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Engel's Law and Linear in Moments Aggregation

The estimation of demand relationships is central to the practice of

agricultural economics. Though in theory such analyses should ofteh be

straightforward, seldom is the empirical researcher that fortunate). The first

main problem is that data are often limited. For example, time-series data

typically are aggregated well beyond the behavioral response postulated in

theory and seldom have available the variety of socioeconomic data needed to

permit consistent disaggregation. But aggregate time series data generally do

contain significant price variation which most cross-sections lack. Thus,

empirical agricultural demand analysis is typically carried out either at the

very highest levels of aggregation (Blanciforti and Green (1983a), (1983b);

George and King; Huang) or in the absence of price variation. Only rarely

have researchers had available a consistent set of panel data and even more

rarely have researchers been able to integrate disparate cross-section and

time-series data sets (for an attempt at the latter see Jorgenson, Lau, and

Stoker).

The nexus between the typical cross-section or microeconomic approach to

demand estimation and the more aggregate time-series approach is the

aggregation problem. Generally one seeks ways of consistently aggregating

individual (cross-section) relationships so that aggregate (time-series)

variables can be used in eConometric analysis of aggregate models based on

microeconomic principles. For example, Gorman early asked under what

condition does aggregate deman4 (defined as the sum of individual demands)

depend only upon per capita income and price? This is equivalent to asking

When can one safely ignore the income distribution in analyzing aggregate

demand? The answer is well known: "only the Gorman Polar Form exactly

1



•
aggregates in the sense described above." But the Gorman Polar Form is linear

in income and thus contradicts Engel's law. Thus, for a commodity like food,

where Engel's law has been repeatedly verified, meaningful consistent

aggregation requires that one look beyond Gorman's results.

Muellbauer discovered a coherent system of micro budget shares,

aggregate income, and an aggregation rule under the assumption that the

representative income index depends only on the distribution of income across

individuals. This form was labelled the price independent generalized linear

(PIGL) equation. It yields nonlinear Engel curves and thus generalizes the

Gorman Polar Form while permitting consistency with Engel's law. The most

prominent subclass of this form is the "Almost Ideal Demand System" (AIDS)

developed by Deaton and Muellbauer. The AIDS model has enjoyed increasing

acceptance in agricultural economics as a model of both individual and

aggregate behavior (Blanciforti and Green (1983a), (1983b); Eales and

Unnevehr; Fulponi; Green and Alston). However, the AIDS model as it is

typically applied applied to aggregate data is only consistent with aggregation under

some exceedingly restrictive assumptions, namely that the expenditure and the

demographic distributions remain stable over the entire sample (formally, the

requirement is that the number of households in the population divided by

Theil's entropy measure (p. 639) of income dispersion is constant). For some

of the longer data series to which this model has been applied (e.g., the

entire postwar era as in Blanciforti, Green, and King) this presumption seems

a priori implausible. This restriction is necessary because the PIGL

representative expenditure is not typically available for aggregate data.

Hence, the appropriate PIGL representative expenditure mdst be replaced by a

surrogate which is typically taken.to be aggregate expenditure (expenditure or
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income per capita) under the presumption that this surrogate is proportional

(where the degree of proportionality is constant) to the appropriate index.

Thus the primary theoretical and empirical advantage of the AIDS model, that

it is sensitive to changes in the distribution of income, is typically assumed

away in most aggregate AIDS models. For while the AIDS model can yield non—

linear Engel curves in the aggregate and hence aggregate behavior seemingly in

accordance with Engel's law, this same model also violates the essence of

Engel's law. Consider the simple thought experiment where a fixed,amount of

income was transferred from the very richest individual to the very poorest.

(This changes the income entropy.) Engel's law would imply that aggregate

food consumption would rise (this after all may be the basic premise of the

Food Stamp Program). But the most naive version of the aggregate AIDS model,

which took the entropy as constant, would suggest no change.

This paper constructs a simple food consumption model which is

consistent with Engel's law at both the individual and the aggregate level.

Doing so required an aggregate model that depends on the income distribution

in an empirically tractable manner. Our starting point is the literature on

aggregation with multiple indices. Drawing on the multiple index aggregation

literature (Gorman (1981), Lewbel, Lau) this paper proposes a linear in the

moments (LIM) of income aggregation procedure. The model rests on the

recognition that aggregate demand for any commodity ultimately depends on the

distribution of income across individuals and prices. Hence, an obvious

alternative is to model aggregate demand in terms of prices and something that

fully characterizes the distribution of income, i.e., its moments.

Our empirical analysis examines cross—sectional demand as the first .

logical stage in building a coherent structure. Indeed, as Chambers and Pope
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(1990) demonstrate, the first step in the proper specification of an aggregate

demand equation must begin with a study of the nature of micro responses from

an aggregation perspective. The empirical goal thus is to analyze micro

demands in order to determine empirically the number of moments of income

which are needed to describe aggregate demand consistently.

Using the 1985 Consumer Expenditures Survey, and the LIM model, our

empirical evidence indicates that at least two moments of after tax income are

needed to portray aggregate food demand. Therefore, consistent aggregate

representation of aggregate food demand response requires measuring at least

the mean and variance of income. Because these indices are commonly available

(although aggregation studies usually use only the mean the variance is easily

approximated from available decile data or income), a simple aggregation

structure is suggested which is more tractable than Muellbauer's aggregate

PIGL model.

II. Aggregation Results and Interpretation

The linear in moments (LIM) model was anticipated by Gorman's seminal

work. For a given commodity, his results led to micro and macro Engel curves

respectively:

(1) Xj = a3(p) + B(p) yj j = 1, .

(2) R = ei(p) + B(p),

where Xj is the jth individual food demand, pis an m vector of common prices,

yj is the jth individual's income, N is the number of consumers, and bars

denote averages (e.g., a(p) = Eaj(p)/N). In particular, the macro form is

linear in the first empirical moment of the income distribution (mean income).

As it turns out, Gorm.an's (1953) model is a special case of the more



general aggregation problem which is to find continuous functions 01(y),

OK(y) (K <N), and , OK; p) where y

31(01, OK;P) E .J.1

yld such that'

The general solution to this problem must be expressible as

(3) Xi = aj (p) + E Pk (P) (Yi) j=1/ • • • ilV;

N K

(4) = a (p) E E PI; (P) (yi) •
k-1

•

Our approach is similar but is only meant to apply to a single food

demand equation (and thus is more robust). We require that there exist a

continuous function relating aggregate food demand to the income distribution.

Because if finite moments exist they completely characterize the income

distribution in most circumstances (Rao, p. 106), we take this to mean that

aggregation requires the existence of a continuous function X(121,.

N k

(K < N) where a - N"i such that,k N
3'1

(5) R(µ1,.
X.(y. p)

• • 11/4;P) = E  '

PK; P)

In other words, we require the first K empirical moments of the income

distribution to characterize aggregate demand.

The solution to equation (5) (see Appendix A for a deviation) is

expressible as

(a)

(6)
(b) = a(P) + 1: Pk(P)Pk

Xj (yi ,P) 0:3 (p) 
k•1

with a(p) = E aj (ID) . Equation (6) represents the LIM model,



Taking expectations,conditional upon p in (1), one finds, however, that

E (xi Ip) = ccj (t.) B (p) E (yj IP) j=1,

Thus, one sees immediately that individual demand is linear in the eroth and

first moments of income as a result of using the corresponding empirical

moments in the aggregate relationship. Taking conditional expectations in the

more general model gives

E (Xi Ip) = ai (p) + E P(p) E(y)

which shows that the individual regression equations are linear in the moments

of y. Equation (6a) also has the empirical advantage that it is K—order

flexible in the sense of Diewert. Moreover, it can always be interpreted as

the Ku order expansion around zero so it will be able to approximate any

smooth function to an arbitrarily close degree. Hence, the empirical model

has extremely attractive approximate properties.

However, it is often more convenient and interpretable to have a macro

representation of (6) involving central moments. Yet, Lau has argued that all

aggregate indices must be additively separable saying, "... non—additive

symmetric functions are not admissible in the aggregate demand

function."2 Thus variance and any other higher central moment is symmetric

but not additively nor even strongly separable and would appear to be ruled

out. However, Chambers and Pope (1990) have shown that a central moment

representation similar to (6) is always possible. For two moments, (6b)

becomes

' (6b') X = (p) B2V 4- [B1 (p) + B2 (P)
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where V is the .variance. Therefore, the necessary condition that either (6b')

or (6b) be an appropriate macro aggregate is that micro demands be of the form

(6a). For three moments (6) becomes

(6b") = (p) + V (3133 (P) + 32(p))+S B3 (P) + [B, (p) (32 (p) )37+B371.]

where S is the third central empirical moment. Using binomial expansions one

can convert demand functions written in terms of moments about zero into their

central moment counterpart for K of any finite dimension.

III. Empirical Results

The empirical analyses here use the 1985 Continuing Consumer Expenditure

Surveys to implement the LIM mode1.3 Because transfers such as food stamps

are not central to our purpose here (and involve substantial controversy,

Devaney and Fraker; Buse and Chavas), and because negative incomes squared are

indistinguishable from like positive incomes squared, observations with

incomes less than 0 are omitted. Further, in order to reduce measurement

error and/or to estimate more of a consumption or use function, all

observations with less than 0 expended are ornitted.4 The latter truncation

avoids the use of Tobit or other such estimators but seems prudent given data

limitations (Smallwood, p.8). Therefore, the relevant sample size consists of

9561 households. Attention will focus only on the sample and not a weighting

procedure to obtain U.S. estimates (and the accompanying controversy on

heteroskedasticity, e.g., Buse and Chavas).

No observations on prices are recorded and no attempt was made to

connect with other possible data sources to'obtain some notion of price

variation (Cox and Wohlgenant). The data, however, do permit the inclusion of
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many possible socio economic variables. Those included in econometric studies

vary by the specific commodity studied. These range from the inclusion of

only family size (Lewbel) .to a large number of socio—economic variables (e.g.,

Guilkey, Haines, and Popkin). Across a wide number of studies, family size

appears to be the most central and significant of these variables. Our own

investigation substantiates this conclusion. Since the focus here is more

directly on the impact of income on choice, we will concentrate on the

parsimonious model which includes only family size as the lone socio—economic

variable. Appendix B reports estimates of a model with a more extended list

of variables and similar income effects.

A second issue is the proper definition of income. Ideally one would

want a measure of permanent income. Given the available data, the options are

pre— or post—tax annual income. After tax income seems conceptually

preferable and there are a large number of missing values for pre—tax income.

Though we have explored pre—tax income with results similar to those reported

here, only after—tax results are included here.

Consistent aggregation in the LIM model and other models of this variety

requires that family size be incorporated in the individual—specific a(p)

terms. This variable is included in linear form (in Appendix B the socio—

economics variables included are primarily dummy variables). Further, only

K..3 will be considered. This will enable the aggregate to capture the first

three and most readily interpretable central moments of the income

distribution. Therefore, the empirical regression reported here is:

(7) 2 3
= + aifsj + Biyj + B2yi + B3yi + ej j =1, , N

8



where Xj is food expenditures normalized by its mean, yj is after tax personal

income normalized by its mean, and cj is the disturbance (j=1,...,N).

The distribution of c (j=1,...,N) (as is conventional) is taken to be

heteroskedastic of the form variance(c) = kyeifs,1 (j=1,...,N). The error sum

of squares in (7) was minimized at approximately 0 — 0 and A — 1. Rather than

calculate the more complicated maximum likelihood estimator and the

information matrix, weighted least squares results are presented under the

exact assumption that c (0, C72 IN fs), where c and fs are N vectors, a2 is

the homoskedastic portion of the variance, and IN is the identity matrix of

dimension N. Thus, all of the variables in (7) are divided by the square root

of family size and the resulting equation is estimated by ordinary least

squares. Appendix B also contains conventional Tobit estimates with the

extended set of socio—economic variables. Weighted least squares and tobit

results are similar.

Although the error structure here appears valid, it fails White's test

for heteroskedasticity. In a sample of nearly 10,000 observations, this is

unsurprising. However, random samples of approximately 1000 easily "pass" the

test at the .01 significance level. Thus, a conservative approach is followed

here by reporting White's heteroskedastic consistent estimators. This yields

consistent estimates of both the parameters and their standard errors even in

the presence of. heteroskedasticity.

The primary focus of our empirical effort is to determine how sensitive

the aggregate should be to the distribution of income, i.e., how many

empirical moments are needed to characterize the aggregate•data accurately.

To this end, the model was estimated both with and without the y3 term. For

the more general model (Model 1), all estimated coefficients are significantly
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different from zero except B3. The probability value for B3 is .14 and thus,

at conventional significance levels, the hypothesis that B3 is zero would not

be rejected. Model 1 will be neglected in further discussions.

The coefficient estimates for Model 2 in Table 1 have reasonable signs

and imply reasonable curvature properties. Food expenditures are increasing

in family size and concave in income. Thus, the data support Engel's law.

These results indicate that aggregate food demand should be modelled using the

first two empirical moments of income.

Corresponding to (6b'), our estimate of aggregate food consumption is

defined by:

= .721 — .013 V + y .307 — .013 y]

Therefore, a ceteris paribus increase in the variance of income reduces

aggregate food consumption. This result follows from the concavity of micro

demands in income (Engel's law) and contrasts markedly with the results that

would be obtained from the typical aggregate AIDS representation. By Jensen's

inequality any mean preserving spread in the distribution of income will of

necessity lower average or total food consumption if our model results reflect

empirical reality.

To illustrate, the variance of normalized income for Our sample is .779

while the mean is one. A 10% rise in the variance of income (holding the mean

constant) will then reduce total expenditure by N aR/av = 9561(.10 V) .013 =

12.43. In contrast a policy which leads to a 10% more egalitarian

distribution would increase food expenditure by the same amount.

Table 2 presents some simple, numerical calculations to illustrate the

relationship between mean income, variance and total consumption. Although

the effect of dispersion is empirically significant, the largest relative

LO



effect is due to mean income. Forty percent increase in variance leads to a

.4 percent reduction in expenditures per week. In contrast, a forty percent

increase in mean income will increase weekly expenditures by 11 percent.

Because the relative effect of the mean on aggregate expenditure is

larger than the variance, some may conclude falsely on empirical grounds that

this justifies using only the mean in aggregate models. Even if one were only

interested in the effect of mean income, this procedure is nonsensical and

.erroneous. If the true regression is given by ao + al fs + B1:57 + B3y2 as the

empirical results suggest one cannot generally consistently estimate B1(p)

unless y2 is included in the regression. Assuming known family size effects,

unbiased and consistent estimates of B1(p) follow only when the distribution

of income is symmetric [Theil, p. 550]. Empirical studies routinely reject

this assumption [e.g., McDonald].

IV. Concluding Remarks

The evidence presented here indicates that at least two moments of

income are required to capture accurately aggregate food demand. This implies

that aggregate time series demand studies should utilize the mean and variance

of income calculated in a cross—section as independent variables in aggregate

time series analysis instead of just the mean. Though the relative impact of

mean income is much larger than dispersion, the latter effect is statistically

significant and cannot be ignored. A priori, there is every reason to expect

that over time both the location and scale of the income distribution will

change. Indeed, in many developing countries explicit and radical reforms are

pursued (e.g., land reform) which alter dispersion. Even in developed

countries, programs targeted at changing the income distribution over time are .

repeatedly introduced. In these cases particularly, one must consider the

11



impact of Engel's law on aggregate demand. The approach here seems to be a

simple and fruitful method of doing so.



Table l'

LIM Engel Curves Estimated by Weighted Least Squares

Coefficient S 1

,

Model 2

ao (constant)

, Model

.206* .219*
(.016) (.014)

al (family size)

,

.192*

,

.193*
(.006) (.006)

Bl (income) .340*

,

.307*
(.022) (.013)

B2 (income squared)

,

—.026* —.0i3*

(.007) (.002)

B3 (income cubed) .0009 _

(.0005) ,

Income Elasticity at .338 .281

Mean Values

N 9561

R2b .67 .67
, 

_

'Starred values are statistically significant at the .05 level.

bSince no intercept occurs in the transformed (weighted) regression, R2 —

residual sum of squares/uncorrected total sum of squares.



Table 2

Impacts of Distributional Parameters on the Demand for Food

Aggregate Demanda V
,

,

9605 .799 1.

9600 .839 1.

9595 .879 1.

9590 .919 , 1.

9585 .959 , 1.

9580 .999 , 1.

9575

,

1.039 1.

9570 1.079 1.

9565 1.119 1.

9605 .799 1.00,

9739 .799 1.05

9873 .799 1.10

10005 .799 1.15

10137 .799 1.20

10269 .799 1.25

10400 .799 1.30

10530 .799 ' 1.35i

10660 .799 1.40

aAggregate demand is defined here as 9561 R or 1! xj.
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Appendix A

Consider the functional equation implied by (5) in expanded form

E Yi EYJ E yr
N 

p 
v / . 1E -i ,P1fp\  J=1  , J.1  , ,  ... ; - ‘Yi  (a)

N N N N 'j.1

Now set all yk (k pd i) to the reference level (Blackorby, Primont, and

Russell, p. 55) zero to get

2
Yi Yi ,
N N • • • N p) Xi (yi,p) Xi (0,p) 

(0,p)
Define -a 

Xi
i(p) E I:   and then substitute the result back into (a) to get

j*1

/ N

E E37j(3=1 3=1 - , • • • , 3=1 ; p
N = E (p) 114(

N N • • • , ;P) •

k

-This is a Pexider equation in the (XL 1,1---• -,...,
N '

388)

= (P) E Pk (P) iik

X. Yj
-2- =c(p) E Pk(P)

V a •with a (p (p)
3.1

with known solution (Aczel,
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Appendix 13

Model 2 With an Expanded Set of Socio—Economic Variables

Table 3

Coefficient Estimate ,

ao (intercept) .192
(.098)

al (family size) .197

,

(.006)

Bl (income) .240
(.013)

B2 (income squared) —.009
(.002)

QDR1 .002
(.0004)

QS1 .126
(.015)

,

QRC1 .054
(.090)

QRC2 —.085
(.092)

QRC3 .079
• (.099)

QR1 —.020
(.020)

QR2 —.087

• (.019)

QR3 .030
(.019)

QED2 .085
(.028)

OED3 .145
(.025) .

.
.

QED4 .150
(.027)

QED5 ' .206 ' • . '
. (.031) •
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Appendix B - continued

QED6 .207
(.032) _

QED7 -.082 i

(.120) .,

QUI .146
. (.018)

QQ2 .038
(.019)

QQ3 .016
(.020) ,

QQ4

,

.001
(.018)

N = 9561

R2 = .68
squares)

(Residual sum of squares divided by uncorrected total sum of

Legend for Q variables

QDR1=Age of Respondent

QS1=Sex—female

QRC1=Race—White

QRC2=Race—Black

QRC3=Race—Native American

QR1=Region—Northeast

QR2=Region—Midwest

QR3=Region—South

QED2=Education—Some High School

QED3=Education—High School Graduate

QED4=Education—Some College

QED5=Education—College Graduate

QED6=Education—Post Graduate Education

QED7=Never Attended School.

QU1 =Inside SMSA

QQ2 = Spring

QQ3 = Slimmer

QQ4 = Fall

17
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Table 4

Tobit Estimates of Food Engel Curves

Coefficient Estimate

,

ao (intercept) —.309 .
(.103)a

al (family size) .189
(.005)

Bl (income) .263

,

(.014) •

B2 (income squared) —.006
(.002)

QDR1b .004

,

(.0004) .

QS1

,

.106

.

(.018)

QRC1 .012
(.093)

QRC2 —.182
(.096)

QRC3 .079
(.102)

QR1 . —.009
(.024)

QR2 —.099
(.022)

QR3 • .048

w

(.022)

QED2 .091
(.033)

QED3 

,

.163
(.030)

QED4 .

,

.179

‘

(.032)

18
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Table 4 — continued

QED5 .221
(.036) .

QED6 .223 i

,
(.037)

.QED7 —.123
(.135)

,

QU1 .196
(.021)

QQ2

,

.051
(.023)

QQ3

,

.010
(.023)

QQ4 .007
(.021)

N — 9882

Log Likelihood — —1141.049 ,

, Left Censored Values = 321

aStandard errors in parentheses

bVariables QDR1 — QQ4 are defined in Table 3.
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Endnotes

1. These indices in Lau are symmetric in income and exclude prices and

consumer characteristics. For a symmetric function, f, f(571, 6r2) —

f(Y2, Y3.)• The generalization to N > 2 is straightforward.

2. A function f(yi, yN) is additive if and only if af/ayjayi — 0 for

all i j = 1, ..., N.

3. Data were graciously provided by D. Blaylock of the Economic Research

Service, USDA and are weekly expenditures.

4. It is unclear whether $0-$1 expenditures are actual expenditures or

whether they are invalid responses or coding. For a broad category like

food, the frequency of such responses lends credibility to the

conclusion that the responses are invalid. To the extent that the

responses are valid, the •truncation here theoretically biases the

estimates (selection bias).
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