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Marc Nerlove and Pietro Balestra

FORMULATION AND ESTIMATION OF ECONOMETRIC MODELS FOR PANEL DATA*

The fundamental fact about society as a going concern is
that it is made up of individuals who are born and die and give
place to others; and the fundamental fact about modern
civilization is that it is dependent upon the utilization of three
great accumulating funds of inheritance from the past, material
goods and appliances, knowledge and skill, and morale. Besides
the torch of life itself, the material wealth of the world, a
technological system of vast and increasing intricacy and the
habituations which fit men for social life must in some manner be
carried forward to new individuals born devoid of all these things
as older individuals pass out.
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The moral of Knight’s characterization is that history is

important and individuals have histories. This should not be forgotten

as we embark on this study.

In his famous and influential monograph, The Probability Approach

in Econometrics, Haavelmo [1944] laid the foundations for the

formulation of stochastic econometric models and an approach which has

dominated our discipline to this day. He wrote:

... we shall find that two individuals, or the same
individual in two different time periods, may be confronted with
exactly the same set of specified influencing factors [and, hence,
they have the same y', ...], and still the two individuals may
have different quantities y, neither of which may be equal to y'.
We may try to remove such discrepancies by introducing more
“explaining” factors, x. But, usually, we shall soon exhaust the
number of factors which could be considered as common to all
individuals, and which, at the same time, were not merely of
negligible influence upon y. The discrepancies y - y  for each
individual may depend upon a great variety of factors, these
factors may be different from one individual to another, and they
may vary with time for each individual. (Haavelmo [1944], p. 50).
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And further that:

... the class of populations we are dealing with does not
consist of an infinity of different individuals, it consists of an
infinity of possible decisions which might be taken with respect
to the value of y.

... we find justification for applying them [stochastic
approximations] to economic phenomena also in the fact we usually
deal only with — and are interested only in — total or average

effects of many individual decisions, which are partly guided by

common factors, partly by individual specific factors ...

(Haavelmo (1944], pp. 51 and 56).

Marschak ([1950]);[1953)) further amplified Haavelmo’s themes in
his introductions to Cowles Commission Monographs 10 and 14, observing
that:

The numerous causes that determine the error incurred ... are not
listed separately,; instead their joint effect is represented by the
probability distribution of the error, a random variable (1950, p. 18)
[, which] ... is called ‘disturbance’ or ‘shock,’ and can be regarded as
the joint effect of numerous separately insignificant variables that we
are unable or unwilling to specify but presume to the independent of
observable exogenous variables. (1953, p. 12).

Since the early work of Mundlak [1961] and Balestra and Nerlove
{1966], panel or longitudinal data have become increasingly important in
econometrics, and methods for the analysis of such data have generated a
vast literature much of which was been summarized in the first edition
of this volume (Matyas and Sevestre, 1992). In the last three years
there has been a extraordinary further growth, captured here in eleven
completely new chapters and seven significantly revised chapters, which
appeared in the earlier edition.

In this introduction we examine how the basic principle underlying

the formulation of econometric models has been carried forward in the

development of econometric models and methods for the analysis of panel
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data. We argue that while fixed effects models may be appropriate in
cases in which a population is sampled exhaustively (e.g., data from
geographic regions over time) oxr in which it is desired to predict
individual behaviour (e.g., the probability that a given individual in a
sample will default on a loan), random effects models are more
consistent with Haavelmo’s view, quoted above, that the “population” we
model in econometrics consists not of an infinity of individuals, in
general; but of an infinity of decisions. This is not to say, however,
that fixed effects models may not be extremely useful as an analytic
device.

Moreover, we shall argue, taking a leaf from Knight [1921], that
what differentiates the individuals, who make the decisions with which
we are concerned, is largely historical, the “three great accumulating
funds of inheritance from the past, material goods and appliances,
knowledge and skill, and morale.” This view has important implications
for the relevance and appropriateness of many of the models and methods
for the analysis of panel data which have been developed over the past
30 years. We critically review these developments here and conclude
that not only are random effects models most relevant and appropriate
but that often our central analytical and modelling concerns are also
dynamic. Thus, the most fruitful developments in this enormous

literature have been those which deal with the central issues of history

and dynamics.

1.1. EHistory and Dynamics: How Should We View the Disturbances?
Before turning to a review of the state of the art in panel
econometrics, we illustrate our general view of the central principle

involved using a simple illustrative example drawn from a recent paper

of Matyas and Rahmén [1992].



Let i index individuals and t time periods. Suppose the

relationship we are interested in estimating is

©
YS.t = Z Bsxl,t-s + eit .
8=0

The variable x;. is assumed to be exogenous and distributed

independently of the true disturbances €, for all finite subsets of the

t-index set. We also assume, despite our previous injunction, that

ES“ =0, all i and t,
Ee,.€, =02, i=1iandt =1t

= 0, iz i ort # t'.

To guarantee some stability in the relationship we are interested in

estimating, we must also assume some convergence properties for the

sequence of distributed lag weights. Although stronger than necessary,

assume they are square~summable:

-]
DB < w, (1-3)
s=0
Of course, as Matyas and Rahman note,

(1-1) is not estimable with a

finite amount of data. Indeed, the time dimension is likely to be very

short. 1Instead, we truncate:

k ©
' ylt = Z Bsxi,t—s + z Bsxl,t-s + 81!:
s=0

s=k+1

k
EZBsxu-s +U; +e, . (1-4)

s=0
Equation (1-4) is in the form of a frequently used random effects
model, except that now the individual-specific effects are interpreted

in terms of the past histories of each individual in the panel prior to

the time when observation begins. Moreover, the assumption that x;. is

stochastic, although exogenous is not innocuous. The implications are:




First, interpreting p; as fixed, i.e., nonstochastic, is not

appropriate. If one accepts Haavelmo’s view that the class of
populations which we imagine (1-4) reflects consists of decisions rather
than identifiable specific individuals, then, in principle, we should
"not even condition on K;. However, an exception to this rule is if, for
the particular sample of individuals we have drawn (now we can
specifically identify each), we want to predict future values of y;. for

that individual.

Second, since the x;. are themselves considered to be stochastic,
for each individual their values over time will in general be
correlated. There may also be correlations among x;.’s for different

values of i if different individuals have some characteristics in

common. But we neglect this possibility here. It follows that p; and

the values x;. observed are correlated. Suppose, for example,
Xip = PiXja +Vy . (1-5)

where [ps| < 1 and Evye = 0, Evy,v,,,. = 0, i # i’ or £t # t/, and

Ev,Vy =07, i =i’ and t = t', for all i and t. Let S = {0, 1, ..., K}

be the set of indices for which, given i, x;. is observed (normally k
will be chosen much less than K). Since

Bx1t =0

Ex Xy, = —Bi o, (1-6)

it follows that x;., t € S, will be correlated with y;, and the

correlation will depend on how close to the beginning of the sample

period the observation on x;. is taken:




(<]
Exitl-ii = ZBsExitxi.t-s
s=k+1
o;

7 2. B.ef (1-7)

1-pf o
for T € S. Clearly, this makes the likelihood of the sample much more
difficult to determine and introduces some of the parameters, namely B,
into the relationship between the individual-specific disturbances in
(1-4) and the observed past values of the explanatory exogenous

variable. (We would perhaps be willing to regard G? and p; as nuisance

parameters.)

The important point about this admittedly unrealistic example is

that it shows that an entirely new set of questions must be considered.
In particular, the error which we make by treating p; as independent of
the observed values of x;; now depends in a complex way on the way in
which the distributed lag parameters of interest interact with the
nuisance parameters Gi and p;j. Indeed, matters become even more

interesting when we note that the unconditional variance of x;. is

Gf /@1 - pi , so that, in general the greater Gf the greater is the
signal to noise ration in (1-4), on the one hand, but, ceteris paribus,
the greater is the dependence between x;, and j;, especially for T near
the beginning of the observation period.

How can we optimally rid ourselves of the nuisance parameters?
How badly does a method, which is based on the assumption that p; and
the observed x;; are uncorrelated, approximate the true ML estimates?

What is the appropriate likelihood function in the dynamic case? What

constitute appropriate instruments in considering alternative methods to

ML? And so forth.




With these general principles in mind, we now turn to a review of

the volume and the recent developments in panel data econometrics.

1.2 Methodological Developments

Besides Chapters 2-24 of this volume, which survey methodological
developments in great detail, the following are also valuable: the
recent survey of Baltagi and Raj [1992]), which focuses on estimation of
error components models extended to allow for serial correlation,
heteroskedasticity, seemingly unrelated regressions and simultaneous
equations; the supplement to the Journal of Econometrics, 59 [1993]
edited by Carraro, Peracchi and Weber, which contains several important
methodological surveys as well as a number of applied studies, and the
much older survey of Chamberlain [1984). Chamberlain’s paper is more
than a survey; it presents a very general framework for the analysis of
panel data problems which is summarized and elaborated in a chapter
added to this volume in the second edition by Crepon and Mairesse
(Chapter 14).

The most common model for the analysis of panel data is the linear
model in which explanatory variables are taken to be exogenous, that is
independent of the disturbances in the equation or, in the case of the
random coefficients model of the distributions of the coefficients.
When the éoefficients (except for the constant term) in the linear
relationship with which we describe the data are assumed to be constant,
it is usual to distinguish between fixed effects and error components
modelé. In the case of the former, the intercepts are assumed to vary
across individuals at the same point in time and, possibly, over time
for all individuals taken together. 1In the case of the latter, the

variations are assumed to be random and uncorrelated both with the



observed explanatory variables and the latent disturbance in the

equation.

A considerable quantity of interesting mathematics has been

developed for both types of models. In particular, the Appendix to part

I, based on unpublished work of Trognon, presents a series of projection

matrices which take deviations between the raw observations and various
means, across individuals, across time periods, over all, and of various
means form other means. These projections can be used to define
different possible estimators in fixed effects models or the spectral
decomposition of the disturbance variance-covariance matrix in the case
of error components models. A principal result is then the
demonstration, first noted by Maddala [1971), that the Generalized Least
Squares (GLS) estimators of the slope parameters in the error components
case are a weighted combination of estimators in the fixed effects case
(the so-called “between” and “within” distinction among possible
estimators). See Chapters 2, 3 and 4.

Seemingly unrelated regression (SUR) models and simultaneous
equations models (Chapter 9) as well as extension to various forms of
nonspherical disturbances follow more-or-less effortlessly through

creative use of “stacking.”

An important distinction is made between fully asymptotic theory
in which the limiting properties of estimators are analysed when both
the number of time periods and the number of individuals goes to
infinity and semi-asymptotic theory in which the number of individuals
(or the number of time observations) is assumed to increase without
bound, that is, asymptotics in only one of two dimensions. Clearly, in
the case of random effects models, the moments of the distribution of

the effect whose dimension is not increased in the calculation cannot be

semi-asymptotically consistently estimated.




As long as the model is not dynamic, that is, does not contain a

distributed lag, lagged values of the dependent variable, or the
equivalent stock or state variable, the GLS estimators of these
coefficients have the usual good small sample and asymptotic properties,
The problem, then, is that the elements of the disturbance variance-
covariance matrix are unknown. Since consistency of the variance
components estimates depends on the asymptotics assumed, the usual
justification for a two-stage procedure (feasible GLS or FGLS) based on
first-stage consistent estimates of the variances and covariances of the
panel model disturbances does not clearly apply. Indeed, in some senses
the FGLS may not eQen be consistent. Moreover, as we have argued, most
relationships of interest are likely to be dynamic and the past
histories of individuals are almost always important determinats of
current behavior. In a very important chapter (7 in this edition),
Sevestre and Trognon establish the inconsistency of the coefficient of

the lagged dependent variable for all feasible non-ML estimates and for

GLS.

The GLS estimates are obtained by transforming the observations to

weighted sums of between and within, using appropriate weights based on the

characteristic roots of

o’Q = o p(Ix® J;) + (1 - p)In)

=’ p(Iy® Jp) + (1 - p)(Iy ® Ip))

o Iv® (p Jp + (1 - p)In),

g (1-p) + Tp and n = (1-p),

where o = of + cf , transforms the variance covariance matrix of the

disturbances uj. = W + €5 in (1-8) below to o’Iyr. Applying this




1
transformation to (1-8) and replacing €§==E;; = A , the normal equations to

be solved for the GLS estimates become:

( W, +2B, ) _ W_.+2B_ W,.+2B, [/3)
Wy, +’1B»'.. Wy, + wv.: W * 2B, . \r

Yy
In this case, the calculated RSS/NT estimates not o&® but nqcz. As Maddala
[1971]) points out, the GLS estimates with A = 1/0%2 can be considered

members of a more general class of estimators obtained through different

choices of A. Let 7(A)be the estimator of y obtained by solving the above

equations for an arbitrary value of A. Sevestre and Trognon show that for
the case in which B = 0, the purely autoregressive case, the following

inequality holds:

plimy (0) <y < plimy(6?) < plimy(1) < plimy ()
within GLS OLS between

Remarkably, therefore, the GLS estimate is inconsistent in this case. The

problem is that the lagged dependent variable is correlated even with the

transformed disturbance.

Since plhnf(ﬂ)is a continuous function of A, there exists a value
A* in the interval [0,6°] for which plimy(A)=y . In an earlier paper,
Sevestre aﬁd Trognon [1983] have derived this value. They also show that
when f # 0, the estimate ?(l)behaves almost the same as in the purely

autoregressive case. Since the A* estimate is consistent when there are no
exogenous variables, it remains so when there are. The trick is to obtain a
consistent estimate of A* which can be accomplished by finding an
appropriate instrumental variable for y.;. Even in this case the results

depend heavily on the distribution of the estimate of A*.

10



In the dynamic error-components model, not only are the OLS pooled

regression estimates, the fixed-effect or within estimates, and the between
estimates inconsistent, but so are the GLS estimates using the true value
of p. However, the method of instrumental variables may be used to obtain a
feasible member of the A-class of estimates which is consistent.
Unfortunately, this estimate may have a very large variance.

The method of choice in most cases is Maximum Likelihood (ML),
provided, of course, that associated computational difficulties can be
resolved. But even when the matrix of observed regressors is assumed to
be nonstochastic, the properties of ML estimators may no longer be fully
optimal asymptotically. See for example Chapter 4, Table 4-2. Although
consistent ML estimates of the coefficients of observed exogenous and of
the nonspecific residual variance can be obtained either in the
asymptotic or the semi-asymptotic sense, consistent ML estimates of the
individual specific residual variance cannot be obtained except in the
semi~asymptotic sense. In the dynamic case, however, maximum likelihood
based on the likelihood function conditional on the initial observation,
or more generally the state, can yield inconsistent estimates (Trognon
[1978]).

Various interesting extensions of both the fixed effects and error

components linear models have recently been made:

(a) To random coefficients (Chapter 5);

(b) To linear models with random regressors (Chapter 6);
(c) To data with measurement errors (Chapter 10);

(d) To dynamic models (Chapters 7 and 8);

(e) To simultaneous equations models (Chapter 9).

In addition there are chapters on specification problems (12), the

Bayesian approach to pooling (13), and an exposition of the Chamberlain




approach (14), which permits a unified treatment of both fixed effects

and random effects models in an instrumental variables context.

Maximum-Likelihood Estimation of the Dynamic Model

As suggested above, from the conceptual standpoint the dynamic
model is the most interesting and, as indicated, the properties of both
dynamic fixed effects and error components models are dramatically
different than we might expect on the basis of experience with both
standard linear econometrics (OLS, MS, etc.) or with panel models with
strictly exogenous regressors. In the sense that the likelihood function
summarizes all that is relevant of the empirical data at hand, it is
useful to see what the implications of a simple random-effects model

are. Following Chapter 6, suppose the model is

Yie = QYo + X B+ |y + €y,

i=1, ..., N, t=1, ..., T. (1-8)
If only semi-asymptotics on N is considered (T finite), we need not
assume |ol < 1. On the other hand, the process generating the initial

observations is very important. As suggested above, this means that the

individuals’ past history with respect to both the observed variables x
and the latent variables € become crucial.

We can rewrite (1-8) as

t t
l-a
= ot 3
Yie = @y + 2 x{ B+ T Mt Ve (79
3=0 -

where

t-1
_ 3
Vi = .0 €ie-y -
j=0

12




Thus, each observation on the dependent variable y;. can be written as

the sum of four terms:

The first, (1tyio, depends on the initial values which, as long as
T is finite, do influence the behaviour of any estimators. Moreover,
there is no good reason (as in Balestra-Nerlove [1966]) to assume that
these are fixed (i.e., to condition upon their values) and independent
of individual specific effects. Indeed, unless there is something
special about the initial date of observation (see Chapters 19, 26, and
31), there is no justification for treating the initial observation
differently from subsequent observations or from the past, but

unobserved, previous values.

The second term in (1-9) depends on the current and past values of

’

the exogenous variables X;. The form that this dependence takes

depends not only on the dynamics of the model, but also on the way in
which individuals’ past histories differ (Knight [1921)).
The third term depends on remaining individual specific effects
which are assumed to be orthogonal to the individual’s past history.
Finally, the last term is a moving average in past values of the

remaining disturbances, which may also be written:
Ve = AV, + €, t =21,

Vv, = 0, t = 0.

Conditioning on the initial observations implies that they can be
treated as fixed constants independently of p and vi,. They need not be
independent of any of the lagged values of the explanatory x’'s which are
included. But if any truncation within-sample occurs, the truncation
remainder will be part of the individual specific disturbance, as shown

above, and thus the initial values of the endogenous variable are

independent of the disturbance and cannot be treated as fixed.

13



This point can be made in another way (following Chapter 7):

Write the cross section of initial observations as a function of past

x’s, My, and g,

Yio = T(X{or X{ _1s+cer Hys €y - (1-10)

The problem is now related to whether or not we choose to regard H; as

fixed or random. If p; is fixed and thus independent, cross-
sectionally, of gy, and if xi“j' j=0,1, ..., are cross-sectionally

exogenous, then the y;; can be conditioned on. They are still, however,
random variables. But, if the p; are random variables, the Yio are not
exogenous. This shows that in a dynamic context fixed effects versus
error components assumptions make a big difference. Our preceding
argument suggests that the error components assumption is the more
appropriate.

In this case, recent literature suggests a variety of different
assumptions about the initial observation leading to different optimal
estimation procedures and implying different properties for suboptimal
estimates. One line takes the generating process of the initial
observations to be different from that of subsequent observations.
Anderson and Hsiao [1982], for example, suggest a general form

Yio = Ko + Ky + kg, (1-11)
If k; = k2 = 0, the initial observations are fixed and identical. If k,
= k; = 0 and k; # 0, the yjo are random variables independent of the
disturbances in (1-8). If ko = 0, k; = 1/(1 - a) and k, = 1/ (1 - o?)¥?
the individual autoregressive processes which generate the y’s are
stationary, etc.

But, although convenient, it is not very reasonable to suppose the

initial observation to be generated by a mechanism much different than

14




that which generates subsequent observations. Bhargava and Sargan

{1983] suggest

Yio = ko + X1 + k1, + kg, (1-12)
where the x;; are exogenous variables, possibly different from >qo but
quite possibly correlated with subsequent observed x;o’s and where y may

or may not equal B. This formulation obviously encompasses the stricter
assumption that the same mechanism generates y;, and subsequent y;.’s and

allows the exogenous variables themselves to be generated by other

independent dynamical systems.

Assuming fixed effects in dynamic framework and estimating them as
if they were constants (or eliminating them by taking deviations from
individual means) together with the autoregressive coefficient o leads
to inconsistent estimates of the latter. This was noted in Nerlove

[1971), Nickell [1981] and proved by Sevestre and Trognon ([1985]).
Although yj,.-1 and g are uncorrelated, their respective individual
means are correlated with each other, with g and with yj, 1.
Instrumental variable methods have been proposed to get around this
problem (e.g., Balestra and Nerlove [1966]), but as shown in Nerlove

[1971]), they can result in very erratic estimates if the instruments

themselves have relatively low explanatory value.

Conditioning on the initial values of the endogenous variable also

leads to troublesome problems. As noted in Nerlove [1971], the
estimates of o appear to be inconsistent even when an error components
model is assumed and th and Gi are estimated together with other

parameters of the model. This was proved in Trognon {1978]. Bhargava

and Sargan [1983] show that this does not happen when the likelihood

function is unconditional, i.e., when it takes into account the density




function of the first observation, e.g., as determined by (1-12) and

assumptions about the k’s, y, and the densities of p; and g,. Our
opinion on this matter is that it is most plausible and appropriate to
assume that the mechanism which generates the initial observation is
highly similar, if not identical, to that which generates subsequent
observations. If observations on past values of the exogenous variables
are not generally available, it would be preferable to model their

independent determination rather than to assume their joint effect,
x;y, to be fixed constants. At least, such an approach would be more
consistent with Haavelmo’s views as quoted above.

When the solution to the likelihood equations (scores = 0) is not
on a boundary and when the likelihood function is locally concave at
such a solution, the solution with the largest value is consistent,
asymptotically efficient, and root-N asymptotically normally distributed
with variance-covariance matrix equal the inverse information matrix.
Provided the marginal distribution of the initial values yy,,
i=1,...N, can be correctly specified, the unconditional density of
Yirs+++,¥Y10, conditional only on the wvalues of observed exogenous
variables gives rise to a likelihood function which has an interior
maximum with probability one. If the marginal density of the initial
values is misspecified, ML estimates are no longer consistent.

It is not, in fact, difficult to obtain the unconditional
likelihood function once the marginal distribution of the initial values

is specified. The problem is a correct specification of this

distribution.
Suppose that the dynamic relationship to be estimated is

stationary so that |y| < 1. Consider equation (1-10) for y;, and the

infinite past:

16



© ) 1
Yio =Z7’Jﬂxi—j + H; + Vv, ,Where v, =yv, | +¢,

j=1 1-y

(Recall that all variables are expressed as deviations of from their

overall means.)

If B = 0, so that the relationship to be estimated is a pure
autoregression, the vector of initial values y; = (Yior o-- Ynvo)’ has a

joint normal distribution with means 0 and variance-covariance matrix

o, ol
( + 3 )IN. The unconditional likelihood is therefore

A-7) 1-y

logL(Y,O'i,o'zlJ’n,---a}’Nr;xn»---xm;}’w,---,.}’No)

= ——]—V—T—log27r—gloga2 —-—]zilogé—M

lo
> g7

2 2

1

N T 2 N o o
- - ) -=lo F b —£) . (1-14)
20_2 ;;(yu erl) 2 g((l—)/)z 1—)/2)

To maximize, express of, o, & and 1 in terms of p. For given p in the
interval [0,1), concentrate the likelihood function with respect to o® and
Y. This is a little more complicated than the usual minimization of the SS

in the penultimate term because y enters the final term as well. Then do a

gradient search on p.

When B # 0, things are more complicated still. Various alternative
specifications considered in the literature are reported and analyzed in

Sevestre and Trognon, Chapter 7.1 Considerable simplification, however, can

! one interesting possibility discussed by them is to choose yj, a linear

function of some observed individual-specific time-invariant exogenous
variables and a disturbance which is decomposed as the sum of the

individual-specific disturbances p; and a remainder. The first-order

17
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