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PREFACE

Research concerned with decigion making in situaticns where the con-
sequences of a particular acticn are not known with certainty has increased
tremendously over the past twenty years. These efforts have taken the form
both of develeping new theories of choice and applying new or existing
theories to individval and fimm decision problems, Particular emphasis
has been placed on the empirical application to portfolio analysis and
farm production decisions,

The decigion criteria which have been brought to bear on the sbove deciw-
sion problems have légically been those which lend themselves to mathemat-
ical programming analyeis. This paper compares and evaluates several deciw-
sion criteria which can be applied empirically with the help of linear or
quadratic progremming, although little reference is made to how the appli-
cation is accomplished, The paper emphasizes and evaluates the theoretical
and empirical evidence which has been given in support of these various cri=-
teria.

The paper had heen developed primarily for background reading in a
graduate course in quantitative methods., It represents an effort to pull
together and evaluate, in one article, the contribubions of many scientists,
but should not be considered ag an exhaustive survey of all recent develw
opments in the field., Attention is focused on those decision criteria
whose application can be accomplished with the help of linear and non-
linear programming methods.

R. ¥. Boisvert




CHOICE iN RISK SITUATIONS:
A COMPARISON AND EVALUATION OF ALTERWATIVE CRITERTA*

by

Richard N. Bolsvert

For many years some economists have maintained that decisions made
by mapagers of economic units_dépend largely on how managers view risk
and.uncertainty. Since these views of risk and uncertainty vary among
managers, decision rules employed and ways of making decisions are also
thought to vary among managers. The unigque nature of a manager's de-
cision processes presents s substantial obstacle to anyone undertéking
a study of decislion making in ar imperfect knowledge situation that has
general gpplicability. The success of such a study depends, among other
things, on developing a theory of choice. This”theory mﬁst be an ab=-
stracticn aﬁd iz unlikely to be identical with éhy particular decision
process.in.the real'wofld. Névertheless, the theory must recémmend<be-
ﬁavior éiﬁilar to that which would actually be chserved by deciéion mekers
faced with the same problem and information.

The.authcr believes that althouéh the decision proéess is unique to
each decision maker, thé?e exlst ceﬁtain factors {the expected value of
income serves as a good example) which play an important role in the de-
cision process of most economic decision makers. 4If a number of factors
of common concern to decision makers can be identified, it may be ﬁossible

to develop a theory of choice which is consistent with dbserved behavior,

#The author wishes to express his appreciation to Doyle Eiler for his
helpful comments con an earlier draft of this paper,
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The purpose of this paper is to outline a "theory of risky choice”
which, when applied to farm,planning,mpdels will recommend decisicns cone-
sistent with farm managers!' behavicr.£/ : Both theoretical and empirical
evidence in support of the "theory" proposed are offered throughout the

discussion.

ALTERVATIVE TEEORIES OF RISKY CHOICE

Because of the complex and unigue nature of decilsion meking processes,
it is not difficult to understand why people have developed a number of
theories of risky choice. By examining these theories and their short-
comings, one is able to evaluate effectively any particular theory of

choice,

EXPECTED PROFIT

An ear}y attempt to explain behavior under risk was the theory that
people acted so as to maximize expected gain or profit in money terms.
This criterion i a logital eittension of the theory of choice under cer-
tainty. However, several serious objections exlist Lo its acceptance, The
first objection is that

“the ordinary man hasrto congider the possible outcome of an

action on one occasion {or a small number of occasions) only

and the average (or expected) outcome, if the conduct were

repeated a larg%/nHMber of times under similar conditions,
is irrelevant,” :

1/ Following R. D. Imce and H, Reiffa, Games and Decisions, (New York:
John Wiley and Sons, Inec.), 1957, & risk situation is defined as & sit-
uation whose probability of ocourrence is known to the decision maker,
For example a Tinancial investor whoge income varies according to his

~ choice of portfolio and/or random fluctuations in the rate of return

on any particular ssset in the portfolio, and a farmer whose income de-
pends on the crops he raises and/or random fluctuations in the prices he
receives are both decision makers faced with risk situations.

2/ A, D, Roy, "Safety-First and the Holding of Assets," Econometrica,
July 1952, p. 431,
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In other words only if the action could be repeated an infinite numbeyr of
timeg could the decigion maker have confidence that his expected gain
would approach the true population expectation.

Because this theory implies that a person’s marginal utility of income
is constant, many people consider it too unrealistic ~- a second objection.
As a result the expected veturn criterion fails to explain the behavior of
a person who buys insurance or refuses to stake a fortune on the St. Pe-
tersburg game (& game whose expected gain 1s infinite).;/ Turthermore,
this criterion fails to explain the diversification of an investors' port-
folio. In other words, a financial investor who wants to maximize ex-
pected profit will invest all his funds in that financlal asset whose ex-
nected net return is greatest.g/ This behavior is certainly inconsistent
with cbserved financial portfolios.

Although expected profit ﬁaximization méy'be unacceptable as & the-~
ory of choive, one should not conclude that the expected profit is unin-
fluential in decision making. At a later peoint a theory of risky choice
which depends on expected profit and one or more indicators of the dis-

peraion or profit is developed.

EXPECTED UTILITY MAXIMIZATION
The expecbed utility maximization approach to decision making under
risk is an attempt to build a preference for risk aversion into-a theory
of choice and to explain the fact thal diversification is often cbserved
in economic behavior. This approach like the expected profit maximiza-

tion criterion, can be thought of as an extension of the theory of choice

&/ For a complete discussicn of both the "paradox" of insurance and the
St. Petersburg Paradox see D, E. Farrar, The Investment Decision Under
Uncertainty, (Englewood Cliffs, N, J,: DPrentice Hall, Lnc.), 1662, pp. 7-11.

2/ See J. Tobin, "Liquidity Preference as Behavior Toward Risk," Review
of Economic Studies, February 1958, for proof of this proposition,




under certainty.

Retional Behavior

Economists define rational behavior in terms of how they belleve a
"rational” man acts. This rational man resembles an ordinary individual
in that he is neither omnipotent nor cmnisclent. Since his powers are
limited and he has limited information, his actions may be less than per-
fect., However, the rational man is unlike an ordinary person in that

on 15 per Y o ~
every action is perfectly calculated. For a man to be rational; his
decisione-making mst conform to. a set of postulates or axlioms such as

the following:

Axiom 1: If P and @ are any two probability distributions of
outcomes, then either P is preferred to Q, or @ is
preferred to P, or both are considered egually good;

Axiom 2; If P is considered at least as good as @ and Q 1s conw~
sidered at least as good as R, then P is considered to
he at least as good as R;

Axiom 3: If probability distribution P is preferred to prob-
ability distribution Q, and if R is any probabllity
distribution ab all, then a probability "a" of ob-
taining P and (1 -a) of obtaeining R is preferred to
8 probepility "a" of obtaining @ and (1 -P) of ob-
taining R -- as long as "a" 1s not zeroj

Axiom 4: TIf P is preferred to @ and @ is preferred to R, then
there must exist a nug?er ¢ such that CP+ (1 -C)R is
exactly as good as Q.
Since this rational man does not exist, a study of how he behaves
can only serve to formulate general principles by which alternative de-

cision criteria can be judged. The extent to which these principles of

rational behavior can be used to rationalize the choice of a particular

;/ H. M, Markowitz, Portfolio Selection; Efficient Diversification of
Investments, (New York: dJohn Wiley and Sons Inc.), 1959, p. 206,

§/ Thig particular set of axioms 1§ found in H. M, Markowitz, op. cit.
pp. 229-235, Markowitz also discusses two variations of axiom M.
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decision criterion is subject to much controversy., Unfortunately, these
principles, along with a limited number of empirical tests of decision
criteria and some common sense, provide the entire set of norms by which
one can evaluate alternative decisgion criteria.

According Lo this concepﬁ of rationality there is but one decision
¢riteria which is rational, .This criterion is the expected ubility maxim.

In other words:

"If a set of preferences is in accord with the expected utility

maxim, it is consistent with the axioms. An individuel acts

according  to the axloms if and only if he acts according to

the maxim, If we understand the conditions and requirements

imposed by the axioms we i?derstand_ﬁhe assumptions behind the

uge of expected wtility,'™

Acceptance of the expected utility mexim as a theory of risky choice
is based on considerations other than the fact it is consistent with the
economists' concept of rationality. Friedman and Savage, for example,
demonstrate that an individual may have aversion to some risks ard no aver=-
sion to others and still behave according to the expected utility'maxim.g/
They are in fact able to reconcile gambling by a person who has a general

predominance for risk aversion =~ a condition which must hold if the

-
utility funection is to be bounded from above and,below.g/ The maxim,

é/ The quotation and the proof of its validity {for utility functions
bounded both Trom below snd above, i.e,, letting uiility depend on &
varigble Y and U(Y) =total utility of ¥, boundedness requires lim U(Y)

as Y$80 and Y= @ exist and are finite) are found in Markowitz, op. cit.,
pr. 10=27. - '

2/ M. Friedman and L. J, Savage, "The Utility Analysis of Choices Involving
Risk," Journal of Political Economy, 1948, pp. 279-304,

i/ A risk averter, according to X. J, Arrow, Aspects of the Theory of
Risk Bearing, Helsinki: Yrjo Jehnssenin Saatio, 1965, is defined as a
person who, starting from a position of certainty, is unwilling to take

g bet which is actuarizslly Tair. A risk lover is somecne who is willing
to accept an unfair bet, Avrow also discusses the risk aversion hypo-
thesis and its ability to explain this otherwise puzzling behavior.
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combined with the risk aversion hypothesis, also serves as a qualitative
explanation of observed aversions toward risk which had previously puz-
zled those people who developed the expected profit maxim:
"The most obvious is insurance, which hardly needs elaboration.
Common stocks with limited liability to the stockholders find a
market because of risk aversion, The cost-plus and other forms
of risk sharing contracts are again explicable only on the same
hypothesis . . . Finally, . . ., the holding i? money depends
in part . . . on the motive of avoiding risk,”

Farthermore, Tobin has demonstrated that under certain conditions the

- expected utility mexim can explain the investment in a diversified port-
folio.g/

Choice of a Utility Function

From a theoreticel point of view, the accepbance of the expected
utility maxim is very.appealing. It has been pointed.out that a wide
variety of seemingly incﬁhsistent behavior.(raﬂging from ganbling énd
buyiﬁg insurance Lo diversification) can all he explaihed.by adherencé
to the expected utility maxim., Whether a person is a gambler or risk
averter depends upon the sh&pe of his whtility function. Because the
shape of the utility functioh determines a decision maker's attitude‘
toward risk, a researcher must be concerned.ﬁith the éelection of aﬁ ap=
" propriate uwtility function Whén applying the expected utility maxim to an
empirical analysis. |

Let & person’s utility be a function of his net money income., Then

one can write:

R = net income
U(R) = total utility of income,
Y mia.

2/ J. Tobin, op, ¢it., contains a simple proof of this proposition.
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If one assumes that the utility function is at least twice differentiable
then one can define:

U'(R) = marginal utility of income (assumed to be non-negative); and

il

)

U"(R) rate of change of the marginal utility with respect to income.

For a person to be a risk averter it is both necessary and sufficient
for
(1) U'(R) is a decreasing function of R.é/
Similarly, a risk lover is characterized by
(2) U'(R) is an increasing function of R.gf
It is also possible for a person to exhibit the behavior of a risk aver-
ter over some range of income and that of a risk lover over another range
~-- in which case
U'(R) is an increasing function of R for Ry <R<ER
(3) end
U'(R) is a decreasing function for R < R, and R > Ry,

These three relationships are illustrated in figure 1.

Deciding upon the appropriate form of the utility function for an

it.,, D . 30-35, suggests that the
utility functions should display decreasing sbsolute risk aversion, but
increasing relative risk aversion., Absolute risk aversion is defined as:

RA(R) = JU"(R)/U'(R).

Saying that & utility function exhibits decreasing absolute risk aversion
amounts to "saying that the willingness to engage in small bets of fixed
size increases with wealth, in the sense that the odds demanded diminish,"
(i.e., the absolute risk aversion decreases as R increases). Relative
risk aversion is defined as:

RR(R) = -RU"(R)/U'(R).

That is, "if both wealth and the size of the bet are increased in the same
proportion, the willingness to accept the bet (as measured by the odds
demanded) should decrease,” (i.e., the relative risk aversion increases

as R increases).

1/ For risk averters, K., J. Arrow, op, cit

2/ J. Tobin, op. cit., p. 75.
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empirical study is difficult because each decigion maker operates accor-
ding to his own unigue utility function., Officer and Halter have employed
several models for estimatiﬁg utility functions of indiwvidual farmers.i/
First they determined empirically a number of points on a decision maker's
ufility surface. Seaond3 they fitted an equation to the observations
using monetary outcomes as the independent variable,

Three technigues to generate the individual observations are cofu-
monly used. The best known procedure was developed by von Neumann and
Morgenstern.g/ Their technigue {N-M) rests on the continuity assumption.

That is, 1f outcome X, is preferred to X2 andAX2 is preferred to X, then

1 3’

there exists a proﬁability p > 0 such thaid
(X ) + (1 -p)uly) =ulXy),

where u(Xi) is the utility of X,. X, X3 and their corresponding util-
ities are set arbitrarily. Ke is determined by the respondent, after
which one can solve for u(X2). Similarly, as many points on the utility
function as desired may be obtained, This procedure, however, has two
weaknesses. First, if the subject does not fully understand the concept
of wrobability or has probability preferences, his subjective probabilities
may not he the same as the objecltive probebilities specified in the experi-
ment, BSecond, becaunse he is given the choice between a.gambie and a cer=
tain event, the subject's attitude toward gambling may bias the outcome,
The remaining £wo technigues, the modified von Neumann-Morgensfern (M -31)

and the Ramsey model, attemptlto overcome these criticisms. The {(MN-M)

nmodel overcomes the first objection by using neutral pro‘babilities5

éf R. R. Officer and A, N. Halter, "Utility Analysis in a Practical Set-
- ting," American Journal of Agricultural Economics, May 1968, pp. 255-277.

2/ J. von Weumann and O. Morgenstern, Theory of Games and Economic
Behavior, (Princeton, N. J.: Princeton University Press), 1O47.
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p = (1 -p) = 0.5. And, the Ramsey model overcomes both objections by
using neutral probabilities and requiring the subject to select between
two gaMbles.}/

Once the observations on the utility surface have been gensrated, one
can proceed to determine the shape of the respondent's utility function by
Pitting alternative functions (i.e,, linear, guadratic, cubic, ete.) to
the data. However, relying on empirically estimated utility functions
has two serious limitations. First, the estimates are "individual" spe-
cific and research based on them may not generalize to other farm situa-
tions., Second, the estimated functional forms may be difficult te incor-
porate into complex &;cision models.g/ In other words, to apply the ex-
pected utility mexim in many complex decision gituations one must assune
the decision maker acts according to a utility function the expected value
of which is mathematically tract&ble.gf Therefore, the utility functions
which can be uged in decision models involving mathematical programming
are few in nurher, In addition, they have the common characteristic that
their expectations depend on the mean income and variance of income.

One possible ubility function from which one can choose is, unfor-

tunstely, useful only when income is normally distributed. The ubility

1

=/ See Officer and Halter, op. cib., and R. P. Ramsey, The Foundations of
Mathematics and Other Logical Essays, ed. R. B. Braithwaite, (London:
Routledge and Kegan Paul Libd.), 1931; for details.

2/ In decision situations where there is a relatively amall number of
alternatives from which the decision maker must choose, one is less lim~
ited in his selectlon of wtility functions, In these situations the ex-
pected utility associated with each alternative can be determined and the
alternative which yields the largest expected utility can be chosen. An
example where farmers were faced with the relatively simple decision of
selecting among 19 fodder reserve programs is given in A. W, Halter and
G. W. Dean, Decisions Under Uncertainty with Hesearch Applications,
(Chicago: Souths-Western Publishing Co, )}, LOTL, Dp. T2=02.

5/ A function ig gaid to be mathematically tractable if anslytical methods
exist through which the extreme values of the function can be determined.



fuanetion is:%/

) UR) = 1ueF
The constant "a" indicates the decision maker's attitude toward risk.
Large values of "a" correspond to more conservabtive decision makers.

Freund demonstrates that if net revenue is normally distributed then
| @ ‘ .. e -
(La) EUR)] = [ (1 ~e aR)e(R w)</20 an
-®
and 1ts maximization is equivalent to maximizing
(bo) p- % .

One undesirable feature of this particular utility function is that It iIs
concave everywhere and therefore, exhibits risk aversion everywhere. It
also eXhibits.increasing absolute risk aversion == a property that Arrow
finds objectionable,

If one mzkes no assumpiion about the probability distributioh of R but

aggsumes a decision maker's uwhility function is

2

(5) U(R) = (L+D)R+BR", b < 0 and (1+b) +2bR > 0 (so that

U'(R) > O) then the meximization of
® 2
(5a) E[U(R)] = [ [(1+b)R+DR7IL(R)AR

- D

is accomplished by maximizing a quadratic equationg/

(56) EU(R)T = (L+b)u +b(a" +u°).

if'R. J. Freund, "Introduction of Rigk into a Programming Model," FBcon-
ometrica, July 1956, pp. 253=~263,

"2'/ J«- TObil’l, %o Cit.g P. 770
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This particular utility function is also concave everywhere and does not
escape Arrow's objection either.

Farrar takes a much different approach (one which also does not depend
on the particular probability distribution) but develops an "expected utile
ity" decision model élso involving the maximization of a qnadraﬁic egus -
tion. He begins by assuming a person's utility of money function is:

1) positively sloped.ahﬁ,concave downward and 2) at.leaSﬁ twice differ-
entiable in the vicinity of its mean.}/_ ﬁhder.these assumpiionsg, he at-
tempts a quadratic approximetion to the utility function.

The utility function can be expanded by a Teylor's series sbout the

nean

(6) v(m) = U +ur () (m =) + ) (-)?+ ol B L Y

Dropping all terms beyond the quadratic and applying the expected value

operator, the investor's expected uiility may be expressed as
: 3+ 00() 2
(7) BlU(R)] = U() +U" ()B(R ~p) +=5E& B(R - )

Recalling that E(R-—u)g is simply the variance of R and B(R=-p) =

the middle term vanishes and
U'(w) 2
(8) EMU(R)] = U(M)'*"@““—ﬁ .

Under a number of reasonable assumptions an investor's utility funcw

tion {and its expected valiue) is unique up to a linear transformation. We

l/ P. E Farrar5 The Investment Dec151on Under Uncertainty, (Englewood
Cliffs, W, J.: Prentice Hall, Inc.}, 1962, pp. L9-2L,

2/ In genersl, this formilation gives the expected utlllty for a proba-
bility distribution over revenue in terms of the moments of the distribution
and the derivatives of the utility function,
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can, therefore, translate the function's origin and write

(9) E[U(R)] =u+U;(H) 4

or as

(20) E[U(R)] = y ~Ac®

where

(1) &= L)

For all 3 risk decision models, represented by equations (&), (5),
and (€), the maximizaéion of expected utility involves a choice among
probebility distributions of income and implies that an individual has a
set of indifference curves between mean income (u) and variance in income
(02) [i.e., a ceteris paribus increase in u(c) is desirvable (undesirable)].
In each of the models, the individual is assumed to exhibit risk aversion

and the slope of an indifference locus is positive {(figure 2).%/

é/ This property is demonstrated for the gquadratic utility function in (5)

E[U(R)]

€3]
[ (1 +D)R+bE1(R)eR
)

0

€] jaa] o
(1 -p) [ RE(R)GR -2 [ RAR
- (D - ®

n

(L1-b) u-b (" +u7),

Taking the total differential of EB[U(R)] and setting it to zero we have:
GB[U(R}] = [{T =D) ~2bujdy +[-~Fholde = O.
Solving for the slope we have:

%:_1—1-’9_
o S -
Recalling that we restricted (1+b) +2R > 0; and b < O3 then - égg > 0 and

is necessarily larger than ju. Therefore, the siope of the indifference
curve is positive.
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Although the form of the utility function for these decision models
is determined, empirical implementation in each case does involve the se-
lecticn of a value for the risk parameter., The parameters can be estimated
vy the methods described by Officer and Halter outlined above;l/- However,
parameter values are estimated by these methods as specific to individual
deciglion makers and the results may not generalize to other decision
makers, In the event that estimating these parameter values is impractical
or:infeasible, one cen select a wide range of parameter values and examine
the model for each., This procedure allows one to approximate the decision
maker's opportunity locus and provide him with valuable information about
the mean income and variance in income associated with a variety of Qlteru
natives. The dgcisiOﬂ mager can then examine this informétion in light of
hié.bwn attitude toward.risk to choose from among the alternatives on the
opportﬁnity locusag/ | |

So far the authof'hag aﬁtempted_io build an argumenﬁ for and demon—
straﬁe the use of the éxpecfed utility‘maxim as a decigion criterion in
risk situations. The justificéﬁion has been based on ecoﬁomic.theory
and the fact that decisions made according to the maxim are consistent
with ﬁuéh.dbservéd behavior. The comparisoné of other.decision critéria
with the expected_utility ﬁaxim in.thé next ﬁﬁo Secﬁions.offer further

evidence in support of the maxim.

Y officer and Halter, op. cit.

2/ Ezch point on the opportunity locus represents an alternative which
yields a maximum expected income for a specific level of variance in in-
come, The locus can be determined by parametric quadratic programming.
It is demonstrated later thai maximizing expected utility in the sgbove
three models involves choosing a point on the opportunity locus.
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SAFETY-FIRST CRITERTA

While the devglopment of decislon criteria based on some concept of”
Jutility was taking place, another group of scientists were developing
decision criteria based upon more objective concepts. - These efforts were
motivated largely by the arbitrery anature of utility functions. These
criteria have become known as 'safety-first" criteria.ﬁ/ Although these
criteria differ from one another, they all have been motivated by the belief
that a decision maker is not so much concerned with the possibility of small
gains or losses but ils very much concerned with being able to ward off

total disaster.

The "Minimum Q" Criterion

Economists have A, D. Rny.fo thank for thé "minimum " criterion.g/
This criterion Was'developed in reaponse to Roy's beliel that mén& people
have a very real concept of what constitutes a personal econoﬁic disgster
and that they believe the pbssibility bf experiencing guch a disaster
exists, ConSéQuentlyg he hypothesizesp people react by'minimizing tﬁe
prdbability of such a disaster. In other words, each iﬁdividual hés an
income R which represents a minimum acceptable.income. If his incoﬁe
Talls below this level, the persoﬁ believes he has éxperienced,an ecé—
nemic disaster. o | |

If a person has information concerniﬁg the.éxpecfed.income {u) and
the variance of income (62) for all feasible cholices open to him, he

can minimize the probability of disaster in the foliowing Way.

;/ David H. Pyle and Stephen J. Turnovsky, "Safety-First and Expected
Utility Maximization in Mean-Standard Deviation Portfolio Analysis,'
Review of Fconomics and Statistics, February 1970, p. T5. '

2/ A. D.‘Roy,~gg.,éit:,,§p. 530-hkg, .
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Appealing to Chebyshev's inequality we know that:}/
, 52
(12) PyR~pj Su-R¥ < P(R g B¥) < ——5 .
(1u=R¥)
For each possible action the above ex?ression gives an upper hound on

the probability of experiencing a disaster. To minimize this probability

one need only chooge that alternative which minimirzes

(13) —
(u-r)®

The main theoretical advantage to using this decision criterion is
that 1%t introduces the concept of a disaster level of income, No one
would argue that for some people preventing a disaster may be the primary
motivation influencing thelr decisions, but, or the other hand, there may
algo e a large number of people who are not this conservative., However,
the empirical application of this decision criterion may lead one to solu-
tions which yield local mexims., These difficulties arise because the ob=-

u=R

. . . o, 2
Jective function 5~ 1s not concave."/

)

The Maximum p Criterion

Telser, in his attempt to salvage the "safety-first" approach to
decislon making from Roy's conservative assumptions, has proposed what

can be called conveniently the "maximum u criterion.” The criterion can

L/ For y, a random variable with expectation E(y) = u and variance V(y) =
02, and e > 0, Chebyshev's inequality states that Pr[Y-u > el f'cg/eg.

See H. D, Brunk, An Introduction to Mathematical Statistics, (Waltham,
Mass. s Blalsdell Publishing Comnanj)p gsecond edition, 1965, p. 127 for
a prootf of the relationship.

2/ J. M, Boussard, '"The Introduction -of Risk into a Programming Model:
Different Crlterla and the Actual Behavior of Farmers,' Buropean Economic
Review, Fall 1969, p. 98.
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be described ag follows:

"Suppose that the entrepreneur does not want the probability
of his net income falling short of R¥ to exceed ¢, Hence he wiil
not choose any action such that P{R < R¥;5) = P >, [vhere 5 =
action 5]. This means all his actions can be put into one of two
classes, The Tirst class consists of all actions 8" such that
2(R S'R*;S) >, and the second class consists of all actions &
such that P(R < R¥;8) <, All the actions in the second class
we shall cell admissibie., Then the entrepreneur will choose
that action § of the admissible actions such that his expected
income () is maximum."—f :

He goes on to show (also by the use of Chebyshev's ineguality) that the
objective function in applying this decision criterion is:

2

g
5 =%
(u" "")

(14) Maximize , subject to

Telser claims that his variation of the "safety-first" criterion is
superior to Roy's version for two reasons. First, Telser is willing to
assume that there is no risk to holding money; he confines his discussion
Lo the short run to justify this assumption. Accordingly, Telser assfumes
that one can always avold risk by holding cash, eliminating the need to
minimize the probability of disaster. Second, he makes the point.that
adherence to Roy's criterion could, in extreme cases, lead to the choice
of an action vhose expected income was negative,

The obvious difficulty with this approach is_that there are two
decision @arameteré, @ and R* which must be cﬁosen_before the decisgion
rule can.be applied., It is.not clear that the cholce of these two para=
meters may be made independently and there is nothing to suggest the ex-
act nature of the dependence; There is also the ﬁossibility of selecting.

These parameters such that the admissible set is empty.

l/ Tester G, Telser, "Safety-First and Hedging," Review of Economic Studies,
Vol. 231, 1955-57. ' ' ' '
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The "Maximum RB*" Criterion

Shiniji Katoaka is responsible for s criterion which suggests that
an entrepreneur wishes to assure himself some nonwnegative income with
some specified high probability (1_~a).%/ Each alternative can guarantee
him some income at this sﬁecified.high probability level, Accordingly,
he selects the portfolic which maximizes the income which he can be as-~

sured [ (1 -0)100] percent of the time [i.e., max. R¥¢ subject to P(R < R¥)

< @], Appealing to Chebyshev's inequality once agsin, this criterion can

be restated (for a given o = i/kg)_as
(15) max y - ko.

The (E,L) Criterion

Baumol. has suggested this criterion ag an alternative to the Markom
witz approach.g/ Although it is not classified as a "safety-first" cri-
terdon, it does. suggest that the variance a2s a measure of risk is some-
times unreasonasble. In this regerd it is not unlike the "safety~first"

criteria,

Baumol claims the (E,L) eriterion eliminates the paradoxical cases
which arise from the Markowitz approach. Just because an investment has
a standard.deviation (o) one may not conclude a priori that it is not
gafe, I its expected value p is high enough, the ﬁet result may be a
high expected floor, ko, bensath the future value of %he investment
(k is some constant), This paradex can be explained by the use of Baumol's

example. Consider the two alternatives, A and B, represented in table 1.

1/ Shiniji Katadka, "A Btochastic Programming Model," Econometrica, Vol,
31, January 1863.

2/ William J, Baumol, "An Expected Gain-Confidence Limit Criterion for
Portfolio Selection,” Management Science, Vol. 10, No. 1, Cctober 1363,
The Markowitz approach is baged on the expected ubtility maxim and assumes
a guadratic utility function. '
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Alternatives A and B are both "efficient" because neither dominates (A
dominates C) . Tthe other (i.e.i_B has tﬁe larger expected return as well

as a larger variance),

Table 1: Two Markowlitz Efficient Alternatives

A B IC
B 8 p5le
g 2 |k i2
Lt 10198
=0 & 1L

Depending on the ubility function, expected utility theory might recome
ménd.either A or B, but Baumol claims that if  +oand u -o are considered
a8 the highest and lowest plausible outcomes,.respectively, it may well be
questioned whether anyone in his right mind.woﬁld choose A, The worst an-
ticipated outcome from choosing B is better than highest plausible outcome
from A. -

For people who make decisions on the basis of the (E,L) criterion,
alternstives are compared on the basis of their expected values (u) and
the disaster level of income (R¥*) which the albernatives imply. A person
is assumed %to be willing to sacrifice mean income only if ‘he can expect an
increase in the disaster level of income, R* = ; -kg, to which he must be
subjected, This comparison of alternatives on the basis of w and R¥% con-
tragts the u and g comparison of alternatives suggested by Markowitz.

‘The probability that net income will fall outside u+kg is a function
of the valie selected for k. According to Chebyshev's inéquélity, Plu +ko]
< l/kg. In other words, k is the risk pgrameter and ag k increages the

person becomes more conservative,
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REIATIONSHIP BETWEEN EXPECTED UTTILITY MAXTM
AND "SAFETY-FIRST" CRTTERIA

The exact nature of the relationships bebween the expected utility
mexim and the “safety-first" criteria can be used to justify the use of
the expected utility maxim, The purpose of this section is to examine the
relationships,é/

These relaticnships will be derived agsuming there is no riskless
alternative available, To begin the comparison one must derive an in-
vestor's opportunity {efficiency) locug in the (u,¢) space. This can be
done by obtaining the alternative which minimizes o for given levels of

(. Such a locus hag the shape AB in figure 3.2/ If one gssumes

(16) B(U) = V(u,0) = p ~kd®

where
i > 03 §z-< 0,
ap. do

a set of indifference curves, Il < IQ < 135 can be superimposed on figure
3. IExpected utility is maximized at point P where the decision maker's
marginal rate of substitution of u for o equals the marginal rate of trans-
formation of u for o along the opportunity locus.

Recalling that the chjective for the "minimum o criterion is %o

2

minimize —————5 , Ohe can see that an indifference curve corresponding
(=Ri)

i/ D. H. Pyle and 8, J. Turnovsky, op. cit., demonstrate these relation-
ships for cases where distributions of net revenue can be fully described
by two parameters. However, Chebyshev's inequality zllows one to avoid
the two parameter regtyiction,

2/ H, Markowitz, op. cit., one may also think of the process as finding
the alterratives which maximize p for given levels of o,
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to this criterion is given by

(17} Rwé"“ = ¢, C< 0 (for small values of ¢ which imply R¥ < p)

whose slope is positive

It follows from (17) that all the indifference curves (Ii < Ié < Ié)

are linear and pass through a point on the 1 axis m&o)ﬁlﬁgweﬁjJ
A perzon who mekes decisions according to this criterion will choose the
alterrative corresponding to point Q in figure L,

The optimum.altefnative Tor the maximum M criterion is not deterw=
mined by any tangency conditions, Simple algebraic manipulation of (1h)
indicates that a person who makes decisions according to this criterion
mast chooge from points in the set LH in Tigure 5, The alternative which
maximizes p subject to the constraint set LN is point I,

The set of indifference curves in the (u,o) plane for the "maximum
R*" criterion are similar to those of the "minimum ¥ criterion. From
equation (15)3 one can gee that a corregponding indifference curve is

gilven by
(19) u=ka =g,

whose slope dis

A do _ 1
(=0) do  k°

The set of indifference curves, represented in figure &, is a set of paraliel

straight lines whose slope depends on O = l/KE. The optimal alternative

i/ This violates the law of transitivity. To avoid this difficulty one
need only restrict attention to alternatives with positive variances.
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according to this criterion is given by point 5.
The relationship between the expected utility maxim and each of the
safety-first criteria is interesting and fortunate.
”Referring to figure 3, imagine that an investor who maximizes
utility chooses the (alternative) P. Since the set of attain-

able (alternatives) bounded by APB is a convex set and since
the set of points preferable to those lying slong Il also forms

& convex set, by the separating hyper-plane theorem there exists
a straight line CD passing through P which is tangential to both
APB and Il.' If we use the "minimum " criterion, we can eguate

the slope of this line to the slope given by (16) 6/u~R¥, For
the given coordinates (up, GP) of P, this determines a unique R*,

say T, Thus, to the portfolio P chosen by an investor who maxe-
imizes expected ukility, there corresponds a uaidque disaster

level B* such that the same vortfolio would also be chosen by a
safety~first investor who minizizes the probability of his total

portfolio return falling below this disaster level."é/

Similarly, equating the slope of CD in figure 3 o l/k.determines
a uniqﬁe probebility level, & = l/§29 such that an investor who adopts
the maximum R* criterion willil select.the same portfolio aé an expected
utility maximizer,

This unidue corréspondence, unfortunaﬁelya does not hold when one
tries to work back from these two safety~first criteria to the expected
utility criterion. This can ke ﬁerified‘by noting the fact that there
is an infinity of utility funetions which will lead expected utility
maximizérs to sélect'any particulsr point on AR in figure'B.

Unlike the previcus safety#first'criteria; a-ﬁerson ﬁﬁo operates
accordihg to the meximum y criterion must choose two decision paraﬁeters.
Therefore, the correspondence between this criterion éﬁa the expected
utility maxim is not unique. .This iz easily verified by examiﬁing figure
5. Tﬁefe is an infinity of utility functiéﬁs Which Would lead an ex-

pected utility maximizer to choose point ¥, Likewise, however, there ig

1/ D. H. Fyle and 8. J. Turnovsky, op. c¢it., p. 78.
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also an infinlty of straight lines passing through point H, each of which
is consistent with & person whose decisions are made according to the max-
imum y criterion. The unique correspondence, similar to that mentioned
above, béCOmes_unique only'after one of the two parameters is chogen,

The conclusions to be reached from these comparisqns are quite simple.
Under quite gsneral conditions of risk-averse behavior, decisions recom-
mended by expected utility theory and safety-first theory are operatibnally
indistinguishable, although the paychological framework underlying each of
these models is different. Furthermore, the comparisons argue in favor of
adopting the expected‘utility'model for em@irical applications., Empirical
results baged on the_application of the expected utility model can be used
to make reconendations regarding the behavior of risk averters (i.e.,
expected utility ﬁaximizers). ‘Such results can also be uged directly to
identify a partlcular saféty~fixst investor who will act in a similar man-
ner. In contrast, for any alternative selected;by a safety-first investor,
one can identify an infinity of expected ubility invegstors who would make
a similar selecfion. Tdentification of these utility functions requires
a direct application of the expected utiliity mgxim to the decision problenm.

Similar conclusions are also true when applying the (E,L)_criterion.
The efficient set of alternatives corresponding to the (8,1) critericn is
a proper subset:of the efficlent set corresponding to the expected utility
criterion. That is, we know that_there exists at least one utility func-
tion that will recommend each point on AB in figure 3, But, there are some
points on AB that will never be recommended by the (E,L)} criterion. There~
forejrby agsuming behavior consigbent with expected utility maximization
cne could identify all alternatives consistent with the (E,L) criterion.

The converse is not true,



-~ 29

- EMPTRICAL AFPPRAISAL OF DECISION CRITERTA

So far the arguments supporting the expected utility maxim have taken
the form of theoretbical arguments based on comparisons of the expected
wtility maxim with other‘reasonable4deciéion criteria, The expected util-
i1ty maxim hes been shown to have Sevéral advantages over the other criteria.
Empirical evidence also suggesté that application of the expected utility
theory is appropriate,

Freund was one of the first to apply the éxpected utility criterion
to Tarm planning in risk situations.%j His experience supports the hypo~
thesis that farmers behave fationally. The production patberns suggested
by his model were similar to those found on actual North Carolina farms,
Recently, Boussard expanded Freund's snalysis to include more complex de-
cisions and arrived at similar conclusipns.g/ His study indicates that
the expected utility criterion as well ss the safety;first criterig,perform
guite well, They explain.dbserved.behavior but the results are very sen-
gitive to the choice of the risk parameters.

In their efforts to estimate farmers! utility functions Officer and
Halter uncover evidence indicabing that farmers are basically risk aver-
ters.i/ In addition guadratic utility functions fit the experimental ob-
servationg very well, There was 00 significant improvement in specifying
higher order utiliﬁy functions..

Farrar's work in portfolio énalysis also sﬁpports the hypothesis that

. . 1
investors faced with risgk situations do behave rationally.i/ The optimal

1/ R. J. Freund, op. cit.
2/ J. M, Boussard, op. cit.
3/ R, R. officer snd A. . Helter, op. cit.

E/ D. E. Farrar, op. cit.
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portfolios generated by his model resemble actual portfolios., However,

nct all the recent empirical evidence on portfolio analysis supports the
use of expected utility theory based on mean income and variance in income.
A recent study by M. J, Gordon examines investment behavior of the parti-
cipents in a "portfolio game™ and indicates that the participants demon-
strated considerable aversion to yisk. But, the findings are not consistent
with a gquadratic utility function.;/ More specifically, the participants
exhibited decreasing absolute and increasing relative risk aversion. The
authors admit this evidence is suspéct because of the way in which the
Gata were generated. Their evidence cautions the reader not Lo generalize
too mach from,tﬁe positive evidence supporting "quadratic" expected util-

ity maximization. All the evidence is not in,

CONCLUS TON

These empirical findings constitute the final evidence offérea in sup-
port of the expecﬂed‘utility criterion in preference to some other decision
criteria, Attention has been concentrated on those utility funcitlons whose
expectation is defined in terms of mean income and variance in income,
Within these limits expectead utility ﬁheory is appealing from a theorét;
ical stand poiﬁt becauée it is consistent with “rationai” behavior. The
theory is ahle ﬁo explain much obaerved behavior, particuiarly diversifi-
cation and aversion to risk. TFurthermore, informaticn about behavior con-
glstent with othéf accepted'decision criteris is essily obtained from &
direct application of the expected utility criteria, |

Attention, in this paper, has been intentionally confined to the

narrow subset of risk decision criteria which have been proposed. For

i/ M. J, Gordon, e¢t, al., "Experimental Evidence on Alternative Portfolio
Decision Rules,” American Economic Review, March 1972. ‘




example, the study of expected.utility theéry has resulted in the development
of utility functions other than the ones discugsed earlier.lf These were not
considered because at fhe present time thelr empirical applicaﬁion is sev=-
erely limited. Other risk decision criteria, such as Boussard's "focus

loge" criteria, were not discussed, although it can be applied empirically.
However, Boussard believes hig use of "focus loss' sacrifices 1ittle gene

erality and would surely arrive at a similar conclusion about the above

. . 2
dlSCHSSlOﬂ.“/

%/ Ibid. Gordon lists several of the more common alternative ubtility
functions,

2/ J. M., Bougsard, "Time Horizon, Objective Function, and Uncertainty

in a Multiperiod Medel of Firm Growth," American Journal of Agricultural
Economics, August 1971i. '"Focus loss” concentrates on the Likeliness and
importance of gains and losses, The focus loss is the minimum acceptable
cutcome and the focus gain is the corresponding valus For gains. The
criterion 1s simllar fto the safety-first criteria.




BIBLIOGRAFHY

Arrow, Kermeth J,, "Aspects of the Theory of Risk-Bearing," Yrjo Jahnagson
Lectures, Yrjo Jahnasson in Saatio, Helginki, 1965,

Arrow, Kenneth J., VAlternatlve Approaches to the Theory of Choice in Risk
Taking Situations,” Econometrica, October 1951,

Baumol, W. J., "An Expected Gain-Confidence Timit Criterion for Portfolio
Selection,"” Management Science, Vol. 10, No. 1, 1963.

Bernculli, D., "Exposition of a HNew Theory on the Measurement of Risk,’
Papers of the Tmperial Academy of Science, V. Petersburg, 1738,
trans, L. Scmmer, Lconometrica, January 105k,

Boussard, J. M., "The Introduction of Risk into a Programming Model:
Different Criteria and the Actual Behavior of Farmers,” Buropean
Economic Review, Fsll 1969,

Charnes, A, and W. W. Cooper, "Chance Constrained Programming,"
Menagement Science, Vol. &, 1959,

Cocks, K. D., "Discrete Stochastic Programming," Management Science,
Vol. 15, Mo. 1, 1068,

]

Farrar, Donald L., The Investment Decision Under Uncerteinty, Engle-
wood, CLiffs, New Jersey: FPrentice Hall, Inc., 1962,

Freund, R. J., "The Introduction of Risk intc a Programming Model,"
Economebrica, Vol. 21, No. 4, October 1956.

Friedman, M. and L. J. Savage, "The Utility Analysis of Choices Involving
- Risk," in Readings in Price Theory, ed. American Economic Asscciation,
Chicago: Richard D. Irwin, Inc., 1952.

Helter, A. N. and G. W.rPean, Decigions Under Uncertainty with Research
Applications, Chicago: South-Western Publishing Co., 1971,

Katoaka, Shiniji, "A Stochastic Programming Model," Econometrica, Vol. 31,
January 1963.

Tatand, H, A., "Criteria for Choice Among Risky Ventuwves,” Journal of
Political Economy, April 1850,

Tuce, R. D. and H. Raiffs, Games and Decisions, New York: John Wiley
and Sons, Inec,, 1957.

Markowitz, Harry, Portfolio Selection:  Efficient Diversification of
investments, New York: John Wiley and Sons, Inc., 1959,

Markowitz, Harry, "Fortfolic Belectlon9 The Journel of finance, Vol, 7,
Voo 1, March 1952,




- 33 -

Naslund, Bertil, "Mathematical Programming Under Risk," The Swedish
Jdournal of Economics, Vol. LXVII, No, 3, 1965.

?

Officer, R, R, and A. N, Halter, "Utility Anaiysis in a Practical Setting,’
American Journal of Agricultural Feonomics, May 1968.

Pyle, David H. and 8. J. Turnovsky, "Safety-First and BExpected Utility
Meximization in Mean-Standard Deviation Portfolio Analysis,” The
Review of Fconomics and Statistics, February 1970.

Roy, A. D., "Safety-First and the Holding of Assets,” Beonometrica, 20,
July 1952,

shackle, G. L. 5., Expectation in Economics," in Uncertainty and Business
Decigions: A Symposium, ed., C, Carter, G. Meredith, and G. Shackle,
Liverpool: The University Press, 1954,

Sharpe, W. F., "A Simplified Model for Portfolio Analysis,” Menagement
Science, Vol. 10, Wo. 2, 1963,

Sharpe, W. F., Portfolio Analysis Baced on a Simplified Model of the
Relationghips Ameong Securities, unpublished doctoral dissertation,
Los Angeles: University of California at Los Angeles,

Telser, L., "Safety-First and Hedging," Review of Economic Studies, 23,
1955-56.

Tobin, James, "Liguidity Preference as Behavior Toward, Risk," Review
of Fconomic Studies, February 1958,

Von Neumann, J.. and O, Morgenstern, Theory of CGames and Fconomic
Behavior, Princeton, N, J.: Princeton University oress, LoL7.

Wellingford, B, A., "A Survey and Comparison of Portfolio Selection
Models," Journal of Financial. and Quantitative Analysis, June 1967,




