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INTRODUCTION

Studies of growth and yield of trees began when forestry was first
introduced in this country around the turn of the century; in Europe
they begun even enrlier. It is vot difficult to understand this early
auc]) ustained interest in the subject, for implicit in the process of
forest manngement is the lorecasting ol anticipated growth sand yield.

More imporfant than loveeasting is the decision-making function
served by growth and yield predictions.  Intensive forestry demands
that alternatives be weighed in terms of the goals of management.
Only when the forest manager knows the consequences of a number
of alternutives can he realize the maximum in volume, quality, or
monetary returns, or other alms he may have for owning forest
property. This is especially important lor red pine (Pinus restnosa
At in Minnesota where there are many options that can be exercised
in its management,

The trachtional normal yvield tables contained the variables ol age
and sile. Reeeot trends v growth and vield predictions are toward
the use of more varinbles-——in particular, those subject to manipulation
by forest managers. For example, some yield tables have appeared
in Europe which incorporaie nol only age and site as variables, but
thinning intensity and thinning methods (crown or low thinnings) as
well (Wiedemann, 1949).' Stand density is being used as a variable
in stetistical appronches to growth predictions in the South (McClay,
1955; Wenger et al., 1958; Gruschow and Evans, 1959; Nelson et al.,
1961). Those prediction systems that incorporate variables subject
to manipulation by management provide the strongest base for
decision making, and such systems are likely to appear in ever greater
numbers,

The history of growth and yield predictions for red pine in Min-
nesotn is similar to that for even-aged species elsewhere. First,
there were normal yield (ables prepured by Brown and Gevorkiantz
(1934). Later, Eyre and Zelngraff (1948) presented normal yield
tables that were thought to be derived from more realistic dats.
Eyve and Zehngraff also prepured a yield table from managed stands,
bused ou 17 permanenl sample plots.

Coucurtent with the preparation of these growth and yield tables
was the installation of several silvicultural study plots and other sets
ol permanent inventory plots. Suflicient time has elapsed that data
from these plots can be drawn together in a more comprehensive
treatment of growth and yield of red pine in Minnesota than has been
possible in the past.

The purpese of this paper is to present growth and yield data based
on 235 permanent sample plots with 324 periods of measured growth
and mortality, For the benefit of research workers and students of
mensuration, the methods used in obtaining those results are given
more Tally in the appendix.

! Names and dates in parentheses refer to Literature Cited, p. 42,



http:Zehngrn.fr
http:illcorporn.lt
http:iruportn.nt

TECHNICAL BULLETIN 1272, U.8. DEPT. OF AGRICULTURE

Unless othorwise specified, growth, for purposes of this paper, is
periodic net annual increment.  Growth cun be in basal aren, cubie
feet, cordwood, or bosrd feel. No deduchions are made for defect.
Yield is defined as the summation ol & number of net annual growth
increments.  Yield may be represented by a change in the volume of
a stand over o period of yvears, by harvested timber, or by u combina-
tion of both. This definition is more inclusive than the common use
of the term, which refers simply to the nmount of wood produced or
harvested from the forest in & given number of vears.

CHARACTERISTICS OF RED PINE

Red pine is relatively {ree from delect, windfirm, and moderately
fasi growing. In Shese respects it is superior to other coniferous
sawtlinber species in the Lake States. 1t can and does grow in pure
stunds, and the siands are essentially even aged (fig. 1), In Minne-
sotu, &b least, red pine has few insect and disease preblems.  Detailed
silvieal descriptions of red pine have been prepared by Woolsey and
Chapman (1914), Evre and Zehngraft (1948}, and Rudoll (1957).

Red pine can be used for a great variety of products. Early
thinuings nre used {or posts, pulpwood, and small poles. Intermediate
thinnings are used lor small saw logs, utility poles, Inrger posts, and
mine Limbers. late thinnings produce larger ufility poles, saw logs
up to an 18-inch bop dinmeter, and piling. At the final harvest,
saw logs up to 24-inch fop diameters, large piling, or utility poles
can be cut. Of course, the size of products depends on site quality

w,
F-500547
Fraure l.—Red pine typically grows in even-aged stunds, This stand, on medium

site, has been thinned severnl times to about 120 square fest of basal area per
nore,
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and on stund density. The larger products are gencrally the more
.valuable, but in Minnesotu the premium product is piling. In some
instances piling cotnmands one-Lhird to one-hall more stumpage than

large saw logs or poles.
AVAILABLE PLOT RECORDS

The growth and yield estimates wre based on 14 sets of permsnent
sample plots, which contained 235 wndividual plots and 324 nmeasure-
ment periods.  Three more sets of red pine plots are maintained in
Minnesota by the lorestry [wculty of the University of Minnesotia,
hut because ol different utilization standards they ure not included
in the anelytic part of the present study. A record of the 14 sots
ol permanent sumple plots is given in table 1, und plot location is shown

tn figure 2.
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Frovar 2.—Location of red pine permanent sample plots, Minnesots, 1926-57.
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-Record of experiments used in the stw/y of the growth and yield of red pine in Minnesota

Permanent sample plots

INumber:
of plots

g

Date of
stand origin

Site
index

;
- Date experi-

ment started

4
i

Dates experiment
remeasured

¥

L.
Number of

measiyre-
ment
periods

‘. Mareell plots 1-14._ ..

. Cutting cycle study:

B=ayear cyele... .. ..o
G-year cyele__. .-

. Cutting methods study . ... ... _.
. Growing-stock levels study.... .

. Growing-stock levels study._ . ..... ...
. Plots 18-21 “Common Sense Plots” .. . ...

« Plots 22-25 “Graveyard plots’ . _.. .. ..

. Miscellaneous inventory plots..... ...
5. Bena plots 1-4...

. Portage Lake thinning plots_ e e
cLake-13 plots. . ool m s et
. Longville plots

. Birch Lake plantations. .. ... .. .. B .

4. Permanent inventory plots 2. ..., JSP

1913 1914,
1905.. ...«

1949 ... .
1949

1951 ...
1950, 1951..
1950.

1927 .

1927 0.0 L.

1940, 1945
1926 . .-

1947

1953, 1955........

9.’)5_M,

1955, 1956._..._ .

1956,

1932, 1937, 1943
1949, 1954

1032, 1937, 1944,
1949, 1953.

1945, 1956

1931, 1936, 1941,
1945, 1049,
1954.

L1956 ...

1045, . hag

1941 . .
1944 ...

| 1932.0 ...

1949 .

| 1949, 1955. . ...
1953, 1957 .. .

1937, 1944, 1949,
1956.

1052, 1956._.. ...

T i e e i B

f1

O

! Data from one of these measurement periods were not, for various reasnns, used in the analysis.

2. On private property of Sidney Rommel.
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The measurenient interval for the different plots varied from 3 to
12 years. o Lhe subsequent analysis, net annual growth is the
difference belween two sucesssive plot volumes divided by the number
of yeurs in the period.  Likewise, the values of stand density and
stuted age corresponding to thuse prowth estiranbes are taken at the
year neavest the midpoint of the measurement interval,

Muosl of the plots were part of thinning studies o test different
culting intensities or cutling methods. On several of them, such
as the “Commmon Sense Plots,” the Marcell plots, and the Bena
plots, regeneration studies were also made; these plots wre now of
principal inlerest because of the growth of the overstory, Two
sels of the plots were parl of permanent inventory systems, and one
wug part ol un sspen relense experiment,

Red pine was the chiel component on all plots, but some plots
had w rather Iwge amount of aspen, jack pine, white pine, white
sprace, and balsaw fir,  Plots were used only il more than 75 pergent
ol the basal wrea was in red pine,  This resulted in the elimination
of & number of thom from several experiments.  Similarly, plots that
hatl two or more distinet age classes were eliminated.

On the entling cyele, growing-stock levels, and culting methods
plots ul the Cutfoot Bxperimental Fores(, messurements were taken
on several smater plots within each of the larger treated compartments.
Growth from each plot in these compartments was treated as a
separnte observation beeause, even though age did not vary and site
might vary only a little, there were marked differences in stand
density, stand spacing, number of trees, and cutling intensity.

Treating suceessive measurements on the same plot wnd concurrent
measurements on adjacent plots as separate estimates of growth
results in serinl (ov auto} correlution ol ervor residuals.  Autocorrela-
lion praduces slundard crrors ol estinale that are binsed on the
low side. M can only be hoped that such bins is inconsequential
so far as the prediction of growth is concerned. This problem is
discussed in the uppendix section "Relinbility of Growth Predictions.”

FACTORS STUDIED—THE INDEPENDENT
VARIABLES

When this anulysis was begun, periodie annual basal aren growth
wus plotted against cach of seven proposed independent variables.
Three of the variables --stand age, sife, and stand density—-appeared
lo be good predictors of basal area growlh (and presumably cubie
volume growth as well).  Four of the variables-—cutting methods,
individual (eee distribution as measured by varisbility in tree
dinmeters, intensity of culting, and numbers of trees—appeared to
be poor predictors. |t is helplul here to discuss each of the inde-
pendent variables.  Later, those variables that are related to growth
will be presented in equation and tabular Form; those that are rejected
ot set aside still bave importance in forest management but not for
purposes ol estimating growth.

Stand Age
Stand age has been the prime independent variable in even-nged
growih and yield studies sinee the beginning of such work. And
mdeed, unplicit in the definition of growth and of yicld is titne, which
is expressed as changes in stand age.
#1780 Oee G
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Red pine stands are rarely perfectly even aged. There may be, as
in the 90-year-old red pine stand at ths Cutfoot Experimental Forest,
a 10-year spread in totul ages. Nevertheless, the stands are considered
even aged, with the total age being determined from the average of a
aumber of stump counts or increment borings, with appropriste
corrections [or stump or increment-boring height.

Growth increases rapidly after stand establishment, culminates,
and then declines steadily through the remainder of the life of the
stand.? For example, experimental evidence in Minnesota (Allison
and Cole, 1956; Schantz-Hansen, 1956; plus data from the “graveyard
plots’” and the Birch Lake plantation) indicates that basal area
growth of trees 3.6 inches d.b.h. and larger culminates between ages
20 to 30, and at about 6 fo 8 square feet per acre per year. Basal area
growth then declines: At age 130 it averaged 2.0 square feet in Bena
plots 1 to 4; at age 145 it averaged 1.1 square leet in the Lake-13
stund; at nge 160 it averaged 0.9 square foot in the Marcell plots.
The avernge troud between basal area growth and age for the plots
used in this study is shown in figure 3.

Site

Site has been the second traditional independent variable in growth
and yield studies. For purposes of this study, conventionsl site
index curves are used which relale height of dominants and codomi-
nants to an index age of 50 years.

Although othier research workers have prepared site index curves
for red pine, those ol Eyre and Zehngraff (1948) and Gevorkiantz

(1957) are used in this study. The two sets of curves are plotied on
somewhat different scales but were drafted from the same basic data.
They are reproduced in figure 4 and tabulated in table 2.

s o0 &

RET BASAL AREA GROWTH
)

SQUARE FEKY PEN ACHE PEN YEAR

L3 i 1 1 1 1 L L
o 20 40 &0 80 100 120 140 160
STAND AGE

Fiaure 3. Nel periodic annua) basul area growth in relution to nge for average-
site red pioe in Minnesots, us postulated from published reports and scatter
disgrams of permanent snmple plot data.

*The age of culmination and rate of decline depend on utilization standards
and whether growth is measured in basa area, cubic voluine, or board feet.
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Fioure 4.—Bite fndex curves for red pine in Minnesots (after Eyre and
Zehngraff, 1048),

A number of statistical studies have been done in which growth is

related to oue or more independent variables including site index.
The correlalion coefficients between growth and site index (height
of dominants and codominants at given nge) when considered alone
are apl to be very low because the effects of other factors, primarily
age and stand density, are nol removed. When these effects are

removed by multiple regression analysis, the correlation coefficient
may still be low, espccinﬁy if growth is predicted in basal area. For
example, Simmons and Schnur (1937) found the multiple correlation
coeflicient of the percent basal area growth of loblolly pine was
increased [rom 0.55 to only 0.57 when site index was added to the
independent variables of stand density index and age.

Brock ® found that site index did not make & significent contribution
to {he basal arex growth of either planted or natural red pine after
the effects of staud density and age had been removed. Likewise,
Spurr (1952) found that site index did not materially improve the
prediction of basal area growth of Douglas-fir when age and stand
density were considered.” Not surprisingly, Spurr found that site
index was 2 belpful predictor of height and volume growth. Brender
{1960) prepared a series of graphs which would indicate that busal
ares giowth is not strongly influenced by site index (although the
correlation was statistically significant), while total cubic volume
growth 1s greatly changed by changes in site index.

What does this mesn? Apparently sile index is not highly corre-
iuted with basal area or basal area growth. Butsite index by definition

?Brock, Semuel M. Estimation of stand volume and basal area growth for
red pine.  Unpub. Master of Forestry thesis, Sehool of Natural Resources, Univ.
of Mich., 0@ pp. 1956,
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TasLe 2.—dverage height and annual height growth of dominant and
codominant red pine (after Gevorkiantz, 18957)
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is strongly related to height growth, and this dimension of stand
growlh gives the markedly greater volumes on good sites than on
poor. For example, & normal yield table for red pine (Eyre and
Zehngraff, 1948) shows a difference in basal ares at 180 years be-
tween good and poor sites of only 24 square feet per acre, but a differ-
ence in board-fool volume ol 22,000 feet.

Two more factors can account for some of the relatively poor cor-
relations between periodic annual basal aren growth and site index.
The first of these is caused by fluctuations in climate, insect aliacks,
mertality, inexact messurement techniques, snd so lorth, all of
which tend to be amplified by short measurement periods. The
second is caused by the fact that site index at best is only an imperfect
measure of site quality. Indeed, in the same stand one is often con-
fronted with an appreciable change in predicted site index when the
two determinations are made from heights taken many years apart.
For purposes of this paper, site index on a particular plot is deter-
mined from the meost recent height and age messurements.
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Figrre 5.—This stand of rad pine is aboub 30 years old and has been thinned
twice, Trees of this size are used for pulpwood, fence posts, and smali poles,
Bite index here exeeeds 60 foet at 50 years.

Stand Density

The growth of stunds in relation o different densities has received
an enormeus amount of attention in world forestry literature, Out
ol ihis mass of reports are emerging principles ol growth that fit
rensonably well with the results ol the red pine experimients in Minne-
sotn, I scems that stand density, once regurded as critical In maxi-
mizing lorest growth, is net so umportant after all. This does not
sny that stand density is unimportant in the control of size and
quality of timber trees (fig. 5); rather, that over a comparatively wide
runge of stocking conditions volume growth varies but little,

1t would serve ne purpose to cite the individual studies that have
demounstrated these findings. Excellent summaries of growth in
relation to stand density have been written in this country by Baker
(19507, Spurr (1952), and Hall* Earopean work has been discussed
by Assman (1953), Moller and Holmsgaard (1947), Heiberg (1954),
Braathe (1957), and Holmsgaard (1958).

Individual experiments are cited in these papers to show that
volume increment is bigher at higher stand densities, that increment
is the same over a wide range ol stand densitles, or even that
increment is higher at lower stund densities, When a number of
these experiments are compared, it is obvious that there is a sub-
stantial experimental error involved within individual experiments.

' Hall, Oris ¥. The growth patterns of thinned and unthinned forest stands
and their value in the management of the forest.  Unpub. Ph. D. thesis, Univ. of
Minn,, 288 pp., illus, 1954,
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This error could well mask differences of say 5 to 10 percent in growth
if such differences in fact exist. Most of these summary papers adopt
the atbitude that within wide limiis density has little effect on total
growth—mnore specifically, that there is no important difference in
growth [rom about 50 percent to 100 percent of {ull stocking.

In general, red pine growth studies support the noncritical nature
of stand density. Examples of such studies are those reported by
Eugle and Smith (1952), and Spurr and Allison {1956), and the stand
density experiments in 40- and 90-year timber at the Cutfoot Experi-
mental Forest (fig. ). As will be shown later, however, there is some
evidence In this study and in other published sources that young
red pine stands, those with rapid height growth, produce somewhat
ore cubic volume growth at high than at low densities. (See “Cubic-
Foot and Cordwood Growth Tables,” p. 15.)

Except for poor sifes, or extremely cpen or dense stands, total
beight growth of the pines is apparently unaffected by density

A. 40-YEAR-CLD RED PINE
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A
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B. SC-YEAR-OLD RED PINE

L n

80 -1¢] 130 2o 140 60

NET HBASAL AREA GROWTH
SQUARE FEEY PER ACRE PER YEAR

SQUARE FEET OF BASAL AREA PER ACRE

Fiauvre 6.-—Basal area growth in relation {o stand density for two experiments at
the Cutfoot Experimental Forest.
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(Baker, 1950; Spurr, 1952}, Recent research in red pine lends
additional support to this conclusion.® The fact that total height
growth is little affected by density is relied upon heavily in the
development of red pine growth and yield tables presented later.

Basul area has been selected as a measure of stand density for this
paper, There are disadvantages with basal area, the chief one being
that it is only an abstract or index measure of stand density. Neverthe-
less, busal area is easy to use; it is measured in absclute rather than
relutive units; it is closely related to stand volume when height is
considered, a relationship employed in the subsequent development of
this paper; and it is the traditional measure of stand density used in
Minnesota.

Cutting Methods

Oune of the 14 experiments used in this analysis is & cutting methods
study. The experiment is designed specifically to test three cutting
methods (cutting from above, from below, and from above and below)
with the stand densities held in the range of 100 to 120 square feet of
basal area per acre. The experiment is remeasured and recut each 5
vears. The first 5-year results of the three replications ® are available.
T'he growth per acre per year hias been:

Hasal area Volume
Cutting mnethod: (square fect) (cudic feet)
Cul from abowve. 3.0,3.2,22____ 98, 101, 74,
Cut lcom below 2,7, 23,21..._ B4, 77, 70.
2,8, 2.8 25 ___ 92 88, 83.

The F ratio lor basal area growth is 1.16; for cubic-foot growth it is
2.02. Neither ol these is significant. The degrees of freedom for the
analysis are few, inaking this a rather insensitive experiment.

European work (Moller and Holmsgaard, 1947; Heiberg, 1954;
Braathe, 1957; and Holmsgaard, 1958) would indicate little or no
difference in cubic volume growth between crown and low thinnings.
Sinee there is as yel no significant difference between treatments in
the cutting methods study, and there is little published evidence to
suggest thut there will be a marked difference, 1t is grouped together
with the other thinning experiments,

The fact that there 18 some latitude in eubting methods introduces
flexibility heretofore little used in red pine management in Minnesota.
It will mean that larger or smaller trees or some of both can be cut
with 10 concern about losing cubic volume growth. It will also mean
that the size of trees in the residual stand will change depending on
whether larger or smaller components are removed (fig, 7).

Individual Tree Distribution

The distribution of trees in a stand is difficult to describe and quan-
tify, and yet it seems that the arrangement or spacing ol trees on a

5 Buckman, Robert E. A progress report of three growing stock density
experiments in Minnesotn. A manuscript to be published as a paper of the
Lake 3tuates Forest Experiment Btation, probably in 1962,

& Bach treatment within a replication contains ten Y-acre plots. Some 60 of
these Y-ucre plots huve been treated as separate observations for the regression
analysis desceribed in the appendix.  While eutting methods do not vary within
treatments, each plot represents a somewhat different stand density, cutting
intensity, and number of trees per acre.
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F-500482
Figrues 7. Culting in alder red pine stands produces round timber piles, larger
ulility poles. saw iggs, and a small quaniily of pulpwood.

particular arca should influence growth. Stacbler,” for example,
atlempted fo measure the competition of trees with their neighbors
by relating the growth of those trees to two different methods of
deseribing or mensuring spacing.  (One method was called the overlap
bypothesis, the other the competition curve hypothesis.) Neither
measure had o significant rvelationship to growth, and both were
extremely difficult {o use,

In the present study, the standsrd deviation of tree dinmeters was
used as an indireet measure of spacing. [ is conceivable thut plots
with more vuriable tree diameters could have a relatively less uniform
spicing with more ol the trees in clumps. On the other hand, in
planiations or well-nanaged stands the trees might be uniformiy dis-
tributed, and this would be reflected in less variable tree dinmeters.
The irregular stands would use the growing space less efficientiy, henee
have a lower growth rale. CGonversely, well-spaced natural stands
and plantations would be using more of ihe sunlight, water, and soil
nutrients beeause they oceupy the site more uniformly,

The null hypothesis, “there is no relationship between basal area
growth residuals and the standard deviation of tree dinineters,” wus
tested by Lhe following analysis. The residuals, or the amount of
growth left over alter the effects ol age, site, and stand density had
been removed by mulliple regression, were caleulated and listed by an

T Hlacbler, George.  Growth and spacing in an even-aged stand of Douglas-fir.
Unpub. Master of Forestry thesis, Univ. of Micle, 46 pp. 1451
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clectronic computers  The standard deviations of tree dinmeters lor
296 growth periods were listed beside their respective growth residusls
nid o correlation coeflicient caleuluted.

The correlation coeflicieni bebween the standurd devistion of tree
dintmeters and growth residunls was 0.110, which is not significantly
different from zere. Thus i is concluded that the variability of
tree diwmcters, ns measured by their standard devigtions, is not a
usefu} predictor of basal area growth.

Pecbaps the standurd deviation of tree dinmeters is not a good
men=are of tree spacing, 1l s certainly not difficult to imuagine o
stend with such poor distribution of growing stoeck that growth is
impuired.  Beeause the areal distribution of trees is difficult to de-
seribe and quantify, thinning recommendations are often accompanied
by the simple andmonition that the trees be reasonubly well epaced,

Intensity of Cutting

For some lorest types in this country, bhere is evidence ol an
adverse reaction to thinning,  Some of Lthe hardwoods, vellow birch
in particular, apparently suffer sunscald when stands are opened too
much,  Other forest types are subject to bending, breaking, or uproot-
ing by too heavy thinning. It may be asked, “Is any red pine
growth {or ek of it) accounted lor by intensity of cutiing after the
effects of age, site, and stand density have been removed?”

This bypoethesis may again be tested by caleulating the correla-
tion cocthictents between intensity of cut (us measured by the amnount
of basal arven cut) and growth restduals (the amount of basul aren
growth unaccounted for after the effects of ngn, site, und stand den-
sity have been removed), Some 156 of the measurement periods
that had st least some culting were sclected. ‘Phinning intensity
ranged from very light up to that which removed about hall the
busal nrea, Stand density alter cutting was ns low as 60 squure
feet of basal area per scre,

The correlalion coceflicient between the growth residuals and inten-
sity of cul was —(.054, agiin not significantly different (rom zero.
This menns that inlensity of cut is not a factor to be used in estimat-
ing rrowlh of ved pine stands with o cutting history of the kind used
in this study; that any reduetion in growth associnted with hewvy
cutling may be accounted for by the reduction in stand density and
net by the intensity ol cut,

The [aet thal none of the variation in growth residuals could be
aceounted for by itensity of cutling is important in lorest manage-
menl. Lt means that stands can be cut from 2 high to a relatively
low basal nren n a single cut - that stands with & high propertion of
crocked, defective, nnd otherwise poor-qualily growing stock can be
put la a good condilion in one cut- - all witheut fear of losing growth
because of the heavy cutting,

1t is always necessary {0 add the qualifving restriction thal some
stands, becruse of high density, may be too tull for the dizmeters of
individual stems; that the individual stems muy not he strong enough

* One buteraction Leei in the rogrossion equation used to compute these residuals
lrier furoetd out to be soosignificant.  "The contribution made by this term was s0
atight 1hat recampuiing st of the reaidunts with this team removed did not seen
justifing,

HITER O 82 . 3
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to support the tree altei heavy cutting.  Such stands are lound,
bul much less cotumonly than one would think. For example, three
red pine growing-stock levels studies have been installed in Minne-
soln in reeenl years. the results of which are not included here.
Initinl basal area stocking in all three ol tliese dense stands was
about 200 square leet per acre. Some of the study compartiments
were cul down o G0 and even 30 square {eet of basal aren per acre.
No appreciable breakage or bending has oceurred in any of these,
with the exception of the 30-square-foot compuriment cut [rom above
in the Bireh Lake plantation. This treatment has suffered beavily
frem upreoting und bending as a resull ol windslorms.

Number of Trees Per Acre

The importanee of number ol trees per acre in accounting for busal
area erowth afler the effeets of nge. site, and stand density are re-
meved, can also be Ltested. 1 is recognized that number of trees per
nere for any given age tends Lo be correluted with stand density as
measured it basal aren, so some of the varimbility associeled with
number of trees shouwld also be necounted for by stand density.

The number of trees per acre was ealeululed for 272 out of the tolal
324 measurement periods.  Number of trees ranged from slightly
over 1,000 per acre for the more dense plots in yvoung stundls to less
Lhair 30 per acre in open plots of the older stands.  The corvelntion
coeflicient between growth residunls and number of Lrees per acre is
—0.039. not significanily different Trom zero.

The apparent inibility of nwmber ol trees per acere to account for
Lusal area growlh residusls is useful in forest management. Bt means
that for & given stand density, nge, and site, there is some fHexihility
in how many trees need be on cach neve. 1T there are [ew rees, they
tend 1o be relatively large; il there are muny trees. they lend to be
smtller  and in both eases (he basal area growth rates per acre are
unchanged.  This is especially useful beenuse the utility of red pinc is
closely related to size, whether it be for mine timbers, poles, piling, or
snwtimber.

IT, however, the idiosynerasies of log rules place u premium on lurge
trees, then number of trees does indeed make o difference in estimated
volume growth.  For example, the Doyle and Scribner log rules un-
derestimate the volumes in small trees.  As the trees increase i size
tiere is an apparent increase in growth simply because the log rules
more closely estimate the lumber velume that ean be sawed from the
trecs.

GROWTH OF RED PINE

Based on the preliminary analysis of the importance of various
indlependent variables, growth equations were derived which con-
sidered age, site index, and stand density.  From these equations,
tubles were made for basal area, cubic-loot, cordwood, and hoard-
loot growth.

Basal Area Growth

Basal area growth was derived by statistical metbods,  (Sec ap-

. PO o . ”
pendix section “Fitting the Regression Surfnee.”) A degree of un-
certainty or error is associsted with cach basal darea growth prediction;
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Lhis is discussed in the appendix section “Belinbility of Growth Pre-
dictions,”

Busal area growth is given by the following equation:

1LLO88G L1066, — 00016303 0700581, | 00022741 N2

L0644 1Y,

where V- periodic nel annual basal area ineremnent

N basal wreen in square Teel per aere

N onge i vears

X, site index
The equation is plotted in three ditensions in figure 8 for site index
50 el Tor the epproximute range of age nnd stund densities Tor which
information is wviilablo.

Basal area growlh could be caleulated from (he equation just given,
FFor most purposes il is wore convenient o tubulnte the yadues, und this
s been done in table 3. o general, the labulated values correspond
to the renge of ages, sites, and stand densitios found in the underlying
experiments. Sote enbeies are extrupolated for short distances he-
vond the original date, especinly at igh and low site indexes and af
ow stand densilies.  None of these extrupolnted values are incon-
sistent with theoretienl considerntions or with published duia for red
pine i other reglons,  Because information is needed at these ex-
tremies, the wost reeent thinning experiments of the Lake Stales
Forest IExperitient Stntion cover a sUll greater range of densities and
siles Chan shown in Lable 3,

Cubic-Foot and Cordwooed GrowiLh Tables

The developent of velume growth tables requires (1Y basal area

growth squations given in the previous seetion, (2) the height growlh
tabile {table 2, p. 81, and (3 stand volume equations, which are given
it the appendix.  The eonstruetion of volume growth Lables is dis-
cussed i the appendix.

Cubic-loot growth is given in able 4, and eordwood growth in
table 3, These tables linve been prepared in the snme detail as Dasal
aren growth tables,

Al youny uges, maximum cubie volume and cordwood agrowth ocour
at stand densilies of 180 square {eet of busal wrea.  As Uhe stand grets
older, Lhe maxinum geadually shilts Lo 150 and then to 120 square [eol
of basal wrea per aere,  This shifting in maximum volume growth 13
associaled with the height development of the stand. At early nges,
rapid beight growlh contributes u great deal to volute.  Tins coni-
ponent of mrowth is more important in high-density stands, because
(heve nre more stems on whieh to add height growth,

As height growth slows down, the basal nrea component. of growth
becomes more important.  Since basal aren growth appears to be
shehily higher at densities of 120 to 130 square fect, this has the effect
ol moving maximuwm volume growlh townrd those densities as height
growth declines,

The diln given in tables 4 und 5, und the essentially deduclive
argument that cubic volume growth is somewhat grealer in high-
density stands at young apes, require further study for confirnmtion.
They also require study of stand ferm in relation to stand density. 1L
would seem that teees in higher density stands would have relutively
less taper; this, il (rue, would he wnother reason for high-density red
piae unagement, provided one is interested only in maximizing cubic
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volume growth. However, the evidence presented in these tables
aecountls for a common observation in the published resulis of thinning
in vouny red pine stands: that the control und high-density plots ot{,uz
linve n |l|“'hl.‘| gross cubic volume growth, and sonetimes n higher nel
cubic volume erowll as well, than do the lower density plots (Eym wnd
Zehogeall, 1948, Smithers, 1954; Wilson, 1955: Baldwin, 1959 and
Nelson et al, 1961,.  Obviously, il density levels become high enough,
suppression losses are likely to oveur. M a forest manager desires the
maximunt cubic volume w(mth in vouny stands, lus atm s then to
maintain high densities but al the same time avoid suppression losses,
{See section on “Maximizing Growth'.)

Board-Foot Growth Tables

Except Tor omission of growth estimates during early anges, the
boavid-foot growth Lable (table 6) covers the same ringe of age, stand
tlensity, and site ns Lhe Dasal ar eq, cubic-foot, and cord woocl Ln.blu

Board-foot grow(h was obtained o the same underlying basal
rren growth nquntlon as cubic-fool nnd cordwood growth, Dut the
basal uren growth lunction predicts growth ol trees 3.6 inches d.b.b.
and lnrger, whereas bou rd-fool ar owtli is for trees 7.6 inches and lurger.
An approximate method lor overcoming these differences in utilization
stndurds is used: Prediction of bourd-loot growth is deferred until
all or newrly all of the trees can reasonnbly be expeeled to have grown
o siiwtimber size.  Koughly this oceurs al about age 40 in more open
stands (up to 80 squere leet of basal area per acre); at aboul age 50 in
medium-densily stands (80 Lo 120 square feet); and at about age 60
for high-density stands. Thus, bourd-foot growth is only approxi-
mate dmm}_r the transition fron cordwood to sawtimber.  Bul once
the stand bas atiained sawlimber size, the board-foot predictions
should be as velinble as those for cordwoeod or cubie fect.

A constant conversion raliv is malntained between eubie leet,
cordwood, and board Teet, This ovcurs because the stand volume
equations assume w constant form lor Lhe stand throughout the
period for which growlh predictions wre nude.  (See “Stand Volure
Equations,” p. 44.} 1f regression coellicients different than those
viven in the :Lppt‘ndl\ were developed lor the stand volume equatious,
or il height curves different than those given in table 2 were used,
volume growth tables could still be dcvolopecl ltom the basal ares
growth Tunction, ‘The only requirement is that the new volume
cquilions be for trees 3.6 inches d.b . and larger for cordwood and
cubic feet, and for trees 7.6 inches d.b.h. and larger for saw logs,

MAXIMIZING GROWTH

The basal area growth lunction {p. 14) itsell can be used to find
the stand density at which basal aree growth 1s maximized. Tiis is
done by setling the first derivative of growth with respect lo stund
deasity X, equal to zero.  Onee specified, sge and site become con-
stanls, and the derivative of a constant is zero. IHence, for this
particular growil equetion maximum basal area growth oecurs at
the same density for all combinations of age and site.

The first derivative of the basal wren growlh function is:

dy

¢ =.041066— 00032606.X,
dX,
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TanLy 8. Basal area growth of red pine in Minnesota in relation to age, stand density, and site index

SITE INDEX 45

Stand density Net growth per acre per year when stand age in years is:-
basal area per . .
acre (sq. ft.) 3 j : : ; :
30 . 40 50 - 1 60 70 & L 90 100 110 1200 1130 © 140 150§ 160
~ , i i } !
Sq it S({. I1. Sq. It S([. JL. Sq. JL S([. It Sq. It S(]. Jt i Sq. Jl Sq. L "S{(. It 1 S(]. It i S(]. It i Sq. ft.
60 oo 36| 895 a 18| 66 209 176 138 L04) 0751 050 ..o . RN SN 1o
Q0 . ol {4861 425 3. 68 3161 2691 2.20 1. 88 1.541 .1.25 .00 i 0801 064 0. 54 { 0. 47
120 i s 5061 445 3. 89 3.37 2,80} 2,471 2,087 1.74 7 145 1. 21 1.016 | 85 741 .67
150, .. oot A 97 4,36 3.80 1 3.281 2.81 2. 38 1. 99 1..66 1. 36 L 12 L9200 7o .65t .59
180 ccceiinns 4,59 3.08. 1 3.42 2,90 1 2,42 2, 00 1. 61 1. 27 .08 .74 254 038, .27 20
SITE INDEX 50
. i ’ 1 : |
4. 68 407 3. 50 2,498 1+ 2. 51 2,08 1,70 1. 36 i LO7 1 0.8 ¢ 0.62 .0 o . ii.oiiibees
518 4.57}1 4.00 3. 48 i 3. 01 2.58 1 2.20 1.86 | 1,57 1. 32 1,12 { 0.96{ 0.86 i 0.79
5.38 4.77 4. 21 3.69 3 321 2,79 2,40 2,06 | 1.77 1. 53 1. 33 L1717 1061 .99
5. 29 4.68.7 4.12 .60 1 3,13} 27704 231 1. 98 1. 68 % 1. 44 .241 LO8! .97¢ .01
4.91 4. 30 3. 74 3,221 2,741 2321 193 1. 59 i 1.30 t 1. 06 . 86 (‘ .70 f .59 52
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00 4730 3082 3.30

60 co i B 2837 20407 20217 1 68; .39 ¢ 1145 0.4 0.79 | . ..

90, 0L Ss0| asol w2l 3B0. 383|290 252 218) 189 Lol L 28 1181

1200770000 570 509 40530 w01 8530 311 272 238] 209 18 1. 1490 138 L3l

1501l 561 ] 500 4411 392, 345! 302] 263! 230] 200! 176 I 1301 120 123

180, . v it o B2 4.62 { 4.06 3. 54 3. 06 2,64 2,25 1.01 1,62 1 1. 38 1 1,02 . Lo U84
. i ¥ H H N

SITE INDEX 60
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E i } . 1 ; ;

60 i 5, 33 4.72 4. 15 3.63 3.16 2,73 2. 353 2,01 2 1,721 1,47 11,27 i 11297 LOL ...t

00 .o ......% 58] 522! 4651 413] 3661 -3.23{ 281 251 2.221 L9741 1L77 4 L6110 1514 144

120 . o i) 6,03 5. 42 4, 86 4,34 3. 86 3. 44 3. 05 } 2. 71 i 2,42 2,187 .98 1 1.82 i .71 1 1.64

150 iinvem o] 85.94 5. 33 4.97 4. 25 3.78 3.35 2,06 1 2 63 2 2.33 { 2.09 1.89 4, .73 1 1.62 §j 1. 56
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Tanre 4.~ Cubie-foot growth of ved pine in Minnesola in relation to age, stand density, and site indes’

SITE INDEX 45

Stand density ) . Net growth per aere per year when stand age in years is--
basal area per R . T
acre (sq. 1.} ;

1138 TVIINHIALG,

b

60 S0 [ 90 . 100 | 110 130 | 140 | 150 160

x|

N

Cu. ft. Cu. fL . Cu, fr0 Co fL7 Cu ft. | Cul fL.
56 1 46 e e
74 ! 64 4 : 28 2! 2] 17
85 74 4 § 44; 36 31 28 ¢ 24
88 . 76 j ; . 34 30 27 29
84 69 f 194 .10

Glgl

’

‘|

SITE INDEX 50

Jdua

71 61
92 80
104 92 -
107 94 1
103 | 87 !

i
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60.... . . . 99 1090109 103 - 95 87 79 68 58 44 - 40 33 L.

90, ...oloooop 12000 132, 1320 425 00 117 00 1100 101 91 ;. 791 70 60 53 44 45
1200 oo .. 88 15007 147 0 139 130 128 ¢ 114 103 90 | 817 70 62 . 58 54
150 ... . ... CXB2 000 1623 1561 145 00 135 . 1270 117 . 105 91 81 69 60 56 51
I80... oo 6L 168 159 0 143 131 L 1220 Qi 9 ¢ 80 70 a6 47 43 37

et T s i e s ki < A 7 a5 i 1L 5 L et o e £ S A GRS P S SR S S [ )

BITE INDEX €0

60 .. ..o 114 125 . 128 v 1230 115, 1077 08 88 . 77, 66 58 Bl . 46 ...,
00 i ! 137 149 4 153 ¢ 47t 138 ¢ 131 123 112 i 101 ; 90 - 81 ' e 69 | 123
120 .. ..o o By L 16T D 47003 1634 153 . 145 L 1837 ¢ 0 12570 114 0 102 92 85 | 78 | 74
150, .. . ... 170 .- 180 : 1807 - 170 158 0 . 150 1410 . 128 1141 101 0L 831 76 71
180 . ... 00 179 186 183 169+ 154 - 144 134 118 103 $ 88 - 78 69 GO 54

' Based on table 3, U.8. Dept. Agr. Teeh; Bul, 1104, by Gevorkiantz and-Olsen. (19535). Includes toial pecled volume of stem
on all trees 3.6 inches d.bh. and larger,
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Tanti 5. Cordwood growth of red pine in Minnesola tn relation to age,

Stand density
basal area per
acre {sq. ft)

Net growth per aere per year

SITE INDEX 45

when stand age in years is -

stand density, and site inder

P

Cords | Cords
0.78 | 0.75

. 96

.10 1
119 |
1. 24 1

100 110

150 1 160

K0 90
Cords | Cords
0,541 0.45

. 82 L7h
. 85 .73
.82 .67

{
+
;
|
S72 62
%

SITE INDEX 5

Cords | Cords
0. 36 0,27 1
, 53 .45
62 .53
63y .54
86 1 L 467,

.
98
o

e

[

Cords . Clords

o020 7016
Ja7 93

L2621
S50 10

]
0.91 1 0
12 1
L2711
1. 37 1
1,43 ‘ 1

Fntsaanb et =
St -
o o =

0.69 | 0.59

. 89 .78
101 . 89
1. 04 )

09| .85

. 50 ‘ 0. 40
.69 P 59
.80 | - 68
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0.76 .
.98
1,10
1,14
1.07 1

e QU b

SITE INDEX 60

. 0.86 v 07 0. 44
| P87 79 T2 66
j . (.99 8 L8255 .76
§ ]
1

e .10 .21 1. .19 gt 1.03
00 i .33 1. 44 1.48 ¢ 1.42 .34 127
120 ... eeennd - 151 1,62 1. .58 .48 .41
1 .98 L. Lo LT3
1.

611 LT4 265 1.531 1.45 ,
85 .75 L .59

173 1. 80 .64 1, 49 . 40

0. 95 .
120 |
1,33 ;
1.37 ¢
1. 29 i

1

1 Based on table 5, U.S. Dept. A;Dr Tech. Bul. 1104 by Gevorkiantz and Olsen (1955).  Includes rough cords for trees 3.6 inches
d.b.h.and larger-to a ’3-mch top d.i.b.
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Tanve 6. -Board-fool growth of red pine in Minnesota in relation to age, stand density, and site inder *

BITE INDEX 45

basal area per
acre {sq. ft.)

NILITTIAE TVIINHD

; -
Stand density i Net growth per acre per year when stand age in yéars is—

i

30 : 60 70 s0 | 90 100§ 110 f 120 | 130 | 140

[

Gl

Bd. Jt. Bd. Jt. Vv Bd. ft. 4 Bd. ft. | Bd. ft.  Bd. fi. | Bd. Jt. | Bd. ft.
370 330 200 {240 190 ;130 100 ...
460 420 380 { 320 280 1 240+ - 180 140
520 430 1 380 : 280 230 180
550 450 390 . 280 220 180
540 430 350 P 240 170 120

+

!

“Ldua

SITE INDEX 50

360 {310 6 130 %
470 | 410 | : 2 230 190
530 | 470 1 420 | : 270 1230
550 | 480 30 36 : 260 | 220
520 1 450 | 3¢ : 2 210 | 160
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SITE INDEX 55

400

350 :

170 |

60, . Gos60 ] 5601 5301 490 1 450 | ‘ 290 250 1 200 I R
90, .. . ol CoB700 6400 - 600 . 360 0 5200 4601 400 360, 310 270 250 | 230
120 cobeooo ;o 7800 TI0L 660 030 0 580 .- 520 460} 410 | 360} 3201 300 ¢ 280
150, : . o T40 0 690 650, 600 ¢ 530 - 460 0 4104 350 . 310 200 260
180 e 4730 & 670 j 620 560 . 490 | 410 ¢ 360, 290 | 240f 220 190

: ! A i ; i i ‘ i

SITE INDEX 60

] | i ; 4 ‘
60, .o 640 | 650 | 630 | I 590 | 5101 5001 4501 300 j340 0 3000 2601 230 {......
110 FR T (ST R {7800 750, 710 ) 670 630] 570! 520 460 [ 410 1 3801 350 ¢ 330
5271 MO DO F 870 | 830 ; 780 740 ] 700 640 | 280, 5201 470} 430, 400 380
150 oo e fiwzeaol B70} 810 { 760 | 7201 650 ;580 f 510 | 460 | 420 | 390 | 360
180 oot SO ; caec| 860 790 | 740 % 680 | 600 ‘ 530 1 450 ] 400 { 350 | 3i0] 280

i i {

! Based on table 108, Univ. of Minn. Agr.

LExpt. Sta. Tech. Bul. 39, by Brown and Gevorkiantz (1934).

by Scribner Dee. € log rule for trees 7.6 inches dhb.h. and lirger toa B-ineh top d.i.h,

Includes board-foot volume
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This is set equal to zero and X;=125.9 square feet of basal area per
acre. The practical application of this level must be tempered by
consideration of the experimental cvror associated with it.  Also,
since stand density has been represented by a relatively flat-topped
parabols, deviations of 15 square feet of basal arex on either side of
the maximum represent a growth loss of less than oue-ltenth of o
square foot of basal area growth per year.

Finding the maxima for cubic-foot, cordwood, and board-foot
erowth is somewhat more complicated because volume growth is not
expressed mathematically. Then too, volume growth maxima differ
by ages and sites s was cvident in the tables introduced earlier.
The best way to determine the maximum volume growsh for n
perticuiar age and site combination is to plot a curve of growth over
stand density from the data given in table 4 for cubic feet, table 5
for cordwood, and table 6 for bonrd feet. These points can be
smoothed, and the density giving maximmnn growth can be read with
receptable aceuracy from the graph.

Care must be used with high-density management even if it does
maximize cubic volume growth, for some of these levels approach
the threshold where suppression losses are likely to occur.  Although
some plots used in this study reach 200 square [eet of basal urea per
acre without suppression losses, this paper treats 180 square feet of
basal avea s an upper limit of stand density for managed stands, and
this is reflected in the yield lables given later. As additionsl growth
information becomes nvailable, modifications can be made in the
upper density limits.

YIELDS OF RED PINE

Tor purposes of this paper, yicld has been defined ns the suinmation
of & number of net annual growth increments. This yield may be
stored on the stump until final harvest, or part or all of it may be
removed in thinnings, 1T thinning is done, the yield may be harvested
in short or irregular or long cutting cycles.

It is evident Lhet viekls can be oblained in many ways. To rep-
resont these in tabular or graphic form would require many tables
and graphs. Instead, one series of yield tables will be presented.
Some of these tables npproximate the red pine management practices
used by Lhe national forests in Minnesota and by other forestry
agencies as well.  No claim is made that these yield tables outline an
optimum management; rather, they represent a convenient form of
tabulntion that follows reasonnbly closely present-day thinning prac-
tices in red pine.  If one chooses to depart from the schedule of thin-
nings shown v the tables, he may still obtain some information about
vields by interpolation. The methods of vonstruction will be suf-
ficiently illustrated in the appendix so thut he can synthesize his own
tables.

Cutting Cycles®

Tor these vield tables n 10-venr culting eyele has been used cexeept:
in voung slands thatl are maintained at 150 square feet of basal aven
per acte. For them, a 5-vear cutting cyele is used.  The 5-year cycle
prevents stands from growing to u density where suppression losses
are possible. Thinning in red pine is assumed to begin at age 25.
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Stand Density Control

Three levels of stand density have been chosen for Lhe vield tables.
They are 90, 120, and 150 square fect of busal aren per acre, Al the
ond of cach culting exele the stand is thinned back to the upproprinte
deusity.  This process is illustraled in figure 9.

These are bul three of the many density options that can be exer-
cised by n forest manager,  He could, for exnmple, have his stands
avernge nogiven densily midway through o cutting evele rather Lhan
begin the cvele with the given density.  Or he could choose Lo maxi-
mize cubie-foot and cordwood growth, in which ecnse densities would
change with each culting evele,

Yield Tables

The yicld tables {tables 7.8, 9, and 10} are given for site indexes 43,
85, wnd 60, The three mejor subdivisions in the tables give
Lnsnl nren and volume remaining after each cut (columns 3 to 63, the
basnl aven and voluine cut (eolumns 7 Lo LY, and the cumulative
Basal wren and volumes, which include inereases in the residunl stand
plus the sum of all euts {coluruns 11 (o 14).

The net periodic annual growth in cubic feel is given in column 15.
For the snme age and site index, net periodie annual growth differs
somewhat Mrom that shown in the cubic volume zrowth table given
previously (table 4). This oceurs because the vield tables wverLge n
somewhut higher stand density during the cutting evele than is as-
sumed in the growth tables. Tt is possible to construct growth tables
that closely wpproximate the kine of thinning schedule shown in the
yield tables,

Mean annual inerement is given in column 16.  The culmination
of mean annual inerement oecurs between the nges 756 and 95, the Iater
culminution being on better sites.  Column 17 gives the proporiion
of stand basal aren cut at the end of each cutting exele,

[13s evident ront the tables that the higher densities produce hgher
cubie«loot volume yields, although the advantage is not as vreat ng
might onee have been thought. For example, if the lorest munuger
chose » rotation of 165 years on site index 50 land, the 150-square-fool
densily would produce about 1,800 cubic Teet more velume than
would the 90-squarc-foot level, n difference of sbout 15 percent, [T
he should vhoose o density that would maximize cubic volume growth,
there would be an ndditionad inerease in yields.  (Sce “Maximizing
Grow(h,” p. 17

A mpjor advantage of the three density levels, or variations of
thear, is thal they permit considersble control of size nad radinl
growtl of (rees. To explore these questions adequately, ssswinptious
or additional studies must be made a3 to mortality, the effeets of
cutting on tree size and Lree diameter distribution, and so {orth.
These considerations are bevond the scope of this paper. ILowever,
the 90-square-foot hasal area density represents a rnther open red
pine stand and is the kind of control that might be used to obtnin
farge red pine suw logs. The 120-square-foot leved is a middle-of-
the-rond management closely paralleling present thinning practices
for red pine. By sge 100 {his density will produce saw logs up to
nn I8-inch top dinmeler and numerous targe poles and pihing.

{Continued on page -1}
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Tawvue 7.- Yield table for site index 45 red pine in Minnesota (all data are per acre): Thinning schedule—maintain
given stand density at beginning of each cutting ¢ycle
W0 BQUARE FEET OF BASAL AREX AT BEGINNING OF CUTTING CYCLE

[}
f Hefght f Remiining stand ‘ Cut stand ! Cumulative total volume--cutstand : Periodle ! Mean : Propor- | g
Age, n?xrn!g”:rl\:l' ST ‘wk - ____ vlus remsininig stand ! m::‘\;'a] anl:flgal tsl:)nl:)g' ;Age, §
years cgggrtr;i- Basn) Cubie ; : Board Basal $ Cuble i Board Basal - Cubie % : Board 5&;%‘;)%(}'] ! ‘:g:gx‘l‘;g" arggs g\}L ;_veurs =
feet | tre ’ feet i Corls i feet | area | feep | Cords . feet srea T feet - Cords 1 feet - [ feet feet percom.'g .
e L w L w e m e L@ an oy on fow foan | oan | on | z
B om0l 1000 SI0) TR p G0 510 sl . B0l o]
3 32,0 90.0% LIB0] rLad L b 504 560 4. ‘ 140.4 (R IUR R TR S 5 E
45 4L0 20,0 £ 1,50 .6 7700 4.1 740 T2l 1B 2,910 98,2 7.700 05
55 18.5 90.0 1,780 17.3 9,100 38.5 60 7.4 3,900 ' 223.0 3,040 ] 383 13,000 72 g
] 549 90.0 2, 000 10,47 10,200 33.3 740 7.2 3,500 ; 256.3 4,900 17.8 17,900 75 g
W 59.5 00.0 | 2,100 21,2 {11,200 28,2 690 661 3,500 244 5, 780 56.01 22,400 N 77 o
85 4.0 0.0 1§ 2,350 98] 12,00 23,9 830 6.1 3,200 305. 4 6,570 63.71 926,400 f.... '0 77 =
95 67.5 90.00 ¢ 2,480 24,0 12,700 10,7 540 53l o¥ 328,1 7,240 70.2 70 Z
105 70.5 90.0 | 2,590 25,11 13,200 16. 8 470 4.5 1L 2,400 3444 7,820 75.8 iz 15.8 § 105 E
115 7.0 $0.0 1 2,080 20.0 1 13,700 13.1 300 3.8 2,000 357.8 8,300 80.5 72 12,71 115
125 ke 00.0 2,740 26.5 | 14,000 10.4 320 31 1,600 367.0 8,880 3.1 69 | 10.4 126 E
135 75.5 90.01 2,780 20,9 | 14,200 5.6 270 2.6 1,400 376.5 §, 990 87.1 67 8.7 135 - 5
145 76.5 0001 2,810 27,2 1 14,400 6.9 220 2141 1,100 383.4 9,240 59.5 61 7.1 145 @
155 7.5 0.0 1 2,850 27,6 | 14,500 5.7 180 LT 900 389.1 9,460 91.6 61 6,01 155 %
165 8.0 o] ® (O] (O] 95.0 3,030 20.3 | 15,400 3011 9,640 | 033 58 100.0 | . 165

See footnotes at end of table.
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TanLe T.—Yield table for site index 45 red pine in Minmesola (all data ave per acre) : Thinning schedule—maintain
given stand density at beginning of each cutting ¢ycle—Continued
120 SQUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

Height Remaining stand Cut stand Cumulative total volume——cut stand | Perfodic | Mean | Propor-
of domi- plus remaining stand ; met net tion of
Age, inantsand i annual | annual stand Agé,
vears | codomi- s i growth, {growth, 1 hasal | yeurs
nants, Basyl | Cubie i Board ! Cubie Basal Cubie Board: cubic cubie iﬁﬂrcn eut, |
feot ared . ¢ feeyn oot fect areq feet ..} Cords feet feet feet  © percent

(2) (3 (€3] R ()] ) (1) a2 4 a9 14y (163 an ¢}

2,0 11200 1,080 BRSPS RURRU 5 el 1200 104§ ... AB L. s
a0l mo0f 1,50 e . T USRI S | (% 28 64 2, 35
a0l 1200] 2,00 3 N 24,4, | LER T N (CERNEY 1

NILATIO9 TYOINHOAIL

‘LGl

48.5 120.0 | 2,380 | ] 253.0 401 12,9004 ... 24,

51,5 120.0' | 2,070 : 286, 8 54,21 17,400 j... h i 29.0)
505 120,01 2,02 : . 5.7 6,530 63,41 22,3001 ..
64,0 120,01 ] 3,140 3 E 0.5 7,400 7L8 {26,700
67.5 120.0 | 3,310 [ . 361.4 8,150 70.1 | 30,500
70,5 120.0 3,460 . 3789 8,800 85.4 33,800
73.0 120,01 3,580 . 303.6 9,360 00.8 - 36,700
74.5 1200 {3,550 E 405.7 9, 800 38,900
5.5 120.01 3,700 . 3. 415.6 | - 10,160 10,800
76.5 1200 3,750 X : 424,92 10,480 | 42,400
7.5 120,0 | = 3,800 19, 400 4315 10,760 43,000 ;.
8.0 (3 3 ™ 438.3 | 11,000 45,100

]il

“Lddd

AYALTADIYDY - IO




160 BQUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

H

ERE

==
bal

1502001 ...
18,100
20,500

25, 500

15,200
160, 30 ;
17,000
50.5 5.3 1 15,600 . : ;
BLO L 1500 L Z0%0 0 350 20,000 | A . L 000, 6 880 .31 20,900
6751 1500 41401 4011 21,100 27000 W0, 56205 S35| 33,700 )
050 150.0- 4,320 0 410 { 22,000 ; 1, 300 a4 0260 0.7 36,900
WO ID.0) 470! 43,37 22,800 ) 3 81 2,000 0 40940 91 39,700

weseszeprtes
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SSoococoo
=
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J0 07410 ANV HIM0UD

.5 150.0 3, 560 4.2 123,300 .7 330 3. 1,700 - SRR O L0 5 41,900
k 13 3 E N

50 150401 480 M5 25,600 RIS S R o 105000 10220 43,600
.50 1500 4,600  45.4] 23,000 S A S TR 0,850 1050 45,000
75, 15001 47| 460 24,200 2 a0 A0 0w 3 N0 10757 40,300
05| oy @ @ ONE T 154050 25,300 IRUETRIE S

ANId a3y

LA wood harvested prior to this nge not included in yield table,

* End of rotation. )
3 Periodic antd mean annual growth given'by 10-year intervals.  Linear interpolation of height by 5-yenr periods produces stight anomalies which are avoided by the 10-year

interval,

VLOSINNIW NI




(4%

TasLe 8. Yield table for site indeéx 50 red pine in Muinnesota (all data per acre): Thinning schedule—-maintain gwen
stand density at beginning of each cutting cycle

90 SQUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

Height Remaining stand Cut stand Cumulative total volume-—cut stand ! Periodic §| Mean | Propor-
of domi- . plus remaining stand net net tlon of
nants and . annual | annual stand
codomi- ) growth, { growth, hasal

nants, Cuble Cubie . d 1 DBuosal Cubic Board cubie cubie | area cut,

feet feet feet Cords aren feet Cords feet feer feet pereent

2) k 4) [ (0] (8) (y a2y {13) (14) (16)

NILITTAG TVOINHOMLL

24.5 900 ren it ams . .0 00 LA O SO
35.5 1,300 53,7 . . 1437 2,080
15.5 1,670 7.4 5 1 1 1en1i . 330 8, 500

53.5 1,070 FO . 233.0 4,550 14, 700

0.0 ) 11, 200 3n.4 | 20,4 5,680 20,500 1.
60,0 2,430 12,400 3.4 300.8 6,750 |
7EO 2,510 13, 300 27,0 | 327, 8 7,710
75.0 2,760 14,100 93,2 i, { 350 8, 570 ermeeizes

7

‘TLET

‘84

“LdAd

8.5 | 2,800 14,700 0.6 : SUEE 370.6 1 0,340 ; S
81.0 2,980 15,20 169 ; | as2] o0m n
83,0 3,050 15, 600 13.8 {  40L0] 10,510
845 3,110 s 15, 800 n.e 410 . 412.9 10,980

85.5 3,140 16,000 10.0 350 : 12,90 11,360
86.5 3,180 16,200 9.0 320 3 : BLo | 1,720
87.0 o @ 8.0 3,480 430,91 12,020

JHALTADIYDV. 40
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120 SQUARE FEET OF BASAL AREA AT BEGINNING OF CVTTING CYCLE

RS TR SRR A 1’2(10 1.4 AUV AP RPN R B (X NS - N SO s 2
35 w5 el Lm0l 19! 540 T TE S R ¥ T -1 E L TOF SR . osslow 2
AT Do el Ae a2 B0 BBl TG B0 W6 L wi o w2l E’
85055y 10 262 2.1 13,400 LAy 5 I RN B I X 3,100 03 18,400 5 04 290 8
650 B0 1200 2000 K5 1500 367 ; W0 ST A0 202 64100 62T 10,600 L. :17 Wi W4 RS Eé‘
75 66, 0 1200 | 8,240:1 303 - 15,500 a2 870 ¢ B4l 4,400 0 0 B3 7.5% . 73.3 525500 e 1 101 AL @m
85 7,07 12000 L 3,480 BT 17,700 27.3? 510 T8 4001 a0 OB 53.5 30,500 s 102 B! 85 é
05 7500 12000 3,080 35,6 15,300 1] o 720 B80 |  3A2L 050 928 35700 L. 94 101 87: 95 £
5| 785 0| a0 sl Wl w7 : 60, 64 340 : 103.9 10,400 | 100.7 | 39,000 jf W Tl o0 o
115 810 00§ B0 B85 20,200 17.5 500 ‘ 571 3,000 3‘ 4217 11,110 107, 5 i 13, 500 femeree e 07 12,9 ns . @

A2 S0 1200 4070 ¢ B4 2,700 | 15.2 E S0 s0 26000 4369 I RS 6 5; 94 me! e

135 845 120.0 A, 140 A1 21,100 13,2 i 430 4.4 2,300 i 450, 1 12, 260 118. 6 49, 300 w...,.:m. 01 9.9 135

145 85,5 120, 0 4,180 10.6 21, 400 1.6 t 410 3.4 2,100 ? 461. 7 " 12,720 124.0 51, 700 e 83 8.8 145

155 sis ] g0 A2 a1 2,600 0:4 ! 370 860 1000 w200 10 021 53,800 {.. 4' 85 B0 155

165 £.00 0 1 @ e @ 130.0 1 4,69 | 438 | 25,600 i %21 13,520 {1808, 58,800 .. L 521 100.0] 165

See footnotesat end of table.
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TasLe 8.—Yield table for siteindes 50 red pine in Minnesotn (all datu per acre) : T'hinning schedule—Maintain given
stand density at beginning of each cutting cyele—Continued
150 SQUARE FEET OF BASAL AREA (T BEGINNING OF CUTTING CYCLE

¥€

H r i S i E

i Height | Remuining stund Cut stand . Cumulative total volume-—cut stand Periodie | - Mean Propor-

{ ofdomi i ; plus remaining stand Soonet F o net tionaof =
B T T U N SO R OO SR cannual o oaonoal Costaml . Age,
years ) eodomd- H : : ; § C H i : ¥ growth, | growth, © basal - years
unants, - Basal § Cobie o Hoard . Basal ! Cubie . Board | Basy) Cubic Board - eubic - cuble - area¢nt,
et area Do feet . F Cords o feet  © area ] feet . . Cords o feet o area feet Cords 7 feet feet o feet ¢ pereent

¥
1
B
i

a4 TE TR L TR G Y W 5 H am . an az o Wb ase a8 O
‘, - H H
1,300 2 U R OO E SURPNS SRRUDP I [ N | 1, 500
1, %40 . o 2170 ¢
‘ 202, 1 2, 70
2950+ 8,610
4,310
5 010 50
5,060 kA 0.
1,300 9 20,000
, 910 : SR B

8,080 1 96,000

NLLIIT1IT  TVIINFHOWL

A= g~ h

-

1D T 6 Dt b

A 400
150 1 3680 T 353

150.0 4,040 .2

> 2
' 'gLEl

.S‘ 1

1.0 L 4,350 22 20 2.9 ’: 8 30.0 00007 BRA BLa00

1600 | 40| sy aw ] o me DG asw 40220 10,000 9.3 4,100 .
150.0 § 4,810 4 46,6 1 24,8500 5.0 j 481 3100 ] . l‘), B0 3 43, 300 |
1500 F 4,060 |1 4813 95,300 .2 1 20 270 : L3 11,580 L0 4,500
190.0 | 5000 | 4030 26,00 : D as 2400 a0 1200 BRT4 49,90
150,01 5180 | 502 | 2,400 00 a0 2000 46200 12,60 i1 s
150,01 520 508 | 26,700 A m0 L B4l 18001 AT 13,080 1256 54,500
Boh | 18001 5,300 L4 27,000 2wt sl 1,7003 B2 A0 104 K
g0 o @ @ oo 188.6 {5,010 56 : 2,500 | 08| I6KI0 ISS6 55,300

SLdHa

AUNLTADTEDHY 40

1 Al wood harvested prior o this age not included in yield tabile,

2 End of rotatinn, N
\ 3 P«;rlodlc and mean nnnoal growth given By 10-year intervals,  Linear interpolation of height by &-year periods produces slight anomadies which are avolded by the 10-year
nterval,




PanLe 9.

Yield table for site inder 55 red pine 1 Minnesota (all data are per acre): Thinning schedule - maintain
given stand density at beginning of each entting cyele
W SQUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

FLLAAOYD

Helght Remainimg stand ut stand Cumulative total volume - cuy stand Periodic - Mean - Propor-
L of domis plus remaining stand net ne tion of
A NS AN e e e e i e i+ e i e oo annual  anooal o Stand L Age,
years ! eodomi- ; i i growth, © growth, Dhasal years
nants, -+ Basal | Cuble | ! Boapl - Basal Cubie Board Basal Cubie Buoard cubie cubie : aren e,
foot. nred foet 7t Cords . - fevy area fort Cords o feet area feet Copds feet feet fert . pereent

TR oW oW W W 110y an o uy a3 114 1151 '
T 9.6 RISREIR Sl 90 050 96 s SR A L
M0 L4 I3 f IS 56.8 900 K8l 6. % 2,330 2T :: 65 887 a5

3 H ; ' E 3 : :

90.0 1,840 17.8 i 9,400 #.6 ( 1,080 1.0 2"7“'“/' 197.4 : 3,770 36,6 | 9, 300 ,.A.“iii ’ 51 36. 0 : 43
85 ] 59.0 90.0 2,170 2.0 11, 100 j 13.0-: 1,080 ‘ 14. 5 : &, 500 ’ 2423 ; 5,180 M3 16,600 ., . i 04 \ 333 hd
65 6.0 90.0 7 2,440 ZLA L 24000 3050 L0 1031 B4 218 6,50 B30 2B 00 305 1%
7 2.0 90.0 ; 2650 .0l 13,500 37 R VI ) 52005 CBGE L THO 751 20,000 M 103 7.5 5
55 7.5 2.0 2800 2mE ] E0] 302 %60 03 4,80 1 36,7 K00 Boo4 o 45500 1.0, ’m WE S 2mL K
05 52,5 00,0 ; 3030 2,4 ‘ 15,500 ; 26,4 ‘ W KT LE00 AT 6080 0,9 41,000 M 104 225 W
105 .51 w0l T3m0 40,8 :\ 16,200 ¢ 2§ i 510 TELAIN B 10,00 1081 45,000 M' 104 12 105
15 80.5 | ®.0 [ 3,200 31,61 10,800 19.5° 720 701 3,700 590 amt et g0 . 02 100 11h
250 w0l 0] 30l ss zue! w2 b0 63! 33000 4B 2E00 24 a0 ! W 180 12
]35; 03,5 ’ 90.0 ;3,440 [ 17,5001~ 150 ; 570 5.5 2,900 ’ 4451 13,190 . 1274 57,100 ; .. 97 ; 14.3 z 145
145 0.5 9.0} 3,470 LT 700 18.3 ¢ a10 5.0 2,600 4BL4 . 13,080 13287 59,900 ¢ o 120 W
155 ¢ 955 0.0 3,510 34.0 17,900 12,0 * 470 .51 2,400 47840 4000 13T.6 L 62,500 02 1.8 153
165 w0, ) ) f ® 100, 5 3, 950 45.6 20,300 4810 14,660 12 g0t - $00 1000 163

See footnotes at end of table.
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Tavey D.—Yield table for site index: 55 ved pine in Minnesotu (all datw are per acre) : Thinning sehedule—maintain
given stand density at beginning of each cutting cyele—ontinued
120 BQUARE FEET OF BASAL ANEA AT BEGINNING OF CUTTING CYCLE

Age,
yenrs

{1}

25 ]

45
55

78

+ codomi-

a6

D letght
. of domi-
inants and

nants,
feet. .3
@ |

¢

Basal
Arey

{33

j Culsie

Remaining staned

feet

[£H]

i
!

i

Cuot stand

Cumulative total volume—~put stand

“ Periodie

plus remaining stand foonet 1 omet

i 8]

Cords |

fept

163

i Bonrd |

Nasil
Aren

27,0
4.9
0.0
5.0
66,0
72.0
7.6
82,5 ;

i
8.5
89,5
9,0
3.5
0.5
95,5

0.0

12,0
120:0
120.0
120,0
120. 0
1400
12000
120.0
120.0
120,0
120.0
120.0
120.0
120.0
@

i

s
!
i

1,420
1,010
2,450
2,800
3,230

3, 530

3, 50 |
4,040 |

4,240
4390

4, 540
4,630
4,680
)

12,8
18.5
23.7
28.0
31.3
4.2

36.8

4.1
125
43,7
4.4
44,9
15.4

*

30,2

14,700
16, 500
18, (XK}
19,400
20, 600
21, 600
22, 40
23,000
23, 300
23,600
23,900
®

Cubie
feet

)

Y Cords |

{
i
+

Basal Cubie
aren b feel

ar boam

1,030 ¢
1,080 :
1,070
1,010
o
020 |
810

700
580

530
5,220

1,320
2,810
4,380
5, 900 g
7,810

]
5,050 ¢
0,900
1,060
12,100,
13,00,
13, 830
14,530 ;
15,160 !

)
1753,
220.6
2716,
3114 §
340, 9
70
404.8
186
#05
488.0 |
4846
99,5 |
513.2 ;
50,2 |

i

15,740
16,280 !

i Corils

eubie

Doard :
feet 1 feer

feet

Poade L um 163

14,70 ¢
2,000 1.

51,100
: -

58,300 I

67,800 :

w.. ahnoal ! anoual
sgrowih, | growtls,
cubie

Mean - Propor-

T Age,
yeurs

sarep-cut,
s percent |

1
1+

25

35

NILATTAE TVOINHIAL - Q¢

131

4




PO Al da e T 00 b e e £
SIS o U4

o0

jesnamnn

[

24,200 ¢
25,500
27,000
28,000
5,640 %80 169 3,200 0 4820
5,730 29,200 | o200 075 14,00 144
RELE R .07 5,790 29,500 | SNy 51(13% [ 647()0"):
155 085 0| 5,850 29, 500 ; 2,400 | '

»
[
-

11,500 |
4900 468 12,010 122
3,600 ¢ 465. 7 13, 494 130,
14,200 338

~

s o~
o6 o

¢
i
‘

58, 500
! 68
61800 .o e

O e

| om0 18560 67,400 1%“"‘";@':
. ; i v 9,
1051 06,0 e ® @ 1616 ] 6,310 3200 1 53060 16,50 608! 69,900 .. |

=

2

1 All wood harvested prior to this age not inclided in yield table,

? End of rotation,
3 Periodic and mean annual growth given by 10-year intervals, Linear interpolation of lieight by 3-year periods produces stght anomalies swhich are avoided by the 10-year

interval,
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TanLe 10.—Yield table for site index 60 red pine in Minnesota (all data are per acre): Thinning schedule—maintain
given stand density at beginning of each cutting cycle
90 SQUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

Helght Remaining stand Cut stand Cumulative total volume—cut stand | Periodic Propor-
of domi- plus remsining stand net tion of
annual stand

nants and - .
codomi- . growth, basal
nants, Cubic - Cubtc Basal Cubic Board cubic area cut,

feet feet feet. area feet Cords feet feet percent

2 1y (12) (13) (15) (17)

90.0 10.9
19,9 25.5
203. 8 41.2
251.9 57.1
204.8 72.2
333.0 8,620 6.4
366.5 10, 310 09.9
39611 11,600 | 1124
422,21 12,770} 123.8
445.2 | 13,830 | 1341
465.51 14,760 | 143.1

‘S0 'Z.’.ZI’ NICHTING "IVOINHOQ;L

“LdHa

483.7 | 15610 15L2
500.7 | 16,300 | - 158.7
516.4 |- 17,110 |  165.7
sa2 | anmo | 172t

THOALTAIIYOV J0




120 3QUARE FEET OF BASAL AREA AT BEGINNING OF CUTTING CYCLE

30.5 1,480 14.5 - 120.0 1,480 ‘; 1.5

3.0 2,000 ] 20,4 ' ) 17920 3,301 30.5
¥

5.5 2650 2.9 w6t 4,801 4TS
4.5 3140 306 .0 2,1 20,61 6,630 645
72,5 3,530 844 3 1,200 . 3,51 8200 8.6
79.0 3,80 ] 375 ' 1, 240 36181 9,80] 9.7
85.0 3140 | - 40.4 2 , 1,180 al o 4958 1 11,320 | 110.0
90.5 4,410 43.0 b 1.120 7 426, 1 12,710 123.5
95,0 4,630 | 451 : 1,080 : 153.0 ] 13,9701 1357
98.5 4,80 46.8 ' 970 4] 71| 1510] 1168
101.0 a,020 ] 480 ) 880 ' 408,5 | 16,110 | 1568
103.0 5020 | 489 : 820 : 5181 | 17,030
104.5 5000] 49.6 770 536.2 | 17,870
155 1055 5,140 | -~ 50.1 730 : 5531 | 18,650
185 | 060 @ ® ® 5692 | 19,400

See footnotes at end of table.
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TasLe 10.—Yield table for site index 60 red pine in M innesota (all data are per acie) : T'hinning schedule—maintain
given stand density at beginning of each cutting cycle—Continned
150 SQUARE FEET OF BASAL AREA AT BEQINNING OF CUTTING CYCLE

U 4

! P

Melght Remalning stand Cut stand Cumnlative total volume—cut stand + Perfodic ! Mean | Propor- |
of domi. plus remaining stand net net tion of
Age, (nantsand ..l annual | annual stand | Age,
years| codomi- . growth, § growth, hasal yeurs
nants, Basal Cubie Board Cubie. | - Basal Cubie | { Board : “cubic cubie ! area eut,
feet frea feet Cors feet 4 Cords area feet Cords feet. | feet feet . percent

(4) ( ) an (12} (4] (14) (15) a6) i M

1,870 . " 150.0
2,270 170.§
2,630
3,000
3,340
3, 680
3,950
4,230
4430
4,660
4,840 |
502 | 48,7
5200 A5

5y 540 53.7

T =T O D
NILIIT11d TVOINHDAL

5]
b
L3 TS ~100 D00 ~1Th 1S 06 e

2y,
2,
a1
19

‘TLTT

———
itod

so
NI R TV O LY S AN L e s

o
‘5

9]
S
[

95.0 5, 820 56, 4 25.0 7 4 57,700

98.5 6, (40 | 38.5 22,2 15, 6% . 63, 400
101.0 6,190 0.0 10.7 1 16, 650 68, 300
103.0 6,310 61.2 17.9 . 17,520 169.8
104.5 6,400 62.0 2, 18.4 8 18,310 177.4 76, 800
105.5 6, 460 62.6 15.2 e 5 19,030 181.3 80, 400
165 106.0 ® (0) 164.7 19,700 190. 8 3, 80O

“Ld3d

1 All wood harvested prior to thisage not included in yield table.
2 End of rotation, . i .
t.eJ Periodie and miean unnual growth given by 10-yenr intervals. Linenr interpolation of height by 5-year periods produces slight anomaiies which are avoided by the 10-yeur
interval.

JHYALTIADIYDY J0
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({Contined from page 27)

The 150-square-foot level perinits the harvest of mare trees late in the
rolutions, but (he trees nre slender by compurison with those produced
nt lower densities, This kind of management produces utilily poies,
small sawlogs, und sl piling.  Of ecourse, not only the stand density
but slso the rotation age selected by the forest manager will have »
powerful effect on the stze of trees hurvested in the final cut.

SUMMARY

‘I'his study presents n method of predicting the growth and yiold of
rad pine in Minnesota. Growth is here considered synonymous with
nel periodic nnnual inerement.  Yield is the sunmadtion of any number
ol these nnnual inercments.  The yvield may be harvested, it may be
wdded to the growing stock, or it may be some ol both.

Some 324 growth periods are available from 235 individual plols
contuined in 14 sets of permanent sample plots.  Measurement in-
Lervils varied from 3 to 12 years; net annual inerement and values for
stind density nod stand age us used in the analysis wre average for
the interval. A number of plots huve been measured more than once,
but ench measurement periodd has been (rented as a sepurate obser-
vation. Likewise n number of plots adjacent to one another in the
sume oxperiment have been trealed as sepatatie observatious. This
produces significant nutocorrelition of residuals, the end result of
which is that the ealeulnted stundard errors are not as high as those
found in the populntion of red pine. The prediction equation itsell is
exposed to bins, but it is hoped thac the bins is of liltle consequeuce.

Net periodie nnnual busal aren lnerement was predicted froru the
independent variables of age, site index, and stand density. [ntensity
of vulting. number of trees per aere, cutting ethod, and varinbility
of troe dinmeter wore nlso considered.  None of these appeared to add
ta the prediction of basal aren growth after the effects of age, site
index. nnd stund densily were removed.  While nat important for the
prediction of hasal aren growth, several ol these rejected vuribles wee
of erent importanee in the control of size and quality of red pine trecs.

Busal area wrowth tables were constructed by 10-year intervals for
nges 30 Lo 160; for stand deasities of 60, 90, 120, 150, and 150 square
fecl of busal aren per were; nnd lor sile indexes of 45, 50, 55, and 60.
Total cubie-foot, cordwood, and board-foot growth Lables were also
prepared for the same range of ages, stund densities, and site indexes,
except that board-fool growth figures were omitted af carly ages.

Muximuin busal aren growth oceurs at about 126 square feel of
basal nrea per acre for the sites wnd uges studied. There is consid-
erable experimental error involved, however, and deviations of 15
square feet on either side of this maximum are of little practical
consequence,  Maxima for cubie-loot, cordwood, and board-foot
growll were found to vary by age and site and can be best determined
by plolting growth over stand density for the various combinations
ol ngres and sikes,

Yield tubles were construeted for thinning schedules in which the
stand is cut back to densities of 90, 120, or t50 square {eet of busal
aren eacl 10 years (excepl 5 years for voung stands with the 150-
squnre-foot density). The 120-square-foot schedule approximates
present-day thinning practice in k[inn_esotn.. Differences in yields
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between the three thinning schedules ure not great; the major advan-
tage of one over the other is in the control of size and radial growth
rates of trees. Mathods used to prepare the growth and yield Lables
are presented in the appendix.
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APPENDIX

When this study was begun, a prediction scheme was sought that
wollld be flexible enough to describe the growth and yield of red
pine under the wide range of silvicultural options that are or could
be exercised in Minnesota. These might include cutting cycles of
different or irregular lengths; stand densities of different or varying
basnl arcas at the beginning of those cutting cycles; and stund ages
that may terminate in short or long rotatiouns.

Severul kev consideraiions in the development of the scheme were
(1) that basul area, because ol its long und satisfactory use in Minne-
sota, continue to be used as n measure of stand density; (2) thut growth
also be predicted in basal area so that annual increnients could be
added to stand density-—this would permit stand deusity to be
trnced through short or long cutting cycles; (3) that growth and
vield be given not only for busal area but for cubic-foot, cordwood,
and board-foot volumes as well. ‘These considerations gave rise to
tlie basal area prowth equations, stand volume equations, volume
growth tibles, and yield summations.

The chief wenkness of the approach developed here is that it does
not provide for an estimate of the errors associnted with volume
growth {tables 4, 5, und 6) or with yield (tables 7, 8, 9, and 10). Only
the bisnl area growth equation has a sampling error nssocinted with
it, and this is biased beenuse of rutocorrelation.  Of course, limitations
in the underlying experimental data also place restrictions on the
range and aceuracy of inference thut could be mude.

An advantage ol the approach is that it permits the forest manager
te synthesize and study a number of different silvicultural options
that could be exercised in stands of red pine. For example, in this
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aper growth tables were mnde for 16-vear intervals, but they could
Ku\-’{‘. been made for other intervuls as well.  Likewise, for the yield
tables, culting cyveles were assumed to be 5 or 10 venrs, bul they
could just us well have heen for different or irregular lengths of time.
A second advantage of the approach is that it permits the mensura-
tionist to study independentiy some of the clements that o into
stand_growth- -the basal area and height components, the site index
contribution, and the stand volume estimators,

Fitting the Regression Surface

The main statistical problem of the study was to relute the inde-
endent varinbles of nge, site, nnd stand density to pertodic net annund
Ensnl aren growth, using multiple regression techniques. Originaliy
it was thought that the work would be done by desk comiputer, hence
real care was exercised in the sclection of independent variables.
The analysis was actually done with an IBM 650 drum conputer,
Buasal area growth in relation to age appears curvilinear, and for the
range of data available n second-degree pohnoniial was postuinted.
Had growth data been uvailable al nges of less than 25, a third-
degree or higher term would have been needed (see fig. 3). Growth
in relation to stand density also appeared curvilinear and a second-
degree equation was postulated (see fig, 6). A linear relationship
was proposed for the relution between basal area growth and site
mdex.  Ounly one interaction term, stand density times nge, was tried.

Thus the proposed growth equation was as follows:
=A4 B.X, "f"B'thlg‘i‘Ba-X;r ‘?"B;-Xaz‘l'ﬁal PP, PPN

where Y =periodic net annual basal area increment
Xy=basal area in square {eet per acre

p=average stand age in vears
A;=site index

All variables made n significant contribution (at the t-percent
level) to the prediction equation exeept the interaction term. The
final regression equation, adjusted for the deleted variables, is given
on page 43. The standard error ol estimate associnted with the
regression equation is given later in the section “Reliability of
Growth Predictions.”

Stand Volume Equations

Stand volume cquations provide a direct estimate of volume (V)
from some messurable stand characteristics, usually the product
of basal area and height (Bff). Cordwood and ciubie-foot stand
volume equations used in this growth and yield study were based on
the composite tree volume table of Gevorkianlz and Olsen (1953).
The board-foot equation was based on a sawlimber table by Brown
and Gevorkinntz (1934). The development of the stand volume
equations is given elscwhere.®

* Buckman, Robert ¥, Uevelopment and use of three stand volyme equantions
in Minnesota, Jour. Forestry 59: 573-575, 1061,
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These oqualions, derived both by ratio and standard least squares
regression techniques, are sumnarized below.
Ntendard
N EFFur
Huifo method Iyuation {percent)

Cubie fect VoL MDRA BT L L Lo o 4. 42

Cordwood 170030588 W1 C e e LR

Board [eot . 170084 B3-F . . L Gg. 02
Stendard least squares method

Cubic feet S L Ve 1808 002 B-H - . 40

Cordwuod e V- 807400133 BT e TT

Bospd fect . . oV TR 2283 BT - 3. 48

The equalions prepared by the ratio method are used in this study
although the equalions by least squares could be used for many
purposes,®  Utilization stnudurds for these cquations are summunrized
88 [ootnotes in the approprinte volume growth tables (table 4, cubic
fool: talde 5, cordwood; tuble G, bourd feet).

The regression equations given above couvert B-/7 to stand volume
in cuble feel, cordwood, or board feel.  For purposes of this puper
the same egurlion is used fov all combinations of stand density and
sites from age 25 through 165, This presents no serious probiem
lor fotul cuble-foot estiimates of volume becruse the undertying volume
Lable {Gevorkinntz and Olsen, 1055) demonstrates that o conslant
formi can he assumed Tor sll but the shortest of trees.  Using the
same equation throughout most of the life of the stand for either
eordwood or bonrd feel is mn oversimplificalion, however, and requires
further study.

Construction of Volume Growth Tuables

The stand volume ecquations given previously are of the form:

V=kBIE

where 1 =zvolume

k= n coustant vepresenting average form for trees in the stand

£ basal aren per aere

17 —average helght of dominent and codominant trees

Volume growth is muade up of changes in basal area and height.

I d vepresents n change or ncrement, then the initial volume plus
growlh enn be writien:

Vb d V= (BH-dBY({ +-dH) (1)
Expanding and subteacting the initial volume gives:
dV=kfdB-H4+dH-B+dB-dH) (2)

This relationship, discussed by Wiedemann ¥ is helpful in under-

0 ixcept for the preparstion of Lhe growth lables where a reiatively large
negative or positive Y-axis jutercept muy greatly distorl growth for sueh short
periods of time ms one year, This does nol oceur with the ratio cquations,
which must pnss through the origin.

1 Wiedemann, Eilhard, Brirngskundliche und Waldbauliche Grundlagen der
forstwirtschalt. Teil [, Das Whaehstum des Binzelstamines und des Gleiehal-
trigen Weinbostandes water dom Binfluss von Standorl und Bestandespllege.
{Stivieultural nnd growth studies as bases of forestey. Pt 1. The growth of
individual trees and even-nged stands as affeeted by site and tending] J. 1
Sauertander's Verlag, Frankford AL 128 pp,, illus, 1050,
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standing how stands of timber grow, For example, il height growth
dH is rapid and if stand density B is high, height growtl mnakes an
importanl  contribution to volume growth, “This component of
growth can contribute up to half the volume increase in deuse young
stands, nod is the prineipal reason why basal area growth is not di-
rectly proporiional io \'ofume growth. The simple practical explana-
tion Tor this is that height growth is being mude on more stems in
stands of higher density. The last term in the equation is difficult
to visunlize, but it is the volume increment contributed by new
growih in both height and basal area, This compenent of growth is
usunlly small, and when basal aren and height growth slow down it
can be ignored altogether.

Equation (2) is used to develop the volume growth tables. The
values needed to sutisfy the equation are readily available: basal
wrea prowth o8 18 given in table 35 height £ and helght growth df
can be lound in table 2; B will be arbitvarily chosen st intervals of
60, 90, 120, 150, and 180 square feet of basal area per acre. And &
comes from the stand volume equutious given previously. With
these values st hand, volume growth tables (tables 4, 5, and 6) can
be consiruected.

Construction of Yield Tables

Yield lns been defined us the summation of a number of net growih
ineremenis.  The main problem of obtaining yields reduces itsell to
one of summing basal area growth increments. Basal arew yields can
then be converted to volure yields with the aid of height tables
(table 2) nnd stand volume equations.

Summation of Growth Increments

Basal area growth increments can be summed by (1) ditferential
equations, (2) repeated solution of the basal area growth function
given on page 15, or (3) approximations {rom the basal area growth
tuble itself {table 3.

The summation of buasal aren growth increments by differential
equation can be briefly illustrated. If o particular site is chosen
and stand density is set at some level of basal area stocking, then
the stand density (X} and site index (X;) terms in the growth equa-
tion (p. 15) reduce to constants. Further, growth can be defined as
1 change in volume with respect to time, 'T'his entire relationship
cun be written:

- dV 2
3 —":EXZ:OI —.076958.X; 4-.00022741 X,*
where ¢ is read s “a change in,” V7is yield, ¥ is net basal area growth
per acre per year, X, is age, and () is a constant containing the a,
Xy, and X, terms of the growth equation. Since this equation con-
tains n derivative dV, it is by definition a differential equation,'?
(L‘YQ

® In a derivative, the inerement of the independent variable dX; is assumed
to be very small. The inerement for sge {Xj) is I year, which is sufficiently
small to produce errocs of ue consequence.
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Integrution of the relationship gives a yield function

=\, —.038479.0%% 4 .00007580 X2+ C.

with (% Lhe constant of integration to be determined by substitu-
tion ol some known value in the equation,

As o specific example, suppose that o stand is 10 be managed ol i
densiiyv of 120 square leet of basal area per acre, with management
beginning al nge 25 The land is enpable of supporting site-index-50
red pine.  For the momenl lol us assume u cutting cyele of | year.
What vields ean be expected?

The conditions have been given to evaluate the constant ) und
the constant ol integration 5. Substitution in the growth equaiion
of stnd density 120 [X) und site index 50 (A5) gives a (') ol 7.490.
Further, ut agre 25 the stand has u density of 120 syuare feet of basal
urea.  Substilution of this value in the vield function gives s von-
stant of integration of —44,385. Thus, the vield squation for this
setindule of munagement is

Vi — 44,385 - 7.490.X, — 035479 A,* - .00007 580 A

Busal aren yields between any two ages can be found by
172 Vh—Va where b and ¢ are the terminal and beginning ages,
respectively.  Between ages 25 and 165, for example, 364.4 square
foet of basal wrea would have been produced under the conditions
given above.

'This is a very briel development of the most clementary of differ-
entinl equations. Fhe differential equation illustrated sassuines
cutling eveles of a length that dees not change stand density appreci-
ubly. 1t would be far wore uselul to have u differential equation
vonlaining the two independent variables of age and stand density,
but lo investigate these possibilities is bevond the scope of this paper.
Perhaps it ennnot be done at all.

T'he secondd method of summing growth increnients is by u repeated
solution of the basal area growt!ﬁ equation given on page 5. This
cun be a tedious process.  [However, il one uses # systematic form of
Labrulition, and tukes advantage of the terms that become coustants,
a L0-vear summalion of growth increments can be done with o desk
vomputer in aboutl 10 minutes, depending on the skill of the operator.
Bleetronie computers could easily be used for this job; in fact elec-
tronic voraputers would be essential if the growth equation were very
much more complex.

Essentislly this method ol summing growth increments involves
solving of the basal aren growth equation for n particular site, nge,
and stund density. Bassl area growth is then ndded back into stand
density, one year is added to age, and the cquation is solved again.
The results of this process are ustrated in the tabulation on page 48
for site index 50 red pine beginning ot age 25 with 120 square feet of
busal aren.

The vield tables given carlier (tables 7, 8, 9, snd 10) were developed
by the repeated solution of the basal ares growth equation. The 5-
or 10-year basul area growth is shown in ¢olumn 7 of the yield tables.
{Note that this column shows basul urea cut, but basal area cut and
busnl sres growth are identical.)
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Stend  § Basuw) area Stund
density ! growih Agoe doatsit v

T8 153.
6y 32 sk
633 163, -
51 34 B I
£ 173,
3 ,

i

120,
145,
131 2
136, 9 ¢
PEIN
(47,8 |

gt o

1

The thivd method of sumining basal wrea growih inerement is
Lo develop approximations (rom the busal aren growih tuble itself
{table 3Y. o effeet, these wpproxinintions are capitaliving on the reli-
tive flatuess of short sogments of the growth surfuce. A comparison
of 10-vear basal area fucrements by repeated solution of the growth
funetion, by differontial equations, aud by approximutions from the
growth tables is shown in table 11,

Tt may be noted that the differential equations aud growth (able
approxuuations underestimate basal area inerements at low densitics
and overestimate wi high densities when compared with ineroments
summed by repeated solution of the growih Tuncetion. The more dis-
tant the sumraations from the top of the parabola representing stand
density tfig. &, the less exnet the comparisons.  For 96- 120-, and
L30-sguare-fool thinning schedules, with eatdy S-vear cutiing eveles,
the growth tables generally provide aceeptable approximations of
busal wren growth. The natural varlability i the growth of red pine
stands probably exceods ervors introdueed from growth-table approxi-
mations by severulfold,

Taser 1. A comparison of 10-year basal area growth inerements, by
three methods of summation (site inder 50 red pine)

‘; Increments as summed by —

(21 Differentinl equa- {3} Growth table
=ramd v Hepented rion upproximmtion
density - Age solution of '

brsal ares ) :
growih  + Predicied DifTer- Proedicied : I fTer-
eyuation ¢ Dbusad nee enee from o basal aron | enee
zrowilh {u togrowth | !'ml)n

Yo

i a8 —————

Yeurs 8g. fi  Pereent A Percent
T : - bl

— i

—{
—3.

— 5.

. 2535 50, T .
95 105 185, 187 -
25 3; 3. S8 L
45 - 4, 6 L 6
25 3 5:

45
195.. )
30 1 :

95 10a i LN £

Rl I =3 L-REy - N )
[=AR < R S P e

52,4 [

9, 8 4,

"
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Format of Yield Tables

The basic formal for yield tables 7, 8, 9, and 10 is the same. The
following Labulation shows column numbers used in the tables and
the source of information for each,

Cofanern number
1, :\gt‘_ -

2, Hueight of dominants nnd
codominanis

3. Basal aren nb beginning
of each cutting eyele.

d4, 5, 6. Cubie fect, cordwood,
nnd bosrd feet in residunt

Source af {nformation

Specified by forest manager, for these tables ages
25, 35, 45, . . ..

Read from table 2 or {from height eurves {fig, 4),
for approprinte age and site,

speeibed by forest maepager, in this cuse 90, 120,
or 1580 squure fcet of basul ncen per acre st be-
ginning of esch cuibing cycie,

Obtuined from product of busal ares {col. 3}
X hetght {col. 2} ¢ appropriste staod volume

wtind.

cquation coetlicient.
T.  Basad nrew cut

Hee appendix secbion USummation of Growih
nerements.””  Por this problom, basal ares cut
fand growth) were obtained by u  repeated
solution of basnl aren growth funetion {p. I3}
Obtaivned feom produet of busal sren cub {col. 7)
X height (eol. 2} X approprinte stand volume
cqpsntion goufligient,

Obtained by cumnlative addition of inereases in
residuad stand plus volume of cut.

5 4, 10, Cubic feel, cord-
wooad, aud boord leet cul.

12, 13, U1, Cuomulative
total yicld of basul aren,
cubic {eet, cordwood, and
Lonrd feet.
Periodic  annus!
ment.

Mean annua! incremeat.

it,

incre-  il-year inerease o cubic-food yield {eol. 12}
divided by number of yerrs in entiing eyele.

Cumulative cubie-foot yield up to that date
{col. 12) divided by total years elapsed {col. 1).
Proportion of stund basal  Coluun 7 divided by sum of columns 3 and 7.

wred eul,

Reliability of Growth Predictions

Confidence in the Basal Area Growth Surface

The standard error of estiaate, S,. 12 - - k, » wmessure of scatber of
the individusl observations around the regression surface (see fig. 7),
is 0.786 square [eel of busal area growth per acre per year. This Is
27.7 percent of 4. The regression surlace accounts for 63.5 percent
of the total vanation of .

The standard evror of estumnate of an individual predicted growth
rate, 85, is 0.0437 square feet ol basal ares growtdh per acre per year
at the mean of the independent variables, This is 1.5 percent of ¥.

Autocorrelation of Growth Residuals

As wag pointed out in the secetion “Available Plot Records,” p. 8,
successive measurements on (he same plot and concurrent measure-
ments oo adjacent plots in the same experiment were treated as
separate observations in the developivent of the busal area growth
prediction equation (p. 15). This causes serial (or auto) correlation
of error residuals, Tests are available to determine the presence or
absence of autocorrelation, but if such a correlution is found ap-
propriate adjustments are not well defined.




50  TECHNICAL BULLETIN 1272, U.S. DEPT. OF AGRICULTURE

The residuals, or the smount of growth remaining after the effects
of uge, sile, and stand density ad been removed, were calculated.
Somne 308 of the 324 observalions came [rom experiments that con-
tuined closely vrouped plots. The autocorrelation of residuals is
+0.534 and is significantly different from zero.

Likewise, sonie 145 out of the 324 observations were obtained from
two or more successive measurements on each of 55 plots. The
coellicient of autocorrelution between residuals is -+0.282 wnd is also
significantly different from zero.

What does autocorrelation mean?  First of all the prediction equn-
tion itsell is exposed to bins thal may or may not be serious. The
chief lmportance of nutocorrelution is that the error term is higher
than actually ealculated, or conversely, there are fewer degrees of
freedom available than the number of observations would indicate,
This could mean that some of Lhe regression coeflivients might turn
out to be nonsignificant.  So far as the prediction egualion developed
entlier is concerned, however, the vverall relationship and all of the
regression coeflicients would still be significant at the 1-percent level
with butl one-tenth the number of degrees of freedom.
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