such that any term involving W cancels:

kW, CL Chy IMCYH + L(CH)
x(W, C!, C?y [9(C!, €M)

r(w,ct, chy=

(i) wW,C!, CHC, CP) = Uy (W, mean(C*, C'Y),

iy xw,c!, chnety = uyw, chH,

(i) W, C!, chychy = uyw, ch.

Condition (ii) implies that k does not contain C”, while condition (iii) implies that it
~does not contain C!, and hence from (i) it follows that Uy 1is of the form B(C) - D’ (W).

Integrating with respect to W yields the form
UWLC)=AC)+B(C)-D(W). =
Derivation of IT: IT is defined by -
E[lUW,CN=E[UW -T1, C)],

where vW is the expected value of the wealth. By a second-order Taylor expansion of the left
hand side of the equation around the point (W , C),
- 1 N+1 N+1
EUW,C) = UW,C) + -2-21 JEIOUUU + o(tr'?)
where ¥ is the covariance matrix of the arguments of U. A second order approximation of
the right hand side yields
N+1 N+1

EUW -1II,C) = UW,C) - TILU (W, E)+%z Y 0;;U; +o@r¥h
i=2 j=2

Another possibility is that Uy is linear in C, which is the second form that was given in the Proposition.
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where ¥! is the covariance matrix of the attributes alone. We ignore terms that contain IT?
since those are of the same order as the remainders. Now, by the assumption that the risk is
small,!® we can ignore the reminder terms, and by setting the two expressions equal, we can

solve for the required representation of [1. W

Proof of Proposition IV: (Sufficient) It is easy to see that H; = H v globally, if and only if

the corresponding utility functions are of the forms

U'W,C)=dW,C)+a(C)

UI(W,C)=AdW, C) +al(C)
Assuming that both i and j have the same initial wealth, the two would have an idendcal first
order condition and hence would choose the same . |

(Necessary) Necessity can be proved as follows. First, note that a particular case of a joint
distribu'tibn of (x,y,C) is the case where the vcctoxh= C is constant. A necéssary condition for
the two investors to choose the same levels of a for any such risk is that their Arrow-Pratt
measures will coincide (Prétt (1965)). For this to hold for any level of W and C, the

corresponding wealth derivatives of the utility functions must be proportional. Thus,
Uy (W, C) =AUy (W, C).

Integration of the above equation with respect to W yields the required result. B

19 See Karni’s definition above.
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