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Abstract

A two-sector, two-class growth model is deve]oped incorporating the fol-
lowing features: (a) the capital good is more capital intensive than the wage
good, (b) thé wage good is different from the consumption good of the capita-
llists, and (c) the saving/income ratio is.a function of wealth holdings. 1In
this model, we derive conditions under which a more egalitarian wealth

- distribution is associated with a more egalitarian income distribution. We
demonstrate the difficulty of achieving a coﬁstant long-run wealth and income
distributijon by market forces alone. The savings behavior may bé incompatible_
with suchvan objective and there may not exist any techno]ogica] progress that
Qou]d sustain a desirable weé]th'and income distribution. As a result, policy
intervention in the form of direct wealth and income transfers may bé neces-

sary to attain a desirable wealtn and income distribution in the long ruiﬁ]

/



A Dynamic Model of Personal wea]th and Income Distribution
1n a Grow1ng Closed Economy

INTRODUCTION

The issue of wea]th d1str1but10n has been a very 1mportant and sens1t1ve
one in d1scuss1ons of soc1a1 and econom1c reforms. This is because wea]th 1s‘
- both an 1mportant source of income and a source of status and power. Most df
the differenceé in policy ﬁrescription arise from differences in soc{al phi-
losophy. Neverthe]ess;'an explicitly specified model may help clarify some of
the purely technical issues surrouﬁding the debate. in particular, it may
help shed light on the long-run effects of redistributive policies upon the
- welfare of various social groups.  The purpose of this paper is to move in

this direction by specifying a model appropriate for the ana1ysis of the long-

run interactions among wealth distribution, income distribution, economic

growth, and accumulation.
1. A BRIEF SURVEY OF RELATED STUDIES

In our survey we will restrict our attention to studies that afe c]ose]y/’
related to our interests here. We shall, therefore, focus solely upon studies
that prdvide a theoretica] framework that can be used ih the discdssion of
production, income distribution, savings, wealth distribution, and economic
growth in a closed econdmicvsystem; |

Although there was a surge of interest in distribution theories in the

1970s, the focus of them was mostly on the distribution of income.1 The
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.existing literature on wealth distribution is motivated by the desire to jus-

tify the,embirica] observation of log normal or Pareto distribution.‘ It is

‘based upon models of stochastic processeé and probability distributions. [For

recent work a]ong this 1ine, see Pestieau and Possen (1979).] There is no -
quest1on that random e]ements (e.g., in the distribution of ab111ty and in-
heritance) are, in fact, present in the determ1nat1on of wealth and income
distribution. On the other hand, one may also wonder if there exist strucf
turallforoés'tnat set thé'oarametérs of the stochastio processes.

In contrast to the stochast1c mode]s of wealth d1str1but10n, there has

been re]at1ve1y 11tt1e work on studylng wealth distribution in a closed de-

4terministic economic system. An early contribution was made by Stiglitz

(1967, 1969), who introduced models which jntegrated factor and personal in-
come distribution, inheritance, and econom1c growth. More reoent contribu-_
tions along similar lines include those by Schlicht (1975) and Ho]]ander |
(1978). Nhereas Stiglitz (1969) showed that, if the balanced growth path of
an economy is stab1e, then "all wealth and income is asymptotically evenly
d1str1buted w2 Schlicht demonstrated an asymptotic tendency toward a
two—c]ass equilibrium even if all individuals exhibit identical behav1ora1
equatlons." Hollander also found the same tendency as Schlicht did for any
initia]]j unequal distribution of wealth. The reason for these very different
findings lies in'the different specifications of saving behavior in the dif-

ferent mode’ls.3 Finally, Bourguignon (1981) has shown that, where one or

" more unegalitarian wealth distributors exist within the stability interval of

a stable egalitarian distribution, they are superior to the egalitarian one.
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A hajor weakness of the four models mentiohed above is that they aré all
bne—sector models. By their very nature they are, therefore, unab]e_td deal
.with relative prices.i More interesting is the_two-sector, two-class pri;e 
endogenous model developed by Stiglitz (1967). In the 1ight of the recent
results of.Schlicht and of ﬁB]]ander, this twb-c]ass framework éan be viewed
o as the limiting pattern of d general n-class modé].4 waever, in his model
Stiglitz employed some festrictive assumptions which limit its usefulness.

First, Stiglitz assuméd given constant saving rates on the part of both
capitalists and workers. This postulate, along with the other assumptions in
the}model, is responsible for his finding that, if there exists a non-
'degeneraté steady state (name1y, a steady state ih which the amount of wealth
owned by each class is constant and strictly positive), then it is unique.
Furthermore, under certain conditions, the}unique steady state is‘g]oba]]y
.stable in the absence of limit cycles. - Thése results imply. that, uhder the
qua]ifications.of.the model, wealth redistributfon-schemes can be effective
only in the}sho}t run because in the long run there is a natural téndency for”'
the distribution of wealth to return tp its unique ]6hg—run equilibrium. How-
ever, Stiglitz's uniqueness proof would not go through if savings rates were
a]lowea to depend on other variables in the model. In principle, multiple
equilibria could then arise, and some redistribution schemes could have pef—
manent effects. |

Second, in proving stability of the unique long-run equilibrium discussed
above, Stiglitz assumed that the consumption good-is more capita] intensive.
than the investment good. This assumbfion runs counter to-empirical findings

and was made only for mathematical convenience. It is sufficient but not.-



4.

necessary for the stability of the equilibrium.. In faét, Stiglitz gave an
example 1in which stability-prevailed despite the violation of the capital in-
tensity-condition.5 Neverthe]esﬁ, it seems useful to build into the general
model a more realistic assumption about re]étive capital intensity, namely,
that the consumption godd is less capital intensive than the investment good.
Third,=it‘was assumed by Stiglitz that both capitalists and workers

consume the same good or—;what.is_the same as far as modeling'is'concerned-Q
that the consumption goods for capitalists and workers‘are similar in produc-
tion. This assumption rules out the existence of a "backwash effect”
" discussed in the literature of economic development.
" The model developed in the next section is a modification of Stiglitz's

(1967) model, which relaxes all the restrictive assumptions mentioned above.
2. THE MODEL

In the model economy there are two goods (good 1 and good 2) and two
classes (capitalists and workers). Good 1 i§ a consumption good for the
capitalists and is also an investment good for capital accumulation. Capital
js the only form of wealth. Good 2 1is a consumption good for wo%kers only.
This setbp is reminiscent of the classical tradition of introducing a wagé
good in models of income distribution.

Following Stiglitz (1967), we assume that workers also own capital. Let
the number of labor and capitalists be L and C, respectively, at the beginning

| ]
of the process with L > C. Suppose each worker owns kw of capital and each
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capita]ist owns k' ot capital. = Define ke as the ratio of total capital owned
"by the cap1ta11sts to total 1abor, i.e., k =k CIL. For notational
.conven1ence we also define kw = k;. Let Yo and Ye be S1m11ar1y def1ned

as the income/labor ratios for workers and capitalists, respectively. Let -
Su and S, be the saving/income ratios of workérs apd capita]iéts, }
respectively. Assume furtherkthat'the number” of workers and capitalists grows
B exogenously at the same rate, n; that cap1ta1 depreciates at rate u that
there is no 1nterc1ass marriage; and, finally, that wea]th is bequested
equally among the decendants. Under these cond1t1ons and by adopting good as

numeraire, the following differential equations describe the behavior of

~ wealth ownership over timeG:

kc(t) »
() - S.(t) R(t) =m - u o (1a)

C



' T 4,0
kc(O) _vkc_z 0; kw(O) = kw >0

where kgvand kz are_given initial wealth ho]dings and R(t)rand W(t)
are the réntal.and wagé réteé, respecthe]y, both of which are determined
gndogenousiy.in the economy at time, t. |

If there exist E; and k_ such that both Ew(t) and ic(t) are
jdentically equal to zero for all t, we say that-EQ and’F& constitute a
Tong-run equilibrium (steady.state). To study the behavior of wealth
distribution, one should examine the equilibrium positions (if they-exist) as 1 -
well as thé dynamic paths. In this model thé effett of a redistributive
policy can be viewed.as the effect on the equilibriﬁm positions and the
dynamic paths of a change in initial positions.

At any moment in tihe, kc(t) and kw(t) are given; other variables, in
: particu]ar R(t), W(t), and, possibly, Sc(t) and Sw(t); are determiﬁed
_ endogenously by the equilibrium condition that supply equals respectivé .
demand. Let us refer to the equilibrium as momentary equilibrium. The
equilibrium value of these variables is then used in (1) to generate new
values of kc(t +4), kw(t + ), and A > 0; and the process repeats
itself ad infinitwn. It is clear that differential equation (1) plus the
conditions of momentary equilibrium fully describe the possible paths of. the
economy inclﬁding the dynamics of wealth ownership.

Now let us specify the structure of the economy which determines its

momentary equilibrium. Since our interest here is primarily in wealth
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distribution, we assume that momentary equi]ibrium in qnfque. Conditions
under which tﬁis is true will be discussed later. For the sake of notational

simplicity, dependente~on t will be suppressed.

2.1. Production and Supply

There arebtwo factors of pfoduction-—]abor, L, and capital, K. Let Yi
be the total output of good i, i =1, 2. Assume that the production
functions, Fi(Ki’ Li)’ i =1, 2, exhibit constant returns to scale so

that they can be written in the conventional intensive form:

vy =Filky) i=1,2 ' . (2
where |
¥; ='YiILi, output/labor ratio in indu;try i
ki = KilLi’ capita])]ébor ratio in iﬁdhstry,i‘
and '

Because our interests are mainly in long-run equilibria, we assume for

simplicity that the Inada derivative conditions~ho]d7:

CF2 >0 F1 <03 F10) = w5 Fie) =0 i=1, 2 . (3)

' " ’
where fi.and fivare the first- and second-order derivatives of fi’
“respectively. We may also want to add that fi(o) =0, i=1, 2.
Let us also assume that both the factor markets and thé product markets

are competitive, so that producers take out’put"prices‘(Pl and PZ) and
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factor prices (W and R) as given and employ factors up to the point whére the

va]ue of the marginal prdduct is equal to factor brice, i.e.,

aF{
P]BT—-Pif'i:R

P'i-éT_—i—=Pi (fi—k'if i)=w 1=>1> 2.

(@)

. The assumption of constant returns to scale implies that profit in any

momentary equilibrium is always zero. From (4), the-fd]]owing condition

- follows:
wz Ao t_«k i =1, 2 | | - (5)

It is easy to show that awlak > 0 for all k e [0, a,j so thét we ééy
invert (5) to obtain the ‘optimal capital/labor ratio, k. ;2 as a funct1on of
the wage/renta] ratio, w, i.e., ki(w), i =1, 2. Let us assume that the
first industry is more capital intensive than the second industry for all

positive wage/rental ratios:
kl(w) > kz(w) for all w > 0. : | (6)

The assumption of labor-intensive consumption goods for the workers is
especially appropriate for less-developed ecohomies.

Let us also assumé‘fu]1 employment of both factors. Let A be the fraction
of labor force in 1ndustry 1, i.e., A = LllL Then, full employment of
Jabor implies that the fraction of labor in industry 2-is equal to (1 - ).
Full employment of capital means that the we1ghted average of capital/labor

jntensity in the economy is equal to total capital outstanding per laborer, k.
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Since good 2 is a consumption good for the workers.oh]y,'the total

'demand]]abor ratio for good 2 is given by (10):

Dz = [1 -5, (k)]y,lp
l S (10)
= [1-5,()] Rk, +W)/p |

_ , ‘
where p is given by fl(kl)/fé(kz) in view of (4).

2.3. Momentary Equilibrium

As the supp1y of good 2 (per laborer) is given by‘(l - x)yz, momentary

“euilibrium is determined by the following condition:

-y = (-S,K)] RE, e W (D)

Thanks to the Walras law, the market clearing condition for good l.follows
from that of good 2. | |

In general, Sw depends on, inter alia, K, yﬁ, and p. If S, is a
giVen constant frattion, (11) is a special case of Stiglitz's (1967) momentary
equilibrium. 'It is well known that, in th{s case, the momentary equilibrium
js unique if the sum of the Hicksian elasticities bf substitution equals oF

- exceeds 1, i.e.,
o1 Yoy 2 for allw > O (12)

where oy = (aki/aw)_- (W/Ki) and ki(w) is obtained by inverting (5).
If Sw is a function of kw alone, then (12) is also sufficient for the

uniqueness of momentary equilibrium because our model is functionally



In summary,'the asSumption of full employment of both fgctors amounts

algebraically to (7):
A k1 + (1 - 2a) k2_= k,E.kw * ke (7)

We have now completely specified the supply Conditions in the‘eéonomy.
Once the relative price of the gdods is giveh; the other variables in the
system—namely, VERZT kl’ k2’ A, W, and R--are determined. A]ternafively,
if the wage/rental ratio is known, all of fhe other variables follow. In
facf, given our assumption about capital intensity in (6), the-fe]ative.good
price and the wage/rental ratio bear a one-to-one relationship. Let p be the
relative price of good 2 in terms of good 1, i.e., p = pzlpl; it can be

shown easily that p is a monotqnica]]y increasing function of w:

p=plw), p' >0 | e
where p' is the derivative of p with respect to w.8
2.2. Demand . - Y

To close the model of momentary equilibrium, let us bring in the demand
--conditions. Define y as the per-laborer:national income in terms of good 1,

1080,

y=ry, +(1-2a)py

+
Yo * ¥e

where

<
i

W+ R'kw’ vorkers' average' income

A . = R kK¢, capitalists® income per Taborer.
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identiea1 to tne'Uzawa model as extended by Inada. Howener, if Sw depends,

aé well, on the endogenou;_variab]es Yy and P, stricterAcondjtions'are

| required,'for eXamp]é;'gross substitutability. In this paper,'we assume that
'S and S are increasing functinns of k and k c? respectively. This is

so both because the rates of return on 1nvestment 1n the real world are h1gherv
for h1gher absolute amounts of investment and because the marginal rate of

_substitution between future and present consumption is higher the larger the

.. current level of income and wealth. Alternatively, one can point for

Just1f1cat1on to the deSIre for power [as in Hol]ander (1978)] or to the
mot1ves of bequest. . “

- Let us summar1ze the mode] of momentary equilibrium. - It may be
represented by a system of six equat1ons in six var1an1es (R, w; kl’ kz,
.p, and A) and two parameters (kc and kw):

R = fi(k,) o IR | (13a)
W= f(ky) = Ky F'(k;) B | o . - (13v)
ky=kyu) =k, () . (130)
k, +k. -k ' '
W C 2 .
= 13d
Y2 TR ok, | (13d)

(1 -2, (ky) = [1-5(k )] (k, * R+UW)/p (13e)
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k) | - |
P - ¥y B (13f?.

whefe k2 is obtained by inverting (5), and (13d) is obtained by

solving (7).

2.4. Long—Ruﬁ Equilibrium

From (13) we may solve the six variables in terms of the two parameters.

In pérticu]ar, we méy express R and W as functions of kc and kw’ If the

elasticity condition (12) holds, then the functional relationship is unique so
that we can write R(kc"kw) and H(kc, kw)‘ Suppose that both kc anq kw are
positive, we may substitute these expressions jnto the following two equations

and solve for the long-run equilibrium:

Sclk.) R(kes k) =n+u | ' . (lﬁé)_

‘ _ . N(kc, kw) . _ :
Sw(kw) R(kC’ kw) "_E;"—_— =n u. PO (14b)
So, we have completely spelled out our basic model of wealth and income
determination. In the next section we will present some comparative static

results of the model just developed. In section 4 We will look into the --

question of multiple long-run equilibria.
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3. COMPARATIVE STATICS

In this section we will derive some comnarative static results of the

‘momentary equilibrium with respect to its parameters, namely, kC and kw‘

The endogenous variab]es we will look at include W, W, R, Yo Yoo and y.
Some of the derivations are qu1te ]abor1ous and are relegated to the |
append1ces. | | | |

Thanks to the correspondence pr1nc1p1e, we know that comparat1ve static’
resu]ts are 1nt1mately re]ated to the stab111ty condition of the equ1]1br1um. :
In St1g]1tz (1967) and more genera]]y, in the growth literature, it was 4
assumed that the economy was a]ways in momentary equilibrium. S1nce, in most -

cases, 1nterest was in the steady states, the quest1on of stab1]1ty of the

momentary equ111br1um was hard]y raised. Moreover, stability of equilibrium

__often referred to that of the factor market (assuming that the good markets

are always in equilibrium) while stability of the good markets (assﬁming that

the factor markets are always in equilibrium) was seldom examined.’?

3.1. Stability of the Good Markets

We will follow the literature in assuming that the economy is always in

. momentary equilibrium. However, since we want to derive comparative static

results, we must knowmthe stability conditions. In particular, we would like

'_to obtain the stability conditions of the good markets because these markets

are our focus of analysis.

The good markets are said to be stable in momentary equilibrium if, given
any kc and kw’ raising the price of good 2 (or lowering the price of

goodtl) leads to an excess supply of good 2 (or an excess demand for good 1).
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The left-hand side of (13e) represents the supply of, and the right-hand side

represents the demand for; good 2, i.e.,

S‘2 = (1 -2) f,(k,)

= [1-5,(k)] (k, + R+U)/p.

Mathemat1ca]]y, the momentary equ1]1br1um 1s stable if and only if
(a log Sz)l(a log p) > (a 1og D )I(a log p) But we know from (8) that p
and w are pos1t1ve1y re]ated Thus, the good markets are stab]e if and on]y
“if (3 log S )I(a log w) > (3 log Dz)l(a log w). Substituting the
definition of a 1nto (15), taking derivatives logarithmically, énd using the
relation in eduation (16)10.be]ow, we obtain the stabi]fty condition: the
good markets are stable if and only if (17) holds, i.e.,
5 log p _
2 logw .M~ "2
where n; = (3 log Y5 )/(3 log k. ) <1, i=1, 2; and n; > n, because

of (6),

where k = k kc' : , .

In Appendix A, some suff1c1ent conditions for stability in the good

markets are derived. One such‘conditxon 1sA02 >ny - n2(1 - "1),(1 - “2) - gy




which is somewhat weaker‘than what has been obtained in the_

literature—namely, o, S 1--because n is strictly less than 1.

3.2. The Basic Comparative Static Results

If we differentiate (13) ]ogarithmically'and’tota1]y with respect to w and
make appropriate substitutions (see Appendix B), then we obtain the fo]iowing

. equation:
ﬂﬁA d‘log.w =7 d‘log ko + 2, d jog Ky - (18) -

where

A is as defined in (17)

= (kc)l(k1 -k)>0

[y
!

z

2 [(kw)/(k1 -k) +(1-0p) - eSw(S_w)I(l - sw)].'

In the expression for 22’ p, 15 the share of wage income in workers'
income, i.e.,
W W

‘9=+ =9+ K °
w o H+R ky Wtk

and'eS is the elasticity of the workers' saving ratio, i.e.,
. y . :

aSw

akw Sw

tal

€ =
SW

Under certain conditions (see Appendix A) the good mgrkets in momentary
equilibrium are stable and, hence, & > 0. From (18) the basic results

follow:
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'z
-3 logw 1
: ]Og K = ’A—' >0 (19a)
C :
20w k25  (190)
2 log k.~ A < 7F _ .

In (19) we see that an increase in kC unambiguously raises the
wagelrental ratio. This can be seen mbre intuitively in the following way.
Suppose that w remains unchanged when kC is increased, then p must also
remain unchanged, because of (8). As a resuit, both Yy and the dehand for
good 2 remain constant. waéver, with constant labor and constant relative
price, the Rybczynski theorem dictates that, because of equation (6), the
supply of good 2 must decrease when total qapita] increases.  As demand *

' exceed§ supply, it is impossible for p to remain unchanged and, if the'good
markets are stab]e, p must rise to clear the markets. The movement of w
follows immediately from (8). |

On the other hand, the effect of an increase in kw is ambiguous without
. further a§sumptions. This is because an increase in kw may raise the desire
for accumulation so much that its negative effect dh‘p (and, hence, on w) may
-more thaﬁ offset the positive effect brought about by a higher aggregate

capital/laber ratio, k.

3.3 Some Derivatiye Comparative Static Results

From (19) we may derive other interesting comparative static results.
Knowing from (4) that W and R always move in opposite directions, it is not

surprising to find that
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adogW L g0 |  (20a)

3 logR 1 _
2 Tog k_ = (nl 1) =<0, | (20b)

Although the workérs' rental inéome declines as R falls, it is more than

offset by a rise in W. Thus, the workers' income also rises:

.a_....l_o.?_{w=(1_n)-n’ﬁ kl-kw >0 | (213)
2 Tog k_ 17718 A gk, + k(T =ng) | |

because k1 >k > kw'
On‘the other hand, the effect of kc on capitalists' income is ambiguous

as the rental rate, R, moves in opposite direction to ktzv
,’ . . ‘/
3 Togk - (-m) F L0 - (210)

It may be rather unexpected that the effect of anvincrease in kC on
national income is unambiguously positive in spite of (21b). "
Z - ka-k

2100y _ o a 1 |
3 Tog k_ = (1 “1) i Y k(T =n) + n K

(21c)
n ke . .
i
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° This can be understood in the foi]owing way;' First,. the production frontier
moves out when k goes up with k he]d constant. Second, we have shown
that the equilibrium relative prlce, p, must go up. Thus, the national income
must go up because both forces point in the same direction.

Since (a‘]og w)/ (s ]og'k ) cannot be signed unambiguous]y, it is only
natura] that the effect of an increase in k on R, W, Yy Yoo and y is
also amb1guous. If we want to obtain more def1n1te resu]ts about
(3 log w)l(a log k ) and its derlved ent1t1es we must 1ntroduce more
structure into our mode]——1n part1cu1ar, some character1st1cs of good 2. To
this end, in the next subsection we will introduce the concept of wealth

normality.

3.4. Wealth Normality.

A goodvis said to be nealth normal (on wealth noninferior) if, at given
gooo prices and facfor prices, an increase in wealth does not lead to a
decrease in the expenditure on that good. Let it be noted in passing that
wealth norma]1ty is not equ1va1ent to income normality in our model. Becauoe
Sw is assumed to be a function of k a]one, a wealth-induced income change
would differ from other forms of income changes in the effect on demand for
goods. | | o | ”

Acconding fo'our defjnition of wealth normality, it fo]ions that good 2 is

a wealth-normal consumption good for the workers if and only if (22) holds:

'5%‘;{[(1 _. sw(kw)]yw} > 0. .' | (22)
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If good 2 is wealth normal, then it can be shown that 22 > 0 (see

Appehdix C for a proof); and the ambiguity of some of-the comparative static

results is eliminated:

2 Tlog k.~ 8 ° 0 7 o _ ; | - ‘ (23a)
Ty =mE >0 FRE . (23b)

2 log R 2 : ,
aTegk, T m -l <0 _ (23¢)

1% = - mn 2 e +kkﬁw>0 (23d)
7 "1 w1 1w :
3 log y S ' '
c _ 2 N - (23e)
a log k_ =n -1) =<0 | | |
v Ky - k n Kk
3 logy _ _ 2 1 1w ‘
aTog k, = o) m TS T [ R a2 0 (83

Therefore,»if good 2 is not wealth fnferibr, an increase in kg would
" raise w, W, and Yy and it wbu]d depress R and Y+ The net effect on
national income is“positive implying that the workers gaih more than what the
capitalists lose. The impact of kﬁ on w can also be explained more

intuitively by applying the Rybczynski theorem-as in 3.2 above.

4. MULTIPLE EQUILIBRIA

-

As we mentioned in sect1on 1 St1g]1tz (1967) showed that the long-run

equ1]1br1um (steady state) is un1que if S and S are constants However,-
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if they are functions of k and k o respectively, the -proof of uniqueness
‘no longer goes through; and there may be multwple Jong-run equilibria although
knomentary equilibrium w111 remain unique ‘as long as condition (12) holds. The
quest1ons of mu1t1p]1c1ty and stab1]1ty of - 1ong—run equ111br1a in our model
have been addressed elsewhere (Adelman and Cheng). Here ‘we will present only
two simple results about the propert1es of these equilibria.

Proposition 1: In any 1ong—run equ111br1um, a cap1ta11st must own more

wea]th than does a worker (i.e., k >k ) if S (k ) and S (k ) are 1dent1ca11y

jncreasing functions, that is, if S (k ) =S (k ), for all k = kc, and

(a S, Ié k ) >0, for all kc; where k and k -are defined

in Sect1on 2.

Praof . Proposition 1 follows from (14). Eliminating (n + u) from (14),

we obtain

‘ | ' ' S, (k) ) w
[Sc(kc) - Sw(kw)} Ky R

- Pproposition 2: If eg < ep» where eg = {[(a S )I(a k )] o (k IS )}
, c c c
is the e]ast1c1ty of the capitalists' saving ratio and € = - (a R)/

(a k ) . (k /R)] is the abso]ute value of the elasticity of the renta]

rate- w1th respect to k c? and if good 2 is wea]th norma] then for the set of

1onq—run equ111br1a sat1sfy1ng (141 every equ1]1br1um js Pareto efficient.

That js to say, compared to any other equ111br1um in the set, if work
ers own more capital in an equilibrium,vthen cap1ta]1sts must own less, i.e.,

- for any (k 1,'E ) and (k W2’ kcz) sot1sfy1ng (14), E&l >fk@2 implies

% . < k_, and vice versa. )
cl c?

Proof : Lot ke = g(kw) be the locus satisfying (14a). MWe can derive

the slope of g(kw) by applying the jmplicit function rule,
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'a R
S
dg _ N kw
d k, = 2 S y
w (o a R
(.a k R Sc 3k )
c
S 2 R

Ffom (23c) we know that a3 R/3 kw is negative if good 2 is wealth normal. It
follows that (d g/d kw) < 0 if €g < €p- Since any equilibrium must

\ c
satisfy (14a), every equilibrium is Pareto efficient if (d g/d kw) < 0.

5. WEALTH DISTRIBUTION AND INCOME DISTRIBUTION

-In our mode] deVe]oped in section 2, the behavior of wealth distribution
(including the dynamic paths and the equilibrium positions) is completely
characterized once the initial wealth distribution is specified. An important )
qdestion’often raised I§ whether a given wealth disfribution is in some sense'/
mofe desirable than another. To answer this question, we need to have some
'-criterioﬁ as a basis for comparison. In this paper, we take the viéw tﬂat'
every individual is equal and that an egalitarian wealth distribution is
‘achieved when evéfy indIvidua] owns the same amount of wealth. For our sihp]e
two-class model, such a distribution is achieved if the fol]bwing condition is

fulfilled:

L C . . 7 ‘ i :
kc = kw. . ' (24)
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Let the 1locus of gga]itarian Qea]th distribution_in the (kc,-kw) space
" be denoted by‘Ew (see Figure'lvbe]ow).v From Prqposition 1, we know that,
uﬁder rather general conditions, the long-run equilibria will always lie to
'the left of EW. Furthermore, under the additional-conditions fn‘Proposi-
tion 2, the equi]ibrium that gives most weaith to the workers would be most
egalitarian among the possible long-run equilibria. Therefore, under the
principle of egalitarianism and restricting ourselves to the set of long-run
equilibria, this particular eqhilibrium, which is most favorabie to the
workers, would be considered as the social optimum. In general, Qhether'the
optimum can‘be attained depends on the extent to which wealfh redistribution
.can be effected. [For a more detailed analysis, see Adelman and Cheng ( 3.

One may question why we put so much weight on relative wealth
'distribution. Would it be more meaningful to study the relative welfzre
_positions of the two classes by focusing on their relative income
distribution Is there a conflict between a favorab]e‘re]afive wealth
distribution and a favorable relative income distribution?

Our response 1is that wealth distribution and income distribution are
intimately reTated because wealth ownership giQes rise t6 nonwage income. In
- our model, the distribution of income (functional ahd persona])'iédeed is
unique]y determined for any given kc and kw’ provided that the elasticity
condition in (12) is satisfied. By definition, capita]isté' income, Yoo is
equal to ch; workers' income, Yy is equal to Rkw + W; and the relative

income share can be expressed in the following manner:

Yoo Ko w "
'y;:'k—-'*’*k——. . (25)

B c



- Figure 1
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To relate relative income distribution.to re]ativé wealth distribution,
Jet us introduce the concept of a constant relative income distribution .
curve. From (25), we can define a g—income-distribution curve as the locus of

kc and k, which satisfies the relationship in (26):
Ke=s [, 0w G )| - (26)

where 8 is the ratio between Y. and ¥

We may now define an'ega]itarian 1n¢ome distribution curve by setting 8 in
(26) equal to C/L ana let it be denoted.by Ey (Figure 1). By compéring (24)
and (26), we know that Ey must lie above Ew. Since capitalists very often
have ‘a higher persona]iincome than the workers, we will restrict our attention
to the set of wealth di;tributions for which this is true. More precisely, we

will focus an the following set:
- - a5 C
1 = { s kD | g -0 D6, (o k)5 8> ]

which is the area to the left of Ey.

On the basis of the above difficplties, we will say that an income
distribution is more egaiitarian than another if the 8 coefficieh% associated
with the former 1is c1osef to C/L than is that aésociated with the latter.
Sincé Ic lies to the left of Ey and, hence of EQ, jt follows that in this
set capitalists own more wealth per persdn than the workers do which is

consistent with what we observe in the world.
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To re}ate re]at1ve income d1str1but1on to relat1ve wea]th dlstr1but1on, ve -
'a1so have to know the propert1es of the g-income- d1str1but1on curves. It is
shown in Append1x D that, if good 2 is wealth norma] and if. the response of W
. to k is not too strong, then an increase in k wou]d raise g and an
increase in k wou]d lower 1t Under these conditions, a typical family of
B- 1ncome—dlstr1but1on curves would have the property that the re]atxve income
' dlstr1but1on becomes more ega]1tar1an as the economy moves in the south—east
(lnc]udlng south and east) direction in I.. At the same time, such a

‘movement a]so br1ngs the economy closer to the ]ocus of egalitarian wealth

' d1str1but1on, Ew. Converse]y, a movement in the opposite direction would Jead

to a less ega]1tar1an income distribution and less egalitarian wealth
‘distribution. These resu]ts are summar1zed more pre01se]y below in .
Proposition 3.

Proposition 3. In the set of Ic’ provided that good 2 is wealth normal -

and that (3 log w/a log kc) <1+ kw/w, a wealth distribution is more -

egalitarian if and only if the income distribution is also more ega]itarian.

P?OOfE Proposition 3 follows from the result conta1ned in Appendix D and |
the definition of egalitarian distributions. ‘

Part‘of the condition in Proposition 3 is, in terms of w, an endogenous1y
determined variable which, in‘princip]e, oepends on a11 of the parameters
‘re]evant to (13). It would be'usefu] if we could expreés the conditions
explicitly in terms of the exogenous variables. This is done in Proposition 4. .

Proposition 4. Consider the set of long-run equilibria in Ic' Suppose

that both S. and Sy are inelastic, i.e., e <1 and eg < 1. Then, a wealth
c W
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distribution is more egalitarian if and only if it generates a more-

regaiitarian income distfibution. _

Proof: In any long-run equiTibrium,'yw/yc - [Sc(kc)kw]/[sw(kw)kc]‘ It
can be shown easily that [a (ywlyc)/a k,] >0 and that [a(ywlyc)/a kc] <0
- under the hypotheses of Proposition 4. Clearly, these relationships are |
sufficient to identify more egalitarian wealth distributions with more
vega11tar1an 1ncome distributions in I . o

Since P;op051t10n 4 only dea]s with 1ong—fun equ111br1um in which both the
relative wealth distribution»and the relative income distribution are
constant, the next question is under what conditions a constant re]ative

wealth d1str1but1on is consxstent with a re]atlve income distribution outside

of equilibrium. An answer is provided in Propos1t1on 5.

Proposition 5. Aside from a long-run equilibrium, a constant're]ative

wealth distribution is consistent with a constant relative income distribution

only if there exists some rescaling of Ke such that Sc(kc) is equal to

Y Sw(kw) for some y >0 and ovér some interval in which kw = k¢-

Prooft From (1) we have:

d kw/dt d k /dt

"s(k)y"’. S'(k)yc
d kw kc T Tw w» kN ctc’ k.

A constant relative wealth distribution implies that (d kw/dt)/(kw) =
(d kcld t)l(kc), which in turn implies: yw/yC = (kw Sc)l (k¢ S¢c)-

If yw/yC is also constant, Sclsw must be constant, i.e.,
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2 Sc/d t 2 Sw/a t

c W
or
ok /3 t ak /3t
€ € -
Sc Ke 'Sw - ky

But, (a k la t)l(k ) = (a k., Ia t)l(k ) when k /k s constant.
Therefore, es must be equa] to es , wh1ch can hold outs1de a long-run
equ1]1br1um on]y 1f there GXIStS some rescdling of k such that S (kc)
is equa] to a p051t1ve mu]t1p]e of S (k ) over some lnterval in which

kK =k..

) c

. 6. TECHNOLOGICAL PROGRESS, WEALTH DISTRIBUTION, AND INCOME DISTRIBUTION

"7 A questionTalso arises as to what kiﬁdmﬁ?_igéhhdiogical pfdgressrwdﬁ1d
sustain a partlcular 1ncome andlor wealth distribution. S1nce the

dlfficultles of ana]yz1ng techno]og1ca] progress are well known, we do not
expect to be able to say much on this subject here. Our purpose is on]y to

suggest cond1t1ons under Wh]Ch some of the well-known processes of

, techno]og1ca1 change wou]d susta1n a given relat1ve income dxstr1but10n and a

relative wealth d1str1but1on.
Consider a special case of Hariod heutral (i.e., purely labor-augmenting)

technological change in which the time rate of change is constant so that

effective labor per worker at t can be expressed in the following fashion:

18(t) = e“t; a >0. Co. (27)
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Further, assume that the argument in the saving fupctions, Sw and Sc

is given by physical wealth deflated by the index of technological progress,

j.e.,

ks(t
K§(t) = ‘nt) i=w, c. (28)
. |

Under the‘aboVe assumptions, a TdngQrun equilibrium is achieved wheh

e ks(t) EfEi and.ks = E: for all t 2.0.' In the equilibrium, the relative

wea]th'distribdtion and the capitalléffective 1abor‘ratio are constant. So

are Sw and Sg. Lét £he wage rateAper hnit of effective laborvbe we.

Since the relative demand and supply conditions are identical, the wage/rental

ratio (HelR) remains unchanged. The wage rate per worker, W, and personal

umf—»uswea]th,.kEnand_kW,;all_njseuatﬂthemsame ra;e,:a...Consequently, the
relative income distribution‘remains constant.

- For the more'generalvcase of technological progress and saving behavior,
vwe cannot séy anything in the affirmatiée; but we can obtain a nonexistence  f'
result as a corollary of Proposition 5. ‘

Corollary 1t Unless there exists some rescaling of'kc such tﬁht
‘ Sc(kc) is equal to y Sw(kw) for some y > 0 and over sqme interya1 in which-
kw = k¢, there does not exist any:techno1ogica1 change that on]d sustain a

- constant income and wealth distribution outside the ]ongérun equilibria.
7. EXTENSIONS

. Our model in section III can be easily extended to capture the phenomenon

of "backwash effect" of economic growth. The.assumption of class-specific
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consumption goods is an artificial one. We may relax this assumption and
allow both classes to consume both godds. In this case, if we assume further

that the labor-intensive consumption good is inferior--a p]ausib]e'assumption

in a closed economy--then the phenomenon of "backwash effect" stands out

clearly. .

There is an.asymmetry in the éffect of income growth on capitalists and o
workers. Suppose that, at a certain momentary equilibrium, both classes
consume both goods:;VCohsider an exogenous increase in income on the part of
the capitalists. If tﬁé 1abor—intensive consumption good (good 2 in our
model) is éssumed to be inferior, demand for it would decline while demand fof
the'capita]-intensive donsﬁmption good (goodll)'wouid fise;' Because of our
capital-intensity assumption in (6), the capital rental rate would rise thus
depressing worker's incomé and raising capitalists' income even‘further.

Now consider.an exogenoué increasé in income on the partldf the WOrkers. o
Because good 2 is inferior, demand forAit'wou]d fall while the demand for:
good 1 would rise. For the same reason, the rental rate would rise and the
wage rate would fall. The effect on workers' income is ambiguous, but it
would be negative if the workers' capita] ho]diﬁg is-small. On the other

'~ hand, the effect on capitalists' income is unambiguously positive.

Thus, there is a built-in ésymmetry in the effect of income growfh on
distribution. When capitalists' income rises, there are forces to raise it
even further._On the other hand, when workers' income rises, the economic
forces may work in the opposite direction.

| Another direction of possible extension is to relax the assumption of

perfectly mobile labor. Once this is done, some workers may benefit from

_economic growth while others may be hurt by it.
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Still one more direction of extension is the introduction of international
trade. If’we make thé sma]]—country assumption, the relative price, p, isv
given from outside. It follows that R and W are also given, and the
depéndence'of R and W on wealth distribution}disappears. Given an initial

“distribution of wealth——kc and kw—-the impact effect on personal income of :
openfng up trade depends upoh which good is exported. If good 2 is exported,
the wagelrehta] ratio)would rise. The réte of wealth accumulation of the
workers would rise while that of the capitalists would fall. The opposite
would héppen if good 1, instead, were exported.

A final direction of extension would be to consider human capital in
addition to physical capital. The two kinds of capital would not be perfect
substitutes as inputs and might involve different productiqn processés as
outputs. For example, human capital may be more labor-intensive in production
than is physical capital. If, in addition, human capital is comp]ementary td:
physical capital, then a redistributive policy in favor of the workers would

standféAbetter'chance of benefiting both classes in the long run.
8. CONCLUDING REMARKS:

In section 2 we developed a simple model which we believe offers a better
framework for discussing issues re]a£ed to wealth distribution and
redistribution than what is curreht]y available in the theoretical
literature. We have shown.that a redistribution toward the poor may hurt the.
rich.even in the long run (Proposition 2). This is less rosy than what some
reformists would suggest, namely, that both the poor and rich would gain from
redistribution. '

We have given conditions under which a more egé]itarian wealth

distribution is associated with a more egalitarian income distribution
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(Propositions 3 and 4). The implication is straightforward' wealth
redistribution is not just carr1ed out for its own sake——1t also brlngs about
a more des1rab]e income d1str1but1on. '

It is d1ff1cu1t to achieve constant wea]th and income distribution by
market forces alone, particularly when the economy is out of long-run
| equilibrium. The saving behavior may be incompatib]e with such an objective
(Proposition 5), and theré may not exist any teéhno]ogica] progresé that would =
- sustain a desirable wea]th and 1ncome dwstr1but1on (Coro]]ary 1). As a
result, policy 1ntervent10n in the form of direct wealth and income transfer

‘may be necessary before some desirable equilibrium is reached.
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- APPENDIX A

For given k and kw’ our model is equivalent to Uzawa's (1962) model in
wh1ch the sav1ng ratio out of wages is S and the saving ratlo out of profit is

S [see Inada (1963)] if we defwne'S as fo1low5°

. < '
Sc = Sw + (1 - Sw) T Sw' (A.;)
e The total demand for investment'good'is then given‘by:,

By hypothesis, the factor markets are in equilibrium; hence, k can be
expressed as the following [see Drandakis (1963), p. 220]:

;f | o kllkz [Sw kl + (1 - Sw)kz Wl
(1 - SC)kl + SC kz + w

(A.3)

kl k2 + [Sw ky ¥ (1 - Sw)k2] W
3 -

where & = (1 - S ) k kllk + [S +(1-5 ) k Ik] k +w.

Substitute (A.3) into (17), and the stability condition becomes:

| Ky K, Jls, * -8 ]k2+Sw
A="2+k1—-k2°2+k1—k2 ( ) w ;
1-S [k1~—-+ Q}
W k
P (Lm0,

Wk, o .

9

(A.4)

Making use of the relationship, k. (1 = nj)/nj =w, i =1, 2, and

after some tedious substitution and cancellation, we may rewrite (A.4) as

L3 [} .
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[s k]
4 (1-na) (1 - “1) a1 Sw ) |
M =TT ot k1 °1
| - Sw_"[ﬁz Ry |
| ) (A.5)
_ ‘ —_
-2 |
- (1-np) 2150
. (1—712) +ln2
- 2 ]

- where m = (1 - “2)"1 (1 - nl)n2 >0 because of (7).

Equatlon (A 5) ls the necessary and sufficient cond1t1on for the good mar-
kets to be stab]e. From the definition of m and the restrictions imposed on
“1 and nps 1t is c]ear that the coeff1c1ent of 02 exceeds 1. A suff1c1- .

ent condition for stab111ty is o, > m}(l - “2) = “1 n2 - (1- “1)/(1 - “2)

‘because
[~ ] _.kl‘ T
k2 '
¢ 2
L. -

is always smaller than l-a]gebrqi;ally and»equa] to 1 only'Qhen kw = 0.
Should kw equal 0, it is easy to show that the coefficient of o also
exceeds 1. Under this condition, a1‘+ oz'g 1 is sufficient for
stabf]ity. Furthermbre, because the coefficients of 1 and ay are always
positive, (A.5) is satisfied automat1ca]1y if k, > kz(kw, k ) where

k k ) is determ1ned in (13)

AL
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APPENDIX B

In this appendixiwe Qil] def%ﬁe éomé éombérative static results of the
momentary equilibrium described by (13). Before we proceed, it is useful to
‘nbte some implications of profit maximization on the part of the
producers—more specifically, some implications of (5).

Fact 1.

E'i?‘i+1~ni=0;. 1.=1,2

where o, and n; are as defined in tﬁe mﬁin text of this paber4and

ey = (f?)/(f;) k; is negative in view of (3). | |
Fact 1 is obtained by taking the total derivative of (5) with'reépect tow

and réarranging terms. '

Fact 2.
ki (1 - n;)/(ng) =w; i = 1, 2.

This is just a different way of writing (5).
Now, let us indicate how (18) is derived from (13). Using Fact 1, we may

- derive (B:l) from (13a):

d log R

€5 91 d log w

(B.1)

(n1 —_1) d log w

By definition, W = R w. We may derive (B.2) by making use of (B.1):

i

d logW=d logR +d logw

-

u"lvd log w.




From (13c), the following is straightforward:
d log k, = o, d Tog w.
| Using (13f), we may derive (B.4): L
| 2 log p = (el o - g 02) q ]bg W
= [(nl -1 - (n, - l)]‘d log w
) =»(n1 - "2) d Tog w.

Finally, substituting (13d) into (13e), taking total derivatives

logarithmically of (13e) with respect to w, and making use of (B.1) through
(B.4), we obtain:

[ k1 . k1 9 s k2 9y

o, *t n, o, — - (1) €0 ‘
ki -k 1" 227k -k, K -k, w! %1
o, Mty - né] d Togw (B.?)
= Z1 d log kc + Z2 d log kw' ;

Equation (B.5) may be further simplified to obtain (18) by using Fact 1

and the definition of Py
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, 3 S :
aakw (1 -5,k )y, J= (1 -S,) R~ 'B_Ef,— (W +RK,).

The hypothesis of wealth normality implies that:

w

1 2 S,
v 23/ (1-5).
W 'w

under the hypothesis for
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'APPENDIX D
Let kc(kﬁ; B8) be a solution to (26). Applying the imp]icit function
rule, we obtain: |
2 kc_ kw +tw
a8 1 -2g(aw/e kc)
: (D.1)
, kw +w
" T- (s Tog w73 Tog k() [wiTk,,  wl]
and “ f; - . o |
'>5%J8U4(awamﬂ
| ak, "1 -8lawak]]
¥ S SRR e (D.2)

s8f1 + (a w/a kw)
- =1 = (2 Tog w/a log k) Twilw = k1"

If (2 log wl3 log kc) <1+ kwlw, the common denominator in (D.1) and

(D.2) is positive; a\ﬁla kw is positive if good 2 is wealth normal. Under

these conditioné, both akclé B énd é kc/a kg are positive which implies

that an increase in kc raises g and that an increase in kw depresses 8.



Footnotes

llFor a survey, see Sahota (1978).

2This is with the possible exception of a group with zero wealth.
3Stiglitz (1969) assumed tﬁat saving was a linear function of income;
Schlicht assumed that the saving/income ratio was ihcreasing in relative
personal income; Hollander assumed that saving was increasing in the profit
. rate and the amount of persona] wealth and decreas1ng in the wage rate.
4we vere told by St]g]1tz in a recent conversatlon that he had also
studied the ]imiting two-c]ass equilibrium in an unpublished paper.
| 5Production functions Qere assumed to be Cobb-Douglas thus satisfying
- another sufficient conditioh>of stability: the elasticity of substitution in
ihe second indusify exceeds or is equal to unity.

6To write_equatjon (1} it is not necessary to assume anything about the

growth rate of capitalists. However, if the growth rate of cap1ta11sts
differs from that of workers, the relationship between k and k"wi]l
change over time; and our analysis of k' based on k would be more

complicated.

7For a generalization of such conditions and the necessary modification

of our subsequent ana]ysié,;see Drandakis~(1963).
8See'equation (16) below.
9Drandakis.has demonstrated to us that the two different stability
conditions arerequivalent for the Uzawa model and, hence, for our model (see
Appendix A). |

10gee equation (B.4) in Appendix B.
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