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Decomposing the Induced Income Changes in

Input-0utput Models

Input-output {I-0) models continue to be used by many applied
economists to estimate impacts ou output, employment and income in an
economy stemming from economic development, puBlic investment or other
change in public policy (e.g- Bills and Barr; Schrelner, Muncrief and
Davis; McKusic). other applications have jincorporated the pasic I-0
structure into an optimizing'frémework or as part of a dynamic
interindustry model (e.g. FPenm, McCarl, Brink and Irwin;g Tung, MacMillan
and Framingham).

One tople frequently discussed in emplrical work or in the classroom
is the reducticn in the secondary economic impacts due to "leakage” from an
open economy. For repional models, much of the discussion focuses on
"leakage” due to imporis, put in general, these economic impacts are
affected by any portion of a spending strean that goes to any eXOgenous
final payments sector rather than being respent locally. Despite its
importance, much of the discussion has focused on the qualitative
differences in the impacts resulting from “leakage” or attempts to petimate
its magnitude for a particular empirical application {(e.g. Little and
Doeksen). One exception ig 1in Mustafa whers & general expression for
jeakage is defined as “rhe direct plus indirset import requirement for
different sectors” (p- 681}

The purpose of this note is to develop analytically the relationship
hetween twWo income multipliers in an economy: the first assuming that
household final demand is exogencus {type 1} and the secﬁnd assuming that
the econcmy 1s “clogsed” with respect o +he household sector (type I1).

Numerous empirical studles, as well as the derivations by Sandoval and




Bradley and Gander, have demonstrared that for a given I-0 system, type IX
multipliers for all sectors are a constant proportion different from the
type I multipliers in the corresponding sectors. What is not clear 1is how
this difference is related to the marginal propensify to congume locally
and to leakages to imperts or cther final payments sectors. This latter
relationship should be helpful to researchers in understanding how
sensitive empirical results are to particular I-0 coefficients. It is also
a convenient and rigorous methoed by which instructors can help students
understand the subtle interactions among production, consumption and
leakages‘in an I-0 model.

The note begins with a characterization of the I-0 model and
definitions of appropriate terms. A second section outlines briefly
Bradley and Gander's derivation of the relationship between the two
multipliers, while the third section reinterprets it in terms of local
propensities to consume and leskages to final payments. The final section

contains a numerical illustraticn.

The I-0 Model

Oné can begin to define the I~-0 model from the transactions in Table
1. The first n sectors are the usual production sectors for the I-0 model;
sector ntl is the household sector, while D is exogencus final demand and Q
is the payment to primary factors other than labor and imports.

Assuming that each production sector has fixed coefficlent technology
and is subject to constant returns to scale, one can define B (the matrix
of direct input coefficients), w (the vector of direct payments to labor

and k (the vector of direct household consumption coefficients) by:



Table 1: Interindustry Transactions Table
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Note:

The elements of the table represent the dollar tramsactions in an
economy from the sector in the row to the sector in the column.
Initially, there are n producing sectors, sector n+1 is household
consumption (column) and payments to households (row). Other final
demand has been aggregated into D and other final exogenous payments
is given In Q. Later in the paper Q is disaggregated into its
components such as value added other than labor and imports into the
region. If one is willing to assume that each production sector has
fixed input coefficients and is subject to constant returns to scale,
the economy can be described analytically by (for households
exogenous)

Y -BY =F
where Y' = (Y1’°°°’Yn); B = ‘Yij/Yj ; and
Vo= 200 @
B'om () g F Py e T D)

That 1s, ocutput by sector lesa intermediate inputs is equal to final
demand . Alternatively for a given vector F, ome can solve for the
required output by:

Y = [I-B]"l Fe

See Yan, Chenery and Clark or Miernyk for détails.
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Assuming that household final demand is exogenous, the vector of type

I income multipliers is given by:

- %
(4) MI = w(I-B) 1 W,
where
1/w 0
% 1,
W = -]
0 1/w

When households are endogenous, the matrix of direct coefficlents is

N B k
(5) 8=
v i+l
and
, = I-B -k
(6) (I-B) = = Hj



where these are partitioned matrices of dimension (n+l x n+l) and

¢ = (lﬂkn+1) and kn+1 - Yn+1,n+1/Yn+l :

If the elements of le are h

137 the vector of type 1l income multipliers is

I _

&
() W= by ey ol 19D

Proportionality of the Multipliers

Bradley and Gander have established that
I1
M

(8) —a—= 8.
Mk
]

Because the denominators of (4) and (7) are the same, this is equivalent to

proving that

, n

(9 hn+1,j / = Wieij =g for (J=l,ecc,n);
i=1

where eij is the 1, jth element of (I-—B)“le

The denominator of (9) is the direct plus indirect income per dollar of
final demand in sector j but the numerator of (9) alse includes the income
induced by additional consumption per dollar of final demand in sector j.
Thué, one would also expect that 8 > l.

Letting the partitioned inverse be

P
R S

(10) ' =

one knows that

1 (1-B) ~k| [P Q I 0
(1) HE = ~ ¢ & s| ™o 1|



From the partitioned products
(L2 (I-B)P — kR = I;
(13) (I-B)Q ~ kS = 0;

(14) -wP + GR =

!
<
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=]
o

i
—t
s

{15) =-wQ + GS
From (14),
(16) GR = wP.
From (12), one can sclve for P and substitute into (16) to obtain
(17) P = (I-B) "} [I+kR]

(18) GR = w(I-B) L[I+kR] = w(I-B) L + w(I-B) “kR.

Rearranging

(19) GR - w(I-B) kR = w(I-B) ; or

(20) [6 - w(I-B) TkJR = w(I-B) L .

From (4), (7) and (11), one knows that R contains the numerators of the
type II multipliers and W(I;B)ml are the numerators ¢f the type I income
multipliers. Recognizing that

(21) 6= (k_.),

one can write
(22) (€ - w(I-B) k) = [1 - (k_ +w(I-B) Tk)].
n+l
Substituting (22) into (20) and rearranging, one has

(23) R = [0]w(1-B)"}

1 _ -1
where 0 = %%%ﬂ and A = k ,tw(I-B) "k Q.E.D.

An Interpretation of O and A

Although equation (23) establishes the fact that type II multipliers

are 3 constant multiple of the type I multiplier, as currently written,



it is mnot possible to establish that.e > 1, nor is the relationship between
the magnitude of exogenous final payments other than labor and © entirely
ebvious.

From Table 1, if households consume some fraction of local production

and if some local labor 1s employed by every sector, then

n
24 0 < <13 0<b,, <13 0<k, <1; Lbh,,<1; Tk, <1

Wwith this information, one can establish 0 < A <1 (and therefore 8 2_1) by

redefining the direct income (payments to labor) coefficients in (2) in an

alternative, but equivalent, fashion:

Y, - q, = 1l'y
! i 1 e
(25} w, = - Yi =1 9 1 bi’ or
(26) w =1'"-q' - 1'B =1 [I-B] - q;

where ;i is ith column of the transactions matrix; 1% is [1, 1, 1,000,173
b 5 = H N' = L] ®
bi is ith column of Bj q, Qi/Yi’ and q [ql’q2’° ‘qn]
Substituting (26) into the expression for A
_-l_ VST - _-1_ t_,~|_—1
(27) k_,,+ w(I-B) 'k = kn+1+{1 (I-B) - q'}(I-B) 'k =k_,,+ 1'k - q'(I-B) ko

From equation (24) one knows that}

. - -1 . . . .
(28) w> 0; (I-8)  >0; k>0;q" 205k 5205

and the left-hand side of (27) is non-negative. However, the right—-hand
gide of {27) is the difference between two non—negatiﬁe numbers. The first
term, kn+1 + 1'k, is equal to the marginal propensity to consume (MPC)
locaily and logically can be assumed to be within the closed interval
between zero and unity. Because the left-hand side of (27) is nom-negative,

~ -1
f L] .
kn+1 + 1'k > q (I-B) "k and

(29) 0 < A < MPC < 1.



This analysis proves that under all conditions normally found in
empirical I-0 models, A 1s between zero and unity and 6 is greater than
unity. One limiting, but not realistic, case is where the propensity to

consume locally is zero (i.e., k = 0 and k= 0)., Thus, A= 0 and 0 = 1;

_ n+l
there is no induced income effect when the model is closed with'respect to
households and the two income multipliers are equal.

The second limiting case is more important to understanding how

“"leakages"” from the reglon and to final payments cther than households

affect the induced income impact. When exogenous final payments to sectors

ﬁther than labor are zero, E' = 0 and A = MPC. This implies that the
induced income effect is at its maximum. There is no leakage out of the
economy and the difference between the two multipliers is 1/(1-MPC), a value
equivalent to the simple Keyunesian consumption multiplier for a closed
€COnOMmYy.

The intermediate situation is the most relevant for empirical

analysis. Here, q' # 0 and k # 0 and ) falls below MPC and @ is less than
the Keynesian multiplier. This "leakage™ can be examined in greater detail.
Because the difference between the type I and type II multipliers is

constant, the absclute size of the induced income effect is a function of ¢,

as well as the magnitude of the type I multipliers themselves (MI)e That
is, for a given value of g, the induced income effect varies directly with

MI {e.g., induced income = MII - MI = eMI - MI = (g—l)MI). One can also

determine quite easily the change in g as ) changes in responée to

increases or decreases in the leakage to primary factors L = E'(I-B)'lk:

~1
30y 88 20Ny -y



Thus, as L increases, the difference between the type I and the type IT
multipliers falls and the rate at which it falls varies directly with A.

More impertantly, one must also understand the individual componets of
L and how each of them affects the gize of the leakage, A, and €. To do
this, it is useful to recall the individual components of q- As defined in
Pable 1, q is the vector of direct payments to all exogenous final payments
sectors other than labor. It could include value added other than labor,
indirect business taxes and imports of labor or intermediate inputs from
outside the region. In examining these final payments, it makes sense to
distinguish three separate categories a) direct payments to imported labor
per dollar of sales by sector 1 = “i; b) direct value of intermediate
inputs imported per dellar of sales by sector 1 = Yi ¢) direct value of ail
other final-payments per dollar of output in sector i= v, = 4y Ty Ty
The reason for making this distinction has to do with the way in which
changes in these items affect the size of L.

Beczuse matrix operations are distributive by addition, one can segment

L into three components.

(31) L =t (1-B) Tk + ¢ (1B Tk + vt (1-B) Tk
where

A COPRITI IO Y= (Y paeeenry)i VS (vl,...,vn’).
Although each of these compénents has the same algebraic form, changes in
each of the direct paymenis vectors are 1ikely to affect L differently. As
an example, as long as the technology in an economy remains unchanged, the
vector v remains constant. However, the elements of the vectors o and y are
affected by changes in the economy other than technology and in the region's

dependence on imports. The simplest change in these vectors is where
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imports into the economy include some payments to labor living outside the

region. If for some reason, these payments were shifted to rhe regional

workforce, elements of o, would fall (e.g. from aio > ai— for at least one
i), but there would be an increase in the corresponding elements of w.
Because w appears in the numerators and the denominators of both
lmultipliers, it {s difficult to determine the effects on their absolute
sizes, but from equation (31), one knows that:
(32 7<% 7> 2% 07 > 6% o (1-8) Mk < o (1-8) Tk
The leakage in the economy is reduced and the relative difference between
the two multipliers increases.

Perhaps the most interesting analysis concerns the distribution of

intermediate input purchases. As the proportion of intermediate inputs

falis, ceteris paribus elements of y would fall (e.g. assume from Yio >

Yi+ for at least ome 1). These inputs, if now purchased locally, are
distributed among some or all elements of the corresponding column of B.

The new Leontief matrix is

(33) I - (A+B)}"1

n o +
where the elements of A, 0 < a,. ¢ 1 and a = o, o= « B
B & STy Ty W
n S
construction, 0 S-aij - bij < 1 and iil(aij + bij) < 1. One, but perhaps

not the most obvious, conclusion of this change is obtained by examining

equations (33) and {23). rom equation (33) and the logic in footnote 1,

the individual elements of the new Leontief matrix [I-(A+B)]—1 are at least
as large as in the original inverse [I—B]m1 and some are larger.

Substituting the new inverse into the expression for )\ in equation {23)
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one knows that N increases and © increases. Because N\ increases and the
propensity to consume locally does not change, one can also conclude that
the leakage (as measured by equation (31)) must decline. In summary, oné
knows that

S IR AR S AT SR AR

and because ¢' and v' do not change

(35) ot [1-(a+B)] Tk > @t (1-B) ks

(36) v [I-(&+B)] Tk > v'(1-B) 'k;

a7y ¥ (I-(a+8)1 Tk < v (1-3) k.

The relative increase in the elements depends on how these new purchases are
distributed locally and the net contribution of the three terms Lo the
leakage is an empirical question. All that one knows for sure is that the
coﬁtribution of payments to imported labor and other value added to the
remaining leakage increases. The absclute, as well as the relative,
contribution of imported intermediate inputs to the leakage falls?

Empirical Example

The most effective way to illustrate these ideés is through a small
empirical example. The transactions table i1s given in Table 2. The direct
requirements data (matrix B and the vectors %, Y, and v) are in Table 3, as
are the two relevant Leontief inverses.2 Trom the data in these tables, one
can apply equations (4) and (7) to obtain the type I and type II multipliers

for the four production sectors:

Sector Type I ‘ Type I
1 1.249851 1.688456
2 1.3542961 1.814242
3 1.248147 1.686155

4 1.194655 1.613890
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It is easy to verify that each type II multiplier is a constant proportion

higher than the type I multipliers; and © = 1.350926. This means that

D

-1

A= = 0.259767,

|

which is considerably less than MPC = 0.466208. Consequently, 0 is less
than 1.874839, the value of 8 if the economy were closed and A were equal to
MPC. 1If one argues that this is the maximum value of 6, then the actual
value of © 1is only 72.1% of the maximum. The difference is due to leakage
and the magnitude of the “leakage coefficient” i1s L = 0.206442. According
to equation (31) this leakage can be decomposed into three components, one
due to labor imports, one due to intermediate factor imports and one due to
other value added. These three components are 0.020170; 0.083741 and
0.102531, respectively. Thus, in this example, 49.7% of the difference
between the maximum and actual O is due to other value added; 9.8% is due to

imports of labor; and 40.67% is due to imports of intermediate inputs.

Summary

The purpose of this short note is to establish formally.the
relatfonship between type I and type II income multipliers in an
input—~output system and relate the relationship directly to the marginal
propensity fo consume locally and leakages from the regional economy. It is
shown that the maximum difference between the two multipliers is equal to
1/(1~-MPC), the simple macro multiplier. This maximum'"inducéd" income
effect 1s attained under conditions where all spending streams are respeat
locally and there is no leakage from the economy to final payments, other

than local labor nor to regional imports of intermediate goods.
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As leakage occurs, the "Iinduced” income effect falls and the difference
between the type I and type Il multiplier is less than 1/¢(1-MPC}. However,
as the empirical example illustrated, it is quite easy to determine the
relative importance of each type of leakage in reducing the size of the
induced income effect. Other comparative static analysis is alsc possible
to determine the change in this induced income effect as the magnitude of
the leakages change.

It is anticipated that these results will be useful in the classroom to
explain the interactions in an input-output system as well as in research
where it is necessary to understand how different types of lsakage affect
the induced income effect. This is particularly true where the cost
improving the quality of data on leakages from the region must be balanced

agéinst its impact on the empirical results.
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Footnotes
a
lthis stems from the fact that 1f 0 S-bij <1 and E bij < 1, then as
i=1

a positive integer, m > =,

B® > 0and I +B+B> +B° + ... +B" +[I~Bj—l_>_0

(see Waugh for details). This means that a sufficient condition for [I—B]—1

to exist is that the economy be open. In the case where households are
exogencus, payments to labor in each sector must be positive. 1In the case
where the economy is closed with respect to households, payments to other
final payments sectors such as other value added or imports must be
positive. Neither of these assumptions is unrealistic in empirical’
applications.

2The data are reperted to six decimals so that othears can verlfy the

calculations.
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