|

7/ “““\\\ A ECO" SEARCH

% // RESEARCH IN AGRICULTURAL & APPLIED ECONOMICS

The World’s Largest Open Access Agricultural & Applied Economics Digital Library

This document is discoverable and free to researchers across the
globe due to the work of AgEcon Search.

Help ensure our sustainability.

Give to AgEcon Search

AgEcon Search
http://ageconsearch.umn.edu
aesearch@umn.edu

Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only.
No other use, including posting to another Internet site, is permitted without permission from the copyright
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C.


https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
http://ageconsearch.umn.edu/
mailto:aesearch@umn.edu




Ty ol s e

MICROCOPY RESOLUTION TEST CHART MICROCOPY RESCLUTION TEST CHART
HALONAL BUREADL OF STANDARDS-1963-A NATIONAL BUREAU OF STANDARDS-1963-A



http:111111.25

Drought in the United States
Analyzed by Means of the Theory
of Probability '’

By Georar Bueaaxarock, Ju., Junior Soil Conservationist, Climalic and Phyzio-
graphic Moision, Office of Nesearch, Sail Conservation Service 3
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The ability 1o forecast weather comditions not only 1 or 2 days but

also weeks, months, or sven vears in advanco is of increasing Impor-
tance i our modern eeonomice lite. . The farmer is interested in knewing
whether elimatic conditions will enable him to produce 2 good crop
during the coming season.  The hydrologist, concerned with the
construction and aperation of dums or reservoirs, is interested in
detailed knowledge of the rainfall conditions expected in the vears to
come n order that be may intelligently gage the necessary strength
or capacily of his struclures.  Econnmisls, soit conservalionists, and
many other scientists nre diveetly concerned with problems necessitat-
ing the examination and analvsis of elimatic dnta,

Through the use of synoptic weather maps it is now possible to
make weather foreeasts one Lo several days in advance. But the
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accuracy of these predictions diminishes as the vange of the foreeast
lengthens. At present suceessful applieation of synoplie lechniques in
forceasting does not extend mveh bevoud 5 davs.

This does not ntean, however, that nothing is known about the
weather mast likely to ocear 10, 20, gv even 200 doys in the future.
Though weather conditions vary from day to day and from weck to
weels, certain conditions are move likely than athers, the Hkelihood
of the oceurrence 4l aw event de pt‘u{im" upon the mean pattern of
atiosphierte elreulstion and the vartations which oceur about that
inean,  These variations ave reflected in elimatic dala colleeted al
several thousand stations in the United States Tor periods of o few
years to nnmy deendes. From stadstienl voalvsis of sueh data, the
cihnatologist may determine the most Jikely weathier conditions for
any period of time within the year,  Fregueney and probable oceur-
ronee of sueh importany elimntic fnetors as excessive minfall intensities,
drought, or high and low temperatuee extremes ean be obinined with
a doterndned degeve of weeuraey. Lo this phase of statistical meteor-
ology probdbility analvsis iz particularly valuabie,

Anplieation of prebubility theory (o climatie data bad its begin-
mings, however, only in receni yoars, This i o part due to the {act
thal results of theoretiead meseareh inte sueh phenomena ns areal and
rerporal peesistenee or the randon occurrence of sequences of shmilar
or dissimilar events in tie sevios have been available only recontly in
such work ns that of Bartels 020" or Mood (/5. An exanple of the
appliertion of prolmbility theory in the fidld of elimatology is the
investigation of the appurent persistence of one type of weather by
Gaold (7) and Cochiran 1.

Most stndies deading with the Tregueney of occwmrence of elunatie
eveils have consisted primarily of examining available meteorologicend
dhatn Tor a station or group of slations and expressing thie resalts of the
examination in a8 concize and ceadily wsable form.  Kor example,
charts aml maps of the Vnited States indicating past {requency of
various extreaes in rainfall intensity (12, 7, droaght oecurrenee®
and elimnife type o7 bave been prepared. These charts and maps
offer a clear pieture of past oceurrence and therelore supply valuahie
data Tor farther anudvsis suel oz correlaiion with flood damage or
ervop fuilure during the same years of vecord.  These data. however,
are noy 30 valunble whoen used tn predicting fotare elimatic conditions,
sinte no techuigue has been developed for evaluating the sampling
errer® by the vesultas. Sowe douby mest therefoce exist concerning the
aceurney of ennzidering these obepvoed {requencios us represontntive
of tene prabubilities,

fn estimating the Gkelibood of extrenie elimatie evonts rather than
the likelilwod of those that most frequently oceur, the observed
froguenties heeote bizhiy uneelimble. The primary reason for this is
the layge standaed error i the observed Trequencies, which pesulls
from the Taet that the Trequeney measarements are based only upon a

Cirabie pizendiers i paresthesaes pefer B Liteeatnure Cined, p.og2.
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fow observations and disregard the more lrequent, fess extrenme ocenr-
rences. To take a simple example, it is as i the fregueney of arun of
10 or more heads in Lossing ot eandom an inbiased coin were estimated
by the number of times such runs were observed in a limited number
ol conseculive losses.  The frequeney obiainvd by sucl an approxi-
mation might dilfer considerably Trom the true o priorl frequeney.
As o mensure of hkeliiwowd, the o priori Troquency calealated on the
basis of probability would provide o much more relinble measure than
a simple a posteriort {requeney cound,

Where o priori probabilities are unkoown, it may be possible to
formulate o “law of oceurrence’ of o hequeney distribution an the
basis of observed datn. However, In so doing, the entire distribution
must be considered, and not any restricted part thereol. T a0 satis-
Gactory low of vecurrenee can be deduced, Uns law ean then be used
enleulating Mrequencies of exireme events. Sueh enleulated frequen-
eies, with their detined contidenee finits, will ofler more stable and
move valuable mensurements of llkolihood,

This et hag, of course, long been rendized by statisticinns dealing
with frequeneies. It has been recogntzed that =0 long ag one hns no
kuowledee of the low of oeenerence of u elimatie fuctor, no delinite
statement can be mude concerning the prohability of the occurrenee
of [utwre events, By “Haw ol ceevrrence’ is meant no exaet angd
restricting rule, hut eather & ostatewent of the wean conditionsg and
the manner in which varintion from the mean ocenes. Thug, In
tossing coins, e mean condition is that ene<hall of the tosses shall be
liends and one-hall tails, Variation From (his mean agrees with the
theory ol random sampling, assuming no bins in the experiment,
Knowig the mean conidttion and e varmee, one ean set up proba-
bilities for any event.  In dealing with chimatic dota, 7 analogous
“laws” could be demonstrated, probabilities could he caleulated.

Lattle has been done (o defermine the eharacter of elimatie laws of
pecnrrenee.  Novertheless, that elinmtie events oceor in aceordance
with some Inw has been implicity necopted by any number of investi-
walovs,  Thus, Tor example, in many ickds of climatic researeh, an
elfort has been made to devalop a fiype curve™ applicable to o given
elimtie Mregneney distribudion.  Sinee the constants of the curve ave
derived from the observed data af the station 1o which it is applied,
the (rpe curve hecomes merely a smoothed represontation of the
fregueney disteibition al {hat stafion. The seareh Tor type curves
indientes that the investigators believe, though they seldom explicitly
make the statement, that the elimatic factor they are studying 1s
governed by some camplex law of occurrence, which tends to insure a
hasice similarity between frequeney distributions ol widely separated
stations, although the constants doseribing the distributions may vary
from aren lo area,

Mueh work has been done in developing type curves.  In the field
ol hydrology, Charles W, Sherman (f8), Mereill ML Bernard (3), and
others hnve suecer’s' in ohiaining a type curve for rainfall intensity-
frequeney distributiens that, although still open to modification, scoms
ie be basically adequate.  Preliminare {o the investieation summar-
ized 1 the following pages, the anthor developed & type curve for
drought frequeney. Howard Ross ‘Tolloy has shown that type-
frequency curves ean be sel ap Tor temperature extremes aned for
vertain other elimatie phenomenn (183 These (ype curves throw no
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real light on the lnws of the froguency distributions they wepresont
heyond indicating that such lnowvs may be operstive. The wse of n
type eurve does not insure greater accuracy i estinnling the Bikeli-
hoad of clunatic eveats; such grealer accuracy will come only as o
result of furlther knowledge of the character of the distribotions
themselves.

An imporianl question, sherefore. is whether progress ean be made
townrd this end.  Granting our {heory that for any given chimntie
phenetenon, such as deought ov raiudall, there is o law of oceurrence,
il shonld be possible Lo make al least seme progeess Lloward determin-
ing its charncter through conventionnl statistical procedures.  The
usunl method is Lo sel up certain minimum assumptions coneorning
the probability of oveurrence of the svenis to be analyzed.  Thaoreti-
cal distributions ave then devtved aud these distrtbutions are compuared
with the datn observed over a pesiad of years. By such comparisons,
conelusions can be drawn concerning the validity of the oviginal
assumpbions. Then. if necessary, adjustnients ean he made in the
nssumplions, and the technique repeated.

Annlyses of this {vpe are pol sew o statistien] Jlemidure, To
cite n well-known example, Major Greenwood and (1, Udny Yule
were able 1o set up theoretieal distribulions that were based on »
theory of varable probability and adequately represented fregueney
distributions of the oeccurrence of repetitious or multipie cvents (8).
This wus done by inposing certain specified limitalions on random-
ness of oveureence, The assumptions mwade were fogieal and were
carefully chosen to fit the problem at hand. The mathematical
derivation of the Theoretical distribution followed direethy from these
nssumptions.  The foal slep was to compare the theoretioat and
observed distributions and (o demonstrale their similarity,

[L is important w note dwe differences between wnalysis by proba-
bility theory and by simple frequeney determination,  1n estimating
the likeliiood of future occarrence on the basis of observed fregueney
we ennomerely <oy that o particolar value seems to be most Hkely,
bul this value may be greatly iy error sinee it s based on only o few
extreme cases. Oo U other haved, U we enn discover o w of ocenr-
rence that can be aecepled as applieable to the distributions, proha-
biltties wid contidenee hmits can he set up for any problem whatsoever,

Probubiiite soadysis enn readily be applied o cliualie prehiems,
In a study of climatic data it is allogether ikely that sur original
assumptions, even though creefully chosen, will be camplex and may
prove ingdequate Lo a commpleie explanation of the Dregueney distribo-
tions observed.  [lowever, adjostments in the assumptions ean be
made and the data relested.

This bulletin represents an atiempt to apply probability theory to a
particular climatic Dequeney distribution, For this putpose, {re-
qgueney of acenrrettee of drought has been chosen, prinarily beeause at
the time this study was undertaken an exhaunstive bulation and
analvsis of past dronght oceurrence was already in progress.?  The
sty bus been divided into six mnin seetions, the first four of which
are concorned primarily with the devivalion of thearatieal distributions
based upon assuniptions voneerning the nature of drought occurrences.
The developed distributions are then compared will observed data,

" Beu footnotg 5,
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and the applicability of the assumptions therehy tested.  Sinee the
constants of the theoretical formulns wre obtamned from the same
dafa with which the theoretienl distributions are later compared,
this does not constitute an a priori approach. Allowance has been
made for this et in interpreting the rosu\ts‘

PRELIMINARY ANALYSIS OF THE PROBLEM

Murion oF Conuiemon axn OREANIZATION 0F {IBSERYED
Durovear Disrnubutions

This probubility analysis of dreught frequencies was made i con-
nechion with and ns 2 corollary 1o a detailed study of drought ocenr-
rence 1 the continental United States.  Droughit dala for over 2,000
stations were compiled and Inbubated by the Works Progress Adminis-
tration for the Climatic and Physiogemplhie Division, Office of Resoarch,
Soil Conservalion Serviee.  This compilation made available for
analysis a large number of drought frequeney distributions.  Not all
these data huve been utilized feee.  However, in conducting this
study, the author had al his disposal a vast reservoir of data that
could be dapped al will. The initial investigations on drought
probability wore mnde with a small number of stations chosen for
contrasting clinudelogic ehameteristios. A large number of stations
was nob considered until the teehnique of the anndysis finally used had
bren developed and had desonsteated s adequacy Tor the more
fimited sample. The records of 214 stations were wholly or purtly
anabvzed. These stations e widely seattered over the Uiled States
and include all climativ arens.

In tabulating the data, o drought was cousidered Larminated by the
seenrrence of o naninum of 0.10 inch of precipitation in 48 howrs or
less, Wealhier Burean records For the vears 18981937 wore sennned,
und for every station the lenglh of each drought in days was recorded.
Fregueney (ables wore (hen prepared that gave the total number of
oeetrrenees of drought of each speeified Tength from a single day to the
maximum nomber of days observed 3 Such distributions were pre-
pared for monthly, seasonal, and sunual intervals. When intervals
of a4 month or a season were nder consideration, droughts were con-
stdered terminated at the muwrging of the given thme interval, respec-
tive of whether the Tollowing or preceding dayv continued the sequenee
of conseentive days of droughUbevond the limits of the month or scason,

The frequeney distributions thus ealenlated were the basie form of
presettation of the drought «data, Two additionad sels of data were
comuputed, however, The cumulative distribntions were obtamed
divectdy Trom the original Trequency distributions and indicated the
number of observed occureences of o drought of o given number of
doys or more. The mean freguencies were compuied as the ratio of
the number of years of record (o the munber of ocenrrences i the
cumulative distribotions, and hence represented the average time
interval betwoen ocenrrences of a dronght of given  minimum
tength®  Table | gives an example of the methad of presen Ling these
distribulions. '

*The tera deomigb 0 Bins been i b Belacde e lnteevels ag short os s sinngie day,

Ot al e pattepeses of the probmbilicy naslysis of e sdeaoght g9 8 wiss L obEs SHne measure of the
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follen IR ananiysis Dave boen used fur tis prripose By Pid T Blimenstoek,  (Sed footioie 5.3
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In anelyzing the data through the use of probability theory an
abbempt was first made Lo deal directly with the mean frequencies.
This approach was soon abandoned, howover, and the basie frequency
distribubions were cousidered in all further work. ' '

Tanre 1.—Observed frequency of dvoughl occurrence, North Head, Wash., Jor the
monll of August, for the 84 years of vecord between 1898 and 1987
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SXNAMINAVHION OF THE Drover 1ara

In prepaving the tabulated drought data in final form, graphs were
made of the mean freguencies. T was observed that when the menn
froquency was plotled logarithinically as (he abscizssa and the length
of drought was plotted as the ordinate, a curve approximating a
straight line was obtained. Tt was observed, Turther, that the close-
ness with whieh i plotled points approached a straight line on
seridogarithmie paper (that s, an exponential curve on arithmelic
paper) was apparenily roughly proporfional to the constaney of
drovghi hazard at the station suder consideration,  Mowever, be-
cnuse the snmple from ndividual stations was small, irregularitics in
the date made W diflicult 1o draw any definite conclusions con-
cerning the relationship between these two Inetors.

Po establish more stable curves, groups of 10 closely spaeed stations
were Llalken i soveral different elimatic arens. Mean frequencies
for annunl time intervals were compited for the avernee of the 10
stations in each ares, and arithinetic wraphs were prepacved,  [L was
found that the data thus obiained vould be closely litted by o curve
of Lhe genernl fype

ioar bl a e

Figure | shiows the observed wenn frequencies and the fitted

s widely sonne I avens ™ The curves st - -

curves for four widely sepaeated aveas, e curves shown were
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fitted to the plotted points by least squares.  Sinee the magnitude of

the constant @ is proportional to the curvature of the equation plotied
on semilogarithinie paper, we would expeet, and, indeed, can observe
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thal @ varies inversely as the seasonn! constaney of drought hazard
for the areas.

The two points Lo be emphasized with respeet to the inean-frequency
curves are (1) the approximation of the dain to an exponentinl curve
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and (2) the increasing departure from exact exponential character with
the introduction of varwbility in drought hazard within the thne
interval considered.  Both these conditions would oblein if securrence
of drought were random with respect Lo a variable daily probability
of droughi. Fortunately, a vougl tes! of the correcbness of this
assumptinon is inmediately available. T4 s possible, with Listie diffi-
culty, to dorive a theoretieal formula for a mean frequency curve
based upon the assumption of a constant daily drought probabiity.
In ancarea where drought hazaed does not vary extensively with the
season, such a curve should be o elose approximation to the observed
duta,

1L ean be shown that where pis the probability of u day of drowght,
and where pois held constant over the obseeved period of A/ Veurs,
the nmmber of expeeted occurrences of o drought of 1 or more days
(Ox) mux be written:

O‘\v o :'S'P n--l f

where § is the number of dronghts in the 37 vears.  Let £ he the
mesn frequency. Then,
oo M
(‘)(\'

or, substituting nud developing,

log M tlog p log :‘)’) I ) .
" ( ey '(lng ; log 7.

Note that this formuly is of the form
¥ blog s,
whereas the fitted curve was of the {onn
y=art b log rde,

Deviation front simple exponentinl character would he caused by
error in assuming constunt drought probability.  Mence we wounid
expeet varintion w drought hazard from season to season (0 reqguire
the actual fitted curve o be wore complex. The introduction of the
torme ar into the equation of the fitted curves and the observed
wmerease in e with variability of drought hazard would seem to
verify this expeetation,

In the formuta lor the curve based upen endom oecurrence the
constunts A and & are obtnined divectly from the observed dnta.
Before ealeulnting the expected distributions, however, it will be nee-
essary Lo obtain an estimation of p. Julius Hann (9, o 1. p. 68)
has suggrested that sueh a probability should be taken as the etio
DIT, where [7is thie tolal number of davs of drought and 7is the total
number of doys exanmined.’ I this approximation is wsed, the dis-
tribution expecied on the basis of a random occurrenee of drought
can be determined.

ey ditls slivectly with rudnful pradabilities atnl st et endo < 7 B0 7 o e probabiling of &
dny of rain, Phis s the eqoivalent, of iese, of 0 prolmbility of £07 for 2 day of destighi.
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Figure 2 shows the results obtained for the average of 10 stations
in eastern Connecticut and Rhode Island,”  For these 10 stations
thore were 10,085 days of drought observed in 13,651 days of record;

50 T T 1 7 [ T T T 71

(DAYS)

|
X
[82)
=
o
[0y
o]
Lo
@]
s
'r-—-
o)
=z
1]
—

Lt}

Curve hitted ta observed data
by leost squares

[

— ——— —  Rondom d|;-l|;|bu1|o.n,. assumeng
)
| | =7
I

+ ]

L

1t}

't
|
|
H i I 1 H

B T g Ii() 13
MEAN FREQUENCY (YEARS)

Pz

Fravus 20 Observed dadn and bhe expeeled and fisted curves for the annual
mean Meegueney of droughl For 10 stadions o castern Conneetieut angd Rhode
laland.

henee powas tnken as 10,085 13,6581, or 0.7388, It is obvious [rom
inspeetion of ligure 2 that there s a preat dispariiy between the curve
representing the expeeted gecureence and the observed duta,  This
comnpari=en is typieal of the resnlts obinined; i no ease did the theo-
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retical distribution caleulated in this manmer adequately represent ®
the observed mean-frequency data.
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Froonk 3. Observed daia and cxpecied annual drought frequencey distributions
for stations in enstern Conpeeticut and Rhode fsland obiained by two different
upproxitmations of p.

In continuing the analysis, use of the mean frequeney will be uban-
doned and reference mage direetly (o the basie Prequency distribu-
tions, which compare nuwber of oecurrences with exact drought length.
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These distributions are more representabive in that they cover the
entire range of drought ocourrence and doe not give undue emphasis to
droughts of excessive length.  Figure 3 shows the drought-frequency
distribution for the same 10 stakions represented in figure 2. The
scale of ordinntes has been plotted logarithuically.  The heavy line
ropresents the exponential eurve expeeled from random oceurrencos
for which the probability, p, has ngain been taken s constang at T
or 0.7388. 'The formula for the number of expected -oceurrences of
droughts exactly n days in length (0,) has been taken s

G,=80 - pyp*,

where, as before, 8 is Lhe nunber of ohserved droughts in the A years
of record and p s the constunt probability of drought. 1 is obvious,
even from a supeelicind examinnlion of the graph, sot only that the
fit of Lhis expected distribution s lnr Trom satisfnetory but also thal
there does exist somie other value of p Lhat will vield o mueh more
adequnte {il, ns is mdieatod by the dotied curve.  The reason for the
inadequaey of using p== 177 must be found by considering the assump-
tions nupheit in this equality.

In considering oveurrence of drought two independent disteibutions
are deall with— the distribution of duys of drought, with which we
are primarily coneerned, and the distribution of days of vainiall
Ciranting the hypothesis thal Lhe former is random v oceurrence with
rospect Eo some probability, p, it does not immedintely lollow that
the Inbier is random in ocenrrenee with respeet Lo L g0 In {eet, it s
altogether veasonable that the occurrence of days ol rainfall would
viery markedly from such rndomuoess,

in tabulating the drought datn, the time unil has been restricted to
1 duy, and vain has heen delined as the occurrence of 0.10 inch or
more of precipitation in 48 hoors or less. Thus, {or example, if »
ruin of (.50 ineh started ab noon of one doy and lasted until noon of
the following day both days wonld be considered days of rainfall,
even though the time interval of precipitation was less than 24 hours,
"Phis method of tabulation has undoubledly led to o “clustering” of
duys of rainfall in exeess of (hat which would be expected from random
occurrence with respeel to 1 p. Some cognizance must be taken of
this in the nnalysis,

tn addition. aside feam the effeet of rainlall occurring “across” two
or more duvs, it is possihle that Turther elustering of days of rainfall
mav occur boeause, ns s well kuowa from observation, many {ypes of
storms usually extend ovor more than Tday,  Given a single day of
winiall, there may be an inercase in the probability that the following
day will be a day of rain. Such varintion in bhe probability of rain-
fall from day to dav eould not be determined unless a scparate study
were made of the disteibution of rainfall sequences.  This is outside
the scope of this paper.  However, in analyzing drouglhit, unwarranted
assumptions concerning the character of distribution of days of rain-
fa!l must not he made,

Oun the assuraplion thot the pecurrence of drought is random it will
be neeessery (o mnke some adjustment lor the nonrandom clustering
of duys of ruiufall, Tn effeel, this grouping has resulted in a decrease
in the mwmber of mdependent observations  judependent duys ob-
served.  Flence, we must sel p== D7, where Z% is a constant to be
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caleulnted and where (- T is u megsure of the oxtent to which
rainfall days are grouped in excess of such grouping us woukl novmally
be expeoted.

Tt is impractical to ealeulnie the value of 7, dircetly.  Howoever, it
must be kept m mind that the total member of independent tdays of
record is actually T, wnd not 70 In obluining the value of o, refer-
ence must be made only to the distribution of droughi sequences.
It is comparatively simple to evaluate p for annunl disteibutions, 1t
lies been shown that for sueh distributions the numboer of papecled
droughts of exuctly n duys in lenglh is

Q== B —pypt,

where, ngain, p is ussumed to remnin consiani throughout the yeor.
Bince
3
n- }_,ln(),,,
H=

we may write
n
Do 3oalu pyprt,

=]
Summing, and solving Tor &,

oo Do
U pPOE DD

But D will nlways be very lnege, and p owill alwuys be less than 1,
Therelore, pP=0, nearly, and

S-= 1.

From which we may obtain
J[jr

pel=p

This value of p may be easily computed sinee both 12 and & are
known [rom the observed sample.® o figure 3 the dotted line is the
expecled curve oblained by using ihis revised approximation of p,
The fit is apparently gond. Investigation of (he distributions for a

2 Itenn be rendIly shown thai this vidue of s also Lhe statistic of ot likelihoml. For, mnliiplying

the Iogoritiun of the namber of expretid ovedrrences 1t onelt eliss B the numther obgervied, sl sunming
for all chussex, wo have

2]
fim uZ}mg [Spm=11 — i liotserved 04,
nel

whicl; reduces uo
e 8 log S48 log p= 5o 48 log (1-p).

Dilferentlating with respect w s, attel setting £0p erpl 1010,

8 N
g...p iy
trom which [t fullows Lhat f{p) is o mmgiman when

&

A=l
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number of other arens indienfes that distributions calenlated from
this revised probability are greatly preferuble 1o distributions cal-
culated from the hypothesis =7, The fit is apparently adequate
for those areas exhibiling no great senasonal varintion m drought
haznrd; however, Tor such areas as the San Joaquin Valley, Calil.,
the fit of Lthe revised curve is not good beenuse the observed [re-
guencies varied from o simple exponential relation,

At becomes apparent, therofore, that for longer periods the simple
coneepl of o constant duily drought prohability is nadequate.  HMow-
ever, the effect of varinbility of droughit ipzard enn e minimized or
avouled by cansidering poconstanl over anly very short intervals.
This fact 1s of purticulnr utility in devising & more adequatbe test of
the randemmess of drought seeurrence.

Basic AssesreroNs

In the further conduet of the probability nnalvsis three basic asswmp-
tions are nide:

1. That for cacli station every day of the vear ean be sssigned n
value that will represent the avernge  vesr-{o-your probability of
that pueticulnr day being o day ol droughi,

2. That sinee no significant long-tern trend, evele, or other annual
chrnge in drought oceurrence hiws heen proved, the probabilty values
assigned will be considered » priori as being equally npplicable to any
yoear or group ol yenrs,

3. That wlthough the daily probability values mny vary widely
from scason to season, the values for the days of the vear, plotted
conscculively, form n smooth cureve,

[t s fo he noted that the third assuniption docs not speeily in any
manner the actual magnitude or charseter of the change in drought
probability Trom season (o seasen.  The great diffieulty of deading
mathematieally with o complex probability curve makes it advisable
te introduce approximations of dronght vurintion that will allow more
simple treatinent.  Although these approximations will introduce a
cerfain amount of ervor, 10 0s foll that opdinarily the evror will be too
small to neeessitule niore aecurate handling of the data. Two
different approxitoations of yvarintion in drought probability are used:

Lo For time intervals as short as a month, the daily probability of
drought is considered constant,

2. For time intervals sueh as a seuson, the daily probability of
drought is considered ns varving linearly.

Both of these approximutions mny be justified slatistieally. It
can be demonsteatod (hat variation of probability frem n constant
vilue or Trom linenr chunge would have to be great before the distri-
hution of drought vecurrenee expected from o random sample would
be mnterinlly  affeeted, ISsnmundion of the drought-probability
dala indieates that sueh varistion would be Ue exeeption rather than
the vule. Taking into considerntion the fet that these approxima-
Lions were set up Tar mass use (Ehat s, for application to o large num-
ber of stations) 3 will be realized that the net eflect of exceptional
enses will he small. 3 the mvestigntor is coneerned with only one
stalion, however, il might be advisahle 1o examine the drought data
more closely o deterniine whother assutnption of a eonstant menthly
drought probubility or a lincar seasonal change in drought prob-
rbility is suitable,
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Whenever time intervals longer than g season are considered, the
assumption of lwear change i probability is rejected.  In nddition,
the approximaiions relating (o both monthiv and sensonal probhability
will be cheeked by comparing the observed {requeney data with ex-
pected distributions decived Trom and based on the approximalions.
If & large ecrvor iz mitroduced, it will become evident as a result of
madequaey of fit of the theoretien!l distributions.  Deprlvation of the
theoretieal distributions is shown i e following seetion,

THEORETICAL DISTRIBUTIONS FOR MON'TITLY
TIME INTERVALS

In considering drought occurrence within a time interval limited Lo
1 month, il s assumed that the probability of any day within this
tme dnderval being aoday of drought s some constant value. p
Proceeding from this sssuwmption it has bheen pussible (1) to detormmne
an approximation of p frot the observed dala; (2) from this approxi-
mation to ealendate an expected distribution, sssuming random
occurrence aof drought; and (3) by comparing a lavee numboer of
expreted distributions with (he observed data, (o determine whether
agsumption of randoin ocewrrence and  constant  probabibty will
permit sdegunte deseription of monthly drought oceurvence.

CAarcunavion of Duogciry Progariuiry

Before deerving the Tormudn for the expeeted distribulion, it will be
necessary o oblain sote measure o p from the observed daln, As
m the ecase of the ammnal data, reference must be made only to
the dis{ribution ol drongh{ ocenrvence.  For (his purpose, the
nunther of drovghts observed o the 3 venrs ol record will agaiu
form a convement peasure. et the wean numiber of independent
days of record in nuy montl he A Then,

v

N, i7

The ervor will nol be appreeiable i this mean value is eonsidered to
apply [0 vach of the M yvears.

The value of 8, the mmmber of dronghl sequences observed, ean
easily be cnlevinted in teris ol AL N, and po We would expeet
Myp droughts to start on the fiest day of the Gme inlerval, Also, we
would expeet Ypg drovglits (o stacl on each subsequent day, where
g={I—p). Since there are N, Wndependent days of vecord in each
mouth, it follows thai

S Wp i Mpg(N, - 1.

By using the relationships N - T and p== 27T, s reduees o

S L Dy Mpy
from which

1= G -adids- 8)
241
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Flere £2, 8, and A wee known rom the observed data, and hence p
can be casily evaluated.  Alsa, it ean be shown that

7

e
OB VAR

This value will give us o measure of the neeuraey with whieh {Le vears
ol recorded dada deseribe the setyal eharnetoristios of 0 given station
month.

Cruoneurarion oF Fxveeren Disteigerios

I will he our next task to derive o general Tormulda for e distribu-
tien of draught sequenees based upon randont occurrenee ol drought
andd the cunstant probability, o Belfore doing so, however, i will
be necessnry to malke cortain modifientions in the pracedare outlinad
nhoveo  In oblobng po iU was most convenient (o consider the
number of years constant at M, and the number of independent days
of record in eneh time interval as the mean valoe, Voo I considering
veeurrence ol droughis of various length, Tlowever, we may very well
he tnlerested in sequenees of days of drought longer than N, but,
of course, vqual Lo or less than N Consequently, i will no longer
be possible to consider only N, ndependent days of record in each
month.

The veeded adjustment ean e made by considering each monthiy
time inferval to vonsist of N (ol independent davs of record and by
reducing the mumber of independent years of record o A, so0 (hat

M, ;".

The ervor introduoced by this adjustment will be <light,

Uattie the symbols proviously presentod, it will be possible (o derive
the Tornvula Tor the expeefed distribution. Consider alrought of »
davs, I ois desired to calewlate (e numiber ol aeeurrences, O,
expected. This may be done as follows:

i. The prubability that a drought of exuctly # days will begin on
the fiest day of (e time interval s pg, whers w2 N Heneeo in M,
veurs of reeord, Mopg droughts will be expeeted e siart on the fiest
v,

2, The probability thae o drought of exactly « days will begin on
any particular day from the second to the (V- th day ol the time
interval inelusive, is gpig, provided, againg that #< N Heuee, (he
tolnd number of droughts of exaetly w days expeeted to begin between
the second  and  (N--a23th day o the time interval will he
MAN - DI,

3. The probability that & drought of exaety # duvs will begin on
the (N --n- Disl day of the tme interval s ¢p”, where 1-N. Tence,
in A, vears of veeord, Mogp® droughis of 1 days will be expected to
begin on the (N w0 Dt oday,

A4, No droughis of » days ean possibly begin on or after the
(A~ 4 2nd day of the time interval.




16 TECHNICAL BULLETIN 519, U. . DEPT. OF AGRICULTURE
SBumming the above expeeted amounts,

Op==Mopry-- M AN =—n-—1) et Moy,

which redueces to M
On= Mop"y[2 4 (N1 - 1))

This formuln is upplicable for all values of «. exeepl 2 N When
n=2:N, a similar evaluation will shiow (hat

0, Mops

These fwo formulss lmve heen usd in ealeulating expeeted distribu-
tions for comparison with the observed data, 11 (hese alealations p
has been taken as its most likely valne and the standard error of p
has been disregarded. An dnereased correspondence beltween ihe
expected  and observed  distributions may therefore he expeeted,
This faet will, of course, be maken nto consideration o the analyvsis,
The stanclard error ol gowill be considored lnter in the steulation of
likelihood of drought ocenrrence,

Murnon oF Covramive ORsEryED v FEareeren hsrinserioss

Table 2 gives s example of a ealeulnted distribution amd shows
alsn the observed datn.  As enn be seon by coinprring the distei-
butinns, the vxpeeted distribution elosely approximiates the ohservid,
In ninking o statistical conparison for large number of months,
however, it will be neeessary (o ciploy seme aceusite measure of
gnodness ol it sueh as oy 2

Tasue So—Hrpected and obserred drought distributiony Jor Nartk Head, Wash.,| for
the wmanth of August

Newemnulative Cumitlanyg Neteuttlnton Cumnkdne
Longth of distritnarlun clistritmitiom Loneth of i rilmtion dlistribution
drought . kol
tinys: Exo o O Hse O th B Uhe Ev b
el served pectid sppyedd Fected served  pertel served
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T i Tk e
n ! fith disy i
iy b [ETNBH il
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]
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The x* test will net be used exelusively. Phis test requires that
the nuraber ol occurrences expeceted ineseli elass interval he cnough (o
T e ferauidn wins obtanrmed by W, 63, Cowbeonit, Bor waes applised tooa dilerenr Lty of inyesticn-
tion {33,
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wllow the assumption of u normal distribution of sampling eoror
aboul the expeeted vaboes, U is therefore frequently necessary to
group several terminad elasses. I the present study, this would
actually niean grouping together a lurge number of the more lenethy
drought sequences, and sinee these are the sequenees in which we are
particwdariy interested, sneh gronpings would be exeecdingly indesie-
able.  Although the x ¥ test will be otilized In determining whethor
the mumber of long dronghis observied s excessive, some olher
technique s necessary o revea! whether dronghts: of cortain specified
fengths are more or less probuable thon we wouold eapecet them to be
s at consequence of sume ss vel undefined meteorelogic eause,

The method used o making an orlginal rough comparcison of the
theoretieal and e observed data s based npon ealeulation of the
probable evror about the expected values 0,5 o s connection,
nosmal distrilintion of sampling ervor aboul @, has been assumed only
for the shorter, more fregoent dronghtz, Whenever lonewr, loss
frequent droughis are nader consideration 1 s assitmed that the
distribution about £, s o Poisson vather than o normal disieibation,

IFor the shorter sequepees, the probable error can be expressed as
Q6743 par L, whiere pyis the ey prababilitey of obtaining
dronght of the required lengils; ¢, is the probability ol Tailure, or
ibopyand P he ninnber of teinds of the evert. The number of
trinds, 75, can be evalimted as the msmber of independent days on
which a new drought sequence conld possibly start,  Henee,

vV - Mo Map Ny,

where {70, s the number of trals of o segoence of n days.

From this relntionship, p, can be determined a2 the stmple eatio of
(hy and (T, and benee g, also can be found?® Soebatitating these
values in the formudn for the probable evror, we find

(2,
‘v - -- . { . M .
I 06745 !n(l :.’:’2:,.)

Wheee the ratio of 0, 10 751, 0% grester than 003, this equation,
bused upon normal distrtbution of samphinge eevor, s used. Where the
ratio b5 ess than 003, howeyer, s necossary o determine peehabie
error from tables of Poisson’s exposentinl limit. Sinee wo are desirous
of obiatning the probability it 2 given observation will fall within
ar without the probable creor; aomethod st be devised to give an
approxtmntion of this value,

From tables of Peoisson™ exponential binamial limit (0.2, pp. 113
£21 s pessibie o determine for any valoe, ¢, the probability of
appearnnee of 00 L0 20 and higher mimmbers of occwrrenees, From
these values, the oxtreine 25 porecutl on either side of the center has
Been separntads and these mavginal pereeitases are consitdored as

D wenf ghe probabd creor i e e ppmtisets wll e of seldibtonad valoe i i 10 walk vosbibe 6s o esti-
mnee the pelibalady of e probabbe eeeor iznee by eomparing the oesnits obguaned frat sie an noalysis
warh L peendes froe o sitbsegaent 0 et Probabde ereor s amaeed ragbler thian stamdand ereet senee 40 s
cpppiyed 1 ehe aretnal preparation of the data, sid Lhe ot of ealedld gl neessaac to ehapee the
tabulniinm wasth] v ;rm!uhiiiu-

& Aetunlly, e probabtitey of vinne odeoehi of (he ceguieeed Leneil w2l o nemasn einsstant sheeugh-
ol the tnitee moutls suec e prodabdits o obtuming o droaght of o davs Beonnme on the (75t <lay of

the tinie snlerval is grenter than tat of obimoing o drought of that keneth eanniae on nny seeeeding
gy Hewesor, tho offeel of the suristion will b peglisbio,

427820 4 E]
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failing without the probable ercor.  To Lake o stple example, whers
O, is 2.2, the following nre the probabilities of the various possible
number of oceurrences of # xequence of 1 duy-~.

Probability that a sequence of # days of drovghe will oveur 0 to § or
more Limes:

0. _ . 0oTION: G . . 0. D470
1. RAE IR RINE!
2. o . C20KE T L0055
K1 ) LGS or o ¥
; . . HIs2

These probabilities lmy e beenreareanged into the follow ing tabulation

Probability that a sequence of 2 davs of deoneht will ocenr ¢ o s
or morve tiwes  elassitied below, within, wnd sbove probable error:

Belus probabde error: sAbove probabie orrors
4., oL 3 B A 41533 X
i, . - fHo2, y . 1pse
Within pevbable cecor: i 3 LT
i TEHEES £ ] et
2 RIS 7 A (1R
3 . ar Noar - - L0200

T will heoseen from an examination of these fiznres that where no
veenrrente or four or more oecurrences are found in the observed
data these peints will e entirely without the range of the probable
error, and where two occuriences are found, the poiet will lie entively
within the probable vrror. Where oither one or thiee oceutrenees aee
observed the points may Ne etther within ar without the probable
ervar, and for these numbers, we wl expross the point as being pardy
within and partdy without, in aveordance with the probabilities.  For
example, where three pecurrences are ohgerved. the observation will be
considered to fall D273 098G, or 064N, within the probable error,
ad H.B6Y3 08066, or 0352 above the probable error. Similarly,
where one ocenrrence is observed. the point wonld be compiited as
0.429 within the probuble ereor  and 0,571 belaw the probable orror.
Tubles of these values for all nombers up ta 15.00 were prepared and
ave used U the anadysis where the wtio of O, 10 07,1, s below 0,03,

Hois to be noted that although neither method of evalnating prob-
able error can be constdered exaet in any one ease” the differenes
should compensate. The procedure we shail follow ix 1o ealeviate for
each station month the distribution expected from a mandom sample
and the probable eeror about the vadies in e distribution.  These
values are compared with the obseeved date for enelt £, from o=
and ap, aned iR dotermined whether each observed number of veeur-
rences falls within, above, or below the probabie ervor,  Comparisons
ure made for all 1, equal to ormeeater than 001, OF the total number
of observations of O, 23 pereent woald be expocted to fall above the
probable error; 38 pereent within: and 25 pereent below . Consider-
mg that drought distributions were pualyzed for 12 months ot sach of
40 stations and that the 480 station wouths vield over 14.000 absorva-
tions of G, the 1201 proportion should hold with & hich degree of
ACCUTREN.

1t must arain be pointed out, however, that ninny of the valoes of
2, for longer, loss probable droughts twhere py i less than 8.03) are
constdered a5 the means ol Poisson distributions and that ecorre-

TR s glartiesleely Drwe whers poowsonniy Shel il aleese or below 003,
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sponding observalions are sometimes considered as being partly ubove
and partly within, or partly within and below the probable crvor.
This fael should cruse the totals of poinds above, within, snd helow
the probable vivor Lo corvespond more elosely to a 1:2:1 ratio than
might otherwise be expected.  As a vesult, the probable error test will
have, al best, only o oneeative value. That s although it s alto-
eether Hkely that any marked devistion of the observed data from
randonmess will become obvinus, iU does not follow thal good resulls
from the probable error test elose correspondenee ta g 1:2:1 ratio)
nocessaethy mean that e asstmption of rdam oecurrenee is coreect.

Table 3 shows the results ohtained foen tolal of 480 stnlion months.
Out of the A8 abserved €2, values, 3602688, or 25,83 percent, fell
whove the probable ereor; 707363, or 48893 percent. fell withing and
3682 71 ar 2054 pereent foll below,  Althongh these proportions are
elose (o the expected 1:2:0 ratio the sample iz lavge, and it s desizable
ta test whether the differenees are significant, . Testing by the x®
methodd, we find that = s 654 For iwo degrees of freodom, and P=
U, Henee the deviations from o 1:2:10 proporlion arve evidently
sienilicant.

Tanix 3 Nawher of @, obsecrations folling abare, within, and below the probable
sreay abiont ti expaclod monthly disiribatinns far (N0 station manths of 30 stolions
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To test whether these deviations ay be attributed to any particular
droneht leagthe e - best may be applied to the dilferent deonpht
lenmths as eloeses. The value of - Tor 88 digrees of freedom was
20541 The veobabilitn of obtaining this {arge 0 v by chanee is
weelioible,  However, by fur the lnreer pact of the towl i< contributed
in the lower seguences, The x* value for w= 1 1 10077, or almost
ball the wtad,  Further exaumation of table 3 will indieate that
there i o large oxeess of points above the probable error {or drouchits
of 1 to -4 day= and an excess of points below the probable ceror for
medimm drowsdits, § 1o 16 dayvs. Bevond that pomt the 1:2:1 ratio
apparently holds.,  Considering only values of 7 equal to or greater
than 16, y%=15.1F1 for 30 degrees of freedom.  This corresponds 1o &
vahie of /2 greater than 0050 This = as we would expect, an ab-
normally high vabre, awd probably reflieis the effect of dividing single
observations between two or even three classes,
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It ean beseen thal althongh the resnlts ohiained wre purely negative,
they are, nevertholess, of value.  There is » possibility that droughls
of 16 days or more my be sandom in ocenrrence, hut shorter droughis
eannol be considered random.  H randoniness of ocenrrenee is relaled
to fength of droneht. it remming (o explain by some moteorologiend
theory why this should be trne.

One theory inunediately suggosts itsell, Bxeess of short droughis,
particularly 2 or 3 days, sy be e prinrily to the mterval belwoen
precipitation [rom suecossive {rontal svstems, Althongh the mean
e mterval between successive Dronts would most likely be 4 Lo 8
days, this would e disgnised by the manner iy which the dutn are
tabulated. Precipitation of 030 ineh or more in 48 hours has been
defined as terninnting o droughit. Henee, Tor example, 2 sequenee
of 8 days in which 047, 0,04, 00 0. 000, and 019 ineh accnrred would
be bulated as o 2<lay deonght adihoash the wetual time hetween
fronts wnght well be 4 Tl davs, The great exeess of single days of
droughits may be doe 1o the eandom oecnrrence of seatbered pro- and
post-lrontal showers, which wounld tend (o reduce g drought of 3 or
4 days Lo two shorter dronghts,

I this interprotation is correct, wie would expecet 10 find ocenrrenes
of a single duy of dronght (o deviale 2 maximun amouint {rom e
expected hrure darng the suniier months, whoen seablored showers,
superiposed on a frosial patiern, are nwst frequent. This is obsery-
able in the (ata. During the three summer monthe an nverney of
AL pereentof the O, observations (where o= 1) fal) above the probable
error. This comparos with an aversge of only 45.6 pereent for 12
nonths,

The sane theory of recorrem fronu) passage s adequate o explain
the differenve Detwoen (he observed  and expecled oceurrence of
medivm-length drought=. In most acens in e Untted States it
would be eather mnisual for 7 or more days (o go by without passage
of o Tront. That wedinn-lensth droughis are loss freguent than
would be expeeted can thorefore wlso he explained by the association
between precipitation and froutal action. by adihition, sceurrence
of long droughits about 16 dovs o mare wonld indieate cither that
some wnusual meteorological eondition cansed n break-down m the
asonl pattorn of reeurrent fronial precipitation or that the station in
question is i an aven in which precipitation is infrequent or nol
gonerally wssoeinted with frontal e, o either event the effeet
of the recursence of fronts would be eliminated and we would expect
the number of Tong dronghis observed in approximale closely the
pxpected values,

Tnterpreting these moteorological conditions atatistically, we see
that they adequately expluin the apparent diserepancies between the
observed and  oxpected  datn.  The guestion  remains,  however,
whether occurrenee of deoughts over 16 o 20 days in length is actually
random. T test this possibility more aecurately. it will be necessary
to resort to lechrigues other than the use of the probable error.,

In continuing the analysis the ¥ test is used, primarily to determine
whether the namber of long droughts observed is in séeordance with
the theory of padom ocenrrence. . Flowever, if s hoped that the con-
clusions abtwined above cun also be veriliod by suelr an examination.
The distributions nre set up (o inelide five classes, o which the numboer
of days of drought are | 104, 3 to 8, 10 to 4, 15 (o 19, nnd 20 to 31,
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In addition, the distributions for the 12 months of the year were com”
hined for cach station o ake eertuin that the number of expeeted
occuwrrences in each class would exceed o minimnm of 5. Table 4
shows the resulls obtained.  The * for the distribution at cach stn-
gion is shown jn the st column.  Sinee the constant, p. was deloer-
minwd from the ubserved data, nel Trom a priori consideration, the
number of degrees of Treedom for vach x* value st be (aken as 4,
rthier than 4.4

Tanns 4. A\ for wmoutidy dronghl disteifntions, shoming contrilintion of eoch closs
fbervaf o the fotul

Tarngth ol adronglu

RIETT ] i ; . %
Paddays § oA Bunys 10 Mdngs 18- day | “f‘ﬁl“[‘}"{:r

Ann Achor, Mich by (WA 112
[ittines, Mo ] 155 Lt
Biglwe, Arie 5N 1Al 15
Banse, Tdahe L 14 11,36
Hetitnestr, X, 1ak g IT fi.l
o asy ille, ey g kY
hiedk, (Cadif e i 3l
Crdornade #priaes, Cole i 2,5
Lrathori, s e 1,
Ialins, Tex dn 1.4
Dralitth, Miva 42 B
Esemnabu, Mich o 0.
Fureks, Cahif ik R
Franhin L ul 3
Frosne, [alif L7 1.
Cirespsbuine, Aa 1.4 &
Hatierpr, N U7 T.14 3.7
Flay< iy, lkans uo 5
Tmdupepdines, il 1 M {1
ey Wasl, Fla LT A
Kinagston, Jenn L 3
fake Ploghl, NoY dn A8
Lo 3urs, ban W T
Taxirmetons, Ky 14 A4
Waretiane, 11 " S
Yoskiagee, 13k | i
New Thvrp, Coma A i
Norghlead, Wiy L I~
North e, Sl Ea3 | 1L,
irahn, Nelr [ 1
erris, 5. DAk LY 2
Portband, Vaie k] 4
I'ar1 Owbopd, Urewr i ERT
Huekmgliar, X, 7 i 3.
S Auriehire, Flu M s
Salt Laske Cale, Utah ] N
Ann e, 7R rn Lt
“Fuedmieari. N ey 2 .
Winnemnuee:n, N in 178
Y, Anr L 12,

Tl Lt 2t i [H [ al me oWy REKN 1]

Bxamination of table 4 indieates that variation Trony randomuess
definitely does exist, For 4 degrees o Treedom. 22 005 where
0850 1 is 1o be noted that Lol the 30 x s exceed this liit,
In addition, in the entire table, x? 31300 Tor 160 degrees of freedont,
The likelihood that this devistion could have oceurred by chaner is
negligible.

b i s pwdnded ont G5 e 385 390 that whiepe soudusiable prouieter 1 sleteenioned fooo
e b evord data, o eorrespuam g s jusiment st e aede oppls e Ahe e test. Sioee the oind aoon-
ber of seepuenees has it e Teld thee satne pn Hee expeensd amd odservedd disteibted lans, the mtnber aof
therrees wf fredor wonrkd be etgd 1y etgrad G Ehe anniier of el b powere deteriined w prlori. - Siiee p
w1108 5t ded vrni s, e ver, e i ber of degeees of feeedorn st e paken s ome legs than the numher
uf plusses.  As therpare 1ve eliss Intervals, the mabwr of degrees of freedom §s four.

T
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Itis important to note,however, that the grealer part of the v* totnl of
343.06 ts weluded in the lirst and second eoluming. I this (ublo, it s
not feasible to separnte the eantvibutions wade by the individual
degrees of freedom.  Towever, it may be nated that for 160 degrees
of freedom, P would ecqgunl 0,05, where ¥% was 1924, "Phis (ol
distributed evenly between the five colunms would give approsi-
mately 35.05 for the total of each elnss. Inotable 4, anly elass .
tronehits of vver 20 days, does not excemt this loil

The results obtained from the 1< test, then, apparenthy corraborate
the coneinsions reached through use of the probable error. Dirotehts
under 16 to 20 days dudinitely do not follow the expeeted distribution
bevond that point, the expecied disndharoae af deonehi may ade-
quately represent obsorved ovenrrence.  Althoush it would be possiblo
o cantinue with further snalysiso it is fdt ahat such investigation
wortd not be profitable with the monthly data. H we admit that the
pecurrence of droiehts of foss Than 20 duys i= not rndom, observi-
tional tntervals Hmired ta only 30 or 31 davs mee toe short {o be of
signifieant value. I the ollowine seetion, the investigation s
extended 1o longer periods of time Therehy, the number of long
dronghts available for comparison with oxpeeted disteibutions s
increased erently,

THEORETICAL DISTRIBLTION OF DROCCGHT FOR
SEARONAL TIVE INTERVALS

I bas been shown in the previsus section that the hypothesis of
random veeurrence of droughi is not exactly correcl. Tlawever, it has
also been demonsimted that the hypothedis may be valid Tor linrer
drovghi intorvals. To investizaie this question, The theary of raudam
oecurrener is extended 1o time intersals of more than 1 month, Foe
those Tonger tntervads, the Liree ditferenees hetween mean probability
yalues obinined for sieeessive mouths at many stations indiente (hat
i is necessary o diseard the idea of o constunt drooght probabiiity,

I the parees that Tollow, anexpeeted dioueli disteibition for sea-
sonn! time utervals i derived. Randem occureence i< assurmed,
Varintien i drought prohability is approximated as linear,  One
further approxinution = mde. In ealendating the monthly proba-
bilities, the value A/, woas obtained for raell month. This valie
represenls the nimber of ndependent years of reeord al a wiven sta-
tion. Tl yaloe 4/, caries Irom wontl to month not only beegise of
diffecences i the length of record of the months but also beenuse af
differences n the extent of minfall persistonee,  In order to simplify
edeulation of seasonal disteibutions, the average value of 1/, for (ho
months of a sen=on under consideration s takon as anplying aver the
eRERe Aersen.

The net effeet of these approximations wili nndoubtedly be (o
merease the ditferences between the theoretieal and alserved distri-
butions.  However, the ervors introdueed will not in goneml bo sufli-
cient Lo bupeir the ropresentutiveness of the caleulated distributions.
In-deteeniining the seasonal distribufions, it will be expedicat o
valeutate the cumulative rather than the nonenmuintive expoctod
disteibution. That s, the expeeted number of occurrenees of a
drou it of # days or more, Oy, will be obtained.  These camuladive
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valaes ave more stimiply evalualed and, in addition, ave of greater
vlility in estimuling future likelibood of drought,

Expeeted  sensonal  distributions are evadunted for 8§ stations:
New Haven, Cone; Greensboro, No OO0 Mavengo, [ Betfinean,
N, Dak.; Dalhart, Tex.; Boise, Baho; Fresno, Calif; and Yumn, Ariz.
Cumulntive values were endeudnted for o equeiva 1,5, 10, 13, 20, 25, 30,
3a, 40045, 3, 60, 70, and 80, and by taking first dilferences a series of
noncumdstive groupings were ohtnmed, By osing o limited nomber
of widely <eparaied stations the aveal dependeoee betwoen stations has
heen reduced or chiminated,  Carelul exnmioniion of dronehit occur-
rence of Lhese S stations will alford a0 Dnir basis Tor evaluating the
validity of our assumptions,

G avaoy oF Doy Pronasiorey

To dertve the Tormula foe e expeeted disteitbuiion it will be nopes-
sy to deline mathemutieally the assined lineare varcintion of drougshi
prabability.  Seasanad tinne mtervals wre defined (o inchuede 3 months,
Lot gz and gy be the obeerved monddy drought probabilictes Jor
the 3 month~ in o given senson “Then the Bnear variation of dronght
probability for the senson will be defined ne the stenight ine fitted by
feast sqpuares to these theee valoes, considering the monthly droueht
probabdities a~ conteesd within thetr respective months,

Consider the pralmbilivy, p, a0 Tuncuon of time, firo sueh that
s 8 the conter of the season. Phe wdepodent varable, » will
then vaey from N 210 N 2, where Vs the total noaber of days in
the season.  Consadering the number of dav<noo month to be constant
at 3 the poing g will then be the observed value of fure, wheee
x 30; the point peowill be the observal valie of for- wheps o- 0
and the potnt gy will be the observed vaboe of for o whore =30,
Filting these paints by Teast sgunres veelds the near equation

.M i
¢ i
tif)

l)l‘i

TRALL:

LA L
T
Thew the cgnation wil vened

N .

The constant~ ean, of course, be readily evaluaied from the known
probability valies for the 3 months. The constant, p, represents the
mean drought probability for the season: e indieates the slope, or
rate af change, of probabidity fronm day 1o dar within the season.

Tue B0y, Kxeseren Dhstrist mios oF Dot eor

Let gy be the probability of a drought of » days or more beginning
on the day e - Lo Thew, in 3. independent years of record, we would
expect dop <lroughts of # deys or more 1o start on the duy 310,
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Note that the values M p,. Mo, . . . Mepeo o Torm a Lexis dis-
tribulion and that the total number of drowghis, Oy, expected in the
time interval of N days will benee be

=21

O.\‘ ‘”r

1.

P
ot

A i

To evaluste this s, consider two independent cases: Where
=N ) and where | N2 ). Ounly whers
S NI s ot neeessary to assume the condition of aday
of rainfall preceding the drought interval.

Where r o+ (A}2) - 1,

I IV I R I P A N
il
or

Hs 'I.I_f(.:' <1V I’I_!I{.;’ - 1.
vl

e

Bui the ervors witl be very small and will almost exaetly eompensate if

woe wrile
13 i £ }oe ; s } 5
U fte it [“’ ! .,‘“’ " '} ‘
il 2 .

. Ll S Tt
M - iy IE”' Jere :[ :
i 1 -

from which

e e fe P e fe e
P 2 2 '

However, sinee s will always be very sumll, fomy - fir o 1, almost,
ahd the ervor witl e small i we witle

S0 for e T 1y - fur s
fe 2 B 2 '

o totn! the number of dronghts of 2 o more days expected Lo
bewhn on or after the second duy of the time interval, wo may approx-
imate hy setting

and

X A
wof a v
- Yol Ve Jure w0 e v fies e
e [ ir.
- S

Bt sinee
ey pdoma,
we have
Fled Dy flreue 2p s 2pir e m o« mn,
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and substituting, simplifying, and integrafing,

. ; LES Ht
o [;J-—{- '},!:(:\'- : H]] I:p - ’?:(.\'--— n ]']
E;j; - -

N mis mla )

rd 1 HAD
[;J- }g{;\' - n!] [;J-- J-If-ii_\' H]:l

min il + - 2y h

undd
Moo

A ek ;]{.\ Hi,

Then:

Zn it ZH F2 li Tasd ) 1 o2

LA NI T N TR L B TR TR I mvg b

where p . is the probability of o drouglit beginning on the firsf
{ =1
doy of the thme interval, VY
Henee

. | 1 v . 1 7z
s TR | . nl Wl . — - .
s '”‘[1 ( Vioomown e N I beti Zl) b7 (mm Ly gnin --EJ)]

This fermula s used in enleulating the expeeted eamulative distribu-
ton of drought sequences for seasonal tioe ntervals, First difler-
ences are foken 1o obtain the noneumulative distibution,

Sraspann |‘:RII(!I{ 1N FHE ]':X!'l-‘.l:’l'iili [Hsmaneroy

In comparing the seasonal expected droveht distributions with the
observed data, it is suflicient te use the y* tosi only. Testing by menns
ol the standard or probable error would be of ide value sinee Uhere
are a limited number of comparisons available tonly 82 distributjons
us nrninst 80 in the previows sectiont,  Tlowever, the stundard errors
in ihe expreeted disteibutions due o sinpling should be enlenlnted os
nomenstre of the relinbility of the resulis,

In obtaining the standard ervor of tre expected lignres, use may
agadn beomade of the Faet that the values Mo, Mepoo o 0L Moy,

Bl approsimation ntroduees o stight error, wisich is slways vpposie in st ta the eeror Inlrogaeed
Wiy wriliog AR foe fy s -, alove,

AUTOLN e A
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. form o Lexis distribuiion. The standard devintion, o, of
the above series ean immedintely be vxpressed as
N 'I',’ 1 N T
: AfA M
oL -\; Mop(l - ;J,_]-J,—;\._-_- " I’ (e pds
f=n

where, ns before, pgis the meau probability of & drovght of # ur more
days, or

Ne—n
1
Py . 4.
Py oy g
F= 1

But the standard orror of {he menn ol the Lexis distribution is
o,
¥ Noow 1 |
Heoneos it follows that the

S B ol Oy e Noone i

The vadue of o, could be obtained aod substituted in the above
expression,  However, the fornula for vy, is (oo unwieldy for praetical
use, wnd hence i i desivable to approxinate the standurd evror by
some olher method.

The question that immediately arises s whether consideration of
the series Moy, AMopo, o Ap,, .o as a simple Bernoudli distribu-
tion would involve serjous vrror. This would he equivalent, of
course, Lo selting wogutd o U, so thal pr= e e L= pes, == P
The sinndard orror in Oy would then reduee (o

S E ol Qv ey N 0w,
which if may ensily be shown is the equivaient of evalunting the
standnvd ereor ns

e e / () Ox
Bl ol O i, s 1= 08 )
Yoy Yy N T, D
where (T, is the number of (riads of o sequence of ¥ or more days,
and (770, mny, ngain, be oblained from the velationship

(T, M8 Mg,

Note that the pereontage ceror introduced in the value of she
standard ervor by eonsiderig drought probabilily constant is

Ve g

i

No simple Tormula @an be derived Tor determining the maximum of
this expression.  owever, repeated evaluation of the ratio under the
tmost unfuvorable conditions seems to indieate that i no ease woukl
the error be greater than 10 pereent and that usually the error would
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be considerably less.  As a resull, it is vonsidered aceurate énough
to sef the standard vrrar equal ty

Vil &)

This Tormula should be used whenever the vatio Oy/ (1), 1s greater
than (.03, When the ratio falls below this vadue, it should again be
assumed that the sanpeling evror has o Poisson distribution, and refler-
lvnuv should Be made (o tables of the Poisson exponentinl binomial
imit.*

Comrarisox oF Iixpueren asn OusErven [ hstrisUrioNs

Lo comparing the theoretical and observed dita by Lthe xf test,
relerence s made only to the noneumulative disteibutions to eliminate
dependence between saceessive groups. Thivty-two distributions are
available For nnalysis. Within ench distribution dionghis are grouped
together in elass mtervals of 5 days up lo » 30, bevond which the
elass infervil is ralsed Lo 10, The Hiest question Lhat arises is whethor
the dabn ag o whole can possibly be considered random in oceurrence.
In ordor Lo ke o fiest rough test, the 32 noncamiulative distribulions
will e grouped together and the 3 * test pplied to deteriine whether
the general theovetien] disivibution of drovght is ndequate. Table §
shows the values oblained by this srouping, The value of x*
ohtnined, 45,682 Tor 13 degrees of Teeedom, indicates that the chanee of
thie theoretienl distribntion being roprosentative of the observed data
s neglieible. However, it is (o be noted that the larger purt of ihis
total wf 43.62 s aceumulnted in the fest Tour groups, Far loo many
very short droughis and Lo few medinm-lenglh deoughts are observed.
This is entirely In aecord with the results indiented in the preceding
seelion,

Tanni b, - Podad ocewrrence of deought for 32 seagons al § selected siationg

- Dot distelimbinns -

Longtiy of dvonalin [lays A R La-nle
: A . i ; i
Aohservedy (espeeted

B, 045 2 ¢

2,7

LITLH
A, 19

T

A5 M

R

LE e 1
T

Fup-Hlt . P - -F .
Tl=ik e e e iaeeaeea T
SNt ever, - . . ao - §7.85 .

Talnl .. e e i 10,606 1 10, 547,45 45, B2 1§, 10

Grouping together all droughts of 19 days or under reduces the value
for x? to 18.10 for 10 degrees of froedom.  The corresponding value of

T For i mork complety oxpluntion, refer Lo p. 17,
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P is slightly above Fisher's suggested “limit of signifieant devintion”

ol 0.05 (6).
oecurrence of droughts of more than 19 duys is random.

Henee it would seen that there is @ definite chanee that

Certainly,

more detatled examination of the problem is in order.
Lu conlinuing the investigation, individual x* tests will he mnade of

each of the 3

2 seusonal ({HLIIbLJtlUIlH.

T group the data sa ghat the

number of expeeied oveurrences in cach ciuss is above 5.00 it will

frequently  be necessary to consolidule several classes of

drovghts. Al droughis of less than 20 days will be grouped together.

tonger

Above that value, each grouping will be expanded upward until it
iwelucdes more than 5.00 expeeled oceurrences. |

ietves a fAnal group ol less than 5.00 Chis

thrown in with the preceding elass®
‘Pable 6 shows the resulting expecled and nbse rved distributions for
Far ench season x* has been evalunted and

vach of the 32
2 has been obinined,
less than the number of ¢lasses,
however, o finw (notably that for Boise,
1t s desteed todetermine whether these
ean be traced Lo seme defert in the theoreti-

ably high;
senson} are excossively low,
extremel v Jow vadues of 7 ¢

BONRONS,

cal distributions.

TasLe .-

Lengil ol drowehl
fdoysy

Sint

stalfans
AN IT,

Hueuner

TEX,

formnin

Aun

[ this procedure
al group will be

the number of degrees of lreadom used being !
Mosil of the values ol £ qre renson-

fdahio, summer

Fepeoled and observed seasanal droughl distribulions for eight sefected

Wiy

Lwpeeted Dbsrrverl FRxpoeted Ohserved: FRepoeered) Observod Kopeeivd] Ohsereed
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L1 Lhese disteibnt iots, acder o eglaitnnt st Uilepzor of fremlow in the distribuiion, the 2 elasses have heen

sllowed to stnml.

In ¢

gut ef the 3 inslanees the

Heowevor, Lhe error introduced will nol be significant, "
munher of wepecte] orearrenees in the Lecminab group is gronter tiun 400, ulthough legs than 5.00; in the
bhird, tha miguber of ex peeted ocetirrenoes is 208,
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Tasre 6. ~Hrpected and abserved scosonal drought distributions for cight selected
statinns- - Cantinned
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One of the places where ervor imight be introdueed in obtaining the
expected distribution is tn the ‘!‘-Hll!ll])llull of  inear change in tlmutrhl
probability, I the season in question is conterpd about an t‘mplmtw
maximum or minimume in the drought probability curve, the straight
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line fitted to the three values would obsenre the (rue chaencler of the
change in drought probshiliny, sinee wmowould be equal or alimost equal
to 8. The [t of the steaight line would be inadegiate mathematieally
and elimatologieally.  tHowever, in nppraising the adeguney of the
fit it should be romembered that a dilference of, say. 0.01 for o fow
value of p would be much less important than a similar error Tor 2
hight valoe of p, sinee the standard ervor of pois, e gencesl, greater
for low values,

'].‘u obinin some mathentical measnee of the adeguaey of fit of the

adgrht Hine fuo, the valees of £ 30 e and 7000 dorresponding
tu the munthiy py, s wdd gy, have Been obtgined acd the sum of the
squares of the devistions of these fitted yvahios from the sheerved
probabilities have been ealeulsted i terms ol the standard errors of
Puopyonind g s unitse For most seasons the it b= fairly elose. Tlow-
ever, i i noladle that for Bowe, Ldsho, summoer =eason, the <o of
the deviation sgizared oIS 050 by Tor the Biehest vabiue obtained,
This meaws, of course, That the 10 of the <tesicht line is inndegunte
and that as s vesult the theoredeal disteibntion st alsa bevrroneans
For every season but two XMorengo, UL, sommer, and Gresnsbora,
NLCL summert a very poar ineae iU was accompanied by o low value
of po FKor these seasons, the el of correlation s obviously due to
the fact thal both of the sensons wee homid,  There are anly twa
chassos in Lhe disteibutions: Pronglis of 1 o 140 days and droughis of
20 or niore days. Heneeo it both the poor linear (i is comparatively
enimporinnt,

Fo Turthior anadysis af the distributions. all seasons are discarded for
whieh the sum of the sqgoares of the devistions of fitted probabilities
from ohserved probabilities i< greater than 3000 This necessitates
disregnirding five sensans, o2 judieated W table 70 There i= a2 consid-
erable break between the adeguaey of Huear B o these 5 seasons
and for the other 270 Phe sixth hiehest valie Tor the sum of the
squares of the devintions is 454, Tor Boise, Tdaho, spring svason,  This
repregents o considerahle drop from SUs0 There seems o be no sig-
nifiennt correlation botween the B of the steaight lhies and the values
of £ for the remaining 27 sensons,

Tanus 7, The five seagons fov wheek fhe suin o F e squares of e deviadions of fitted
probabilities from obstrecd raducs was greates than G40, sheen with associnfed
values of P

Boize, 1dnho SOl E T (.00
Marenzo, 11 e s v
Fresns, Cabil Spriny g e
fincenshors, N O Sy han) ha
Dauihart, Tex Winper T e

Taisle 8 presents the valoes obtaned for /1 by station and senson,
These Hgnres wre combined for further anadysisc Tnotable 8, the Iast

BPhus, far Dotse, stImmer seined, B tore restes ealeenie)y g deegelivs woere aliseryed amd toe e
mpfin st neth dronehis S o R v < ) B ey B elino el TS traeed fooeptetee uu\- Tabdsthf bk of Tas A
change i -leought podnrbalits . Por s < ipad e (R fhpes e R alservead prolababies was
lowe ansd was foliowed by Iwo extrerely I [ECTY B TR T 2T ' 10 {lese there vilpes
hwed o pesatzve Shape bt b nsl rencli 3 . kb triedy vadee o e ftboe paat of Hueseasan, when, of
eonrse, ot seliniiy beogate oves Bigher Lt the wleit v gootiine Hengss, i degihiniton ealeubaded from
Wb mssuimed liear BL notarally showe] fue fis vers feapihy drouehi- wed oo many medfam-length
drenghits, sinee tiw probabilitied ettt for the e days of Ehe seson were sboermaliy hich,
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column indlientes the probability for each station that the differences
between the expeeted and observed distributions is no greater than
could have arisen from sapling error. These probabilities were
nhtained by combining the seasonal valees of 22 o the conventional
manuer.®  The figures in the bottom row indieate the probability
that the five 1o eight distributions for each =scason could hinve heen
nhiained by chanee, )

Tanue 8- Uwdue of P for 27 seasonal deanght distributions

Cotalned
prehnhiil v
for
station

LY ST B HY T Yl Winter

Marengo, 111 o 42
Talhinel, ey ot EL LA
[ F LR (LT 10 - u o
Yo, A ; . it Nini]
LY [ EN T ™ R LA R
Fireensborn, N, s 1 L
Sew (e, Conn H . . ]
Thattupentt, N, Tk B ;

romtined protabigling fer aeean

No undoe varition feom station (o station or from seasoen fo season
ean e observed. Combining all 27 77 values without relerence to
ceasern e <sUstion yickds o prabability of (124 that the dilTerences
betweon the expected and observed dstribntions could have oeeurred
by chianee, Combininge the eight values for the stations, 200134,
aned eombining the Tour values for (he seasons, £ 0,193, BEach of
these values s definitely noexeess of Fisher's suggosted “Tiie of
stanbteanl deviation™ of 005 6 Henee, there is, apparently, no
rensen fop disenrding the hapothesiz (it oceurrenee of o drought of
more than 20 days is random, i oaccordance with the assumptions
originnlly stnted,

Fmphasis may heee be phieed on e approximations resorted (o in
vhioining the expeeted distributions, Assimption of linear change
it dronulic praisability is certainly noi strietly aceurate, and s
imacenrney, together with (he approximations made in deriving the
formula for the expected disteibutions, has probably tended o deerease
the representativeness ol the theoretienl disteibutions. 1t is altogether
likkely that if curvilinear drought variation were assumed and more
necurate furnulas applied the theoretieal distrilmtions would vary
even less from the observed data. Nowever, it is entirely question-
able whether the data wareant sueh detailed teehnigues. The method
employed has eoabled enleulation of theoretival distributions that nre
known Lo have Tnirly cood correspondenes with abserved Tuet, and
henee the nrethod s seeved it puepose and ean be put (o vaduable
use,  To summarize, it ean be faiely stated that when assumption of
linear change in dronglt probability within o season i not obviously
crroneons, the theoretieal distribetion of deoughl sequences of more
than 20 days, hased upon he sssumption of random oceurrence,
adequately represents the observed daty,

—Trl'lnu I8, 1y ® Jest Do veesr npphced t - distolagtton of O mdin sdieal 20 valyes, besed upon the e

thad the s of o remder of valide - of 4@ ool edsndiooed i the - g iation and that log, = — ey
foor 2slegrees of frevdomm. Far fugther deserip o of B niwetned soe B Fislier (0, e 105 - 16
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THEORIETICAL DISTRIBUTION OF DROUGHT FOR ANNUAL
OR CENERAL TIME INTERVALS

In the two preceding sections, s rough (08t has heen made of the
hypothiesis that ocenrrence of droughl is random with respeet (o o
variable probability. Beenuse af the diflicully of denling diveetly
with n curvilinear variable, simple approxtmations of dronght prob-
whility have been devised {or time intervals limited to one season op
less.  The expeeted disteibutions ealeulated by using these approxi-
mations have been shown o represent observed drought vecurrenee
ndeqirately for drenglits in exeess of 20 duvs, Sinec it s knowno that
the assemption of o drought probability constant over @ month or
varymg linearly over a season eannot he exaetly eorreet, the ndo-
nuaries of the expeeted disteibutions ealeulated from these assenip-
tions will be taken as evidencen of the adequaey of our avjeinal hypo-
thesis of random oecnrrence with respeet 1o a dronght probahilits
that varies it some complex and oz vet unspecificd manner, Lo
this section annual curvilinenr varintion in dronghi probability is
defined p2 2 mathematieal unetion, and the vse of the annual eurve
in the anadysis of drought orenerence for any time inteeval s illustrated.

o estimating feequeney of ocenrrenee of drought, one is seldom
interested oo time interval exaetly g month or 8 season in loneth.
More often, n purt or all of the growing season of a partieular erop
will he of spectal interest. When sueh time intervalg are shoret, it
may be saflicient lo apply the methods developed on (ie preceding
pages.  Freeguently, however, time intervals of 1 menths ar more
will be nnder consideration, awd iU will therefare he neeessaey to
develop some new wethod of obtaining  theoretienl disteibufions
for these exiended periods,

One method that immediately sragests jtsell s to congider (he
wadire period as composed of fwo or three shorter, overtapping time
intervals. Thos, Tor vxample, i ¢ s desired 10 know the number of
aceurronees of 4 drovght of 30 or more days expected hotween Marveh
Fand September 30, it would be possible 1o divide the total time inter-
val into theee prrtss Mareh Vo May 31 May 1o duly 31, and July 3
(o September 30, By nssiming linenr varmtion in drouehi proba-
hilitx. the number of expected droughts of 30 o more davs conld be
computed Tor encl ol these e Totervals and the total nunsber of
such droughts expeeted from Marelh 1 ta September 30 eould then he
ohtained by addition, after introducing a simple correetion ta allow
for a drought of 30 or wore davs aeross twa of the Gnwe intervals,

Severnl objections may he mised against (his niethod. however,
In considiring data Trom a single station theee is a distinet possibility
that an assemption of finear variation in drought probability may e
unwarranted. 1t has beenr shown that when the Hinear fit is poor. the
expected distributions cortainly do nol adeguately represeni observed
ocenrrenee,  Flenee preeantions should be (aken neainst ndiserim-
innte use of the assumption of lineweity, Inoadditon, it will be found
that applieation of the sugeested inelhod would have the eifeet of
making every ealeulation of drousht secnerences a completely new
prohlem,  Thus, v the example cited above, reduetion of the desired
dronght Tength (o 25 or mare days would neeessitate o new zeleetion
of the componeni Lime intervals. New linear fits would have to he
ebtained, new ealenlations madie, new corrections introduved,  Rapid
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selution of a problem would be impossibie, and henee extensive investi-
gation of drought occurrenee would be prohibitive. Ln devising g
method of ealeulating expected drought vecurrence for longer time
mtervals, iCis essentind that we aitempt to aveid these difiicaltios,

The method followed herein will be to it an annual drought proba-
hility curve, fto), o the parameters py, pa . ., po (the manthily
drought probahilives). This enrve will then be utilized in obtaining
the reguired results. The solution will be graphie rather than glge-
braic,  While s general algebraie solution is possible and has, indeed,
heen derived, the Tormlas are too fengthy and unwickdy for practical
use, nnd wre nal presented hoere,

Catcrnvrion oF ik Axxvan Pronseinery CGuuve

It fitting the annaal drought probabiliny curve it will be sufliciontly
nectrafe to consider the year as divided into 12 equal menths of 30
dnys each. Using the «day as the unit for the abseissa. the problem
will be to express dronghi probability, y. in ters of e, o, where
the independent vavinble, »#, varies Trom 1 (o 360 (the number of
days i the years,  Also. i must be specified that 7 (360} equals
A0v that is, drought probability must be the same at the end of 1
vear and the beginning of the next.

A perindie Tunetion will be the obyious choice {for ftr), Consider
the equntion,

r

] LS 2w
firdy o, 2( ty SN HEH}“ < hyoros :’»li[lu )

=l

IT we allew mach monthly drought probability (o e centered within
s month, the constants of this fovioula, when fitted to the daia by

Tlenst syuares, will be
T
| N
e 9 ) e

=1

12

L 2w 1)
frosin TS ot

12

2 D2 1,
b, 1.22;;‘ vy - oy 1

=
For purpeses of analysis. it will be oeasier Lo rewrile the annual
drought prehbability curve
fire o,

whore

atnd
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Note that in this equation ¢, is the mean drought probability for the
venr, ¢35 the amplitude of the sine wave of 4 eveles to the year, and
aq 1% the phase of the sine wave,  In evaluating the eurve, { will be
taken successively ns 1, 2, ., 7, and 7 will he chosen as large as
necessary to vbtam adequate fit.  In general, taking ¢ as 3 is suflicient.
Where r=-6, the [it becomes exact. Figure 4 shows the annual drought
probability curves for cight stations.  The monthly  probability
values are indieated, and the standard errors of these values are
shown as verdieal Tines about the observed points,  As can bo seen,
the (it of the curves is xood.

For most purposes eurves fitted in this mianner will be sufliciently
nccurnte. However, it may sometime be desimble to mnke more
exael wse of the parameters gy, po, . L o, P Note that these values
nre aclually the mean prababilities for cach month.,  Henee, (0 be
strictly correct, they ennnot he considered as points centered within
their respeetive monchs, but must be interpreted ws mean values of the
ordinnte, ftry, over a miven aren. To be speetlie, it muost be con-
sidered that Tor j--1,2 . .., 12

Hy
P 30 _f[.r)t":‘.
Alleye 12
Using these relntionships, il van be shown (hat the constants in the
Curve
T

3 *}
. LS in " i b ovos T ir b
frev a4 2o ( i, hlll:;““ tr =i, Cos, 0 )

mny be reealeulnted as

by -

whoere, agnin, Uhe pquation is ftted by least squares.

Note that each of the constants,  with  the exception of a,, is
lwtf (12 sin tad 1] times the corresponding constant in the curve
firted 1o the values g, centered within (heir respeetive months, The
uew Tuncelion can, of course, also be written e the Corm:

Al

Lo - 2,
flrd w, v 50, sm( m-:.r-*’ rr,)'

i=l

where ¢, ind a. may he obigined from the now ¢, and b,
The wnnual drought-probability curve for Dallas, Tex.. hins been
recaleulnted i this manner wind is shown in lgure 30 By taking
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r us 8, 12 consinnts axe obtained, and the fit is made rxnet.®  Nole the
close similarity between the curves fitted by the two mothods. Valeus
of the constants are almosl the same for i1, 2, and 3. The inore
detnited curve for Dallas is used as our snmple in the work that follows.

Fommona For Exercren Qceurgesce oF Droucnr Over a4 CENBRAL

T [srervae

Let fto) be the Tormula for the annual droughit probabiliey, Sup-
pnse i 12 desived Lo know Uhe namber of expected occureences, (OyY,
af o deought of # or wore davs between e time nteevals ¢ and b,

P T S . I . R
' 1
1

FRORABILITY OF DAROUGHT

u:\--—-v::l—-i;v-
|

&4
Jon Frb Mar

B el
R M

DEGREES
O 3443

Mevee G Ameal droughi-prolmbilily curve for Dallas, Tex., fitied by e
s fooareas under the enrve, o BRSE2 000205 Cmir 2 161 5= 0.0167
sie e e 43 s ILOOTY sin (8r 255 & .D04S singdr 1O D0080 st e
3 004 sjntfe - 180T,

Lot the vatio 3, 3 be considersd ux o varinble function, . This
funetion will vepeesent the chance of any given day boing an inde-
pendent day of record. The value of #01 ean be estimated for any »
by dnspeetion of e monthly values of 3/, 3/ (table (1Y, Then it will
be possible to write

o Lot -1
Ov ME W fta v v M35 Fnlt foe DA < 7).
o Eoapkr =i
H the e mterval o bo b s large, e seear will he introdueed by

rew it ing
s

L | ol
O M Faall fted] 1 for - Ddr,
n fLi}
wndk 1 we approximate, as in previous pages,

n- ! , 1 I+ I
Mmfie. -] ,/‘fl:;rf::' :
[

Teal)

I Aqiprently, (et are L constisnes 30 e sgunton; il aste Dhat whore (156,

P = LM
MU g D M e nj,
201 =

Shee vos for 20 koo R ald wategrnd values of 7, 00 lelhows boat, o there pre aetidly only 12 eon-
sty in the imd equntign.
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the equation for Oy becons

Op M _',f“’ﬁ‘m[r _fmll::;ﬁf(:»d:]n(ﬂr-
Lot
o Pl furil ' F s uf:l
Then

honee

Op M puride

But ¢t ean be graphically determined with a high degree of aceuracy
by nblmnmu the vahie of the Tunetion for n number of values of » and
conneeting the painls with 2 smooth curve. The value of Oy for M
yenrs of ohservation will then be deformined as M tGimes the area wndoer
@l hetween the thimits r . g and - d=-n4-1,

A Tnmily of curves ean be preparved in this manner for various values
of 7 and can be presented graphic :sll\ Fieare § shows the curves
&ir) Tor Dadlas, Tex., Torw equal to 105, 10015, 20, 25,36, 43, and 40,
Phese curves tan he conv eniently iI‘-((] in obtaining expected dis-
tribtious for any e wtervall The aven under the cusve can he
measured with sufficlent necurney by any santher of methods of ap-
proximation.  This wraphic method of evaluating (g s sobjeet 1o
estimntion ervars, However, i the world is condueted with veasonable
eure, sueh crrors enn be lmited Lo o masimom of 1 or 2 pereent for
the Bigher values of a4, This is Tess than the likely sumpling erroc and
henee will be wuorved.

Py amse i S1asipann Bauon o Oy

For shorter drought lengths, where the avernge probability of oe-
currenee of a dreouehit of ¥ op mere dave is grealer than .03, the
standard crror of (2, can be estimated o the some manner s i
previaus sections,  Where p i the mean probabitity of o sinele day
of deeught and 3 08 the menn muaber of independent yones of vecord,
we may estimate

W A ¥ AR Y R TR
and where
) (},,_
=
S Eoff, g1 po,

When p, is less than 003, the distribution of the sampling ervor will
Le comsidercd Poisson,

T ANsvan hxeecrip Drovent DISTRIBUTION

Estimuling the sreas under the curves in figure 6 eoables us to set
up & cumuative distribution for drought oecurrener at Dallas, Tex,,
for an swual fime intervall® By laking first differences, & non-
cumulative grouping mey be ebisined. Droughts of 1 w 19 days
will ngain he grooped togethor. Table 9 zives the theoretenl dis-

ST e spese were st by averagoe e s ﬁmt ponor R Bhadeenee mgerssibs on the axis 00 glscbBsny,
The 21 vafnes Phus <poitbmd were s ebsaad i e By oy li!ll‘- The mrean vabe of the 2 oodinates

wis ke as Lhe b vkt for phe cntee cunve cnind e molieplicd e s ethe aamlaer of days io the
yeurs nad 1hen by 300 e pyeenge nober of seas of recordh Do bt Oa furtil(‘h valtee of o,
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Frotun 6. Carves for Duilos, Tes,, showing the probubility of exeb day of the
yonr being w dwy of preeipitaaion fallowed by wor more deys of drought,
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tributien thus obtained and the obseeved distribution for approxi-
mately 40 vours of vecord.

Tanue 9 Distribution of the sharreed wad the expecied gecrrrence af anneal deaught
Jor Dallas, Tex,, 1898 to 1987

Expuretind - Ubwervey

Expeertend  Libwersid
Histrilutibogy distribnndon
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Appueently. die hypothesis of randam secverencee of deaught is
adequate. The differrnes botween the two disteibotions is great in
only the two groups 35 80 and 0 and over, 11 omisht seem leom g
cursory exanination of tahle 9 that there may be w sicnifiennt excess
of vervlung dropghts in the ubserved distribution. Further investiza-
ton reveals, however, that (his is not trae, Aetually, in the observeod
distribution, 12 of the 22 drooghis of 40 0r more duvs oceur in the
A0-~14 group. The nymber of expected and obseeved deoughis of 45
or more days wonld, therefare, compare closely.  Apparestiy, the one
mujor dilferenee hetween the two distritbuGons is {hat in the 40 44
day terval 4 or 5 more deoughis were observed than were expected
and i the 35 39 interval 4 or 5 less. Tt would be difficult to helieve
that thix could be enused by some meteorologie factor rather than by
sunipling error. Lo addition, testing the two distributions by the x*
test yiolds o x® of 608 for 3 degrees of feeedom. The probabiliiy of
oblaining o deviation of this magnitude by chance §s (L2435, 1o may
he waid, then, that the thenretieal distribution eateulnted from (e
hypothesis of random aeearrence adequately represents 1he observed
dauta,

A similer distribution could be worked out from the same set of
curves for any time interval whatseever. Henee the family of curves is
nocleae and coneise way of presenting distribution of droughte. 1L s
not difficelt to prepare geaplis of this character, and i U Tuture it
will be possible o present o similar form probability data Tor a num-
bor of stations throvghout the toited States. As will be shown in
the following seetion, these graphs may be atilized advantageously
in obtaining likelihaod of feture drovght as well ag in describing pasi
oceurrences. Henee they will be of value in estimating drought
haznrd,

CALCULATION (4 PROBABILITY OF FUTURE DROUGHT
COOCE RRRENCIS

In preceding sections theoretieal drought disteibutions have been
preseted that max be considered representutive of abservod drough
data for the years FSOS to 1037, The aceuraey with which the teeh-
nigues desoloped may he wsed Iy oestimating luture likelibood of
drovght will now be considered. 10 must be remembered that any
theorem based upon an observed swnple, no matier how large, ean-
not e used with absolute cortainty as o mweasure of Tuture probabil-
iy, Yetitisconsistent witlt the seientifie spproneh to gssume thatsuel
a throrem s correel until future events prove it otherwise,  In the
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nhatysis of drought date onee the hypothesis of random occurrence
of long droughts has been granted, any future drought probability
can be rendily compuled.

To calenlale droughl probabilities al a given stndlon lor any Lime
interval, i 1s necessaty Lo know ouly 24 conslants: The 12 monthly
drought probabilities and the 12 values that indicale the persistence
of ramfnll.  The lattor groop may be evalusied as 4080 that s,
the retio of the number of independent yones of record Lo the actual
number of years of record Tor ench of 12 wonths (=1,2, . ., ,12).
This rmiio represents the mean chanee that o day within the specified
montl will be an independent day of veeord.

hn ealendnding drought probabilitios, it will be nocessury Lo consider
the effect of eovor i the preameters g, and 37430, 1t s nat pos-
sible fo determinge he true valoes of these parameters fram a Hmiled
sample. However, the most likely values ean be detertsined, as well
aw the stondard eerors of these values. T bas been shown oo preceding
pages that

DeA'DR 9=y Ipa o,
. 2 VD

and 1t ean afso be demonstrated thal

.1!,-_ I} _.U, -"i_‘--;i
I TN pl)e

The effeet of considering these standard eerors will be o introducee
iy uneertainty sboul the exaetness of the ealeulated valnes of Oy
fexpected number of aecurrences of o Jdrouglit of 2 or more days
within ooy defined tine intervalt, T will be eorreet Lo write the
expected number of oecurrences us Oy gy, where oo s the standard
error of Oy aud varies os e magnitude of the staudord ervors of
and (M3,

When Oy s amall (s it witl usually be, sinee we will be primarily
niteresled do the likelibood of long droughits) the probability of
observing U, 1, 2, , .. oveurrences of a drought of » or more days
upproximales o Poisson distribution.  The more aceurately the true
Oy can be determined, |[that is, the smallor (the error faetor o the
paenmeters pyoand (VAAN] the closer the approximation will beeome.
1 a6, the expecled value of O would exnetly equnl the true value,
o and the probabibity of observing 0.1, 2, 0, r, . .. ovcurreness of
n drovsht of # or more days would come very close o being the
surcegsive borims of the seres
r

wr mt o

e Mome M et oL, JY R
Where e,#0, il will be desivshle o determine whether substitution
of Oy for m in this series will yiekd the best measure of the suceessive
Lerms,

Assutuing that ehserved Oy wil be normundly distributed nbout the
true value, m, with standard deviation of ¢, U follows that
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Integrating by infinile series and developing, this reduees to
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where #f==1 {for r==0 wud the sevies within the brackels continues for
G412 terms where 2 is odd, and Tor (#-22)/2 (erms where ¢ is
even. Thus:

* Ry - (m --'—J'?) -
Mean value of ¢ s a )

- sl — (m—fr-‘:) .
Mean value of (v ".p s Hm—ol);

Mean value of P o nm AGee-— a 2) g M.

The terms continee o sunilae manner. 1L s obvious [rom these
expressions that ap adjustinent shiould be made in the value Oy in
evaluating the feems of the Poisson series. 10 can be readily shown
from these relationships that the best measures of (he first three
terms will he:

e R et (!J-"'l'ﬂ;;:) ;
me " (O g lle” (o‘ 1-’5‘:,.') :

L
miem " O (”-“""iv) )
~57 wx {04 oY 2~ - ST apyroxunately.

In deriving these formulas il bas been fmplicitly assumed (hat o
large number of observed occurrences of o drought of # or more days
is possible.  Thus, if 0.20 occurrences of » drought of 40 days are to
be expeeted between June § and Sepiember 15, i has been assumed
that netually 0, 1,2, 3, . . . such droughts could oceur, In reality, it
is-impossible for more than bwo 40-day droughis (o fall within this
time inberval, and, in addition, the occeurrence of a single drought of
more than 40 days will greatly prejudice the chance of 2 second drought
being observed. Henco it is cortainly nob strictly correel to assume
the distribution to be Potsson. 1L s lkely that s distribution similar
to one developed by Greenwood and Yule wounld apply beve (8).
However, these distributions appronceh the sunre imil as Oy npproaches
0. Usually pravary interes{ is centered in investigntine probable
accurrence of tong droughis, and henee Oy for any one year will usuaily
be considerably less than 100, The evror in considering the sevies (o
be Poisson will be negligible tn evaluating the probabilities for r=0
and r==1f. Error in the probabilities Tor 122 will be considerable when
expressed as o pereentage, buf the setaal nmgnituwde will be sinail.
Thus, in the example of the 40-day drought, where Oy =0.20, the
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chinnee of ebserving Lwo or movre occurrences in & Poisson distribution
is less than 0.02,  Evaluated move accurately, this figure would be
nearer 0.0, but it would definitely not bhe worth whiie to introduce
gdditionn] complexities to correet for sueh & small ditferenee.

1t is now possible to ecalculale sample probabilities. The values
and standard ervors of the paoramelers py and (A0, Tor 40 selected
stations are shown in lables 10 and 11 respeetively.  These (ables are
referred to in the examples below.  Three examples have been chosen:
(1) For s short time mnterval, wherein probability of drought bas
been vonsidered constant; €2) Tor o siightly longer time interval,
wherein probability of drought has been considered to vary linearly;
and (3) for an nonual Gme interval, wherein probability of drought
hs been constdered 1o vary curvilinenrly,

Durovenr Pronasiieries son Suorr T [NTERVALS
When the tinte invertal under consideration g short, dvought prob-

ubility may be considered constant within the period, and lor ane
calendar vear the following formulas can be used:

Oy L’: PN = 1= LN p,

4| 00 ) ol T
=N Tnn | T el g arean |
where, as belore, o, 18 the standurd crvor of O, resulting from errors in
the purameters; where g, is the standard evror of the constant droughl
prabability, and ey, 18 the standard error of the ratio M40 The
vilues of Oy wnd a, van he used to determine the probability of 0,
L, .. cweeedrrenees of adrought of the required tength.

Let us considor the prablem of drought hazaed with respeel o the
zrowing ol spring wheat s North Dakota,  Davis and Pallesen have
shown that for this ervop wdeguate rainfall s most necessary during
the 30 to 40 days preceding July 10, the average date of heading (5).
A drought of 20 days at this Gme woold eertainly have a dewdmoental
effeet on the harvest, pmreticularly sinee we have defined drought as
being terminated by a minimuim of .10 tnel of precipitation within
48 hours. 1 as desired, (herefore, 1o determine the probability of
the occurrence of w drought of 20 days or imoere bhotween June |oand
July 100 Bottineau, N Dake., has heen selected as a representative
stalion.

Referring to table 10,01 can e seen thint the prubability of drought
for June is 07861400067, and for Jduly it is 0.82825-0.0130, By
welghting these vabues and eombining, the constanl probability for
the time mierval June 1 to July 10 s determined to be 0.7966 £0.0165,
The standard error over the combined interval is only slightly larger
than that for vither month, sinee we do nol know whether the signs
of the monthly standard ervors agree.  Similarly, celorring to table 11,
the ratio (XN Tor June is found (o be 09008 =067 and lor
July, L3614 0.0048. By interpulating, and combining welghted
standard errors, the valee for the time inferval June | o July 10 is
determined to be 0.9095 4:0.0187.
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Tarue LI, Mean monthly measore of persistence of rainfedl (Af.0M) awd associnled .
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These vabues miay now he used in ohtaining Oy and o, Sebstitut-
ez in the Tadiented squations and sofving, we find Oy 0049 anel o, - -
.07 The probability of abserving no accurrenee of a 20-day tllnutrht
between dune Uamd July 10 21 BotGneaw, N, Dak., st

LI Her
. [u.nw-} - ]
p 2

Selving, we dind the probability of no oceurrenes (o be vory nearly
a5, Henee there is about o1 in 20 chaoee that o drought of 20
dave will be observed.

Itis Lo be noted that the introadnetion of the term o, has not changed
the dinnl probability ligure (o any siziificam l|(““[t‘[‘ This is the
pstal cotadition whep the parameners posnd (0 .U}J are based upon
an adequate reeord. However, iCis well o caleulate o0 so as Lo he
alde o obinin an tdea o the probable sceurney of the ealeulated Oy,
Lu the given exawple @ draught of 20000 morve days would he expected
(o oeenr nt Bottinet botween June | July 10 onee every 20
yoars, and e ean further be sadd, with s fair degree of conlidence,
that the beoe mean Foquency lies bhetween onee every 15 amd onee
every d1 vears,

ovenr Prosaninerigs ror Iyrsesim org Tive ENrErvas

When the dme interval under consideration s 3 months or less,
drought probability can froequontly be considered (o vary hnmuh’
A alr"nﬂ'llt Tine, Jeer, is fitted o the menthiy probabilides, and the
vonstanls g intean deought probability) and m tslope of the [fitted
lines are abtaingd. Then, where

il
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it ean be shown that for one enlendar yvear

7 S v 31 Vo2 )
0.\--"‘”[1 (i' H:(H-H+m(n-‘_’i 7 (mm U mta=2) /]

Adso. the standard orrors of poand moean be evalualed Teom the
stnmdard ereers of the monthly probabilities. For example, where
A full montis are inchuded,

i

TN 3 '

_;Uj_'. S PR P

and

Feom which it follows thnt

M. COfhey 4 o),
T, ‘1!-\ (O‘,, OJ: ) -+ ( iF .. {Jn. ) .

The standard eveor of LY, 3 bae bhoon rnored, sinee experesee hng
domuonstrated that this cevor i= always necicible in velation o the
staadaed eerars of poand we

Taking partinl devivatives with respeet to pand . oud simplifving

[K"if Vi NI . jl_.':‘
., 4oy
) 1 i

PV IR
ooy [T i

m b

—\_ £, 1" e RASE
Iy ) i)

This vather complex forn cat be redueed with aominimum ol difliculty,
sinee wmost of the constants appearing 1 the Tormule are repeated
from the originnl expression of O,

Let us ke asoan oxnmple the drovght hazard during the growing
conson of corn i ilinois. Davis and Palleses have shown that
adequate ramfall s most neesssary o the erop dueing the 406 days
preceding wnd tie 20 days Tollowing <ilking 30 {n the vieinity of
Murenge, 1, planting thue ix doring the Girst week i May o/
Silkine oecnrs near Sy 250 8 drought between dune 15 mnd Aogust
va weulkl, therefure, be particulaely deteimental o the harvesy, aad
20 consecntive dayvs with no precipitnbion of 0,10 ineh or more within
A8 htes would prolably smaterislly atfect the erop. Lot us endeudnte
the probability of sueh a drought.

The monthly deonght probabilities forGdnne, Judy. and Auguost Tor
Marengo, M, are 07702 1 00147, 08416200018, and 0.8300 %
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0.0090. respectively.®  Consider (hese points conlored at se=—30,
w=:0, and o - 30, and weight thers 1:2:10 in proportion Lo the number
of davs from each wmonth in the required Llime inteeval. Then p=
0.8208 £ 0.0085 and m  0.00H00 £ 0.00020.  The mean value of
(AN s found to be 002851, These values in the given lormulas
vield the solutions Gy 00142 and o, 0.023. From these data it can
readily be ascertained that the probability of a 20-day drought w
Marengo, HE, between hme 13 and August 15 s very elose (o 0,133

1E should he pointed out that ealeulution of drought probabilitios
mndividusl problems is neeessarily a rather complex and lengrthy
tasle A0 Tinese variation in deongeht probability is assumed. 1t has been
loimnd, however, that o good part of the work lies in setting up the
problem fitting a steaight e to the monthly probability fterures, and
obtaming poand . Thus, iF probubilities are desived for n large
nunmther of values of u for the saine G inteeval, the peoblet is not
areatly complieated,  Forms have boen set up that enable compula-
ton of probabilities by workers who possess no aiaee {han o knowledge
of the elementary use of logarithws and simple arithmetie.

Doveor Propmaterries o Assoan o GEvenss, T |NTEry e

In_considering the dikelihood of dronght within long time interals
or within shoeter intervals for which iCis not preferable to apply one
of the mvethods previonsiy outlined, I will be necessary to caleidate o
fumily of ancual dronght probability corves for a station in the neen
mnder considerntion. .\ Family of sueh eueves for Dallas, Tex.. has
been shown in lguree B

Let us take an example of (he use of these curves in caleuluting
lkelihood of drought. Suppose that one desives to know the probabil-
ity of ubserving o dreuglit i exeesz of 40 davs ot Dallis, Tex., belween
Febroary 1 and Decentber 100 To obtain Oy it s only tecessary o
obtain the mean ordinate on the cirve for 2 40 heiween Fobruaey
and November Ielt) days previons o December 10} and multiply by
273, the nwber of davs in the shorter tune inferval. Ustng the
dutn fram which the coeve for v 40 was ploited, the mean ordinate
can be estimated as very nearly (LG009S8, and Oy 0,268,

The value of g, could be ubtnined by caleulating nnd combining
the siapdnrd verors in the platted errve for a nuomber of evenly spieod
values of »o However, this involvad process does not seem Neeessnry
in view af the fuet, shown in preceding examples, that consideration
of o, does not materiatly change the probabidity, 14 will be aecurate
enough in general (o consider the probabilivy of ek of appeatanee of o
drought of 40 days to be ¢ "2 or about 0.56. Henee the chanee of
sieh s droughi appearing between Felunrey 1 and Decenther 10 will
be ubout | in 4,

It ean be seen that the ity of annual drought prabability curves
ean be readily used in obtaining likelihood of drought. This method
i particularly applieable in tha i requites o mininn of ealealn tion
and can be employed by an unfrined worker, Fanilies of curves are
i prepurstion foe o laree nomber of stations= in e United States, and
these curves will he available o climatologists for estimating
prohabilities of droushi.

woeruallv, o biowvar ks ok voey elose It wonghd menleabibs B e wotente, e e mn glved, i obtaln
the prohabibny fren pnna] draeehn probahabitg euroe,
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USES AND POSSIBLE EXTENSIONS OF THE PROBABILITY
ANALYSIS (F DROUGCGHT

In appraising the applicability of probability theory to drought
occurrence, it should be realized that the method of analysis can be
utifized in nny ways in addition to the caleulution of drought
probability al a single station as indicaled on previous pages. Thus,
by taking the mean drought probability for an sres, drought hazand
within that nrew can be measured Tor any drought length or time
mterval desived.  Also, as will be luter shown, the dronght probability
figrures can be reordered i suceh o manner that they will be of value in
A vaviesy of fields reluted Lo climatology and meteorology.

Figure 8 prosents the wean monthly drought probability for 216
seleeted stations (fig. 71 in the United States. Values {rom these
maps may be used i approxinating likelihood of drought within an
avea.  The mean monthly drought probability for any designated
month can be voughly obtained by inspecting the map for thal menth
and Lakang the aversge of (he droucht probabilities for the stations
within the desired aren. This drought probability can be directly
used in estimating drought hazavd, since the likelihood of any number
of days of drought will be approximately equal to the mean drought
probability ruised to that power. I is to be noted that whers {opo-
araphic reliel is not great, the montldy probability values exhibit only
slight varstion from station to station.  The amoeunt of variation is
pim;}m'tican:zl, of course, to the variability of drought hazard within
the area.

~ i
=

WL AR OF 216
SELECTER SFaTiiny
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. Froure 7—Index list of 216 selected stations: Washinglon: 1, Tatoosh Island;
2, Clearbrook; 3, Conconully; 4, Olympia; 5, Wenatehee; 6, Odessn; 7, North
+  Uead; 8, Centealin; 9, Sunnyside; 10, Daylon. Oregon: 11. Umalilla; 12,
Corvallis; 13, Condon; 14, Port Orlord; 15, Joacksonville; 16, Riverside. Cul-
ffornin: 17, lureka; 18, Cedarville; 19, Willows; 20, Chico; 21, Roekling 22,
Point Reyes; 23, Ban Fr . dsco; 34, San Jose; 25, Salinus; 26, Fresno; 27,
Independence; 28, Sanla Barbara; 28, Los Angcles: 30, Needles; 35, San Diego,
Idaho: 82, Kellogy; 33, Boisc; 34, Twin Falls; 85, Blacklfoob. Nevada: 3G,
Winnemueen; 37, Leowawe; 38, Tonepah. Moutana: 39, Tortine; 40, Cut
Bank; 41, Havre; 42, Cirele; 438, Bozeman; <, Billings: 15, Miles City. Wyoin-
ing: 48, Shoshone émryon Dam; 47, Bulialo; 48, Saralogs.  (Tah: 49, Salt
Lake City; 80, Park City; 51, Fort Duchesne: 52, Levan: 33, Castle Dale; 54,
Modena; 83, Blanding. "Arizonn: 56, Tuba Cily: 57, Jeromo: 58, Phocnix; 59,
Yoma: 60, Bishee, Colorada: 61, Crand Junerion; 62, Boulder; 63, Bodington;
64, Silverton; §5, Cotorndo Bprings; 66, Las Animas; 67, Trinidad. Now Mexigo:
63, Cluona; 60, Springer; 70, Tocamenri; 71, Magdalenas 72, Forl Bayard; 73,
Clonderoft: 74, Lovington,  North Dakoln: 75, Boitinesu; 76, Granwville: 77,
Cunddo: 78, Larimore; 78, Beach: 80, Lisbon,  South Dakots: 81, Spewrfish;
82, Pierre: 83, Desmict; 84, Academr.  Nebraska; 85, Nimball; 86, North
Platie; 87, Uroken Bow; 88, Hebrong 86, Omaha. Kansus: 90, Hays Citv: 81,
Laking 92, McePherson: 93, Burlimgtons 91, Asbland,  Oklahotn: 45, Kenton:
96, dMutual: 97, Wankomis; 98, Muskopeo: 90, Chattanooga; 100, Durant.
Texas; 101, Dalbart; 102, Guinesville; 103, Albany; 104, Dalias; 105, Fort
Dnvis: 106, Lampasas: 107, Huntsville: 108, Luling! 108, Galveston; 110, Fort
Melbatost: TH, Brownsvilie,  Minoesota: 112, Huseau: 113, Duiuth; Li4,
Beardsley: 115, Fort Ripley; 116, Winnobmre,  fown: 117, Le Mars: 118,
Indepondenee: 1190, Tadinnoln,  Missouri: 120, Kirksville: 121, Harrisonviile;
122, 5 Lonis; 123, Lebanon; 124, Arvendis. Arkapsms: 125, Dultou; 128,
Amity.  Louisinnn: 127, Grand Cane: 128, Fraoklin, Wiseousin: 129, Down-
s 130, Minoegua; 131, Wanpaeas 132, Port Washington.  Hiinois: 133,
Mavengo: 134, Lincoln: 135, Mount Vernon, Kentueky: 136, Biandvilte: 137,
Bowling Green: 138, Lexingion,  Tenuessee: 139, Hoheawnlds 140, Kingston.
Misstssippi: LIL Greeaville: 142, Brookhaven: 113, Pearlington.  Alabama:
VR, Deenturs 143, Tallandegn: 1Vid, Greeasboros 147, Ozark, Michigan: 148,
Caluiets 1449, Munistng: 150, Whitefish Poinl; 151, Eseanaba: 152, Praverse
City: 153, Mareisville: (54, Big Rapids: 1338, Crand Baven: 156, Harhor Teach;
157, Ann Arbuor: 138, Centerville.  Dodiann: 150, Delphis 1680, Greeneastle;
1), Mambison,  Ohde: 162, Findlay: 163, Cleveland: Ul Warnesville; 163,
Philo. New Yark: 166, Angelien: 167, Shorisville: 168, Lowville; 169, Lake
Plaeid: 170, Norwieh: 171, Wosi Berne, Penpsylvania: 172, Erie: 173, Seimner
seur 174, Huntimgion: 175, Maneh Chonk: 176, Epbrar. Now Jersey: 177,
Ashury Prrk: 178, Indian Mills: 179, Cape May City,  Wos Vivginin: 180,
Beekley,  Marplund: 181, Crnbridge,  Vieginin: 182, Ashland: 183, Wiythe-
ville: 184, Clarkseilles (85, Norfolk.  North Caroling: 186, Marion; 187,
Hoekingham; 188, Sloan: 189, Haeras, Ceorgin: 190, Dablonega; 191,
Marshatlville: 192, Louisvilier 193, Quitman: (94, Rrunswick., Soaih Caroliun:
£5, (Memson College; 19, Spavtanburg: 197, Claeleston. Florida: 198,
Penseola: 199, Carenbelie; 200, Codar Kuvs; 201, Gainesville: 202, 8. Augus-
tine: 208, Titasville; 2040, Heedenton; 203, Hepaluxe,  Maioe: 206, Van Buren;
207, Maudisun: 208, Hastport: 208, Portland,  Vermont: 210, Bloomiield 251,
(helsen, New  Hampshives 202, Nushua,  Cannectient: 213, Cronm il
234, New Haven, Rbode  Ishouds 213, Providenee,  Massaehiisotis: 2186,
Provineotown,
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Froure 8.— Monthly droughi-probabiliy mups for 216 sclected stations in the
Uitited Slates—Lonlinaed,
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The drought-probability figires ean be used in another way. The
family of annual drought-probability curves shown in figure 6 enn be
madiified and put into a new form that will be at least equally valunble,
In Ligure 6 the curves show the chanes of a drought of » days or more
beginning on any specified day. By tslimating the area under the
cirve belween any two time limits, the nomber of dronghis of » days
nromoee expected within the desired Lime Interval enn be obtained,
and the probahility of observing 0, 1, 2, . . . sueh drovghis enn be
ealeulated.  However, the curves are of limited value m that any
single ordinate has little peactical meaning,  The ordinales do not
furnish a measure of dronght huzard sinee they speetly cainfall immedi-
afely preceding the day plotted on the abseissa.  Hence the formula
for the curves metudes the factor 1-p, whiel appronches 0 ns p ap-
prooches 1. U the curves are to be o uselul measure of drought
hazard, Chis faetor niust be oliminntoed.

This can be done by vemoving the vestriction that the drought of
# ar move days must start on the day indieated on the abacissa. The
curves will then represent the chanee of # or more days of drought
irrespective of weather conditions preeeding the » days. RBoch a
family of curves for Dallas, Tex., shown in ligure 9, veprosents the
variation of mean dronght conditions with seazon.  Curves of Lhis
trpe will be of value in making and verifving svaoptic weather fore-
casts arid will also be useful sinee they show in simple, utiliznble form
the time intervalz within the year when sequences of diy or rain
davs are most dkely (o oeeur,

uppose that on July T drought is o progress ol Dallas, and (hat
synoplic forecasting indicates (hat precipitation is unlikely to oceur
within the next 2 ar 3 dovs, 1O will e wnportint to be able to osli
mate statistically the number of additional days of drought which
may be expected. Bxamination of hgure § shows that under moean
conditinns the drought would last 6 mare days,  The chances arve |
i 10 that it will last 20 more days. and about Uin 30 (hat it will [ast
30 more days. Assuming thal occnrrence of drought is randon,
these odds will net be affeeted by the number of davs of drought
preceding the date of observation, Julvy 1.3 [¢ is nol suggoested., of
course, thait statistien] analysis can be subsiituted for synoptic fore-
casting: however, knowledge of the likelihood of c¢limatie events,
based zolely npon pust vecovd. can be of value in day-to<lay forecasting
as well as 1 long-range elimatic analvses,

The famiy of curves o fizure % can also be used in other ways.
Suppose thal a conservalion progeam has been outlined that requires
the planting of extensive areas of geassland, 1 the crass is to become
established 1t will be necessary thad no letha] drought occur immedi-
ately after planting. By obtaining the nhseissa for which the drought-
probabilily curves ave o minimum it will be possible to determine the
approximale date following which a killing drought is least likely.
At Dallas, a 10-day drought is least likely In the 10-day period begin-
ning about April 25, and o 25-duy drought ig least likely in the period
hegmning about April 18, 1T the time required for secd germinalion
and mitind growth of the plant is known, the date most likely to be
favorable Tor plantineg cau be determined.

2 albunnh seeurrence of shord droagds s been show o tr be st serbeily madoem, e error 1 teking The

CUrYes 8% reprorentative of ean conditions for sieall as well as loege values of 5 will, in praetice, be too Yinal}
Lo b of signlfieance.
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L this exnmple it was regoired o know the date on whieh dronght
is least tikely.  The time ot which dronght s mest likely muy also be
requived aned may be obtained From the curves.  Assume that it is
decided to undertake o progemm of termeing during a dry season to
aveil extensive crosion in the construetion of terces. The dirowshi-
probability curves will indieate the time of year at which (his danger
is al oo minimumn, AL Dallas, Tex,, termeing work requiving 20 duys
for completion should be begnn about Angnst 5 in order to be lonst
fuble to interlorence by min.

In all these examples, the termn “droaght™ has been applied 10
sequences of days wheretu no more than 018 inch of precipitstion fell
in any 2-day period. That has heen the definition of dronght adopted
i making Ge probabilite snalysis of droueht occeurrence. However,
it will be Teund that for meay peactical purposes this definition of
drovght is iuappropriate and that o change of definition would be
desirable. There is no apparent ineteorslogical renson why similar
analyses based on other definitions should not vield similar resnlis or
why ocenrrence of deanght shisuld nof again prove to be substantially
random. nosuel stdies, e montily drought probability wonld,
of course, inerease with an inerease in the amount of precipibaiion
considered necessary to tempinate o drouglin,  In addition, it is pos-
sible that the minimum deonght Teneth above which eandom oecur-
rence of drought ey he assumed will ehange. 1 eaindall amounts of
For 2 inehes aee requived to terainaie o dronghit, it s possible that the
ocenrreiice of even the shortest deovghis miny be random, sinee the
effeet of previpitation from suceessive lrontal passages will have boen
brvgrely ehiminated,

These questions are open w further siwdy,  Theougld) prabubilify
analvsis of drought ovcurrence for adher definitions i tmay be possible
to determine the change in droneht probabifity with change in defini-
ton®  Drought oceturrence conld (hen be deseribed as g funetion of
theee varighlos: Season of the year, minimwm fength of dromgehit, and
amount o precipitation necessary o terminale the dronght,  Al-
thougl it may prove impractival 1o set np an algebraie solution of (e
general problem, a weaphic solttion would cortainly be feamble. A
series of Tamilies of annual drought probability enrves for varions
definitions could be peepoared, and could be used ta solve Bty prob-
Jerns coneerning the Hikelihood of ocewrrenee of dronghi or raindall,

The probability analysis as applicd to dronght occurrence i this
stidy may well be of value fn the examination of other elimatic data,
sueh as eainfall tensity and freqoeney of extrene temperatures.
Moy of the problems eneountered in sucl anadyses paeallel problems
m the study of deooght. With seme modifications and alterations
the probalility aoalyvsis developed Dere will prove applicable to a
variety of climntie duta, Theongh the continued application of this
technigue Turther progress can be made i understanding and statisti-
eally deseribing arveal and temporal varviation in elimate.

= I'redintinne l:l\ﬂﬂxﬁu#:uﬂ}-. eutdeeted for s detinations of draaeht for Washingion, (3, O, show (b
wogzrve af e form

LI TE |
e s k. lesyt 3o " J‘lenf! i

ita the sbeervead probabilities sevs elesely . lere o tie tean imonibiy drougin proabnhilicy, o s the
sletintiuany sf droengdat, expressod ne i eedthe of wee el o preciptei i Beresicy (a Gersnibnte nodrought,
amd by Ay onnd Katee consGaats, B Hs sebitwenstiep Lebds, Hiore wouhl e o D relationship hetworn
amd g caninimaen eopih ol drovglie neday s when Gy s beld constant,
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SUMMARY

This bulletin develops a statistieal method for the doseription of
occurrence of drouglit and shows how drought hazard can he expressed
i Levms of probability or ehanee. Drought occurrenee was tehulated
fov » lavge number of stations in the United States Tor the interval
1898 1937, Length of each drought was expressed v deys, and
Mrequency distributions were prepared showing the number of oceur-
rences of dronghts of vavious length.  For the peeposes of (his sty
drought was considered terminated by 10 tuel or more of preeipi-
Cationn in 8 hones or fess,

The theory of runs was used 1o determine the annual distribution
of drought (o be expeeted from o random arvangement of dey and
rainy days. 1P oreurrence of o day of drought were mndom with
respeel (ooa constant probabiliy, the frequeney of drought would
vary as an exponentisl funeton of length,  Disteibutions approxi-
maling =ueh exponentinl curves were obsorved. T owans voted. how-
ever, that Tor different elimatic sreas the elosenoss with which the
phserved disuibutions approximated an o exponential eurve was, in
weuernl. proportional to the uniformity of drought hazard fron season
Loy <Seh=ort,

Torapply the theary of rons adequartely 10 was necessary to assuine
that dronght probability varied fram day to dav, 1 owas assumed,
furcther, that the varintion in dronght probability: within the year
could be expressed ux a continoons Tanetion,  Crevilinear variation
e dronght prebability: was then approximated by campiuting o mean
probability of o day of droughn For cach month, assuming o constant
probability throughott the month, % peetodie Tanetion was used to
Bt the 12 mean droveht probabilities thoz obtained.

Analysis of deanghit by the theore of s Tor meathly, seasonal,
and amraal Gme witervals indieated that observed drought diftered
from eandom oceurrenee in two ways:

cly e was Jound that days of observed einfall tended o eluster
more than might be expected frone a sdom avemgement of dey and
ratiny diyss Tliis may have been anticipated. Many tvpes ol storms
tend t Tt longer than o single day. o addition, sinee 24-hour
atnonn s were wsed in computing drought, even o shart sterm might
Mreguently result in the tabulation of 2 days of rain, sinee the storm
tight casily oveur aernss the arbitraey tine Tl dividing two davs,

The elistering of doys of minfall does not preclnde the possibility
thet onee o dey peviod has begun sdditional dayvs of drought gecur
wk rarlom, Phis conecpt was retained, and drought probability was
defined in teems of monber of droughis and (otad number of days of
deought observed, without regard to the disivibation of davs of roin-
full. By defining deoveht prabability in this manner, the fit of the
theoretien] distributions was greathy improved.

2} In further comparing the theoretieal and the ebserved drought
distributions, it was found thnt there was an exeess of observed short
“droughts™ 11 1o & or 6 days in length) and o deficieney of longer
droughts, However, the deficiencey mpidly disappeured with tnerease
i drought length, and Tor droughts longer than 16 10 20 davs the
expected dstributions adequately represented observed conditions.

These reselis way slsa be expected meteorologieally,  Tn many
arens frontal precipitation occurs al irregular intorvals, averging 4 or
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Sdaysapart. Pogether with prefrontal and postfrontal showers these

recurtent Drontal storms would {end to make short droughis more
fikely thau mudom oecurrence wonld indicate. Under sueh condi-
tions. droughits of moderale length 5 or i (o |8 to 20 days) would be
observed oss froguentdy {han mmmpui e, However, in the ease of
longer droughis (over 16 Lo 20 daye) the faetor of reeurrent frontal
pussaee would be minimized, since a drought of thig Jength wonld
wcliepte cither that some untsie! weteorologteal condition catsed n
break-down i the usial poltern of recurrent frontal precipifation,
or that the stalion was toan aren in whieh preeipitalion wes infrequent
or net wetterally nssociated with frontal passage.

Sinee abserved oceurrenee of long dreughts was ndequately repre-
sented by the theorelienl distrbations, these distritbulions weee used
in estimating futare droneht howasd, o estimating dronghi fikebi-
hood 1L was necessary, of course. (o tnke into consideration the Tnet
that the parameters used I constraeiing the drought probabiiiny
curves wers nob known g priorh, bot were obtained from observed data,

Thraugh the e of the teehnignes developed, 18 has been shown how
drowght hazard can ben pproximated where the minimum length of the
req:u:ed drought and the Lime inlerval within which it must occur were
adjusted ni will.  Nevortholss, the bulletin is primarily o methodo-
fogie study.  Unly one definibion of dreueht bas been used, and {or
thet defintlion the date have been prosented i the most useful Torm
fm- oy a saiple station. Seefig 6.3 However, there is no apparent

asen why (e results obseeved m this stady shoald not b vepeatd
\\'lth # change i definition, [ the definition can he ¢hanged. a seres
of familics of curves similar o figure 6 ean be prepared for any station
arares. These curves wauld mnke possible the ealimation of drenght
hazard where the delinttion of drought slse ean be chosen to fit the
problem at hamd.

Constroelion of fimihes of sieh corves For n large number of stntions
s pow in prowress. These arves will be of sigmfieant vatue fo eluna-
tologists, <ol conservatiomsls, agronenste, and other scientisix
who are concerned with the causes or offeets of drought.
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