|

7/ “““\\\ A ECO" SEARCH

% // RESEARCH IN AGRICULTURAL & APPLIED ECONOMICS

The World’s Largest Open Access Agricultural & Applied Economics Digital Library

This document is discoverable and free to researchers across the
globe due to the work of AgEcon Search.

Help ensure our sustainability.

Give to AgEcon Search

AgEcon Search
http://ageconsearch.umn.edu
aesearch@umn.edu

Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only.
No other use, including posting to another Internet site, is permitted without permission from the copyright
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C.


https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
http://ageconsearch.umn.edu/
mailto:aesearch@umn.edu




RT

2.

w

=1
_=

I

428 fizg

1)
a2

oy
B

“ flag

2

I

122

I

E

ll22

-
=

EEL

EFER
[
Fe

L

[l

s llis

4 e

MICROCOPY RESOLUTION TEST CHART MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-|963-4 NATIONAL BUREAU OF STANDARDS-1963-A



http:111111.25

#1395 - AN ECONOMIC ANALYSIS
OF THE DYNAMICS

OF THE UNITED STATES

WHEAT SECTOR

OUTPUT

LONG-K iN IMPACT

SHORT-RUN IMPACTS

H ]

9 10
TIME PERIOD (YEAR)

TECHNICAL BULLETIN NOC.1395 - ECONOMIC RESEARCH SERYICE
. S. DEPARTMENT OF AGRICULTURE




PREF¥ACE

The wheat industry is a major sector of U.S.
agricuiture. It currently accounts for about 5 percent
of the gross income accruing to farmers in the United
States, Moreover, wheat is the most important ag-
ricultural commodity exported and makes up about 20
percent of tota! U.S. agricultural exports.

The measurement of faclors that affect domestic
consumption and prices of wheat is necessary for carrying
oul programs to maintain equiiable incomes to wheat
producers and for determining the long~run eccnomic
outlook for the industry.

The analysis deals only with aggregate demands
for wheat, The hehavior of wheat supplies was not analyzed
due to statistical and certain data problems, The analysis
offers only a first approximation of the probable economic
character of the tofal U.S. wheat industry and further
studies are needed,

A significant part of the repcrt is devoled to
analysiz of a particular economeiric methodology. The
mathematical background necessary for the reader to
undersiand this repert is some knowledge of vector and
maltrix operations, calculus, and probability theory. Sev-
eral mathematical and technical derivations are included
in the appendixes,

Fur sabe by the fagwrintenden: of Docnments, U3, Government Printing Oiliee
Washingten. 13.C, 2040% - Price 3@ conts
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SUMMARY

The econometric model described in this report can be used to
make conditional long-run projectons of utilization and average farm
prices of wheat, and to estimate quantitatively the short-run and long-run
impact of a change in the wheat support price on the wheat utilization
in the United States. The model assumes that produciion is given, ie.,
no attempt 15 made o explain changes in production.

The basic model, consisting of 6 equations, is a simple dynamic
recursive system. Because of its recurslve feature, the parameters of
the structural relations were estimsted by the ordinary leastesquares
and the rwoe-round leastesquares procedures, All gigns of the estimated
coefiicients obtalned from both procedures were in accordance with the
theorerical and logical expectations, The estimated multiple corralation
cosfficients of the 6 equations ranged from 0,84 to 0,97,

The estimated short.run impact {single period) multipiiers in-
dicated thar a dollar per bushel Increase in the wheart support price,
with all other predetermined varilables In the system held constant,
will lead to (1) an Increase of 91 cents per bushel in average farm
wheai price, (2) a decline of 0.21 bushel per capita per year in wheat
feced consumption, {3) a decline of 132 million bushels in wheat used
for feed, (4) an Increase of 116 million bushels in Government stocks,
(3) a decline of 64 million bushels in commercial stocks, and {6} an
increase of 24 miliion bushels in roral U.S. wheat exports. The positive
relation between exports and whear price supports (and also the farm
wheat price} results from the way in which wheat programs were
operated during the analysis pericd 1928-64, During this period there
usually was a considerable effort to reduce Government-held srocks
through eXpoIt programs,

The long-run impact {infinite period) mulripliers are relevant
only if the underlying model is a stable dynamic system. The stability
of the dynamic system was established by a standard test, The estimated
matrix of long-run muliipliers revealed that a sustained increase
of $1 per bushel in wheat supportprice will generate in the long-run {1} an
Increase In Govermment stocks of 453 million bushels--about 4 times
as large as the short-run effect, (2} a2 decline in commercial stocks
of 123 million bushels--about 2 times as large as the short-run effect,
and {3} an increase in total U.S5, wheat exports of 158 million bushels-=7
times as large as the short-run effect,

Before using the eszimated model for making predictions, retro-
spective analyses were made for testing the predictive performance of
the model. The analyses indicated that (1} the predictions of average
farm wheat prices and per capita wheat food consumption had a smaller
prediction error in terms of absclute or relative magnitudes than the
predictions of toral wheat used for feed, Government stocks, commercial
stocks, and U.5. wheatexports, and (2) the predictions of total Government
wheat siocks; commercial wheat stocks, and woral U5, wheat exports
have a very large relative overprediction erxor at the very low levels
of the observed values.

LLong-run projections were made under four alternative wheat

support prices and other exogenous variables which were estimated
by an auto-regressive time trend model,
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AN ECONOMIC ANALYSIS OF THE DYNAMICS OF
THE UNITED STATES WHEAT SECTCR

by
William Y. Mo
Ecanomic Research Service

INTRODUCTION

The specific objectives of this study are (1) to identify and measure
quantitatively the basic demand structure of the US, wheat sector,
(2 1o estimate the short-run and long-run impact multipller macrix,
and (3) to adapt the estmaied model in making long-run projections
of U.S. wheat udlizatien.

In attempting to quantify the important underlying demand struc-
ture of the U,S. wheat sector, a very simple and highly aggregate
econometrlc model i1s formulated in the first part of the study, The
ressons for formulating such a simple and highly aggregate model are:
(1) Adequate empirical data with which to estimate a more complex and
much disaggregated model are lacking and (2) the simple aggregate
model 1s much easier to use in making future predictions than a more
complex one. Of course, such a simple aggregatve model has lim-
{tations because it does not reflect explicitly the many variedes of
wheat produced and many different end products involved in the wheat
market, The empirical results are presented in the second part of the
study, Finally, the implicarions deduced from the estimated aggregate
medel and its applications in making predicticns are analyzed and
discussed in the last part of the study.

THE MODEL
To facilitate the presentation of the econometric model of the

U.5, wheat sector, a simplified descriptive version of wheat supply
and utilizarion is given in the following section,

SOURCES OF SUPPLY AND TYPES OF UTILIZATION

The sources of supply and types of urilization of wheat in the
United States are shown, in simplified diagrammatic form, in figure 1,
The physical variables are identifled by a letcer symbol in each box.
The subscript *'t** of letter symbols refers to the current time period,
while " t-1"" refers to the preceding time period.

Ag indlcared in figure 1, the sources of total current supply (Qr)
conslst of curremt domestic producton Og), total import (Mg), and
total carry-in stock from the preceding time period (Ce-l), During
1959-63, impotis of whear accounted for only 0.24 percent of the total
supply in the United States, Hence, domestic production, together with
carry-in stock, constiture the major sources of total supply.

The total available supply is distributed into different utiliza-
tlon outlets--current domestic consumption (qg), export (qg,} and
carryocut stwock (Cy), The wrtal carryout stock (Cp)consists of commercial
stock (Ceyd and Government swek (Cpe). There are four major types of
domestic wheat consumption: (1} WEeat consumed as food (ghc), (2}
wheat used for feeding livestock (gfy), (3) wheat used as seed (qag),
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and (4) wheat diverted to induatrial uses (q[g). The total aggrepate
wheat supply is normally in excess of domestic requirements for
food or other domestic uses, The excess sither enters export channels
or 18 vetalned as a carryout seock, During 1959-63, approzimately 24
percent of the total avallable supply was allocated to domestc con-
sumption channels and 27 percent io the export market; 49 percent
was retained aeg carryout ctock, Of total doemestic congumption, wheat
consumed as food is the major componeat, During the marketing years
195963, wheat consumned as food averaged around 84 percent of total
domestic consumption, and the remainder, approximaiely 16 percemt
of the toral, was used for feed and seed, Only a negligible amount
wag diverted to indusirial uses.

AN ECONOMETRIC MODEL

The markot for wheat in the United Srares, of course, 1s much
more <omplex than the one indicated in figure 1. On tie production
gide, there are many varieties of wheat produced in different areas,
Similarly, there are many different end products. However, figure l
provides us with a slmple macro framework which suggests (1) a
reasonable partition of the consumption sector, and (2} some of the
relevant variables entering in the system.

As indicated in the preceding section, imports of wheat and wheat
diverted to Industrial uses account for only a negligible portien of the
total. The analyses of these two sectors, therefore, were excluded from
the model, Also, no attempt was made to incorporate any analytical
explanations of wheat used as seed.

Farm Price and Suppert Price Relation

To some extent, since the price support program was established -
in 1938, the U.S, demestic wheat market has not operated under a free
competitive market situation, Under the price support program, average
wheat prices received by farmers are influenced largely by the suppor:
prices, Before 1938, In the absence of price supperts, average farm
prices of wheat were closely related to farm prices of other feed grains,
Therefore, in the model the following farm price and support price
relation is postulated:

Fe = 1 1(Pst, K¢ Prog (z.1)
where
Py = average wheat price received by farrers at time t {(doL
per bu.)
Pgy = average wheat support price at time t (dol, per bu.)
I, if no price support program at time ¢,
o o= %O, otherwise

Pfor = farm price index of other feed graine {(corm, cats, barley,
and sorghum) at time t (1957.39=100)

Under normal cenditions, the average wheat price received by
farmers will change in the same direction as the change in support
price, in other words, we would expect that the partlal derivative of
Pr with respect to Fyp will be posidve, i.e.:

3




>0 (2.2)
apﬂt

In the absence of a support price, we would expect that the farm
wheat price would change in the same direction as the change in other
farm feed grain prices, ie.:

2P,

>0 (2.3)
S Frot
(provided K, = )

Food Co mptien Relation

On the basis of classical demand theory, the quantity demanded of
a particular commodity is a functlon of its price, the prices of other
commedities, and Income, But classical theory gives no suggestion as
to whether the dernand function is linear or nonlinear, Engel's law
suggests that the relation berween food consumption and income tends to
be curvilvtear, Examination of U.S, per capita wheat consumption dara
reveals that the Increase in per capita consumptionof wheat is associated
with a rise in per capita Income only at lower income levels, Beyond
a cerrain low income level, per capita wheat consumption declines
as income rises, Therefore, in the model the reladonship of per
capita wheat consumpdson to income is postulated to be curvilinear
as follows: '

ape = fg (R, Pop G ) (2.4)

where

qﬁt domesdc per capita use of wheat for food ai time t (bu,
per capita)

average wheat price recelved by farmers at time t {(dol,
per bu.)

consumer price index at dme t (1957-32=100)
per capita dispesable income at time t {del. per capita)

and,

G{p = a nonlinear transformaton of variable Iy {the explicit
form of rtransformation is discussed in derzil in the
estimaton secdon)

In the above formulaticn, we would normally expect that changes
in per capita food consumpilon of wheat, qf¢, will be (L)negatively
related ro changes in farm price of wheat, £ . (2) positively related
to changes in consumer price index, F.. . and (3} positively or negatively
related to changes in income dependiig upon the levels of income, i.e,:

2qj,
ht < 0 (2,3)

P
aqﬁt
IRt

(2.6)
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and
Saht

=1 0 {depending upon the income level) 2.7}
t

NiIN

Feed Consumption Relation

The demand for wheat as feed for livestock 1s related to the price
of wheat, the prices of other competing feed grains, and the numbers of
lvestock units fed annually. During World War II, the Government
encouraged the use of wheat for feed in an effort to increase livestock
production. To reflect this situadon, a dummy variable is used in the
folltowing posiulated feed consumption relation:

94~ T3 e, Peore Lo Dp) (2.8)
where
g = domestic use of wheat for feed at time ¢ (mil, bu.)
P, = average wheat price received by farmers at time ¢ (dol.
per bu.)

Pror = farm price index of other feed grains (corn, oats, barley,
and sorghum) at time t (1957-59=100)

L¢ = grain-consuming animal units of livestock fed annually at
tdme t (mil. units)

n

1, during World War 11
Dy

0, otherwise

The other feed grains are compedtve with wheat as a livestock
feed grain, The use of wheat for livestock feeding will decline if the
price of wheat is substandally high in relation to other feed grain prices,
45 a copsequence, we would normally exg=ct (1) the partial derivadve of

¢ Wwith respect to F,, 1o be positive, {2) the partial derivadve of gft
with respect to P, to be negarive, and {3) the partial derivative of gfy
with respect to L, to be positive, Le.:

=9
& £ 0 (2,9
OF,
S > 0 (2.10)
(3]
and pfOT.
O ;
> 0 {2.11)
DL,

Government Inventory Relaton

Since 1938 a certainporton of wheat production has been dellvered
by producers to the Commodity Credit Corporation, (CGC}, under the price

3




suppert program. Under the operation of the price support program, a
producer may obtain a lcan from the CCC with his wheat as collateral, and
may repay the loanby deliveryof the wheat to the CCC, Thus, the amounts
of wheat which are delivered to the CCC will be a funcrion of the support
price and production. Moreover, because wheatcanbe stored for relatively
long perieds, it i1s possible that certain amounts of wheat accumulared
in a glven year will be carried into the succeeding year, Therefore, a
lagged stock varfable is included in the following postulared Government
inventory reladom

= 14 (Pgt, KeDra20r, Cgrad) {2.12)

= Government wheat inventory at the end of time t (mil bu,)

average wheat support price ar dme 1 {dol, per bu,}

;I, If there 15 a Government price support program at time t

Q, otherwise

;O, during World War 11

1, ctherwise

= rotal U,5. wheat production at time t {miL bu,)

There are twe dummy varviables, K and Dp_z, in the relation
{2,12), The inclusicn of the product of these twe dummy variables means
that wheat producton will not have any effect on the accumulaton of
Government stocks if there are no Government price support programs
or 2 major war similar to World War IT occurs,

The method of operating the price support program for wheat
since 1938 has been animplicitoffer by the Government to buy the amount
of wheat produced in eXcess of the quantty that would sell during the
marketing year at the support price. As a result, we would expect the
Government wheat inventory to be positdvely related to support prices,
producton, ard lagged inventory, i.e.:

aC
— gt G 2,1
5Pa; -3 (2,13}

C
_Q._EH> o

5% Drz Ot {Provided K¢ = 1 and D¢op = 1} {2.14)

=1
Bl - o)
SCgeat =
Commercial inventory Relation

The amount of wheat withheld as commercial stock is related
o farm prices of wheat, Government stocks, and lagged commercial
stocks In the following postulated reladon:




Cct a fg (Pt, Cgt, Cct_l) (2.16)

Cct = commercial wheat Inventory at the end of time t (mil. bu.}

P = average wheat price received by farmers at time t (dol.
per bu)

Cgt = Government wheat inventory at the end of time t (mil. bu.}

Cct-1 = commercial wheat inventory at the end of time t-1 (mil,
bu.)

The price support and storage operations of the CCC tend w.stabilize
farm prices of wheat, As a resulr, the amount of wheat stored as private
commercial stocks tends to be low when Government stocks are high.
Flence, we would normally expect the partial derivadve of Ccr with
respect to Pp and Cgt to bhe negadve and with respect to Cet-1 o be
posltive, l.e,.:

2 Cerp
5 B, .< O (2,17
IC
— et 2,18
3 Cqy < ©° (2.18)
and
O Cq,
— et (8] (2.19)
acct-l >

Exg_)rt Relation

The variables entering the following postulated export relation
are the current per capita domestic wheat consumption, the toral lagged
Government stocks plus total lagged commerclal stocks, and the lagged
exports.

age = 16 (Qﬁtl Ceral + Cgt-L. GEL-1) (2.20)
where
qp, = total U5, export of wheat at dme 1 {mIl. bu.)

qfit = domestic per caplta use of wheat for food attmet
{bu. per capita}

Cer-1 o commercial wheat inventory at the end of time t-1
{mil. bu.}

Cgt-1 = Government wheat inventery at the end of tlme t-1
{mil. bu.}

q,Et L= rotal U5, export of wheat at time t-1 (miL bu.)




Large portions of the 1.5, exports of wheat were channeled
through the various Government programs, As a consequence, we would
normally expect total exports to be pesidvely related to the total carry.
In stocks and the lagged exports. On the other hand, if per capira
domestic wheat consumption is increased, then we would expect smaller
exports Of wheat, Hence, we would expect the following relations:

O4E
EY < © (2.21)

34gE:
O 2.22
5ot » o 2.22)

S GEt
—_— O
Q4E-1 >

STATISTICAL ESTIMATION

In the preceding section, six relations were formulated for the
model, These six relatlons were expressed by a get of exact determinate,
rather than stochastic, functional relationships among variables, The
postulated reladons do not include all the relevant variables in the
gyatemn, Cn the contrary, only maln variasbles for which reliable em-
pirical data were avatlable were considered in each relation, and cther
concelvable detevmining variables were left aside intendonally or
unintentionally. The Influences of such omitted varlables are rreated
as distrubances and explicitly recogaized by introducing 2 random dis-
turbance term, uy, into each of these six relations,

For  simplHying the estimadon procedures, all postulated
stochastic relations in the formulated system are assumed to be linear
in parameters, In estimating the parameters of the formulated system,
the varlables were divided into the following sets of endogenous var-
jables and predetermined variables:

Endogenous Variables

F. = average wheat price received by farmers at time t
(dol, per bu.)

qfr domestc per capita use of wheat for food attmet
(bu. per capita)

Qg domestic use of wheat for feed at time t {mil, bu,)

Cgt Government wheat inventory at end of time t {mil, bu.}

Cer commercial wheat inventory at end of ome t {mil, bu,)

total U5, whear exports at tdme t {mil. bu.)




Predetermined Variables

The set of predetermined variables consists of the lagged en-
dogenous variables In the system and the following exogenous varizbles:

Pgt = average wheat support price at tims t (dol. per bu)

;1, if there is no price suppert program at time t,
K: =

0, othexrwise

Pfor = farm price index of other feed grains {corn, oats, barley,
and sorghum) at time t (1957-3%=100)

G{I;) = a nonlinear transformation of U.S, per capita disposabls
income at tme t {the unit of per capita disposable in-
come ig dollars per capita)

Ly = grain-consuming anlmal units of llvestock fed annually
at time t (mil, unlte)

1, during World War iI,
Dy =
0, otherwise
— %1, if there isa Government price support program attimet,
Kt =
0, otherwlise
_ 0, during World War II,
Dt =
1, otherwise
O¢ = total U.S, wheat production at time t (mil. bu.}

Structural System

Under the additional specifications discussed in thig section, the
complete structural system formulated in the preceding section can be
summarized and written in the following simple matrix form:

AYti— Byt_1+ C}(t H oy {3.1>
where
P, |
A
9t
¥, = Vvector of endogenous variables =
C
gt
Cer
det




Yt=1 ® vector of lagged endogenous variables =

X, =vector of exogenous variables =

.

A = matrix of the parameters:associdated with endogenous variables

-
-

1 0 0 0 0 N
asg 1 0 ¢ ]
asj 0 1 0

0
¢ 0 i G
0

0
asy O ¢ a54
0

0 agg 6 0 1

.

B = marrix of the parameters associated with the lagged endogenous
variables

K

0

[®




C = matrix of the parameters associated with the exogenous var-

jables
¢qp ¢2 O 0 0 0 0 0 ¢
0 0 Cgz Cpy O ¢ o 0 Cag
. 0 0 0 1] Cgs €z Ca7 9 C39
41 @ ] o 0 3] 0 C4g a9
0 o 0 o 0 0 ¢ 0 cg
|0 0 0 0 0 0 0 0 cgp)
and
“ulg )
U2t
U3
g =
ud4r
Use
Uée

.

There are two distincrive feawres of the formulated structural
aystern (3.1} (1) The matrix of the parameters associated with the
endogenous variables in the system, A, is a triangular matrix, and
(2) the maix of the parameters assoclated with the lagged endogenous
variables In the system, B, isnora null macrix. By definitien, a structural
system is called (1) "'recursive system’’ if the matrix of the parameters
associated with the endogenous variables in the system ls a wriangular
martyix, and (2) a '"dynamlic system' if the marrix of the parameters
agsociated with the lagged endogenous variables in the system is not
a null matrix, Therefore, the formulated structural system (3.1) is
essentially a "'dynamic recursive system,”

ESTIMATION METHODS

The choice of an estlmarion method to be used in estimating the
parameters of a stochastic structural system depends cridcally on
the specifications of the model, It can be shown that the direct ordinary
least-squares estimation of the coefficlents of a structural relation in
a system does yield, in general, Inconsistent estimates. But it does
yleld consistent estimates for the case of a diagenal recursive system,
A structural system is called a “diagonal recursive system' if itis
recuraive and i in addidon the variance-covarlance matrix of the
disturbance terms, U = E{uwd), 1s a dlagonal matrix, that is, the dis-
turhances in aill the srrucrural relations are uncorrelated so that the
variance~covariance macrix has only zeros off the diagonal. Further-
more, {f we assume that the disturbance term u¢ is seriaily independent
and is multvariate normaily distributed with zero mean and witha
diagonal variance-covariance matrix, then it can be shown that the full-
information maximum likelihood estimates are identical with the direce

11




ordinary least-squares estimates, The detailed derivations are given in
appendix A, If we adopt the preceding specifications in the formulated
structural system (3.1}, then we could apply the ordinary least-squares
directly to each of the structural relations in the system, and obtain
the full-information maximum likelihood estimates of the structural
coefficients in the system. If we do not assume the variance-covariance
matrix to be a diagenal matrix, chen we can uee the rtwo~round least-
squares estimation procedure, The two-round least-squares procedures
of estmating the coefficients of the formulated system (3.1} are de-~
scribed in appendix B,

The two-round least-squares estimation procedure does yield con-
sistent estimares. But it does not yield asymptotic efficiency estimates
as the maximum likelihood esgdmartion pracedures do. The empizical
estimates of the coefficlents in the formulated sitructural system were
estimated by both the least-squares and the rwo-round least-sguares
methods.

The properties of consistency and asymptotic efficiency are all
large-sample properdes. But we are working with only a small sample
of data. Therefore, the small-sample properdes of varicus estimaton
procedures should be an important criterion for making the choices
among different alternative estdmation procedures, But due to the
mathematical difficulties, few analydce results of the small-sample
properties of various estimation procedures are available, Hence,
at the present time, we do not have enough information wo use the smail-
sample properties as a criterion.

DATA ADJUSTMENTS

The basic sample data used in the estimation of the formulated
stvuctural system (3.1} were raken from U5, Department of Agriculture
publications, The derailed numerical sample dara are given in appendix C,
The sample pericd covers the marketing years from 1928 through 1964,
The choice of the sample pericd was dictated largely by the availability
of reliable dara.

Among the eight excgenous variahles included in the formulated
strucrural system (3.1), there are three transformed variables KPgqr,
KiDy-20r, and G(It). The adjustments of the two exogenous variables
Pior and O; are straightforward and self-explanatory. Bur the trans=
formation G({{{} requires a detailed explanation.

Asg indicated previously, there exists a nonlinear funcricnal relaton
berween LS. per capita whear congumption and per capita disposable
income. The empirical data plotted in part A of figure 2 show that per
capita consumprion is highest when rthe income level is approximately
3650. Consumption declines as income Increases beyond that point,
and approaches a reladvely stable level as income approaches $2,000.
To incorporate such a nonlinear reladonship between per capita cot-
sumption and per capita disposable Income into the model, there are
rwo appreoaches which can be used: (1) Simply fitring a nonlinear
relation to the original data; or (2) making a nonlinear transformaction
of the original data first and then fitting a linear relation with the
transformed variable, We use the second approach because itis
much simpler and more flexibie,
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In performing the transformation of U,5. per capita disposable
Income [;, the following family of nonlinear functions was selected:;

GIgp™ Ky e-0.001 1t _ kg e~0.0021; (3.2)

where K] and K3 are parameters to be determined and they are assumed
to be posltlve, and e = 2,71828 = the base of the natural logarithm.

We selected this family of nonlinear funcdons because 1t has
the desired properdes: (1} For all nonnegative values of I, Kjand
Kz, and Kiz= Kg, the values of the function are posirive; and {2) at
the lower levels of I; the values of the function G{I;) will increase
as Iy Increases amd reaches its maximum value ata cerrain level of
I. Beyond such a level, the valuesof the functior will decline as I;
increases and will asymptotically approach a constant level.

As Indicated in part A of figure 2, U.S. per capita wheat consumption
approaches its maximum level when per caplta disposable income is
approximarely $650. Hence, ln making a choice of the mansformation
funcrion, we would lke 1o select two parameters K and K2 such that
the transformation funcrion G{Iy) reachesits maximum value at [y = $630,
i,e,, Max, G(Ip) = G{Iy = $650;. This can be done by rthe following
simple steps:

(1} Taking the derivative of G{ly) with respect to I; and sesting
it equal to zero, Le.,

e _i. * - *
It = rt (K je t e £

-0.001K;e~0.001 1t . 0,002K5e-0.002 1;

= 0 (3.3}

(2) Solving for the ratio of Kp and K] and evaluaring (3.3) at
{r =5%630, i.e.,

-0.001K (e=0-001 Tt . 002K ,e-0.002 1 = ¢

-0.001Ke~0-001(650) 6, 002K ye-0-002(650) = g

-0.000322046K; + 0.000545064K9 = O

Ko/Ky = 0.9578 (3.4)

By the preceding derivations, we found that Ko = ,9578K;. There-
fore, we should select the rransformation funcrion from a small subfamily
of funcrions G{Iy) which satisfies the condidon Kz = 0,%378K;. To
select a particular iransformation funcrion among this subfamily of
functions, we use a second criterion. The second criterion is simply
selecdng a particular transformation function from the subfamily of
functions so that the curvature of the selected transformation function
is approximately similar to the average curvature of the empirical
data as indicated in part A of figure 2, The procedures of the selecton
are: (1) Plotting several curves of this subfamily of functions, and
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(2) comparing the curvatures of these plotted curves with the curvature
of the empirical data, and selecting the pardcular function which has
approximately the similar curvature as the curvature of the empirical
data, For example, in part B of figure 2, we plotted three curves of
this subfamily of functions, In each curve, there are (wo paramelers.
The parameters of curve 1 are K} =12 and Kg = 0.9578(12) = 11,4936,
Sirnilarly, the paramerers are K] = 6, K2 = 35.7468 for curve 2, and
Kt = 4, Kg = 3,8312 for curve 3, The curvature of curve 2 is similar
to the curvature of the empirical data, Therefore, we used the trans-
formation function (3.5} in the formulated structural system (3.1:

Gllp = 6 e-0.00L Iy . 57468 -0.002 Iy (3.5)
where e = 2,71828 = the base of the natural logarithm.

ESTIMATED STRUCTURES

The emplirical estimates of the formulated structural system (3.1}
were obtained by ordinary least-squares and two-round least-squares
procedures. The following are these two sets of estimated empirical
structures, The figures in parentheses helow the estimated parameters
are the standard errors of the estimates, and R is the esdmated co-
efficient of the multiple correlation:

ORDINARY LEAST-SQUARES RESULTS

Farm Price and Support Price Relation

P, = 0.1492 + 0.9189 Py + 0.0108 KPP, (3.6
(0.0448) (0.0014) R= 0.9747

Food Consumption Relation

afy = 1.1989 - 0.2284 P, + 0.0077 Py + 1.6005 Glp) (3.7

{0,0678) (0.0042) {0.2254)
R = 0.9747

Feed Consumption Relation

Q¢ m -137.8420 - 143,7966 P, + 1,6302 Pypy + 17860 L .+ 159.4989 D
(37.4650; {0.5804) (0.8894) {34.3702)

R = 0.8775 {3.8)

Government Inventory Relation

Cgt= -182.9923 + 115.6075 Py, + 0.1806 KD 50y + 0.7446 C‘gt-—l
{78.0566) (0.0913) {0.0974)

R = 0,9381 3.9

Commercial Inventory Relagon

Cep = 200.2999 - 64.4016 Py = 0.0422 Cyp 4 0.3635 Cop g
(24.5510)  (0.0270) (0.1538)
R = 0.8367 (3.10)




Export Relation

qEt = 433.3437 - 112,0979 g, + 0.0967 (Copoy + Cgt-—l)
{80.3589) {0.0655)

+ 0.64%4 qE..
©.1361)
R = 0,8274

TWO-ROUND LEAST-SQUARES RESULTS

Farm Price and Suppors Price Relation

Py = 0.1492 + 0.9189 P, + 00103 KiPeor
(0.0448) {0,001 R = 0,9747 {3.12)

Food Corsumption Relaton

q%he = 1.1339 - 0,2835 P, + 0.0093 P.. + 16237 G{Ip
(0.0704) ~  {0.0040) (0.2105}

R = 0,9747 {3.13}

Feed Consumption Relation

qfc = ~140.5809 - 113.1157 Py + 1.0316 Pgop « 1.8828 L,
(35.04%1)  (0.5096) (6.9790)

+ 160.2604 Dy

{37.6104}
R = 0.8660

Government Inventory Relation

Cgr= -182,9923 + 115,6075 Pgy + 0.1806 K;Dy.50;
(78.0566) (0.0913)

+ 0.7446 C gy
(0.0974) &
R = 0,9381

Commercial Invenwry Relation

Cep = 199.0957 - 79.5079 P, = 0.0084 C. « 0.4231 C,_,
(25.4078) ~ (0.0317) (0.1458)

R = (,8426
Export Relation

4Er = 543.5585 - 189.7191 qff; + 0.0809 {(Cep) + Cgp 1)
(75.6830) (0.0706)

+ 0.6190 g1
(0.1362) R = 0.9327 (3.17)

In the above estimated structures, all the sstimared srandard
errors are smaller than their corresponding estimated coefficients,
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except the coefficient of Cgt jz1 (3.16). The estimated multiple correlation
coefficlents range from  0,8367 for (3.10) to 0.9747 for (3.6}, (3.7),
(3.12), and (3,13), The signs of all the estimated coefficlents obtained
from ordinary least-squares or wo-round leasi-squares methods are
in accordance with the theoretical and logical expectations specified
in the formulation of the model in the sectlon beginning on page 3.

ANALYSES, IMPLICATIONS, AND PRCJECTIONS

In making economic policy decisions, one usually asks ruestlons
such as these: (1} If a policy instrument were changed during a given
tme period, what would be the effects on the related policy target or
on other important variables in the system during the same time pericd?
(2) What would be the impacts of such a change during each of the suc-
cesslve tme periods? (3) What would be the rotal impacts over a long
period of time? To answer such guestions, we need 2 knowledge of the
underlying economic structure. In the framework of our formulated
model, the above questons are equivalent jo the general problem of
finding the solutions of the short-run and long-run impact multiplier
matrices of a dynamic recursive system.

SHORT-RUN IMPACT MULTIPLIERS

Te derive the short-run impact multiplier matrix for the dynamic
recursive system (3.1), we consider the following reduced form of the
underlying structure {3.1):

ye = Diye-1 + Dagp + vy (4.1)
where

Dy~ -A-lB (4.2)

Dg = -A-1C (4.3)
and

v, = Al (4.4)

By taking the partial derivative of yt (4.1} with respect 10 Xg,
we get the derived reduced-form coefficient marrix D2, that 1s,

)
'ait = Dy = [day] 4.5

The element d oy in the above matrix Dy is the partial derivative
of the i-th endogenods variable, yi., In the vector y; with respect to
the j-th exogenous variable, xj., in the vecror Xt. By deflnidon, the
short-run multiplier is defined as the impact of a unit change in the
j=th exogenous variable during a given time periodon the i-th endogenous
variable during the same ume period. Therefore, the derived reduced-
form coefficlent matrix Dz ls precisely the deduced short-run impact
multiplier marrix for the dynamic recursive system (3.1

Detallted calculations of the estimated reduced form obtained from
the ordinary least-squaresresults are given in appendix E,
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One important policy instrumental variable among the exogenous
variables of the svstem (3.1} is the support price variable (Pge )
The short-run impact multipliers of the support price are summarized
in table 1. These short-run impact multipliers correspond tw the firat
column of the estimated derived reduced-form coefficlent marrix Ds.

Table 1.~-Shorr-run impact multipliers: Impacts of the support
price on the endogencus variables in the system

: Short-run impact multipliers
of support price (Pstj_y
Ordinary : Two- round
least-squares least- squares
estimate : estimate

* dentifi-

Endogenous variables N
cation

Average farm price of wheat :
(dol. per bu.) r (P 0.9189 09189

[Fer capita wheat consumption :
{bu.) HE (1115 B -0,2089 -0.2605

Wheat used for feed (mil, bu.) : (qr) - -132,1347 -103,9420

Government wheat inventory H
{rnil, bu,) : (Cg:) : 115,6075 115,6073

Commerciel wheat inventory H
{mil, i 1 {Ceqr) - 64,0573 -74.0309

Total LS, whest exports :
{mil, bu.} fo{ggg) 23,5268 36,3980

1/ Dollar per hushel,

These estimates of the short-run support price impact multipliers
obtained from the ordinary least-squares resules imply that an increase
of $1 per bushel in support price, withall other predetermined variables
in the system held consrant, will lead t (1) an increase of 91 cente per
bushel in average farm wheat price, (2) a decline of 0.21 bushel per
caplra in wheat food consumption, (3) a decline of 132 million bushels
in wheat used for feed, (4) an increase of 116 million hushels in Govern-
ment stocks, (3) a decline of 64 million bushels in commarcial stocks,
and (6) an increase of 24 million bushels In total U.S. wheat exports
during the same ume period.

The apparent paradox of increased price supports (and also domestc
farm prices) leading to higher exports is explained by the operaton of
the price support program. When Government stocks mounted to rel-
atively high levels, due to the operation of the price support program,
the policy usually was to reduce them through export programs, The
same interpretatlons can be applied to estimates of the short-run mul-
tipllers of the other exogenous variables, The estimated numerical
values of these mulripliers are given in appendix E,




LONG-RUN IMPACT MULTIPLIERS

Given the dynamlc system {4.1) and given the inidal condittons
of endogenous vartables (yo) and the dme-path of exogenous variables
{x¢, for t =1,2,....k}in the system, then the rime-path of the endogenous
variables (yg, for t = 1,2,...,k) can be determiued as follows:

v1 = D1y + D2x)

yz = D%Yo + Doxz + DiDox)

....... FP e 2 T B ]

k k-1
vk =D¥o + Doxk + D1D2¥k-1+ ..... + Py Dox) {4.6)

Srability Condidons of a Dynamic System

Within the framework of our anzlysis, the analysis of stability
condition s Important because the long-run impact multpliers are
relevant only if the underlylng dynamic system is stable. The dynamic
system {4.1) will be stable i the mamix Dy in (4.6)approaches a null
matrix as k increases, The mamrix Dif will approach a null mawix if
the latent roots of the matrix Dy are zll in the intexior of the unit
circle. i/ Hence, the srablility of the dynamic system (4,1} is determined
by the magnitude of the maximum (dominant) latentroot of the matrix D),
The numerical method of determining the stabllity of a dynamic system

is presented in Appendix D, Examinaden of the stability conditions
shows that the two estimated structures are both stable,

Long~Run impact Muldpliers

Having established the stability of a dynamic system, we are now
able to analyze the following question: If an exogenous variable
is ralsed by cne unit and remains ar itsnew level in successive time
perieds, then what would be the impactof such a change on the endogenous
variables in the system durxing the successive time periods and over
a long period of dme?

Ler us consider the case where the exogenous variables remain
at a constant level, i.e,,

Xy= Xp = Xg=.., =X = Xx* 4.7
Given {4,7), the relation {4,6) becomes:

ye= D¥yo + G+ D1 « DE 4, + D¥-h) Dgx* (4.8)

ir is clear from (4.8} that the effect of 2 susrained unit increase in
an exogenous variable on endogenous variables of a dynamic system
over successive years can be obtained by simply taking the partial
derlvative of yy with respect to x*, ie.,

3 Yk

ax' = ([ + D}. + D% + D% + ... * Dif-l) Dz: f()}_' k=l,2,...,n (4'9)

1/ For derailed derivarions, see Arthur S. Goldberger, Econometric
Theory, John Wiley & Sons, Inc., New York, 1964, pp. 376-78.
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The empirical ordinary least-squares estimates of the k-perlods
impact muldplier matrices (4.9) are given in appendix F. The effects
of a suatained unit increase in wheat support price onGovernment and
commercial wheat Inventory for successive time pericdsare summarized
in table 2,

Table 2,--The k-periods impact multipliers; The {mpact of a sustained increase
In wheat support price by ane dollar per bushel on Government
commercial wheat inventory in succezsive time perlods

: The k-period impact multipliers:

Government Commercial wheat inventary {Cep)

wheat

: d : -
inventory 1/ Ordinary : Two-round

C least- snuares :  least-squares
(Cgt) . estimate s estimate

M, bu, Mil, b, Mil, bu,

115,61 -74,03
201,69 - 106,08
265.78 - 120,19
313,50 -126,56
349,04 . -129.55
375,50 -131,03
395,20 H -131,83
409,87 ~132.28
420,80 -132,56
428,94 -132,73

DG @O R e

—

A/ Ordinary and two-round least-squares estimates,

The empirical estimates iIn table 2 imply that: If the wheat
support price s ralsed by $1 per bushel and remains at its new level
during successive time perlods, then it will lead to (I) an increase
of 116 million bushels in Government stocks in the flrst year, 202
million bushels in the following 2 years, 266 million bushels in the
following 3 years, and so on; and {2) a decline of 64 million bushels
In commercial stocks in the first year, %1 million bushels in the follow-
ing 2 years, 103 milllon bushels in the following 3 years, and 82 on,

The tme-paths of these estimated k-periods impact multipliers
are shown in figure 3. The magnitudes of the absolute differences of
impact multipliers between two successive dme perlods decrease as
the time iIncreases. This implies that the response of the change in
stock to a change in suppert price will be much larger in the immediate
tUme periods than {n future dme perlods,

The first-period Impact multpliers are in fact the same as the
short-run impact multipliers which wereobtainedin the preceding section,
It can be shown by setrng k=1 in {4.9), l.e,,

I Yk - 5

x* 2
> k=1

(4,10




Mil.bu.

Mil. bu.

PART A: TOTAL INCREASE IN GOVERNMENT 'WHEAT
IRVENTORY IN SUCCESSIVE YEARS WHEN SUPPORT
PRICE RISES BY ONE DOLLAR PER BUSHEL
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Comparing {(4,10) with (4,5) reveals that they are the same,
Thus, the short-run impact multdplier matrix is a special case of the
k~-pericds impact mulripller matrix, namely the l-period impact mul-
dplier marrix, As a result, the numerical valuee in the first row of
table 2 are the same as the onen in the fourth and fifth rows of wable L

Since the sum of seriesl + Dy + D% + e ¥ le'l canbeexpressed
as (I - Dl)‘ltl - Dy}, the relation (4.8) can be rewritten as:

vk = DXy, + (1 - Dp~la - DKIDx* (4,11)

For a stable dynamic system, the matrix le will approach a null
matrix as k Increases. Hence, if the exogenous variable vector is Indefi~
nitely sustalned at the level of x*, then the endogenous variable vector
will approach the long-run stadonary equilibrium state:

-1
Um Y = (- D]_) sz‘ {4,12)
k-9 oo

Therefore, the long-rur impact multiplier matrix of a stable
dynamic system [s:

-1
(I - Dy Dy (4.1

The elements of the matrix (4,13) measure the uldmate or long-
run responce of endogenous variasbles to a sustained unit change of
exogenous variables.

Estimates af the long-run impact multiplier matrix obtained from
the ordinary least-squares results are given in appendix E. The long-
run impact muliipliers of the wheat support price are summarized
In table 3,

The estimated long-run multipliers derived from the ordinary least-
squares resulrs indicate that a sustained increase of $1 per bushel in
wheat support price will generate in the iong run (1) an increase in
Government stocks of 4353 million bushels, (2} a decline in commercial
stocks of 123 millon bhushels, and (3) an increase in wrtal U5, wheat
exports of 158 milllon bushels,

Long-run impact multdpliers are not very meaningful for a pure
static system. In a static system the matrix Dy = O, and the long=-xun
impact multiplier matrix given by (4,13)becomes Dy, which is the same
as the short-run Impact muldplier maoix given by {4.5), In our for-
mulated model, there are no lagged endogenous variables involved in
the firsc three relations, As a resuli, the estimated long-run impact
multipliers are identical to the estimated short-run impact multipliers
in the first three rows of tables 1 and 3.

In making a policy decision, it 1s useful to know the relative
magnitudes between the long-run impact multpliers and their cor-
responding short-run impact multdpliers resuluing from a change in
policy instrumental wvarlable, Table 4 gives the estimated relative
effects of an increase in support price.
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Table 3.--The long-run impact multiptiers; Impacts of the support
price on the endogenous variables in the system

: Long-run impact multipliers of
support price {Pgy) 1/

L™

Identifi-
Endogenous variables !
neogenolis varia . cation ] Ordinary . Two-round
. . least- sguares o least-sguares
. . estimate . estimate
Average farm price of wheat : Py :

{dol, per bu,) H r 0.918% 09189
Per capita wheat consumption ¢ CI}‘:IZ :

(bu.) : : -0,2099 -0,2605
Wheat used for feed {mil, bu} : gg : -132,1347 -103,9420
GCovernment wheat jnventory : Cg :

(mil. bu,) H H 452,6496 452,6496
Commercia] wheat inventory :+  Cg H

{mil. bu.) : H -122,9642 - 133,2732
Total LS, wheat exports Yo H

{mil. buw,) : : 1580206 163,3471

17 Dellar per hushel,

Table 4,--Relative magnitudes between the long-run and short-run impact
multipliers; Relative effects of support price on
‘the endogenous variables in the system

Relative effect of
suppart price

*

Endogenous variables : ]derttifi- : .
. cation Ordinary . Two-round
; {east-sguares ! least-squares
) . estimate : estimate
Government wheat inventory :  Cpr : 392 3.92
Commercial wheat inventory 1 Cep : 192 1.80
Total U.S, wheat exporis T qQEt : 6,72 4,49

Based on the results derived from the oxdinary least-squares
estimated structure, the long-run effects of a change in wheat support
price on Government wheat stocks, commercial wheat satocks, and
rotal U.S. wheat exports will be 3,9, 1.9, and 6.7 dmes ac large as
the corresponding short-run effects.

23




PROJECTIONS

An important applicarion of an econometric model is in predictdng
future values of endogenous variables. An econometric model is valid
for predicdve purpcoses only If the structure of the system, the esti=
mates of the paramerters, can he assumed to be unchanged in the future,
Thus, before using the model for making predictions, the extent to which
the model is able to simulate the past should be examined,

Retrogpective Analysis of Predictive Performance

Predicted valuesof endogenous variablea from 1928 to 1964, based on
the ordinary least-squares estimated structures, are compared with
observed values for the same period in figurea 4 and 3.

In evaluadng the past predictive performance of a model, one
often uses the correlation coefficient between.the predicted ang observed
values as a criterion. But a high correladon cdefficient berween predicted
and obgerved values does nor always imply a good predicton, there-
fore an alternative measure of predictive accuracy was propesed by
Theil: 2/
|

n
/(I/H) E(rf - Fp?
t

=]

n n
/(I/n) EF;2 . /(l/n) L F?
t=1 =l
where F{ = the predicted value at time t, and'F; = the observed value
at time 1,

The Theil-U measure {4.14) has the property of varying berween
zero and one; and the higher the overall predictive accuracy, the
closerisUtozero. :hecomputed Theilel measures for all the endogenous
variables In the system are given in table 5. The computed values of
U vary berween 0.0150 and 0.1616, Table 5 indicates that (1) predicdons
of per capira wheat consumpdon and average farm prices of wheat In
the sample period were more accurate than predictions of other enw
dogenous variables in the system, and (2) the overall accuracy of pre=-
dictions based on ordinary least-squares estimated structuresis more
or less the same as thar of predictlons cbtained from two-round least-
squares estdmated structures.

The Thell-U values measure only the overali accuracy of the
predictions. They do not provide detalled information about the direction
of predictlon errors. Therefore, it is useful to pict the predicted values
(F§) against the corresponding observed values (F,) as infigure 6.

2/ H. Thell, Economlc Forecasts gnd Policy, North-Holland Publishing
Company, Amsterdam, 1961,
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GRAPHIC ANALYSIS OF

PREDICTION ERRORS
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The devlatlons hetween the predicted values {FE) ‘and their corresponding
observed values (F;) are predicton errors (F¢-F). If Ff - Fy = O,
then we have perfect predicdon, Otherwise, we will have overpredicdon
(Ft -~ F¢ >0} or underpredicdon (FE - Fp << 0). Therefore, the line
os (45° line} in figure 6 is the line of perfect predicton, i.e,, ali points
on the line are points of perfect prediction, points below the line are
underprediction, and points above it are overpredictlon. For example,
point b is perfect prediction, point ¢ is underprediction, and peints a,
J, i, and f are all overpredicton, Line pw is the Iso-d-deviate predicdon
error line. All the points on line pw have the same vertical deviation
from line 0s. Thus, points h and ]| have the same magnltude of predicdon
error d. Line og is the iso-k-relative prediction error line, The points
on the same iso-k~-relarive prediction error line have the same magnitude
of reladve prediction error k. Hence, points a, h, and { have the same
relatdve predicton error, but they have different magnitudes of absclute
prediction errors, On the other hand, pelnts h and j have the same
magnitude of absolute prediction error, but pelnt | has a smaller rei-
atlve prediction error than point h, Therefore, the graphic analysis
of prediction errors is a useful tool because it provides detailed in-
formarion as to the frequency of overpredicton or underpredicdon
In rerms of both relative and absclute errors. The results obrained
froru the ordinary least-squares estmated structures are shown in
figures 7 through 9. Careful examinadon of figures? through ¢ indicates:
(1} The predictions of average farm prices of wheat and per capita
wheat consumption have smaller prediction errors in terms of absolute
or relarive magnitudes than the predlctions of total whear used for
feed, Government wheat Inventory, commercial wheat inventory, and
toral U.5, whear exports, and (2) the predicdons of total Government
wheat Inventory, commercial wheat inventory, and total U,S5, wheat
exporis have very large relatlve overpredicton errors at the very low
levels of the observed values,

Table 3,--Measures of overail predictive accuracy: Computed
Theil-U measures for endogenous variables, 1928-64

.

Theil-1) measures

Identifi- -

. i g wa- round
cation Ordinary T hi!

jeast- squares least-squares
estimate egtimate

Endogenous variables

Average farm price of wheat ¢ Py : 0,0424 0,0424

Per capita wheat consumption afir 0.0158 00150
Wheat used for [eed 0.1533 0.1616
Government wheat inventory Cgt 0,1068 01068
Commercial wheat inventory Cer 0,1597 0,1577

Total {5, wheat expotts 1 2 ! 0.1196 0,i217

This rerrospective analysis has suggested that the model's pre-
dictions of average farm prices of wheat and per capita whear con-
sumpdon can be expected to have smaller predictdon errors than pre-
dicdons of other endogenous variables in the system,
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Conditional Predictions

One of the purposes of this study is to demonstrate how the model
could be used to r.ake alrernative projecdons based upon different sets
of conditions and assumptions, In using the estimated dynamic recursive
structure In making predictions, four alternative wheat support prices-=
$1.00, $1.25, $1,50, and $1.75 per bushele~are considered and the cother
exogenous variables in the system are estimated by using the following
autoregressive model; "

Kge® ap v by Ty v uyg {4.15)

T 2T + 1 (4.16}

Ui = jiir..1 + €f¢ {4.17}
where

Xir = I-th exogenous variable at time t

T, time (T1gog= 28)

disturbance terms

€, = a hon-serially~correlated disturbance term, and ay, by, and
ry are the parameters to be estimated,

Because of the nature of the reladen (4.16), the esdmadon pro-
cedure can be simplified as follows:

From (4.15) and (4.17), we have;

Xyg = a3 = by Ty = riXjpey - 33 Ty = by IjTeoy + ey

Xpp= 2l = 19 + 13Xyep + BiTe ~ bymyTeoy « €4
Substituting (4.16) into (4,18}, we getr:
Xje= [ay{l-rp + bi} + riXjea1 + byll-ri) Teog + ey
= 8ot + 81Xt + 82iTeal + ©it 4.19)
The coefficients spf, 51y, and s34 can be estimated by the ordinary
least-squares method. And the parameters aj, by, and rj can be unlguely
estimated by the following formulas:

= Sfi {4.20)

aj = sgi/ll-sf) - s31/(1-511)2 {4.21)

by= s2i/(1-sfp




where 8%;, sfj, and s8; are the ordinary least-squares estimates of
Boj, 814, and sy, respectvely,

The following relations were obtained by applying the above pro-
cedures to the 1928-64 data:

Prop = 2.3008 + 0.7426 Pgoey + 0.4900 T (4,23)
P = -5.6133 + 0.8464 Pgr ) + 0.3908 Ty (4.24)
Ly = 367710 + 0.7282 Ly 1 + 0.1560 T, (4,25)
0, = 131.6000 + 0.4370 O,y + 9.3000 T, (4.26)
1, = -324.3000 + 0.8162 I_j + 12.4000 T, (4.27)

From a predictive point of view, the above relatdons are better
than the following simple ordinary least-squares non-gutoregressive
time trend model:

Peor = -8.1955 + 2.2316 T, (4,28)
Pe, = -14.6210 + 19257 T, (4,29)
L, = 1345753 + 0.5676 T, (4,30)
0, = 308.1900 + 14,9800 T, (4.31)
I, = -1273.1400 + 53.0300 T, (4,32)

To Indicate the overall predictive performance of both models
during the sample period, the Theil-U measures are computed and
summarized in 1able &,

Table 6 clearly indicates that the autoregressive model is sub-
stantially better than the non-auwregressive model as & prediction
device., Therefore, in making conditonal predictions, the future values
of exogencus varlables are estimated by using the autoregressive re~
lations (4.23) through (4.27). The esdmated exogenous variables, based
on the 1064 Initlal condidons, are given in table 7.

Given the estimated dynamic recursive structure (3,8) through
(3.11}, and the estimated exogenous variables in table 7, the conditional
predictions of the endegenous variables implied by the model are summa-
rized in table 8.

The conditlonal predicdons given in table 8 can be properly
interpreted only by keeping in view several limitatons:

(1) The rellability of the conditjonal predictons rests on the
validity of the assumption that the srructure of the system, or the es-
tdmates of the parameters, will not change in the future, If there is
reason to believe that they will change, then the required changes
should be incorporated into the model before making predictions.
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Table 6,.--Meosure of overall predictlve accuracy; Computed Thell-U

meesures for autoregressive and pen-auteregressive models of

exogenrous variables in the system, 1928-64

.

Theil-J measures

Exogenous Identifi- . 1 {2}
variables cation . (1) .. Non-zutore-
: Autoregressive : gressive {2)/1}
Pooomedel T Thodel
Cther feed grains, H
farm price index Pror H 0, 1001 0.13503 1.50
Caonsumer price :
index Per : 0.0153 0,0525 3,43
Crain-consuming :
livestock animal H
units : Le H 0.0237 G.0341 1,44
.S, wheat produc- : H
tion : O : 0,0693 0.0781 1.13
{J.5, per cepita : :
disposabie income: Ie H 0017 0,0582 3.25

Table 7.--Estimated exogenous variables, based on autoregressive model, 1965-80

Estimared exogenous variables

Gther feed . Grain T US, per
Year 7 grains, Ccngumer consuning v;}'s‘ | capita
© . farmprice .  Pi¢® Mvestock | WS C gienpcable
index index . animatl units | production . income
G @y

r 1957-39s 1957-50= Mil. Mil, Dol, per
100 100 units bu, capita

1965 H 113,61 111,28 162,00 1300,04 233284
1966 : 11901 114.37 170,13 1313.52 2398.17
1967 H 123,51 117,37 171,11 Ias. 2453,88
1968 H 127,34 120,31 171,98 134454 252% 92
1969 130,67 123,18 i72.37 1360,91 2596.22
1970 T 133,04 126,00 173,51 1377.32 266274
1971 I 135,33 128.78 174,19 1393.7% 2729 ,43
1972 : 138,82 131,52 174.85 1410,29 2796,26
1973 H 141,16 134,24 175,49 142679 2863,20
1974 : 143,38 135,92 176,19 144331 230,25
1973 : 143,53 139.3% 176,71 1439 .83 299737
1976 : 147,61 142,24 177,31 147634 064,55
1977 : 149 64 144 87 17790 i492.86 3131.7%
i978 : 151,65 147,48 178,48 1509,38 319906
1979 H 153.62 150.0% 179.07 1525.90 3265,38
1980 : 155,58 152,69 179,63 1542,42 3333.72
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Table 8,~-- Predictions of endogenous variables, based on the ordinary least-
squares estimsted structure and the autoregressive estimated
exogenous varisbles, 1970, 1975, and 1980

" Per capita . Wheat ! Government | Comtnercial | Tetal US,
Year . wheat ° usedfor .  whaat . wheat . wheat
{t) : consujnption . feed ' inventory ' inventory exports
. o) : {ag) . {cgt) . (€. : (Qp?
: Bu, per
: capita Mil, bu, Mil, bu. Mil, bu., Mil, bu,

Wheat support price = $1.75 (Per bu,}

197¢ : 2.39 136.82 975,10 73,18 662,55
1975 : 233 161,92 1064.65 66,61 713.17

1980 : 2,31 183,56 1130.17 62,16 748.61

Wheat support price = §$1,50 { Per bu,}

1976 H 2,45 169.90 881.23 102.24 633.96

1975 : 2,38 195.00 955.90 97,03 676,19

1930 H 2,36 216,63 1018.01 92,68 0787

Wheat support price = $1.25 {Per bu.)

1970 : 2,30 202,97 787.35 131,37 605.36
1975 : 2,43 228.07 847,13 127,44 638,63
1980 : 2,41 249 70 905,86 123,54 669,12

Wheat support price = $1,00 (Peyv bu.)

1970 : 2,53 236.04 693.47 160,51 577,77

1973 : 2.48 261,14 738.41 157.85 660,24

1980 H 2.46 282,78 803.71 153.81 628,54

{2) The predictlons are based on the assumption that 2ll future
values of the disturbances are equal to their expected value, zero. Bur
we have every reason to belleve that the future disturbances will in
fact take on some nonzero values even though they might be distributed
arcund zerc as In the pasr. As a result, there are some errors involved
in our predicticons,

{3) The prediction errors also result from errors {n estimatng
the exogenous varlables in rthe system. When using such a model for
making long-run prolections and policy analysis, more sophisticated
methods than almple exwapoladve models are needed for projecting
the exogenous variables, The extrapoladve method was used here to
demonstrate the mechanics of using the model to make long-run pro-
jecdons, Because of these limlitadons, the prejecdons are conditoned
by the data, assumptions, and model used,




APPENDIX A

SOME PROPERTIES OF ESTIMATION PROCEDURES
OF A RECURSIVE SYSTEM

A gystem of linear stochastic structural reiadons can be wristen
in the following simple matrix form:

Ay 4 B‘zt = u, {A=1}

where

A = a G by G matrix of coefficlents of current endogenous var-
iables, '

B* = a G by K mawix of coefficients of predetermined variables,

¥ =a ! by G coelumn vector of endogenous variables in time
period t,

Zy = a 1 by K column vector of predetermined variables in time
perlod t,

ur =a 1 by G column vector of random disturbance terms in
ttme pericd t.

DEFINITIONS

A system of linear srochastc structural reladons (A-1) is called
a recursive system if the matrix {(A) of the coefficients associated
with the current endegenous varlables in the system s a rriangular
matrix,

A system of linear stochastc structural relations {(A-1) is called
a dlagonal recursive system if (I) the matrix (A) is a wiangular matrix,
and {2) the varfance-covariance marrix 1s a diagonal marrix, that is,
U = E (uup is a diagonal matrlx,
PROPERTIES OF ESTIMATION

Nonparamerric Case

The direct ordinary least-squares estimadon of the coefficients
of a structural equadon in a system of structural relations {(A-1} dees
not, in general, yleld consistent estimates. But it does yield consistent
eatimates for the case of the diagonal recursive system. An eatimate 0%
of a parameter © I sald to be consistent if the probability that the
absolute deviavon between the estmate @ and the true parameter ©
be less than any given arbitrarily small number 4, approaches one as
the size of the sample approaches infinity, that is,

imP [ (-0 <4 |=1 (A-2)
t—» 00

where P |s probability and t 15 the sample size,
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1f ©*(t) has the property (A~2) it is said to posasess the probability
limit @, and the relation (A-2) is also denoted as:

pl_i*mm?‘{t) = 0 {A=3)
t

_ For simplifying the exposition, let us consider the following simple
case: 1/

Seructural System

Demand reladon:

Pe + 237 Qt + byo = Uy (A=4)
Supply reladon:
821 Pr+ Qu + byg + bap2pe = Uy (A-5)

where
Pt = price at time t,
Qr = quantlty attime ¢,
Zy = a supply shifter, and

ujr = disturbance terms

Rewrlting the above system of structural relations {(A-4) and (A-3)
In the marrix form (A-1}, we have:

Ay + B%z = 1y
or

1 a P b O 1 u
2
! t + lo = le {A=6)

agy 1 Q b Par] | Zne Ut
In this model, we assume: (1) The expected value of the diga

turbance term is =zero; and (2) the varlance-covariance matrix is
U= E(upud), Le.:

E(Ult)] ]
Elup= = =0 (A-7)
E(”Zt}J 0
and
u Uy U Uyt ug.u
U= E{uu}) = E{ le (uge uzdl y= E{ 181t Uielae )
U2 Ugelgy  Uppilae
Bup?  Etygugy kip kg
= = (A-B)
Efuguyy  Efugp? ko) kg

1/ The principal derivations of a general model are, of course,
similar to the derivatlons of this simple model.
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If the matrix (A) is assumed to be nonsingular, then the structural
system (A-6) can be expressed in terms of the following reduced forms:

Reduced Form

% = Dz, + vy (h=9}

0

b1

byoar2)/(1~a1gaz;) (bp1ayz)/ti-ajzazy)
byoagy)/{1-ay2az1) {=bz1)/(1-aj2a31}
(A-10)

1221 1
[ (uy-aygugy/{leagpagy) }

| (magguyprugp/{l-ag0a51)

{A-11)

Now, {f the demand relation {(A-4} is fitted directly by the ordinary
least-squares method, then the ordinary least-squares estimate a}, of
the coefficlent a;, is:

L]
12

= Py P Q- Q

{A=12}

= Q- Q2
where P is the mean value of Py and 6 is the mean value of Q.

From the reduced form (A-9), we have the following relations:
Pt= d}.l + dlzzlt + vit {A-l?’)
or _ - _

Po=dpy o+ dypz) + ¥y (A-14)
and

Qp = dpy + dpoZyp + Vor (A~15)




or _ - -
Q= dgy + dggz) + V2 (A-16)

where Z) s the mean value of zy,, V| 16 the mean value of v, and vy
is the mean value of vg;,

By substitutdng (A-13), (A-14), and (A«15) into the numerator of
(A-12), and (A-15) and (A-16) into the denominator, we obtain:

f' (PE-E)(Qt-a) = d12d22 %(th-i-l)z + dlz %(Vzt-?z)(zlt-il)

+ d22 ?('th-:"ﬂ-l)(vlt-.\_fl) + :E(Vit-\?l)wzt—.\:z)

(A-17)
and
TQpQ? = a3, Blay-7p? + 255 3z 7)oV
+ Et(vzt-ir'z)z (A-18)
Now, we define the following notarions:
=42
plim Et(zlt-zl) Hy, (A=19)
100
Tv, -v.)%=
plim . (vlt vl) i (A-20)
t—00
plim % (v, -¥ )2=- w
A 22 {A=21)
t 200
lim E vy =¥ {¥g~Fp) = Woy OF W
pt_)oot Ie="1 22 21 12 (A=22)
pim  Z(z)-Zlvye-¥p = Oforl= 1,2, (A-23)
=00

By taking the probability limit of the direct ordinary least-squares
estimate aj,, and nodcing the relations from (A-17} through (A-23),

we have:

fo B —
plim ajz = plim r(Pt'P’(Bt‘Q)
t >0 > 00 ?(Qt'Q)z

- 2
= (d)pdgoH)y + W3)/(dgaH) + W33! (A-24)

Furthermore, the values of w)s and wgy can be expressed in
terms of the disturbance terms uj and the coefficients ajj of the structural
system as following:
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vie | [V vad ) Etv; 2 E(v Vo

Elvyvg = E(

Vo E(vae¥yy E“'zt’z
w1 %12
= {A=25})
W1 W22

By substituting the relations of (A-11) and {A-8) into {A=23), we
obtain:

Ule = 41242t -42145e + U2t
wp1 = Elvyevad = E | ( 3 )

1 - ajzazl 1 - ayza3;
= (1—312321]'2 E(uu - auuzt)(—aglult +Uuge)
2
= {l-a1za21r? E(-agquly + a]2a21uglizr + U1eu2e - alzugtl
= (-agik)) + a12a2ik12 + kK12 - alzkzz)/(l-axzaz1}2
(A=26)
and
wooy & E(Va)2
22 2t
2
= (afiky) - 2ag5kyp + kpp)/(l-ajgagy)? (A-2T)

By substituting the reladons (A-10), (A-26), and (A-27) Into {A=24),
we finally obtain:

2
~ay9M5)H ) + kgg) = agKyp + (1 + aygagykgo

»
plim aj3 = 9 2 (A-28)
100 (h5yHyy « kag) + a3;kyy - 22g1kyy
It is clearly indicated In the_above reladon {A-28) that the direct
ordinary least-squares estimate a;o 15 nota consistent estimate of the

coefficlent ayg.

Now, {f we assume that the structural system (A-6) is a diagonal
recursive system, that is, (1) ag;= o0 in the matrix {A) of {A-6) and
(2) both kg5 and kgy are zero in the matrix U of (A-8), then the last
two terms of both numerator and denominaror in (A-28) are equal to
zero, Hence, we have:

plim afy = -ajz (5-29)
00
Therefore, we have shown that the direct ordinary least-squares
estimadon of the coefficients of a structural reladon in a structural
system does notf, in general, yield consistent estimates; but it does
yleld consistent esdmates for the case of a diagonal recursive system.

Parametric Case

In the previous secton, we considered a nonparamerric case in
which the distribution of the disturbance term u; is not specified or
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restricted to be one of a certain class of probability diamributions,
In this section we consider a parametric cage and assume the disturbance
term u, to have a multivariate normal distribution with 2 zexo mesn
vector and with a constant variance-coviariance matrix U, where
U= E{uul for ¢t = 1, 2, .., n. Moreover, we assume: (1} the disturbance
termms are serially iIndependen:, and {2) all exogenous varfables in
the system are independent of the disturbance terms. Under these
assumptions, the likelihcod fumctdon for the endogenous variables, con-
ditional upon the values of predetermined variables z, is: 2/

L= P{ zeandt ™ 1,2, .m}
e 2 172 ﬁl wuly,
= [der At (172wt /207 (ger U1/ o = (A-30)

where

ug = Ayr + Bz,

|det A! = the absolyte valtue of the determinant of the matrix A,

det U = the determinant of the variance-covariance matrix U,

su= 3.1416

e = 27183, and

$ = the nurnber of endogenous variables in the system,

To show the equivalence between the full-informatdon maximum
likelihood estimates and the direct ordlnary least-squares estimates
tn a diagonal recursive system, we consider again the structural

gystem (A-8) foumulated In the previous sectlon and assume that the
system {A~8) is & dlagonal recursive system, L.e.,

1 a
A= 12 {A=-31)
a 1
and
K31 )
U= Eluup = {A-32)
g koo

Under the assumptoens of {(A-31) and (A-32), we have the following
simple relations:

det A= 1 {A-33)

det U= kjikos {A=-34)
and

2/ For detziled discussion, see J. Johnston, Econometric Meihod,
McGraw-Hill, New York, 1960, pp. 240-42 and pp. 264-65; and also see
W. C. Hoed and T. C, Koopmans {eds.), Studies in Econometric Method,
Cowles Commission Monograph No, 14, Willey, New York, 1953, pp.
190-91,
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and

-1
n fugpugd k11 O uit
172 guitley w12 3 It "2e
t=l tal 0 k22 uge
£ 2
= -1/2% iRy e ug, kg0 (A-35)

For this dlagonal recursivesystem, we have the log of the likeli-
hood function as following:

L* = log,L = nloge ldet Af + nloge(1/2m) - 1/2nioge(det U)

=1/2¢ %u;U"iut)logee
=l

b |
= nlog,{1/2m-1/2nlogek | -1 /2nlogkyge1/2 gl(uftfk o

n
2
-1/2 . -3
/2 Etude/ko2) (A-36)

P o2 = BP. s+ a,.Q ¢+ b )2
It t-lt L2~ Io

n _z 2 2 2
= T(P; + 2ay9PQ, + 2b P » alet + 2by,819Q; + byg)
=1

{A~37)
and
; “%: -3 Qg + byg + bpyzp)? (A-38)
t=l =l

Therefore, the maximum likelihood estimates, af'J, of the coefficient
a; 5 can be obtained by followlng steps:

{1y Taking the partial derivative of L™ with respect to ays and
setting it equal to zero:

»
d L, 1] 2
"'E-E-E = -(l/kll} tEl (PtQt + alet + blo Qt) =90 {(A=3%

(2y Taking the parrial derivative of L* with respect to by, and
setting it equal t0 zero:

aL* n
e - (1/kyp) z (P, + a;5Q, + bg)= O (A=-40)
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(3} Solving by, from (A-40)

n 1]
Sy Peroin 5 Qom0

n n
by.® = {1/n} B P - ap,il/m
lo /m B Pr-ap /m T Q

= - {E + 3125)
_ _ {A-41)
where P is the mean value of P, and Qis the mean value of Qt-

{4} Subsdwutung (A-41} ino (A-39) for blo and solving for a, 3
n n 2 - — n
21 PQ; + 232 :EI Qr - P+ 315Q t§1 Q=20

n o - _—
53 PQ, + 27 31 QZ-n(P+a Q=0

¥ PQr-nPQa+2p( L Q-nl%H=0
=1 tal

= - (A=42)
¥ Q- @2
= L

Comparing (A-42) with (A-12), we find thar the maximum likeli-
hood estimate aj} Is exactly equal 1o the direct ordinary least-sguares

estimate afy, Therefore, we have shown that the full-information maximum
lkellhood estdmates of a diagonal recursive system are identical to
the direct ordinary least-squares estimatesg,

43




APPENDIX B
TWO-ROUND LEAST-SQUARES ESTIMATION PROCEDURES
The mwo-round least-squares procedures of esumating the co-
efficients of the formulated systemn (3.1} can be summarized by the
following steps:
(1) Estimaring the farm price and support price relation directly

by the ordinary least-squares procedures to abtain the estimated values
(ét) of P, Les

~
Pr= clg + cl1Pst + cI2K¢Pyor (B-1)
where c;j are the least-squares estimates of the coefficients ¢y;,
A
(2) Substiruting the estimated values P, obtained from (B-1)

for B In the {food consumption relation and a Plying Leasr—squares pro-
cedures again to obtain the esumated values (G, of gy, Lea:

Ly
Qﬁt =cgg + a%lPt + 653Pct + c§4G(It) (B-2)
where a;j are the least~squares estimates of ajj.

o)
{3} Substmudng the estimated values P obtained from {B-1}intoc

the feed consumptlon relation and applying the least-squares procedures
agaln, f.e.:

M~
afe = ¢%9 + a31Py + c35Por + ¢Bely + 37D ‘B.3)

{4) Esumating the Government inventory relarien by applying
directly the ordinary least-squares procedures to obrain the estimated
values {Cgp) of Cgy, Lew:

“~ - - » T -
Cge = Cy0 + S41Pgp + 48K D 20; + bggCpry (B-4)
where b;} are the least-squares estimates of bij-
~
(5) Substimring the estmated values P obrained from (B-1) and
the estimated values Cg, obtained from (B-4) into the commercial in-

ventory relation, and applying the ordinary least-squares procedures
again, Le.:
- .o ® *
Cer = 59 + a351P + a54Cge + b35Ccra) (B-5)
{6) Substituring the estimated values ﬁ‘ﬁtobtained from {B.2) into
the export relation and applying the ordinary least-squares procedures
again, lLe.:

™
Age = 8o + 2%aan; + P84(Ccro1 + Cgpo1) + PE69EL-I (B~6)
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APPENDIX C

BASTC SAMPLE DATA

Table C-1.--Basic sample data, endogenous variables

: Average . Der capits : Wheat : Government ; COMMer~ (oot s,

Year; form price : wheat : used for ; wheat . cial :+  whest
(t) ; of wheat ;consumption : feed ; Inventory wheat + exports

: (Pp) : (aht) : (@) :  (Cg) faventory ; (ags)

: . : : : : (Cen) .

+ Dol, per Bu, per Mil, Mil, Mil, Mil,

;o _bu, capita  bu._ bu, B bu
1928 0.59 4,22 63,87 4] 226,82 141,22
1929 1.03 4,14 28,90 a 251,12 140,35
1930 0,66 3,98 179,50 4] 312,51 112,43
1931 0.38 350 150,24 i} 175,26 122,90
1932 0,38 a9s 142,81 a 377.75 31,87
1933 0.74 3,58 102,36 H 272 8% 25,60
1934 0.84 3,64 113,49 1] 145,89 10,53
1935 .83 3,86 83,24 0 140,43 4,44
1936 1,02 3,80 104,13 a 83.17 9.58
1937 0,96 3,81 114,86 0 153,11 103.89
1938 0.56 3,83 141,65 28,10 22192 108,08
1939 0.69 3.74 101,13 11,90 267,82 45,26
1940 - 0.67 3.72 111,77 207,80 176,93 33,87
1941 : 0.54 3.5 1425 419,20 211,58 2777
1942 1.0 3.78 305,77 398,00 220,90 30,96
1943 : 1.35 3.74 51123 117.10 199,46 42 73
1944 L.41 3,73 300,10 125.70 153.48 49,11
1943 1.49 3.7i 296,55 3z2.50 67.53 320,03
1945 1,90 3,46 177.53 0,70 83.14 328,05
1947 : 2,29 3,29 178,31 0,80 195,14 340,22
1948 198 3,25 105,35 243,50 63.79 327,83
1949 1,88 3,28 111.26 361.20 63.51 179,21
1930 2.00 3.19 108,81 207,60 192,27 334,51
1951 ¢ 2.11 3,18 02,40 154,90 101,08 470,35
1952 2,09 3.09 82.48 492,50 113,04 315.65
1853 2,04 3,03 76.64 849,90 23,61 215,70
1554 2,12 297 60,07 290,00 46,18 273,42
1955 1,58 2,89 53.14 976,60 53.89 346,27
1956 ¢ 157 2,84 47,40 836,70 72,13 549,54
1957 1,93 2,82 4198 853,10 28,27 402,92
1958 L73 2,83 46,86 1,242,70 32,37 443,29
1939 1,76 2,80 40,78 1,287,40 26,12 510,24
1960 : L74 2,80 45.73 1,367,890 43,28 66195
1961 L83 2,74 54.39 1,181.60 130,27 719 .86
1962 : 2,04 2,69 21.38 1,188,590 6,03 642,30
i%63 L85 2,67 12,54 881,30 19.69 858,70
1964 : 1,38 2,67 70,02 705,50 113,41 728,00
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Table C-2,--Basic sample deta, exogenous variables
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APPENDIX D

METHOD OF DETERMINING THE STABILITY
OF A DYNAMIC SYSTEM

The dynamic system (D-1) i a stable systemn, if the matrix Dl{
approaches a null matrix as k Increases,

¥e= Dy¥ey + Doxe D-1)
where
yg = a vector of endogenous variables in the system at dmet,

¥i-1 = & vector of lagged endogenous variables in the system at
dme t-1,

Xr = a vector of exogenous variables in the system at tmeft,
D1 and D7 are coefficient marrices.

The matrix le will approach a null matrix if the latent roots of
the matrix Dj are all In the interior of the unit circle, Heace, the
stability of the dynamic system (D-1) is determined by the magnitude
of the maximum {(dominant} latent root of the matrix Dy. The latent
root of matrix D] is defined as a scalar w such that the determinant
[D] ~ wll =0, where 1 is the idendty matrix. The determinant
jD; - wl| = 0 can be expressed In terms of a polynomial Fy{w) of
n-th degree in w as (D-2), n is the rank of the matrix D and the roota
of (D+2) are the latent roots of Dy:

Folw)= dpwh & dpqwi=1 & ., + djw + dp= O (D-2)
where

dn> &

Without the use of a computer, finding the roots of (D-2) may
be quite tme consuming, especially if n Is large. But fortunately,
there 1s a relatively slmple method with whichwe can determine whether
or not all the roots of (D-2) are in the interfor of the open unit circle
without solving for the roors themselves. This method was introduced
recently by Jury. 1/ The necessary and sufficient conditions for the
roots of {D-2; belng in the interior of unit circle are simply the following
three conditons, (D-3), (D=4), and D-5x

Foi{w=]1) 2> 0 (D-3)

Folw= -1} < 0, If 0 {s an odd number; or

Fgolw= =1} 0, if n {8 an even number, and (D=4)

|s1| < 1 fort=101.2..,0-2 (D-5)

1/ E. L Jury, '‘A Stabllty Test for Linear Discrete Systems Using
a Simple Divigion,” Instltute of Radio Engineers Proceeding, Vol, 49,
No, 2, December 1961, pp. 194849,
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Conditdong {D-3) and (D-4} can be eagrily checked by subsdruting
1 or -1 for w in (D-2), If they are not sadsfled, then it can be established
that {D-2) has at least one ToOr that is not in the interior of the unit
circle and, consequently, the dynamic system asscciated with (D-2)
is an unstable dynamic system. There is then no need to check condition
(D=5}, Condidon (D«5) has to be checked only when (D<3) and {(D=4)
are satisfled. The values of gy in (D-5) can be obtained as follows:

1 Given a polynumial such as (D-2), we deflne the reverse polynomial
Fg'tw} of (D=2) as (D=6):

Faltw) = wiFy(l/w)

= wifd (4w 4 dp {/wn= s s di (L w) + )

1

(D=6)
= dow" + dpwP™? 4 L 4 dpogw o+ dp

By comparing (0-2) with {D-6), we can see that the only difference
ig that the coefficients are reversed.

Dividing (D-6) by (D-2), we obtain one quodent term sg and a
remainder Fil(w} as indicated in (D-7).

Falow F1liw)

it RS Bl ©-7
Folw) Fg {w)

The remainder FIl(w) will be a polynomial of degree n-1, and the

quotient term s, is simply equal 1o d5/dpn. The other successive quotent
term g4 (for t = 1,2 .., n=2) can be obtained by the {cllowing recursive

reladon (D=8

-1
Frliw) g Ll
Fi(w) Fylw)

,fori= o0,1,2,..., n=2, (D-8)

The estimated empirical reduced-form coefficient matrix Dj

obtained from the ordinary least-squares estimated struciure la given
in D) of appendix E., For the purpose of checking the stabllity of the
esgmated dynamicsystem, we delete the flrst three rows and the first
three columns of the esdmated matrix 3] becauge the rank of the matrix
L) 1s three in this case, and conslder the following characterisde

pelynomial:
0.7446 - w  0.0000 0.0000
Folw)= | -0.0314 0,3635 - w  0.0000
0.0%67 0.0967 0.64%4 - w

Folw) = w3 - 1.7575 w2 , 0.9903 w - 0,1758 = O
By substitting 1 and -1 for w in (D-9), we obtain:
Folw=1) = 0.0570 >0

Folw=u1) = =3.9236 <0 (n = 3, odd number}

48




Since both conditions (Da3) and (D-4) are satisfled in (D-10) and
(D=11), we therefore proceed to check condition (D-5}):

Fgl(w}_ -0,1758 w> 4 0,9503 w2 = 1,7575 w + 1
F (w) wo - 1.7575 w2 + 0.9903 w ~ 0.1758

0.6813 w2 - 1,5834 w + 0,9651

= ~0.1758 + TF 17575 w2 . 0.9903 w ~ 0.1758

and

Filow)_ 0.6813 w? - 15834 w « 0.9691
Fy(w)  0.9691 w® - 1.5834 w + 0.6813

~0,4703 W « 0.4901
0.9691 w2 - 1.5834 w + 0,6813

= 0,7030 +

Because m = 3, we have to check the absolute value of 55 and s].
In our case, the absolute value of sg is 0.1758 and the absolute value
of 8] is 0,7030. Since they are boih less than cne, condidon {{-3) is
satisfted, Hence, the esdmated dynamic system obizined from the
ordinary least-squaree methed is 2 stable dynamic system. Similarly,
it can be shown that the estimated dynamic system obtalned from the
two-round least-squares method is also stable.
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APPENDIX E
ESTIMATION OF THE DERIVED REDUCED-FORM CCOEFFICIENT
MATRIX OF THE STRUCTURE AND THE SHORT«RUN AND
LONG-RUN IMPACT MULTIPLIER MATRICES

Structural System:

Ayp + Bypg + Cxp= iy
Derived Reduced Form:

¥t = Diyral + DXy + vy
where

D1 = -A~1B

Dg = -A-lC

Ve = A‘lut

Short-Run Impact Multiplier Matrix:
D2 = -A-lC

Leng-Run Impact Muldplier Matrix:
a -pp-ioz= - a4 a-leyl a-lc
Ordinary Least-Squares Estimates (1928-1964):

Structural Coefficient Matrix: A




Pt
L3

ht

af

S

SEL

Pr

L
Ghe

Structural Coefficlent Matrix; B

LTS 52 WL ' WO Cgel ___ Cewl 9Bl |
. -0,7446 :
: -0.3635 .
: -0.0967  -0.0967  -0.6404

Structural Coefficient Matrix: C
___Pst_ KiPror Por Gy Pror Lt Dy KiDn20y 1

-6.9189 -C.0108 -0,1492

-0,0077 - 1,6005 -1.1989

-1.6302 ~1,7860 - 155,4980 137,8420

- 113.6075

-0,1806 1829913

-300.2959%
~433,5437
Inverse Matrix: ~A~1

UL S ahe L ___ e Co .. Cor ___ W _
-1.0000
0.2284 -1,0000
143,7966 - 1.0000 :
- 1,0000
64,4016 08,0422 -1,0000
-25,6032 112,979 -1,0000
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Short-Run kmpact Multiplier Matrix; Dp= -4"!C

09189 0.0108
-0,2099 ~0,0025 00077  1.6005
: -132,1347 -1,5530 1,6302 1,7860 159.4989 ~159,2965 +

115,607 0,1806 -182,9923 »

: -64,0573 ~0.6955 -0.0076 198.4135 ;

23,5268 02765 -0,8632 -179,4127 302.9695;

0.7446
-0,0314 0,3635

0.0967 0,6494

0.2554
0,0314 0,6365

~-0.0967 -0.0967 0,3506




Pr
L]
Aht

af

Ca

9Et

Pt

*
Gt

qft

Inverse Matrix:

Pr-1 Ghe-1 - 1

1,0000

1,0000

-0,2099 -0.0025 0.0077 1,6005

~132.1347 -1.5530

qEt -

Cer : -452,6496

-122.9642 -1,0027

158,0206 O0,4873 -2.4621 -511.7388

(- oyl

o Cmd ___Cetd 9Bl
39154
-0,1931 1.5711
1.0265 0.4333 2,8523
Pfat Lt Dy Kelr-20; L
0,1492
1.1648
1,6302 1,7860 159,4989 - 1592965
0,707 -716,4881
-0.0468 347,0633
0.1821 762,299
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APPENDIX F

ESTIMATION OF THE k-FPERICDS IMPACT MULTIPLIER MATRICES

k-periods impact Multiplier Matrix:

Pr

Qht

Gft

Cgti
Cet

SEL ¢

Pt

.
Qht :

ft

Cet

QEt

Pr

ne

Qir

Ca

9E: ¢

.Dy¢DF ...

* le-l)Dz

Ordinary least-squares estimates (1928-64):

{d + Dz

0,5189
-0,2099
+132,1347
: 201,6888
~90,9722

. 43,7900

-1.5530

-0,9483

0,3888

0,0077

-1,4238

1,6005

1.6302 1,7860 159.4989

- 2959231

1,1648

-159,2965

03151 -319,2484
-0.0160 276,2828

0.0167 S00,2081

09189
-0,2099
1 -132,1347
+ 2657816
1 - 103.4573

v 62,6771

0.0108
-0.0025

-1,5530

~-1.0402

0.,4373

0.0077

1.6005

1,6302 1.7860 159,489

~1.7878 -371,5816

1.1648

-159.2965

0,4152 -420.6093
-0.0233% 308,8613

00398 6242777

0,5189
-0,2099
-132,1347
313,3044

; ~110.0119

-1,0736

0.0077

1,6005

1,6302 1,7860 159,408%

79,9266 0,459 -2,0242 - 420,7228

0.4898 - 4962385
-0,0291 323.8932

0.0637 697.5604
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(1+0; + 0% 4 oo s DY,

BT S S S S
Py : 09189 0.0108 0.1492
qnt S 02099 -0.0025 0.0077  1.6005 1,1648
at : - 1321347 ~1.5530 1.6302 1,7860 19,4969 ~159.2965
Cot | 349.0422 0.5453 -552,4904
Cet : - 113.8895 - 10857 -0.0336 331,7191
qgti 95,1078 0,4713 -2,1778 -452,6403 0.08% 7393309

{1 +D] + D} 4+ ws + DD,

__ES_L ‘_Ktl::fot Pey Gy  Prer Lt Dy KeDe-20; 1
Py 09189 0.0108 0,1492
ant -0.2099 -0,0025 00077  1,6005 1.1648
afe §-132.1347 -1,5530 16302 1.7860 159,4985 - 19,2965
Cer : 375.5047 0,5866 -594.3773
Cer : - 116.4086 -1.0901 -D.0369 3363179
qEt | 108.0280 0.4776 ~2.2775 473.3625 0.1053 761,7541

{(1+Dp +Df 4 oo » DRI

_._Eit.___&ip_f?f..fft _ ‘i(i :}_. Prot Lt By KDe-20¢ i
Py : 09189 00108 0.1492
Qhe -0.2099 -0.0025 0.0077  L.6005 1.1648
an : - 132.1347 - 1.5530 1,6302 1.7860 159.4989 -159,2965
Ca ¢ 395,2002 0.6174 625,592
Cer - L1S.1514 - LO9 7 -0.0394 339.2996 ;
43,2 118.7369 0,4812 -2,3422 - 486,8184 0,121S 772.7055
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7
(1+D1+D%+...+DI)D2

_ D KePror Per | G Pror  Le | D KeDeal 1
Pt 0.9189 0,0108 0.1492
Qe+ -0.2099 -0,0025 0.0077 16008 L1648 |
att ;-132.;34? -1.5530 1,6302 1,7860 1554989 ~150 2965
Cot 409,8748 0,6403 - 64878509
Cet ;-119.4049 - L0922 -0,0413 341.3614
9Bt 127.4230 0.4834 -2,3842 - 495.5558 0.1348 777.0964

(1+Dy 4+ 0% 4 o+ DRI,

st _KPror Por | QW) Pror _Le | B KePea® 1
Py 0.9(89 00108 0.1492:
Qhe ¢ -0.2099 -0,0025 0.0077 16005 L16485
Afe : -132,1347 -1,5530 1.6302 1,7860 159.4989 -159.2965:
Cor : 20,7997 0.6574 -666.0737;
Cet : -120,3259 -1,0924 -0,0427 342.34&3:
QEr ¢ 1343661 0,4848 -2.4115 - 501.2253 0.1455 777.8854¢

(1+D + B 4 e s B,

JPet KPP Gl P Li D Kebeah 1
Pt 0.9189 0.0i08 0.1492:
Qe ¢ -0.2099 -0,0025 0.0077  1.6005 1.1648:
Qfe + -132.1347 - 1,5530 1,6302 1,7860 159.4989 ~159,2965 ;
Cor : 428,9385 06701 6789563
Cex ;—m.oozs -1.0925 -0.0438 343.92951
QEr ¢ 1398400 0,4857 -2.4292 - 5049032 0 535 776.8646
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