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Abstract: Rate setting methods for crop yield and revenue contracts employ methods that 

presume that correlations are state invariant. Whether this is true matters. If yield-yield 

correlations strengthen when crops are subject to widespread stress then diversification 

opportunities for private insurers weaken when most needed. For the government’s book of 

business, such tail dependence will increase the transactions and political costs of inter-agency 

reallocation of funds. In this paper we propose a simple model of yields according to 

interactions between the weather outcome and land limitations as in the United States Soil 

Conservation Service’s land capability classification. Our model shows that yield-yield tail 

dependence is to be expected and, furthermore, should take a particular form. Yield correlations 

should be stronger in the left and right tails than in the center, i.e., U shaped state-conditional 

correlation is hypothesized. Using Risk Management Agency unit level data and a variety of 

statistics, we find strong evidence in favor of the U shaped tail dependence hypothesis. But the 

goodness-of-fit test fails to reject the standard Gaussian Copula model, which can be due to 

power of the tests, sampling error, and/or relatively weak tail dependence over the sample years. 

We conclude that existing RMA rate-setting methods are deficient. 
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Introduction 

Diversification is a powerful force that needs to be understood when seeking to manage risk. 

When an entity is exposed to multiple risks if these risks are independent then risk sharing can 

effectively reduce overall risk exposure. If risks are positively correlated and all are possessed 

of a common systemic component then pooling is only partially effective. The nature of partial 

correlation matters greatly. Standard financial theory, as in the workhorse Capital Asset Pricing 

and generalized Factor Pricing models, have presumed that correlations are state invariant. 

However, the global financial crisis of circa 2008 has shown that models based on this 

assumption are wanting in times of severe financial stress. Among the approaches brought into 

question is the popular Gaussian copula (Li 2000). 

A copula is a function that maps marginal distributions into a multivariate distribution. In 

doing so the copula imposes some structure on the resultant multivariate distribution. Although 

the marginal distributions are not restricted in any way, interactions among the marginal will be 

constrained by the copula choice. A great virtue of the multivariate normal (Gaussian) 

distribution is its parameterized second-order flexibility. Although the Gaussian copula does not 

fix cardinal measures of correlation, it severely constrains ordinal correlations. Gaussian 

methodology is a delight to work with if one is not concerned about higher moments and if one 

is prepared to accept these correlation constraints. Crop insurance rate setting typically involves 

the modeling of multiple risks. One approach to doing so is an algorithm due to Iman and 

Conover (1982). It has become a central plank in United States crop insurance rate setting 

methodology (Coble et al. 2010). However, as pointed out in Mildenhall (2005), underlying this 

approach is the Gaussian copula superstructure on marginal interactions.  

The Gaussian copula allows for substantial flexibility when modeling marginal 

distributions. However its dependence superstructure restricts correlations between variables, 

for example, yields on different farms, to be constants. Copulas accounting for tail dependence 
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such as t - and mixture-copulas are found to fit the unit level yield data better than Gaussian 

copula (Goodwin 2012). Similarly in modeling changes in housing prices during the housing 

crisis, Gaussian copula is found to be inappropriate as it imposes assumption of independence 

even for extreme events (Zimmer 2012). 

Appropriate models for crop insurance rates matter for several reasons. One regards rate 

setting arising from miscalculating the extent of systemic risk. When compared with financial 

markets, estimation of systemic risk is harder for crop yields as data to rely on are annual rather 

than daily. Miscalculation can have severe consequences. Crop insurance markets have had a 

checkered history throughout the world in large part because of adverse selection and moral 

hazard issues (Goodwin 2001; Glauber 2013; Just, Calvin and Quiggin 1999). Absent 

compulsion, if the markets are to exist then they must be supported by subsidies and/or 

premiums need to approximate true risks. For unit-specific yield insurance contracts, failure to 

account for tail dependence does not necessarily mean that rates are significantly biased but 

does suggest that entities holding portfolios of such contracts do not fully appreciate value at 

risk. For revenue, whole farm and area contracts, failure to account for tail dependence does 

suggest a bias in rates and this increases adverse selection concerns. Consider a whole farm 

product. As payoffs are convex in yield, if correlations among unit yields strengthen as crops 

become more stressed, i.e., more systemic risk than normal years, then diversification offsets 

will likely fail when most needed.  

A second concern regards the costs of managing systemic risk, even if calculated correctly. 

It is true that the book of United States crop yield risks, though very large, is not particularly 

large when compared with risks assumed elsewhere in global reinsurance markets. Nor is it 

large when compared with the totality of the federal budget. However, the reinsurance 

agreement requires that crop insurance marketing companies retain certain risks on their books 
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and this can be rationalized as a means of aligning incentives.1 On its part, the federal 

government chooses to act as reinsurer for the rest. A government’s finances are 

compartmentalized, in part because the legislative branch of government seeks to control the 

allocation of funds. Although contractual commitments will be met, there are political and 

transactions costs to doing so as bureaucrats and legislators horse trade and negotiate budgetary 

constraints. More systemic yield risk increases such costs by increasing the severity of the 

budgetary problem countenanced.  

The intents of this article are three-fold. Firstly, we will take conceptual approaches to 

reason why state-dependent correlation structures are to be expected. Specifically, in regard to 

yield-yield correlations we will develop a model grounded in the view that the best soils have 

few limitations whereas poorer soils are increasingly limited in the ability to meet plant needs 

when faced with weather stressors. Our theory suggests that yields should be strongly correlated 

when overall growing conditions are poor and when they are excellent, but less correlated in 

typical years. That is, the correlation structure should be U shaped.  

Our second intent is to scrutinize historical risk management agency yield records at the unit 

level to shed light on whether the U-shape hypothesis is manifest. We use a variety of tools to 

check for state-varying systemic risk test and find robust adherence to the hypothesis. Our third 

intent is to establish whether or not the Gaussian copula provides a good fit to the Risk 

Management Agency yield record data. We find that the goodness-of-fit test fails to reject reject 

the standard Gaussian Copula model, which can be due to power of the tests, sampling error, 

and/or relatively weak tail dependence over the sample years. 

 
Conceptual Models 

Two often used stochastic ordering employed to capture tail dependence are the left-tail 

                                                 
1 See the Assigned Risk Retention Clause on p. 14 in the 2014 Standard Reinsurance 
Agreement, http://www.rma.usda.gov/pubs/ra/sraarchives/14sra.pdf 

http://www.rma.usda.gov/pubs/ra/sraarchives/14sra.pdf
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decreasing (LTD) and right-tail increasing (RTI) orders. Details on these orders can be found in 

Berghaus and Bücher (2014) or pp. 155-159 in Nelsen (1999). Throughout we use notation 

( )P A  to denote the probability of set A. For two random variables, 1x  and 2x , 2x  is LTD in 1x  

or 2 1LTD( | )x x , whenever  

(1) 2 2 1 1 2 2 1 1 1 1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ | ] [ | ] , .P x x x x P x x x x x x x′ ′′ ′′ ′≤ ≤ ≥ ≤ ≤ ∀ ≥ ∀   

Similarly 2x  is RTI in 1x  or 2 1RTI( | )x x , whenever 

(2) 2 2 1 1 2 2 1 1 1 1 2ˆ ˆ ˆ ˆ ˆ ˆ ˆ[ | ] [ | ] , .P x x x x P x x x x x x x′ ′′ ′′ ′≥ ≥ ≤ ≥ ≥ ∀ ≥ ∀   

In particular when the 2x̂  is large enough and when it is small enough then Gaussian copula will 

always exhibit zero conditional correlation for some extreme values of 1̂x  (Aas 2004) and so 

cannot capture tail dependence in senses of 2 1LTD( | )x x  and 2 1RTI( | )x x .  

Two other notions of tail dependence are (p. 26 in Trivedi and Zimmer 2005): 

(3) 
1 2

0

1 2
1

[ quantile  and quantile ]lim ;

[ quantile  and quantile ]lim .
1

L v

U v

P x v x v
v

P x v x v
v

λ

λ

↓

↑

≤ ≤
=

≥ ≥
=

−

 

Both have value 0 for any Gaussian copula. 

 
Yield-yield correlations 

The USDA Soil Conservation Service categorizes land by capability classes where Class I land 

has few limitations that restrict their use and higher classes have increasingly severe limitations. 

Among the limitations are shallow and/or panned soils, physical and chemical properties that 

limit root penetration and water retention capacity. Although much of the emphasis of the 

classification regards susceptibility to soil erosion (Helms 1992), better soils will tend to be 

more robust to weather variability. They will drain well while retaining water in deeper layers in 

the event of drought or severe heat. 
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We posit an aggregate index of weather suitability for crop growth as variable w  with 

distribution ( )F w  on support [ , ]w w . A land unit’s ability to convert realized weather into yield 

is assumed to depend on the soil’s quality. When w w=  then we assume that all land units yield 

amount y . We parameterize soil quality as θ , wθ < , and yield response to weather conditions 

on [ , ]wθ  is given as lβ . Here, a smaller value of θ  indicates better land quality as the soils 

prove to be more resilient to adverse weather outcomes. However, yield is more sensitive to 

weather on interval [ , )w θ  and the response is given as hβ , h lβ β> .  

(4) 
( ), [ , ];

( ; )
( ) ( ), [ , ).

l

h l

y w w w w
y w

y w w w w
β θ

θ
β θ β θ θ

− − ∈
=  − − − − ∈

 

Figure 1 depicts. For convenience we assume that land quality and weather outcomes are never 

such that realized yield is zero. In the figure θ θ′ ′′<  so that the better land has low sensitivity to 

adverse weather over the weather outcome set [ , ]wθ ′ , larger than [ , ]wθ ′′ . We refer to the model 

above as the land resilience model as its salient feature is that land of better quality is more 

resilient to bad weather. 

We note as a matter of model validation that mean yield is weakly decreasing in θ , or 

( ; ) ( ) / 0
w

w
d y w dF w dθ θ ≤∫ . In addition, a simple transformation of variables shows that 

( ; )y w θ ′′  is stochastically larger in the decreasing, convex order than ( ; )y w θ ′ . By this we mean 

that [ ( ; )] ( )
w

w
J y w dF wθ ′′∫ [ ( ; )] ( )

w

w
J y w dF wθ ′≥ ∫  for any decreasing convex function [ ]J y . It is 

also readily shown that the coefficient of yield variation will be larger under θ ′′  than under θ ′ . 

In that sense the model is consistent with higher actuarial risk per bushel insured on poor quality 

land than on better quality land.  

The impact that higher θ , i.e., lower land quality, has on skewness is also apparent. Figure 2 

shows how the weather favorability distribution maps into the yield distribution. The weather 

index density function is on the horizontal axis while that of the yield distribution is on the 
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vertical axis. The distributions have the same shape, up to a scaling constant in the lower tail. In 

the upper tail, however, yield is not as sensitive to weather and so there is compaction. This is 

reflected by the discontinuity and smaller range in the upper tail. Now we consider what effect 

an increase in land quality will have on the distribution’s shape. There will be two effects. One 

is a rightward shift in the overall as reflected by the fact that ( ; ) ( ; )y w y wθ θ′′ ′≥  in Figure 1. 

There will also be further compaction of the right tail under θ ′′  when compared with θ ′ . This 

ensures that mean increases, variance decreases and, as the right tail is compacted, skewness 

becomes less positive or more negative. The latter point is consistent with findings in Du, 

Hennessy and Yu (2012) regarding how nitrogen (a substitute for land quality) affects yield 

skewness and in Du et al. (2014) regarding how land quality affects skewness.  

Given that the model has only one source of randomness, weather favorability index w , one 

might ask whether yields are essentially perfectly correlated as a result. They are not although 

they are comonotonic, i.e., they are monotone increasing functions of the same random variable, 

and so are perfectly ordinally correlated. One consequence is that 1L Uλ λ≡ ≡  under the land 

resilience model and so joint yield distributions cannot possibly be represented by the Gaussian 

copula. Another consequence is that the standard cardinal, or Pearson, correlation is not unity 

when units of land are of different quality. In Figure 1 when wθ θ′ ′′< <  then yield on low 

quality land is comparatively more sensitive to weather. As a result we have 

corr[ ( ; ), ( ; ) | ] corr[ ( ; ), ( ; ) | ]y w y w w y w y w wθ θ θ θ θ θ θ′′ ′ ′ ′′ ′′ ′ ′< < < ≤ ≡
corr[ ( ; ), ( ; ) | ] 1y w y w wθ θ θ′′ ′ ′′ ≤ ≡ . More generally, the model supports the idea that correlations 

are weakest between the two tails. 

Consider now condition (1) above where we let 1 ( ; )x y w θ ′≡  and 2 ( ; )x y w θ ′′≡ . We seek to 

show that  

(5) 2 1 1 2ˆ ˆ ˆ ˆ[ ( ; ) | ( ; ) ]  is nonincreasing in , for all .P y w x y w x x xθ θ′′ ′≤ ≤  

Figure 3 depicts where 2x̂  is arbitrarily chosen and 2ŵ  is the corresponding weather index value 
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so that 2 2ˆ ˆ[ ( ; ) ] ( )P y w x F wθ ′′ ≤ = . When 1 1ˆ ˆx x′=  then 1 1 1ˆ ˆ ˆ[ ( ; ) ] [ ] ( )P y w x P w w F wθ ′ ′ ′≤ = ≤ = . In 

this case, whenever weather conditions are sufficiently bad to ensure that 1̂( ; )y w xθ ′ ≤  then they 

will be sufficiently bad to ensure that 2ˆ( ; )y w xθ ′′ ≤  and so 2 1ˆ ˆ[ ( ; ) | ( ; ) ] 1P y w x y w xθ θ′′ ′≤ ≤ = . 

However, when 1 1ˆ ˆx x′′=  then 2ˆ( ; )y w xθ ′′ ≤  is no longer guaranteed. More generally,  

(6) 

2 1
2 1

1

2 1 2

1 1

ˆ ˆ[ ( ; ) and ( ; ) ]ˆ ˆ[ ( ; ) | ( ; ) ]
ˆ[ ( ; ) ]

ˆ ˆ ˆmin[ ( ), ( )] ( )min ,1 .
ˆ ˆ( ) ( )

P y w x y w xP y w x y w x
P y w x

F w F w F w
F w F w

θ θθ θ
θ

′′ ′≤ ≤′′ ′≤ ≤ =
′ ≤

 
= =  

 

 

Now 1̂x  is monotone increasing in 1ŵ  and 2 1ˆ ˆ( ) / ( )F w F w  is nonincreasing in 1ŵ  so that 

2 1ˆ ˆ[ ( ; ) | ( ; ) ]P y w x y w xθ θ′′ ′≤ ≤  is nonincreasing in 1̂x . Notice that the inference above is 

symmetric in that it continues to apply if we interchange yield positions and consider instead 

2 1ˆ ˆ[ ( ; ) | ( ; ) ]P y w x y w xθ θ′ ′′≤ ≤ . We have shown: 

Proposition 1: In the land resilience model, all pairs of land units chosen have joint yield 

distributions that satisfy the LTD property. 

 
Figure 4 describes the function 2 1ˆ ˆ[ ( ; ) | ( ; ) ]P y w x y w xθ θ′′ ′≤ ≤  as 1̂x  changes. We turn now 

to condition (2). Here we seek to show that  

(7) 2 1 1 2ˆ ˆ ˆ ˆ[ ( ; ) | ( ; ) ]  is nondecreasing in , for all .P y w x y w x x xθ θ′′ ′≥ ≥  

The reasoning leading to (6) above now supports 

(8) 

2 1
2 1

1

2 1 2

1 1

ˆ ˆ[ ( ; ) and ( ; ) ]ˆ ˆ[ ( ; ) | ( ; ) ]
ˆ[ ( ; ) ]

ˆ ˆ ˆmin[1 ( ),1 ( )] 1 ( )min ,1 .
ˆ ˆ1 ( ) 1 ( )

P y w x y w xP y w x y w x
P y w x

F w F w F w
F w F w

θ θθ θ
θ

′′ ′≥ ≥′′ ′≥ ≥ =
′ ≥

 − − −
= =  − − 

 

As 1̂x  is monotone increasing in 1ŵ  and 2 1ˆ ˆ[1 ( )] / [1 ( )]F w F w− −  is nondecreasing in 1ŵ  we can 

conclude that 2 1ˆ ˆ[ ( ; ) | ( ; ) ]P y w x y w xθ θ′′ ′≥ ≥  is nondecreasing in 1̂x . 
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Proposition 2: In the land resilience model, all pairs of land units chosen have joint yield 

distributions that satisfy the RTI property. 

 
Empirical Methods 

We apply four types of empirical methods to test for tail dependence of corn yield at the 

subfarm level: (1) tests for tail monotonicity, (2) Kendall’s W  statistics, and (3) a regression 

approach, (4) goodness-of-fit tests of the Gaussian Copula, which we turn to discuss in the 

following section. 

Tests for tail monotonicity 

Following the literature (see Berghaus and Bücher 2014 and references therein), tail dependence 

describes the monotone relationship between two continuous random variables. Consider the 

conditional probability 

(9) 2 1
2 1

1

Pr( ( ) , ( ) )( , ) Pr( ( ) | ( ) )
Pr( ( ) )

G y v F y uH u v G y v F y u
F y u
≤ ≤

= ≤ ≤ =
≤

.  

If , for all v , ( , )H u v  is non-increasing in u , then 2y  is said to be left tail decreasing (LTD) in 

1y .  

Consider the conditional probability 

(10) 2 1
2 1

1

Pr( ( ) , ( ) )( , ) Pr( ( ) | ( ) )
Pr( ( ) )

G y v F y uH u v G y v F y u
F y u
≥ ≥

= ≥ ≥ =
≥

. 

If, for all v , ( , )H u v  is non-decreasing in u , then 2y  is said to be right tail increasing (RTI) in 

1y .  

The conditional probabilities, ( , )H u v  and ( , )H u v , are calculated as below: 

(i) For individual insurance units in a chosen county, check for unit pairs that have corn yield 

record in ten common years, which may not be consecutive.  
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(ii) Detrend the county unit yield following the procedure in Claassen and Just (2011), which is 

briefly described in a later section. 

(iii) For a matched unit pair, pick one (or other) unit and rank the detrended yield from the most 

negative to the most positive. This will be the 1y  (or 2y ). 

(iv) Calculate ( , )H u v  and ( , )H u v for each matched pair using all yield record in 1y . The 

quantile value v  is chosen as [0.1, 0.2, …0.9, 1]. 

(v) For robustness check, drop the least negative 1y  repeat step (iv).  

(vi) Repeat step (v) until the set of common years is 4.  

(vii) Repeat (v)-(vi) by dropping the most positive years of 1y . 

Kendall’s W 

Kendall’s W  is a non-parametric concordance statistic (Kendall and Smith 1939; Legendre 

2005; and Gibbons and Chakraborti 2010). We apply it to the insurance unit yields with exactly 

the same 10-year record. The detrended yield for the ten common years are ranked high through 

low. The sum of ranks for year i  ( 1,..., ;  10i n n= = ) is ,1

m
i jj

r
=∑ , where  (=1,...,m)j  denotes the 

unit yield record with a total number of m  in a chosen county. Let mean of  the total ranks be 

1 ( 1)
2

r m n= + , Kendall’s W  is defined as  

(11) 
2

1
2 3

12 ( )
( )

n
ii

r r
W

m n n
=

−
=

−
∑ . 

Regression Approach 

For a given set of years, 1 2 10{ , ,..., }T t t t= , we pool unit level detrended yield across all counties. 

For each county, the years are ranked in terms of average yield in a county. Let’s assign 

indicator function ,( )

1 when it is the county's th worst deviation among year set 
0 otherwisec k

k T
I 

= 


. Then 



10 
 

calculate share of observations that have k th worst deviation among the year set of T denoted 

by ,( )c ks . Regress  

(12) 

,(1) 1 ,(1)

,(2) 2 ,(2)

,(10) 10 ,(10)

...

c c

c c

c c

s I
s I

s I

β
β

β

=
 =


 =

 

The estimated coefficients, β ’s, indicate how concentrated the yields in a county becomes in 

the left and right tails in good or bad years. 

Goodness-of-fit test of Gaussian Copula 

Various procedures are emerged in the literature in recent years to test the goodness of fit of 

particular copulas (see a detailed review in Genest, Rémillard and Beaudoin 2009). The test we 

apply in this study is the so-called “blanket test”, which is a nonparametric test requiring no 

data categorization or parameter choices. 

For a two-dimensional random vector 1 2( , )X X , its cumulative distribution function can be 

expressed by a coupla model C  as 1 1 2 2{ ( ), ( )}C F x F x , where 1F  and 2F  are univariate 

distributions for 1X  and 2X , respectively, and  the copula C  describes the specific dependence 

structure between the individual random variables. The null hypothesis is that C  belongs to the 

class of 0C , i.e., 0 0:  H C C∈ . The applied hypothesis test or goodness-of-fit test of 0C  is based 

on transformed ranks of observations, 1 11 1( ,..., )nU U U=  and 2 21 2( ,..., )nU U U=  with ijU  

rescaled rank of observation of iX . The empirical distribution of 1 2( , )U U  is defined as 

1 11

1 1( ,..., )n
n i im mi

C U u U u
n =

= ≤ ≤∑ .2 Goodness-of-fit test is to compare the distance between nC

and Cθ , the estimated C  under the null hypothesis. The result is summarized by the 

                                                 
2 Eqn. (1), Genest, Rémillard and Beaudoin (2009). 
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corresponding Cramer-von Mises statistic and the associated P -value is approximated from the 

limiting distribution.3   

Some caution is warranted on applying the goodness-of-fit tests. Monte Carlo experiments 

indicate that performance of this type of tests varies across copula classes. For some classes, 

type II error (the failure to reject a false null hypothesis) can be large. Also power of the test 

increases significantly with sample sizes.  

  
Data  

Insurance unit level corn yield data in 13 states (IL, IN, IA, KS, MI, MN, MO, NE, ND, OH, 

OK, SD, and WI) over the period of 1990-2009 are employed for this study. The data are 

obtained from the Risk Management Agency (RMA) of the U.S. Department of Agriculture 

(USDA). Each sample unit was insured under federal crop insurance programs over the sample 

period and has yield record of up to 10 years, which can be non-consecutive for some units. For 

our purpose, to get the longest time series of yield, we only select the units with 10 years yield 

histories. In the sampled 937 counties, we have a total of 418,983 insurance units with average 

size of 98 acres and yield of 140.7 bushel per unit. The yields are observed over the period 

1989-2008. Majority of yield records are reported after 1993.  

As applied commonly in the literature, detrending is the first step in crop yield modelling to 

remove strong time trend and the systemic component of yield variation. Following Claassen 

and Just (2011), we use the so-called multiplicative model. The procedure is described briefly as 

the following: 

(i) Use non-parametric method of local regression to estimate county yield trend denoted by ˆ cy . 

(ii) Estimate unit level trend yield, ˆuy , in the multiplicative model, ˆ ˆu u cy yφ= , where uφ  is the 

unit specific productivity measure.  

                                                 
3 A more detailed discussion can be found on pp. 200-201, Genest, Rémillard and Beaudoin 
(2009). 
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(iii) Calculate unit level detrended yield from the observed yield y  as ˆu uy yε = − . 

Before formal statistical testing, we show some visual patterns of the data regarding the 

yield correlations among the units. For ease of illustration, we show the scatterplots of samples 

randomly selected from individual counties. Each scatterplot in Figure 5 displays the yields of a 

random sample of 1000 pairs from three selected counties in Iowa and three selected counties in 

South Dakota. The two states are chosen because one is located in the center of the Corn Belt 

while the other at the edge of the Corn Belt. Several observations can be made based on the 

plots. (i) The yields are all positively correlated across the units. (ii) The correlation is weaker 

when yield deviations are smaller, i.e., around the intersection of the horizontal and vertical zero 

lines. (iii) Yields are more dispersed in the third quadrant than in the first quadrant; that is, there 

is more yield variation when yields are below normal than when yield are above normal. (iv) 

The differences among the plots suggest that there is regional heterogeneity in yield 

dependence. (v) Unlike generally presumed in the literature (Goodwin 2012), it is not apparent 

just from the figure that the correlation gets stronger at either the left tail or the right tail. In 

other words, there is no obvious evidence of tail dependence, especially at the left tail.  

The last point in the previous paragraph is surprising. Weather is the main cause of variation 

in yields. It is a stylized fact that unfavorable weather affects not just individual farms but all 

farms in a region, and so farm yields tend to go down and up together. Extremely bad weather 

tends to cause extremely low yields across all units in affected regions. Thus, we expect to 

observe tail dependence at the left tail. On the other hand, because idiosyncratic risks cancel 

out, we expect stronger dependence among county average yields. By comparing the pairwise 

scatter plot of a sample of county average yields in Figure 7, one can see that the correlation 

does seem to be stronger for county level averages. Also, as Figure 8 shows, yields within a 

county vary more in bad years than in good years. One reason for this increased variance is that 

different soils and fields have different capacity to sustain too little or too much precipitation as 
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we discussed earlier in the theory section. As a result, some fields have more yield losses than 

others. However, at the county level, such idiosyncratic differences tend to cancel out and make 

the systematic component more salient. This is the aggregation of micro-correlation as 

explained in Kousky and Cooke (2009). Given the large number of units and counties, we will 

next use formal statistic tests to examine whether there is tail dependence and how strong the 

dependence is.  

 
Results of Empirical Testing and Analysis 

The test statistics for tail monotonicity in eqns. (9)-(10) are calculated based on matched unit 

pairs with the yield record of ten common years in each county. Note that the record years are 

the same for each unit pair, but can vary across pairs. For Kendall’s W , we restrict the samples 

to be in the 10-year period that has the most number of units in a county. The regression in eqn. 

(12) is conducted based on a panel dataset of 937 counties in the period of 1999-2008. For 

goodness-of-fit test, we take the Gaussian copula as the testing hypothesis and employ yield 

records of matched units over 1999-2008 in two Iowa counties, Osceola and Bremer. 

The results of the test statistics for tail monotonicity for ten-year yield histories are reported 

in tables 1, which are calculated based on the matched unit pairs in Adams, Illinois. Now look at 

one column of LTD statistic in panel (a), say 0.5v = . Moving down the column we see that the 

probability that 2y  is below the unconditional median (0.5) generally declines as u  increases. 

Unconditionally, or when 1u = , the probability is of course 0.5. But if an upper bound 

condition on 1y , then the probability grows. This indicates that the two sets of detrended yields 

bunching in the tail together, specifically, left tail decreasing. We see a similar pattern in the 

RTI statistic, panel (b) of table 1, following the definition. In summary, table 1 provides 

evidence of left tail decreasing and right tail increasing between unit pairs in the chosen county. 
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The results for fewer sample years after deleting the best or worst years are reported in the 

Appendix. The patterns are consistent with what described above.  

Table 2 presents the results for Kendall’s W , which is calculated based on all units with 10-

year detrended yield  record over 1999-2008. The first row reports the statistics after deleting 

yield record of the best years except that for ten year record (0.51), while the second row reports 

the statistics after deleting the worst years gradually. We see that in general Kendall’s W gets 

larger when more years are deleted. It means that moving to the tails (right or left), ranks of the 

detrended yields become increasingly concentrated across units, i.e., more yield dependence in 

the tails. The statistics for other counties across states, which are reported in the Appendix, 

confirm a similar pattern.  

Estimated coefficients of the regressions are reported in table 3.The first column reports the 

coefficients estimated for the whole sample and the other columns report estimates for 

individual states. The results tell a consistent story on tail dependence, unproportionally high 

shares of units have the best (or worst) yield record in the same good (or bad) years.  

Test results of goodness-of-fit of Gaussian copula are reported in table 4. The two chosen 

counties are relatively small counties having a limited number of units with matched yield 

record of 1999-2008 (Osceola 336 and Bremer 184). So we apply three sample sizes and 

random sampling strategies to generate the testing samples, 1800, 5000, 8000 observations with 

and without replacement. The results indicate that the test fails to reject the null hypothesis of 

Gaussian copula at the small sample size of 1800. The null is marginally rejected at the sample 

size of 5000. This is as expected as the power of the test typically increases with sample size. 

But the power of the test levels off when the size gets higher to 8000. The fail-to-reject result is 

not surprising given the limitation of the testing strategy. For example, we pool observations 

across units and years in a given county and treat them as observations generated from the same 

distribution of a single unit. This could be problematic as unit yields in different locations may 
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affect by heterogenous soil and weather conditions even in a same county. In addition, there 

were no really bad years in the sample from 1999 to 2008 so no tails in which dependence 

might be manifest. 

 
Concluding Remarks 

Similar to prices in financial and housing markets, crop yields are shown in our study to be tail 

dependent. In other words, yield correlations are stronger in the left and right tails when overall 

growing conditions are poor and when they are excellent, but less correlated in typical years. 

We develop a theoretical model of yields to support the U shaped state-conditional correlation 

based on interactions between the weather outcome and land limitations. A number of empirical 

methods and Risk Management Agency unit level crop yield data are employed to conduct 

empirical test of tail dependence of crop yield. The first three tests, tests for tail monotonicity, 

Kendall’s W  statistics, and the linear regression approach provide supportive evidence of our 

hypothesis, while the goodness-of-fit test only reject the Gaussian Copula marginally with large 

sample size. This is understandable given the limitations of the power of the test and related 

sampling strategy. 
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Table 1. Test Statistics for Tail Monotonicity (10-year yield record; Adams, IL; Standard 
errors are in the parentheses) 

(a) LTD Statistic 
/u v  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

0.1 0.22 
(0.41) 

0.41 
(0.49) 

0.57 
(0.50) 

0.68 
(0.47) 

0.76 
(0.42) 

0.84 
(0.37) 

0.90 
(0.30) 

0.94 
(0.23) 

0.98 
(0.15) 

1.00 

0.2 0.21 
(0.25) 

0.41 
(0.33) 

0.58 
(0.34) 

0.69 
(0.31) 

0.78 
(0.28) 

0.86 
(0.24) 

0.92 
(0.19) 

0.95 
(0.14) 

0.98 
(0.10) 

1.00 

0.3 0.19 
(0.16) 

0.38 
(0.23) 

0.55 
(0.25) 

0.67 
(0.24) 

0.77 
(0.23) 

0.85 
(0.20) 

0.91 
(0.16) 

0.95 
(0.12) 

0.98 
(0.08) 

1.00 

0.4 0.17 
(0.12) 

0.35 
(0.16) 

0.50 
(0.18) 

0.63 
(0.19) 

0.74 
(0.18) 

0.83 
(0.17) 

0.90 
(0.14) 

0.95 
(0.11) 

0.98 
(0.07) 

1.00 

0.5 0.16 
(0.08) 

0.31 
(0.11) 

0.46 
(0.14) 

0.59 
(0.15) 

0.70 
(0.15) 

0.80 
(0.15) 

0.88 
(0.13) 

0.94 
(0.10) 

0.97 
(0.07) 

1.00 

0.6 0.14 
(0.06) 

0.28 
(0.08) 

0.42 
(0.10) 

0.55 
(0.11) 

0.66 
(0.12) 

0.76 
(0.12) 

0.85 
(0.11) 

0.92 
(0.10) 

0.97 
(0.07) 

1.00 

0.7 0.13 
(0.04) 

0.26 
(0.06) 

0.39 
(0.07) 

0.51 
(0.08) 

0.62 
(0.09) 

0.73 
(0.10) 

0.82 
(0.10) 

0.90 
(0.09) 

0.95 
(0.07) 

1.00 

0.8 0.12 
(0.03) 

0.24 
(0.04) 

0.36 
(0.05) 

0.47 
(0.05) 

0.58 
(0.07) 

0.68 
(0.07) 

0.78 
(0.08) 

0.87 
(0.08) 

0.94 
(0.06) 

1.00 

0.9 0.11 
(0.02) 

0.22 
(0.02) 

0.33 
(0.03) 

0.43 
(0.03) 

0.54 
(0.04) 

0.64 
(0.05) 

0.74 
(0.05) 

0.84 
(0.06) 

0.92 
(0.05) 

1.00 

1.0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 

(b) RTI Statistic 
/u v  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

0.1 1.00 0.90 0.80 0.70 0.60 0.50 0.40 0.30 0.20 0.10 
0.2 1.00 0.91 

(0.05) 
0.82 

(0.05) 
0.73 

(0.06) 
0.63 

(0.05) 
0.53 

(0.05) 
0.43 

(0.04) 
0.32 

(0.03) 
0.22 

(0.03) 
0.11 

(0.02) 
0.3 1.00 0.93 

(0.06) 
0.85 

(0.08) 
0.77 

(0.08) 
0.67 

(0.08) 
0.57 

(0.07) 
0.46 

(0.06) 
0.35 

(0.05) 
0.24 

(0.04) 
0.12 

(0.02) 
0.4 1.00 0.94 

(0.07) 
0.88 

(0.10) 
0.81 

(0.11) 
0.72 

(0.10) 
0.62 

(0.10) 
0.51 

(0.08) 
0.39 

(0.07) 
0.27 

(0.05) 
0.13 

(0.03) 
0.5 1.00 0.95 

(0.08) 
0.90 

(0.11) 
0.84 

(0.12) 
0.76 

(0.13) 
0.66 

(0.12) 
0.55 

(0.11) 
0.43 

(0.09) 
0.30 

(0.07) 
0.15 

(0.05) 
0.6 1.00 0.96 

(0.08) 
0.91 

(0.11) 
0.86 

(0.14) 
0.79 

(0.15) 
0.70 

(0.15) 
0.60 

(0.15) 
0.48 

(0.13) 
0.34 

(0.10) 
0.17 

(0.07) 
0.7 1.00 0.96 

(0.09) 
0.93 

(0.12) 
0.88 

(0.15) 
0.82 

(0.17) 
0.74 

(0.18) 
0.64 

(0.18) 
0.53 

(0.17) 
0.38 

(0.15) 
0.20 

(0.10) 
0.8 1.00 0.97 

(0.10) 
0.94 

(0.13) 
0.91 

(0.16) 
0.86 

(0.19) 
0.78 

(0.22) 
0.69 

(0.23) 
0.58 

(0.23) 
0.43 

(0.21) 
0.23 

(0.15) 
0.9 1.00 0.97 

(0.11) 
0.95 

(0.15) 
0.92 

(0.18) 
0.88 

(0.22) 
0.82 

(0.26) 
0.74 

(0.30) 
0.64 

(0.32) 
0.48 

(0.31) 
0.26 

(0.25) 
1.0 1.00 0.98 

(0.15) 
0.96 

(0.20) 
0.93 

(0.25) 
0.90 

(0.30) 
0.84 

(0.37) 
0.76 

(0.43) 
0.67 

(0.47) 
0.52 

(0.50) 
0.30 

(0.46) 
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Table 2. Kendall’s W for Adams, IL. 

Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.51 0.44 0.36 0.26 0.23 0.18 0.16 

After deleting years with worst yield  0.48 0.44 0.38 0.44 0.36 0.34 
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Table 3. Regression Results (Standard errors are in the parentheses). 

k th worst yield kβ (US) kβ (IL) kβ (IN) kβ (IA) kβ (KS) kβ (MI) kβ (MN) 
1 0.47 0.50 0.48 0.40 0.47 0.45 0.45 
2 0.26 0.26 0.23 0.21 0.31 0.25 0.23 
3 0.20 0.19 0.17 0.17 0.24 0.20 0.17 
4 0.18 0.17 0.15 0.15 0.21 0.17 0.14 
5 0.17 0.17 0.16 0.14 0.21 0.15 0.14 
6 0.17 0.16 0.14 0.14 0.21 0.15 0.13 
7 0.17 0.17 0.14 0.14 0.23 0.13 0.18 
8 0.19 0.18 0.18 0.17 0.23 0.18 0.17 
9 0.23 0.23 0.21 0.23 0.28 0.21 0.22 
10 0.41 0.37 0.34 0.46 0.52 0.38 0.37 

2R  0.28 0.43 0.52 0.70 0.17 0.45 0.45 
 

k th worst yield kβ (MO) kβ (NE) kβ (ND) kβ (OH) kβ (OK) kβ (SD) kβ (WI) 
1 0.48 0.39 0.45 0.56 0.66 0.57 0.40 
2 0.28 0.22 0.30 0.30 0.62 0.36 0.22 
3 0.24 0.15 0.18 0.24 0.50 0.27 0.15 
4 0.21 0.14 0.18 0.19 0.43 0.22 0.15 
5 0.19 0.13 0.19 0.17 0.42 0.20 0.14 
6 0.23 0.12 0.16 0.18 0.46 0.18 0.14 
7 0.20 0.14 0.19 0.18 0.47 0.19 0.16 
8 0.24 0.15 0.20 0.21 0.39 0.22 0.14 
9 0.30 0.19 0.20 0.22 0.47 0.24 0.19 
10 0.52 0.37 0.37 0.39 0.67 0.40 0.31 

2R  0.23 0.43 0.16 0.29 0.06 0.23 0.53 

Note: All estimated coefficients are statistically significant at 1% level. 
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Table 4. Goodness-of-Fit Test Results of Gaussian Copula (Osceola-Bremer, Iowa) 

Sample size/sampling method Cramer-von Mises Statistics P-value 

1000; random sampling without 

replacement 

0.0114 0.95 

5000; random sampling with 

replacement 

0.0282 0.10 

8000; random sampling with 

replacement 

0.0256 0.14 
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Figure 1. Yield, weather favorability, soil quality map 
 

 
 
 
Figure 2. Map between weather index distribution and yield distribution 
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Figure 3. Graphic of LTD property for land quality model 

 

 

Figure 4. LTD function as the conditioning yield changes 
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Figure 5. Scatter plots of randomly paired units in six selected counties 
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Figure 6. Scatter plot of selected county average yields 
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Figure 7. The average and the standard error of yield deviation at county level 
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Appendix 
 
Table A-1-1. Test Statistics for Tail Monotonicity (9-year yield record after deleting the 
best year; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/9 2/9 3/9 4/9 5/9 6/9 7/9 8/9 1 

1/9 0.22 0.41 0.57 0.68 0.76 0.84 0.90 0.94 0.98 

2/9 0.21 0.41 0.58 0.69 0.78 0.86 0.92 0.95 0.98 

3/9 0.19 0.38 0.55 0.67 0.77 0.85 0.91 0.95 0.98 

4/9 0.17 0.35 0.50 0.63 0.74 0.83 0.90 0.95 0.98 

5/9 0.16 0.31 0.46 0.59 0.70 0.80 0.88 0.94 0.97 

6/9 0.14 0.28 0.42 0.55 0.66 0.76 0.85 0.92 0.97 

7/9 0.13 0.26 0.39 0.51 0.62 0.73 0.82 0.90 0.95 

8/9 0.12 0.24 0.36 0.47 0.58 0.68 0.78 0.87 0.94 

1 0.11 0.22 0.33 0.43 0.54 0.64 0.74 0.84 0.92 

 
(b) RTI Statistic 

/u v  1/9 2/9 3/9 4/9 5/9 6/9 7/9 8/9 1 

1/9 0.92 0.81 0.70 0.60 0.49 0.38 0.28 0.18 0.09 

2/9 0.92 0.82 0.72 0.62 0.51 0.41 0.30 0.19 0.09 

3/9 0.91 0.83 0.74 0.65 0.55 0.44 0.33 0.21 0.10 

4/9 0.89 0.83 0.76 0.68 0.58 0.47 0.36 0.24 0.12 

5/9 0.88 0.82 0.76 0.69 0.60 0.50 0.38 0.26 0.13 

6/9 0.86 0.81 0.76 0.70 0.62 0.52 0.41 0.29 0.15 

7/9 0.84 0.79 0.75 0.70 0.63 0.54 0.44 0.32 0.17 

8/9 0.81 0.77 0.74 0.70 0.64 0.56 0.46 0.35 0.19 

1 0.77 0.74 0.72 0.68 0.64 0.57 0.48 0.37 0.21 

Note: only mean estimates are reported, standard errors are available upon request.  



28 
 

Table A-1-2. Test Statistics for Tail Monotonicity (8-year yield record after deleting the 
best two years; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/8 2/8 3/8 4/8 5/8 6/8 7/8 1 

1/8 0.22 0.41 0.57 0.68 0.76 0.84 0.90 0.94 

2/8 0.21 0.41 0.58 0.69 0.78 0.86 0.92 0.95 

3/8 0.19 0.38 0.55 0.67 0.77 0.85 0.91 0.95 

4/8 0.17 0.35 0.50 0.63 0.74 0.83 0.90 0.95 

5/8 0.16 0.31 0.46 0.59 0.70 0.80 0.88 0.94 

6/8 0.14 0.28 0.42 0.55 0.66 0.76 0.85 0.92 

7/8 0.13 0.26 0.39 0.51 0.62 0.73 0.82 0.90 

1 0.12 0.24 0.36 0.47 0.58 0.68 0.78 0.87 

 
(b) RTI Statistic 

/u v  1/8 2/8 3/8 4/8 5/8 6/8 7/8 1 

1/8 0.87 0.75 0.63 0.51 0.40 0.29 0.19 0.09 

2/8 0.86 0.76 0.65 0.53 0.42 0.31 0.20 0.09 

3/8 0.84 0.75 0.66 0.56 0.45 0.33 0.21 0.10 

4/8 0.82 0.75 0.67 0.58 0.47 0.35 0.23 0.11 

5/8 0.79 0.73 0.66 0.58 0.48 0.37 0.25 0.12 

6/8 0.76 0.71 0.65 0.58 0.49 0.38 0.26 0.13 

7/8 0.72 0.67 0.62 0.57 0.48 0.38 0.27 0.14 

1 0.68 0.64 0.60 0.55 0.48 0.39 0.28 0.15 

Note: only mean estimates are reported, standard errors are available upon request. 
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Table A-1-3. Test Statistics for Tail Monotonicity (7-year yield record after deleting the 
best three years; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/7 2/7 3/7 4/7 5/7 6/7 1 

1/7 0.22 0.41 0.57 0.68 0.76 0.84 0.90 

2/7 0.21 0.41 0.58 0.69 0.78 0.86 0.92 

3/7 0.19 0.38 0.55 0.67 0.77 0.85 0.91 

4/7 0.17 0.35 0.50 0.63 0.74 0.83 0.90 

5/7 0.16 0.31 0.46 0.59 0.70 0.80 0.88 

6/7 0.14 0.28 0.42 0.55 0.66 0.76 0.85 

1 0.13 0.26 0.39 0.51 0.62 0.73 0.82 

 
(b) RTI Statistic 

/u v  1/7 2/7 3/7 4/7 5/7 6/7 1 

1/7 0.82 0.69 0.56 0.43 0.31 0.20 0.10 

2/7 0.81 0.69 0.57 0.45 0.33 0.21 0.10 

3/7 0.78 0.69 0.58 0.47 0.35 0.23 0.11 

4/7 0.75 0.67 0.58 0.48 0.36 0.24 0.12 

5/7 0.72 0.65 0.57 0.48 0.37 0.25 0.12 

6/7 0.68 0.61 0.55 0.47 0.37 0.25 0.13 

1 0.64 0.58 0.52 0.45 0.35 0.25 0.13 

Note: only mean estimates are reported, standard errors are available upon request. 
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Table A-1-4. Test Statistics for Tail Monotonicity (6-year yield record after deleting the 
best four years; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/6 2/6 3/6 4/6 5/6 1 

1/6 0.22 0.41 0.57 0.68 0.76 0.84 

2/6 0.21 0.41 0.58 0.69 0.78 0.86 

3/6 0.19 0.38 0.55 0.67 0.77 0.85 

4/6 0.17 0.35 0.50 0.63 0.74 0.83 

5/6 0.16 0.31 0.46 0.59 0.70 0.80 

1 0.14 0.28 0.42 0.55 0.66 0.76 

 
(b) RTI Statistic 

/u v  1/6 2/6 3/6 4/6 5/6 1 

1/6 0.76 0.62 0.48 0.34 0.21 0.10 

2/6 0.75 0.62 0.49 0.35 0.22 0.11 

3/6 0.72 0.61 0.49 0.37 0.24 0.12 

4/6 0.68 0.59 0.49 0.38 0.25 0.12 

5/6 0.64 0.56 0.48 0.38 0.26 0.13 

1 0.59 0.53 0.46 0.37 0.26 0.13 

Note: only mean estimates are reported, standard errors are available upon request. 
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Table A-1-5. Test Statistics for Tail Monotonicity (5-year yield record after deleting the 
best five years; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/5 2/5 3/5 4/5 1 

1/5 0.22 0.41 0.57 0.68 0.76 

2/5 0.21 0.41 0.58 0.69 0.78 

3/5 0.19 0.38 0.55 0.67 0.77 

4/5 0.17 0.35 0.50 0.63 0.74 

1 0.16 0.31 0.46 0.59 0.70 

 
(b) RTI Statistic 

/u v  1/5 2/5 3/5 4/5 1 

1/5 0.70 0.54 0.39 0.24 0.11 

2/5 0.68 0.54 0.39 0.25 0.12 

3/5 0.64 0.52 0.39 0.26 0.12 

4/5 0.60 0.49 0.38 0.26 0.13 

1 0.55 0.46 0.37 0.26 0.13 

Note: only mean estimates are reported, standard errors are available upon request. 
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Table A-1-6. Test Statistics for Tail Monotonicity (4-year yield record after deleting the 
best six years; Adams, IL) 
 
(a) LTD Statistic 

/u v  1/4 2/4 3/4 1 

¼ 0.22 0.41 0.57 0.68 

2/4 0.21 0.41 0.58 0.69 

¾ 0.19 0.38 0.55 0.67 

1 0.17 0.35 0.50 0.63 

 
(b) RTI Statistic 

/u v  1/4 2/4 3/4 1 

¼ 0.63 0.46 0.29 0.13 

2/4 0.62 0.46 0.29 0.13 

¾ 0.57 0.44 0.29 0.14 

1 0.52 0.40 0.27 0.14 

Note: only mean estimates are reported, standard errors are available upon request. 
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Table A-2. Kendall’s W for Other Counties in Iowa and South Dakota 

(a) Beadle, SD 
Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.53 0.52 0.51 0.52 0.54 0.52 0.51 

After deleting years with worst yield  0.43 0.31 0.13 0.10 0.10 0.09 

(b) Floyd, IA 
Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.33 0.27 0.19 0.12 0.09 0.08 0.07 

After deleting years with worst yield  0.32 0.29 0.26 0.25 0.18 0.10 

(c) Hamilton, IA 
Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.36 0.31 0.24 0.17 0.10 0.06 0.06 

After deleting years with worst 

yield 

 0.33 0.31 0.28 0.27 0.19 0.10 

(d) Turner, SD 
Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.30 0.23 0.16 0.14 0.11 0.10 0.10 

After deleting years with worst yield  0.26 0.23 0.23 0.22 0.21 0.15 

(e) Codington, SD 
Years of yield record 10 9 8 7 6 5 4 

After deleting years with best yield 0.36 0.29 0.28 0.28 0.27 0.26 0.25 

After deleting years with worst yield  0.14 0.13 0.10 0.10 0.08 0.04 

 
 


