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INTRODUCTICON

The objestive of early experimental work with fertilizers was o
find which of the necessary plant-food elements the soil could, and
which it could not, supply in quantities sufficient for the needs of the
growing crop.

It was soon learned that the plant-food elements most commonly
deficient in the soil are nitrogen, phosphorus, and potassium. Ae-
cordingly, these three elements were widely used in fertilizer tesis,
the aim being to determine the relative degree of deficiency of each in
s{neciﬁc cases. These tests gave results of sufficlent value to permit
the development of an extensive fertilizer industry. Other experi-
ments have had for their object & comparison of different sources of
the various plent-food elements. Such experiments are DEcessery
in any system of experimentation with fertilizers.

Recognition of the fact that nitrogen, phosphoric acid, and potash
are most frequently needed in fertilizers made it obvious that experi-
ments of two kinds were needed. One kind had for its object the
determining of the most profitable combination of fertilizer elements,
that is, the most profitable fertilizer formuls, for a given soil and Crop;

t Docter Spilimen dled July 11, 1931, In e uncompleted manuseript achknowledginent was ntade of the
valuabic nid randered by Mrs, Florenee O. Thowas ip making the computstions, and by 8. W. Mondum,
Senior Agricultural Econowist, in offeting suggestions as to nrratgement and presentation of the subject
matter of the roport.  Altor Dostor Spilliean’s death Mr. Mendum completed the mapuseript,
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ihe other kind had for its object the determining of the most prefitable
quantity of this most profitable formula,

One group of experimenters gave particular attention to the proh-
lem of best fertilizer formulas, and devised an ingenious and effec-
tive system of experimentation which has given valzable information
gs to best formulas for given czses.

Otbers instituted series of experiments intended to determine the
most profitable quantities of the various fertilizer elements and the
various combinations to use in given cases. *

The results of these two lines of cxperimentation are the basis of
present. fertilizer practice in the United States.

To cover the full range of fertilizer formulas and the full range of
quantities of even a few formulas requires a large number of experi-
mental plots. To obtain adequate answers to the problems of best
formulas and best quantities of fertilizers te apply in a given case by
the methods mentioned therefore entails large expenditures of both
time and funds,

An equation expressing even approximatel the relation hotween
plant growth and quantity of plend food appﬁed in fertilizers would
enable the cxperimenter to carry on investigations of both these
problems with a relstively small number of experimental plots.
‘At the same time it would give more accurate answers to the two
problems than could be otherwise obtained.

The economic bearing of such an equation is obvious. The ability
to determine even approximately the formula for any quentity of
fertilizer that will give the most profit, and the quantity of fertilizer
made according to the best formula for that quantity that would
result in the groeatest profit per acre, should lead to less waste and
greater profit in the use of fertilizer.

A large number of experiments have been performed in which the
quantity of one or more growth factors was varied. When the re-
sults of these experiments are graphed, yields being used as ordinates
and quantities of a growth factor as abscissas, a large proportion of
the resulting cusves are strikingly similar in form. (fig. 1.) In
fact, the proportion is so large as to suggest that in many cases those
that do not give such a curve fail to do so because of large experimental
errors in the work.

A ourve that can be fitted satisfactorily to these experimental re-
sults would male it possible to calculate the yield from any quantity
of the growth factor in question, the only experimental data needed
being &ose required for finding sccurate values for the constants of
the equation.

In recent yeers it has been shown that either of the equations

Y=M-AR* )
y=a+bz+ecs? {A)

or

meets these requirements. Within the range of the data used in
determining the constants in either of these e uations, each gives a
curve that fits experimental results satisfactorily. Over a consider-

able proportion of their range the two curves are closely similer in
form.

5




UYSE OF THE EXPONENTIAL YIELD CURVE 3

It is shown later, however, that equation (1} has certain important
adventages as compared with equation (A). It may be used with
satisfactory »2suits for caleulating yields far beyond t{e limits of the
experimental results used in determining the constants of the equa-
tion. ‘This is not the case with equation (A},

Axn even more important advantage of equation (1) is that it may
be written in a generalized form (p. 22) that permits it to be used,
when its constants have been determined, for calculating the yield
to be expected from any combination of fertilizer elements, in any
quantity ‘of fertilizer. Again, the generalized form of the equetion
by differentiation may be convertec% into a set of equations, one for
each varieble growth factor, by means of which the most profitable
quantities of nitrogen and potash to use with any quantity of phos-
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FIGURE |.—EXPONENTIAL YIELD gURVE FOR A SINGLE VARIABLE GROWTH
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¥0 14 the yleid when none of the factor is nppied in fertilizer, 1 the increase in yield due to § unit
of the faetor applind ip fertilizer, yr the increase for 2 units, snd soen. ¥ is the actunl yield forz
units of the fautor, snd M and A ore the respective lmits approached by Yandyasz inereases
Indefinitely. Lines a, b, ¢, d, ete., are the increments i yiek! duce to the first, sevond, thirg,
fourth, ele., nntits applied. These inerements tend to fofm & docreasing geometric spries, of
which & is the ratio.

phoric acid, as well as the most profitable quantity of this most profit-
able combination to use in & given case, can be determined.

These facts appear to justify at least the tentative adoption of
equation {1} as &e mathematical expression of the quantitative rela-
tion between plant growth and the quantity of a growth factor avail-
able. TFurther research may result In & more aceurate expression for
this relution. But the fact that equation (1) does permit satisfactory
curve fitting, and thus greatly reduces the amount of experimentsl
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work required for at least an approximate solution to both the pro-
blem of best formula and the problem of best quantity of fertilizer
having this formula, would seem to iustify the tentative use of the
equation as & basis for plenning and interpreting experimental work
with fertilizers.

The uses to which equation (1) and its generalized form adapted to
two or more variable growth factors may be applied are set forth in
the following pages.

On certain soils very small applications of a fertilizer constituent

ive no incresse in yield. As the quantity applied increases, « point
15 finally reached beyond which the yield begins to increase, and the
increase proceeds from that peint to follow a well-defined curve of
pormal increase. The small quantity thus having no effect on yield
has been referred to by soil chemists as ‘“‘absorbed’’ nitrogen, phos-
phoric acid, or potesh, as the case may be. Perhaps the term “oc-
clusion” might be preferred for this phenomenon. The reason for
the failure of the small quantity of the growth factor to produce any
effect on yield is as yet not definitely known. The fact appears to
be that it is not available to the growing plant. This bulletin gives
& method of determining, by means of the yield curve, the quantity
of a plant-food element thus rendered unavailable.

This determination has economic value. It sometimes happens
that & farmer can not obtain as much fertilizer as he knows he needs,
but must distribute what he can obtain over a considerable acreage.
Tt would be a complete waste to apply less than the quantity taken
up by the soil and held in a condition unavailable to the growing crop.

With knowledé*,e of the quantity that would be absorbed, or occluded,

and thus rendered unavailable, and of the increase in yleld to be
expected. from applications over and above this quantity, the fertilizer
obtainable can be distributed at the rate that will give the highest net
return.

Certain other soils are said to ahsorh a definite proportion of the
potash applied to them, irrespective of the quantity applied. In
these cases the method described herein is not applicable. There is a
possibility, however, that when further work with the yield curve has
been done, o method may be devised for measuring this type of
absorption by means of the curve, especially if it should be demon-
strated that the effect factor (11)? of potash is constant for all soils
not exhibiting these absorption phenomena.

The fact that the yield curve offers a means of determining {rom
the yield of a relatively small number of experimental plots, the quan-
tities of available nitrogen, phosphoric acid, and potash in the soil,
makes the curve available for determining (1) the quantity of avail-
able nitrogen added to the soil by & green-manure crop; (2) the effect
of lime or other soil amendments, including tillage practices, on the
availability of plant-food elements in the soil; (3} the rate at which
each plant-food element is exhausted in any system of crop manage-
ment; and (4) the rate at which plant-food elements accumulate in
the soil when fertilizers are applied in excessive quantities, thus
permitting judicious modification of fertilizer practice with & view to
preventing extravegant use of fertilizers which may result in
accumulations that might become injurious to the crop.

i Itslic numbers in parentheses refer Lo Literature Cited, . 60,
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YIELD CURVE FOR A SINGLE VARIABLE GROWTH FACTOR

The form of yield curve employed in this bulletin is knows as the
exponential yield curve. Tts derivation and the reasons for preferring
1t are discussed later (p. 51). The curve assuines different shapes for
different numbers of variable growth factors. The form assumed
when a single growth factor is varied is shown in Figure 1. 'The
equation of this form is

Y=M-AR%, (1)

in which Y is the yield obtained when 2 units of the growth factor are
applied in fertilizers, the unit being any convenient quantity of the
factor. M is the limit approached by ¥ as = increases indefinitely,
or the theoretical maximum yield possible with any number of units
of the growth factor. A is the theoretical maximum incrense in yield
obtamable by increasing » indefinitely. R is the ratio of g decreasing
geometric series the terms of which are the respective increments in
vield due to successive unit increments in z. In F igure 1, lines a, &,
¢, d, e, etc., represent these increments; B is therefore the ratio of the
series ¢, b, ¢, d, ¢, ete. 'This means that if b is given percentage of
@, then ¢ tends to be the seme percentage of b, d this same percentage
of ¢, and so on.

The value of R in any given case depends on the size of unit in which
z is measured, on the nature of the variable growth factor, and on
the conditions of the experiment.

In Figure 1, ¥,., is the yield when none of the growth factor is
supplied in fertilizers; that is, it is the yield due to the quantity of the
growth factor available in the unfertilized soil. M is the limif
approached by the curve as z increases indefinitely. The line at
height M is an asymplote to the curve. The question mark at the
lower left corner of the figure merely calls attention to whatever
quantity of the growth factor may be available in the soil,

DETERMINATION OF THE CONSTANTS OF THE EXPONENTIAL CURVE

Several methods are available for finding the value of the constants
of the yield equation. These vary in the reliability of the values
found. Soine of them are given helow.

To illustrate these methods, and to compare the results they give,
some results obtained by the Michigan Agricultural Experiment
Stetion in applying varying quantities of potash (K-0) to patatoes
grown on muck soil are used. In addition to potash, each plot
received phosphoric acid (P;0;) at the rate of 300 pounds of 16 per
cent, superphosphate per scre.  One hundred pounds of 50 per cent
muriate of potash (50 pounds of K,0) is taken as the unit of z.

The yields per acre of four plots thus fertilized were:

Plot 1 (no potash) 91 bushels.
Plot 2 (1 unit of potash)___________________~_______T"TmmTth 2581 bushels.

Plot 3 (2 units of potash} 331 bushels.
Plot 4 (3 units of potash) 381 bushels.

GRAPHIC METHOQD

A crude but simple and often useful method of finding at least a
rough approximation to the value of the constants of the yield
equation 1s as follows: )

First, graph the experimentas] resuits, as is done in Tigure 2 for the
data given sbove. After fixing each point representing a yield, draw
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through these points as smooth a curve as may be and as nearly as
possible of the form shown in Figure 1. If the yields correspond
closely to the theory of the curve, as they appear to do in Figure 2,
the curve will pass through, or very near to, each point; but if the
vields are irregular, the experimental errors being large, the curve
should be drawn of the general form of Figure 1, more or less steeply

according to the loca-
Lot tion of the dots, and

LW ACAE) 13 nearly as pOSSiblB
- in such manner as to

make the squares of

the deviations a min-

/ imum. The devia-

tions here referred to
are the vertical dis-
tances of the yield

points from the curve.

Equation (1) may
now be written for
three points on the
curve of Figure 1,
these points heing
chosen in the follow-
ing way:

One of the points
should have the small-
est and another the
largest abscissa for
which the yield is
known, or can be read
from the curve; the
third point should
G g 2 have an abscissa balf

X, K UNITS OF 50 POUNDS OF K30

FIGURE 2—PRELIMINARY DETERMINATION OF R 7 oY between those of

The actual yield lotted, and th f the form of Flgure the other two.
2 aclual yiolds are plotted, and o smooth curve of the far. : .
e i.'s:clrawn us I?]eul']}' us raay be through the poinls. For the curve of

Figure 2, the points

that meet these requirements are those whose abscissas are 0, 1.5,

and 3. The corresponding values of ¥ are 91, 295 (read from the
curve), and 381. '

Using equation (1) for these three poinis, the observation equations

are
91=M—-A
295 = M — AR
A81=M—AR?

4]

To evaluate B, subtract (A) {rom (B) and (B) [rom (C), giving
24 =A—-ARF=A(1—R'5 (D)
86 = AR — AR = AR'5(1— R'.5) (E)
Dividing (E) by (D), .
Rl-‘1=m=8.42157.
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Thean
1.5 Log R=log 0.42157 =T1.624,8607 = — 0.375,1303
Log B=— 0.250,0869 = 1.749,9131
whence
BE=10.56223.
Since
R“5=0.42157, it follows that 1— A5 =(.57843.
From (D)), it is seen that

204
A= 057943 352.68.

The value of M may now be obtained from any one of the equations
(a) to (C). From (A)

M=01+4=91+352.68=443.68

The values of B* are then found to be:

Yorplot 1 (nopotashy .. _________________.._ 1. 03009
Tor plot 2 {1 unit of patash) *

For plot 3 (2 units of potash)

For plot 4 (3 units of potash)

Using the indicated values of 34, A, and B* in equation (1) the
calculated yields are: Plot 1, 91 bushels; plot 2, 245.3% bushels;
plot 3, 332.2 bushels; and plot 4, 381 bushels. The celculated yields
differ from the observed yields by 5.61 bushels on plot 2 ard by 1.2
bushels on plot 3. Squaring each and adding, the sum of the squares
of the differences between calculated and observed yields on the
four plots (two of which are zero) is 32.9121. Values of M, A, and
R. which give the smallest sum of squared differcnces or residuals
are the most probable values. The roughness of the method and
size of the sum (32.9121) suggest that betfer values for the constants

may be found.
LOGARITHMIC METHOQD

The logarithmic method may be used for determining the values
of M, A, and E of the exponential yield curve in cases where the
successive observations result in positive increments as increases.
If any observation is a smailler number than the previous observation
this method can not be used, &5 a negative number as such has no
logarithm.

Letting z represent the increment of ¥ due to o unit increment of z,
equation (1), ¥=»M— _AR= becomes

Y+ 2=M— AR (A)

whence by subtraction

z= AR — AR = AR*(1 —R) = A(1 - R)R"

and
Log z=log [A(1—RB)]+zlog R (B)

Equation (B) is solved by the method of least squares, for which
the form used in Table 1 is convenient. The observations are
entered in the columns at the left. The values of 2 are then entered
opposite the corresponding values of z and the observation equations
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(C), (D), and (E) are made up by substituting the proper values for
log 2 and for z.

TasLe 1.—Ezample of work for determining R and A by the logarithmic method
[Log z=log [-A{1 —R)H-= log £} (B}

Cocffi-
Plot No. Logz ;}";3’[;
[A{1—RY

2. 21200 1
1. 9030060 !
1. 6389700 1

Sum of EC), (D}, and (I} 58001800 =3
Sum of (D) aird 2 tmes (B) 5.3010300=3 -

Bubtroet {F) from (1) —0.5051500=
Log R=—.2525750= 1, 7474250;
R=0.50017
1—R=0,44G384
3log [ {1— R}]_-; 80{3180(! 3log R
—u BO0--0.7 474250
05!}
op [A (1—_{2)]=2.18.-1]GSJ
But _
log (1— RY=T.6544215
log A=2.5135465

A=349.58

The normal equation (¥) for log [A(1-R)} is obtained by adding the
three observations as they stand, since the coefficient of this unknown
is 1 in each observation equ&tzon

The normal equation {G) for log R is obtained by multiplying each
observation equation through by the coefficient of log K in that
equation and adding the resuiting equations.

Fquations (F) and (G) are then solved by the usual methods of
algebra, snd the values of 4 and of E are obtained therefrom, ss
indicated in Table 1.

The value of M is found by writing an observation equation based
on equation (1) for each value of z, thus

91=AM-4
251 =AM — AR
331=M—AR?
381 =Al— AR?

Since the coefficient of Af is 1 in each of these equations, the normal
equation for AL is the sum of the four as they stand, or

1,064 =4M—- AQ+ R+ R+ BY)

Henes

and

whence

M=% 1,054+ 4(1+R+ R+ BY]

But the values of 4 (349.58) and of R (0.559017) have been found.
(Table1.)
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USE OF THE EXPONENTIAL YIELD CURVE

Tke vaiu;e of the parenthesis is
1.060000+0.559017 +0.312500 4 0.174693 =2.046210
Therefore
M =% [1,054 +340.58(2.046210)) = 442 33

Using these values of M, 4, and R the computed yields of the four
plots are 92.75 bushels on plot 1, 246.91 hushels on plot 2, 333.00
bushels on plot 3, and 381.26 bushels on plot 4. The corresponding
residuals from the observed yvields were respectively 1.75, —4.09,
2.09, end 0.28, The sum of the squares of these residuals is 24.2263
as compared with the 32.9121 obtained by the graphic method. The
Iogaﬁitcllmﬁc method thus gives better results than does the graphic
method.

The value of an unknown determined by the method of Ileast
squares, called its most probable value, is the arithmetical mean of its
value in each of the observation equations. Now the arithmetical

mesn of n quentities is % of their sum,

The value of an unknown determined from the most probable
value of its logarithm is therefore the geometric, not the arithmetical,
mean of the measurements, direct or indirect, made on the unknown ;
for when the logarithms of » quantities are added, the sum is the
logarithm of their product; when the sum is divided by 7 the quotient
is the logarithm of the nth root of their product, which nth root is the
geometric mean of the n quantities. The only condition under which
the arithmetical and geometric means of o series of numbers are equnl
is that all numbers in the series be equal. This condition arises in
statistical work only when there are no errors of observation, o condi-
tion that practically never occurs. Hence the value of & quantity
obtained from the most probable value of its logarithm is not the
most probable value of the quantity.

There is thus an error in the logarithmic method here outlined.
The greater the errors of observafion in the data employed, the
greater is the magnitude of this error. With fairly good ohserved
velues the error is not large. To illustrate:

Arithmetical mesn;

41(49+52+45+54)=50

Geometric mesn:
V45, 52.45. 54 =49 88

When the errors of observation are such as to rendsr some of the
values of z negative, the logarithmic method is not applicable at all,
for & negative quantity, as such, has ne logarithn,

NEW METHOD

The author’s new method applies the principle of least squares
directly to observation equations bused on the equation (1), Y=
M—AR:. Development of the necessary normal equations in general
terms is explained. Solution of the normal equations—finding the
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most probable values of M, A, and R—has been reduced fo plain
arithmetic. Finding the value of R, however, can only be done by
suecessive approximafions, so thati the work involved is formidable
and should not be undertaken without adequate equipment for mak-
ing the computations.
Using a, b, ¢, d ____ to represent observed values of z, and ¥,, Y,
Y., ¥, ... to represent corresponding values of ¥, the several obser-
vation equations may be written:
Y.=M—AR"
Y,=M-—AR* A
Y, - M— AR (4)
Yo=M—A4R?

and so on.

Normal equations for 3, A, and B are worked out applying the
general rule, of which the example used under the logarithmic method
is a special case. This general rule for finding the normal equation
for any variable in o set of observation equations is: Multiply each
equation through by the derivative of that eguation with respect to
the variable in question and add the resulting equations, The
derivatives of equation (1) with respect to A, A4, and R are;

For M the derivative is 1.
For A the derivative is B2,
For R the derivative is AzR*t,

The normal equation for M is therefore the sum of the observation
equations (A) as they stand; this gives

EY=nM— AZR",

from which, transpesing and dividing through by n

M= [sY+AZRY

In these expressions ZY is the sum of the gquantities represented
by ¥, Y3, Y., ¥y --__, is the number of observation equations, and
gizﬁz is the sum of the seversl values B°, R®, B¢, B® ____ maultiplied

v A.

The normal equation for A is obtained by multiplying the first
observation equation through by R¢ {the value of R*, the derivative
of A in {A) above,) the second by E? and so on, and adding the
resulting equations. The resulting normal equation may be reduced

to the form
_nE2YR*—ZYZER* 3

- (23:)2_n2321 { )

The normsl equation for R, is obtained by multiplying the first
observation equation through by AeR°!, (the derivative for K in
(A) above), the second by 46R**, and so on, and adding the resulting
equations. The normal equation so written may be reduced for con-
venience of subsequent quantitative computation to the form

, _nZ¥sR*—ZYZzR"
A= ZR*ZzR*—nZaR* @)
The .4’ of equation (4) and the A of equation (3) are identical in

value; the prime mark 1s used in equation (4) as a convenient means
of distinguishing between the tweo formulas,

A
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SCLUTION OF TIE NORWAL EQULATIONS

The problem of finding the most probable values of M, A, and B
in equation {1) now resoives itself into that of finding that value of
B that will make A’ equal to 4. This can be done only by the method
of trial and error. The solution is demonstrated with the data con-
sidered under the graphic and logarithmic methods. ’

The procedure found to be most convenient for solving the equa-
tions is here given, using Table 2 in the demonstration. The quanti-
ties for which values are wanted as steps In the computation are
eniered on the blank form, and the values sre entered as they sre
arrived at. Six sections were used in this problem snd will usually
be enough for finding the value of B. The actual working sheets
should provide for as many lines as there are observation equations;
for economy of printing only the four needed in this 4-plot problem
are shown in Table 2. The symbols not previously used will be ex-
plained later; they are all use(ﬁg other phases of the genersl problem
and are provided for in the table.

The table of values of R, prepared by Y. Kutsunai of the Hawaiian
Sugar Experiment Stetion (Table 18), reduces the labor of computa-

tion materially.
LOCATING THE VALUE OF §

The most probable values of M, 4, snd R are those that render the
sum of the squares of the residuals a minimum. The residuals wre the
remainders obtained by subtracting the observed values from the
caleulated values of ¥. For the problem now in hand the sum ob-
tained by the graphic method was 32.9121; that obtained by the
logarithmic method was 24.2263. Hence the values of A, 2, and R
obtained by the logarithmic method approach more nearly the values
sought than those obtained by the graphic method.

The values of B found by these two methods were—

By the graphic method, B =0.56223.
By the logarithmic method, B =0.559017.

Since the second value of R is srnaller than the first and the sum of
the squared residuals is smaller than for the other, it is probable that
the meost probable value of B is smaller than 0.559017. Computation
by the author’s method may then start with E=0.55. (The alterna-
tive to use of either of the above methods or both for approximating
the value of R as a preliminary to computation by the author’s new
method Is more trials by the more onerons meshod.)

In the upper left section of Table 2 trinl is made with E=0.55.
Opposite the given values of z are placed the observed values of ¥,
then the corresponding values of =, the values of R° and higher powers
of R being obtained from Table 18. The figures in the column headad
xR* are the indicated products of the figures in the first and third
columns. The figures in the column headed EB* are the squares of
those in the column headed B*. By addition the values of 37, ZR¥,
ZzR*, and ZRE% are obtained.

The next step is to find the value of A and of A’, equations (3) and
{4). The numeretor of equation (3), N, consisting of & positive term,
nZYR*, and & negative term, —2ZYZR" is worked. Then the de-
rominator, D, is worked ouf, the division performed, and the value of
A (=346.161475) set down. The value of A’ is found in the sar:e way.
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TaBLi 2. —Arrangement t of work for computing R, M, and A by the new method.
Same date as in graphic and logarithmic methods

Y=Af—dAR: =g N=nEYR—E¥ER D=YROLR:_npR:
L
ar-l@yoazey Ar=ts N'=rEYrR—»YZzRe D =EZReEIR:—nIzR
n=number of pbservutions=1 E=4-—4 g={log A—log Aflog B -

Pl F2(4] pid

.0 &0 N 1.4 0.8
. .65 . . 3
. 38035 - G50 .26 . 5832 5031

J8L | L 186375 | . 4DDI25 15744 AT 024785

054 | 2,018875 | i 654125 | 1. 4201087 1, §B0G64 1. 506582 1481426

1,570, 20558 =2, 127, 8iM250=—557. 28250 | 1, 532, 2135302, 006, 4734Hi=—564. 255820
4, 0758506 — 5 0BATS =— L 610692 3, H56376 — 5 0057 =— 1. 640328
2,103, 8865 —1, 743, 447750= 370.438750 | 2, 034. 242208—1, 881. 753065= 352, 488240
& 330472 — 2. 274220 = 1. {65252 31736 35— 2, 144188 = 1,028547
3146, 161475 342, 115113
347, 747533 342. 372170
—)1. 380053 —. 357127

¥ Fid fi= zh= Fix

a1 LG 3 1.8 L0 8.0 19
251 | 58 . 280444 . 538 . 530 L 2as2l
33| L2304 7888Y | . 083778 200521 . GR1042 L (R4402
/L] . 185TRL | L4GTI08 | . 024240 - a6 4697T3 -G24521

1,854 | 1.983105 | 1. 584051 | 1. 357471 1. GaBL1Z 1. 588815 1. 30444

I .:24 GU46G0—2, (HI0, 25i010=—505. 561250 | 1, 528, 1504582, DBE. 473456 =—564. 259520

3. 032848 — 5. S8UBE1= 1, 56941 3, Bl — 5. 80F776=— 1.833135

2 018, 556124 —1, 600, 580754= 3B4. 066370 | 2,026, ISG000—1, 675, 665010G= 35D, 724650

3 151345~ 2. 118088 = 1, Q22447 3. 157551— 2. 181552 = 1. B2599%
341, 328530 341, 721572
1. 305085 341, B3T22H
L2344 —, 115852

Y FL = zR+

Wil 1.0 5 0.0
251 | 5338 280552 .5382 \ 5382
331 | . 288552 Tt . QR3B40 . 288650 . 579318
381 | .I55808 | . 487424 | 024376 + 15805 . 467835

1, 05¢ | 1,983460 | 1. 584628 | 1. 397668 1.083754 1, 585208

t, 525, 070840 —2, (000, ST0E0=—585. 406200 } 1, 525. 445206 —2, BB 876716 = —585. 431420
3. 0341 4— & 500672=— 1, 056558 3. 035280 — 5, f0dfi6=— 1 856178
2, OIG 340"?2 1,670, 107012= 340, 142260 | 2,020, 1217721, 070, 803082= 248, 317810
143046 — 2. 120040 = 1, 022505 3, 144653 — 2, 121488= 1022163
.ﬁ 1. 303180 $41. 407500
34 L. 357364 341, 400060
Llg22 —. 08128

Af ¥ {gal- | ¥ {ob-

culaled) | served) e ” 0. 538188 Ifﬂgﬁgthms

A .
Lo . . n ) 0. 1683 Ar 32.%243%

. 538188 3 432, 81 b 3.7248) Tinlt of 7 50 pounds of Ka0.
. 286040 432,81 431 ! 8. 8264 7=0.2822 unlts=15.145

. 156884 X X LO83H * nounds per acre.
1983718 14. 4075

fir

1 The anthor's werk shects wore mimeographed blaak forms, with spaces provided for § values of z,
The hiank lines have been ernltied in printing,  See toxt {or developmont of the work recorded on this lorm.
Table 15 and & computing mochine are practicsl necessities,
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To obtain the value of the positive term, RZY R, of N, for example,
set up 91 (=91 times 1.0) in the computing machine; add to it 251
times 0.55; add to that 331 times 0.3025; and then 381 times 0,166375;
the sum so accumulated {the Z¥R*) 1s then multiplied by », in this
case 4. The result, 1,570.285500 is recorded as t]lu)c first term of N
in the line below the columns of Table 2,

The second (negative) term of N is Z¥TR*=1,054 times 2.018875=
2,127.894250. 'f‘ge algebraic sum of the two terms of N is
- 557.628750.

The reader should
now be able to follow ]
the procedure in ob-
taining the values of
D, N, and IV,

Note that the nega-
tive terms of both N
and I are larger than
the posifive terms. If
the positive terms are
computed first they
may be subtracted
from the negative
terms without reset-
ting the negative terms
in the machine, The
negative terms of N’
and 7 are smaller than
the positiveand may be
advantageously com-
puted first.

The difference F,
between A and 4’ in
this case, with R=0.55
is —1.586053. When
the correct value of I
is obtained, & will be
zero. Under the con- ~ a5 B 008 prcS
ditions of this problem FIGURE3.—STEPS IN THE DETERMINATIONOF AANDR

o negative value of I 1q soction 1, the valies of & found in Table 2 arc plotted, The line

3 ] crosses the zero lipa at mbout G.538. The velus for E at 0.538 {=
mdlca.tes th&f: t’be.va’lue positive (sec. 2), heneo too smali; so the value af 0.53% was com-

of B under test is too mtod, the Uoe drawn through theso points Jndicating & valie
large, (See discussion ?gggﬁggl%gg’—‘ S dreios the aser(oee, 3 bives tho e vattes
of critical values of B ioﬁggrgfiﬂsssias (E is 0 at this pelnt), and A=341.401 for this
below for conditions ’

indicating the opposite situation.) Accordingly the value of R=0.54
is tried. (The computations are shown in the upper right section of
Table 2.) This time E becomes —(.257127, much nearer zero, but
still negative, indicating thot E is somewhat less than 0.54.

With two values of E available, some work may be saved by graph-
ing the values as in Figure 3 (1} before proceeding with further trials.
A line drawn through the two computed values of E crosses the zero
line at about 0.538. Hence the next value of E tested is 0.538. It
should be noted here that the graph of E is somewhat curved, being
convex downward. This curvature of the graph of E is the more
marked the fewer the decimal places in the value of B under test.
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Because of this curvature, the straight line used does not give the
exact value of R, as the true graph of E probably erosses the zero line
somewhat to the right of 0.538.

The value of £ when R is placed at 0.538 comes out 0.023444, posi-
tive, indicating that R is greater than 0.538. The value of E when B
is placed at 0.539 is —0.115852, negative, indicating o value of R less
than 0.589, These last two values of E are graphed on a larger scale
in Figure 3 (2), the E line crossing the zero line at sbout 0.53818.

Ordinarily it would not be necessary to carry the computation of B
beyond this point, but since & comparison is desired between methods
1,2, and 3 the values B=0.5381 and R=0.5382 are tested with the
results given in Table 2. The line drawn through the values of K for
these values of B crosses the zero line at a point indicating a valie of
0.538188 for B. (Fig. 3 (2).)

The last two values of A are also graphed in Figure 3 (3). At R=
0.538188 A4 is 341.401. These are taken as the most probable values
of A and of B. These two accepted values are then used to find the
most probable value of M. The steps in finding 3 are: Compute
the values of B® using the accepted value of B, entering them on the
form (at the bottom); multiply each by A and enter them; add this
column {giving AZR*). Add fo this sum the sum of the observed
yields (ZY); divide by n. The value of A comes out 432.81.

The caleulated values of ¥ are obtained subtracting each value in the
column headed AR*® from 432.81. The differences between the calcu-
lated and the observed yields (column headed “e"} are entered,
squared, and the squares totaled (Ze®=14.4075). The smaller this
sum is, the more aceursnte is the fit. The values of 34, 4, and R found
by the new method are thus considerably more safisfactory than those
found by the simpler methods, for the sum of the squared residuals
is much smaller.

There are numerous other methods of finding the approximate
values of M, 4, and R, but those given are sufficient for practical
purposes,

CRITICAL VALUES OF K

The work of finding the value of R is complicated in some cases by
the fact that for certain values of R the value of D’ (Table 2) becomes
zero, thus making A’ infinite.

When the velues of 2 used include zero, and consist of the consecu-
tive numbers 0, 1, 2, 3, etc., I is always positive, so that the cornpli-
cation mentioned does not occur. In these cases I is positive for all
values of £ less than the true value, and negative for all values greater
than the true value,

But if the given values of z do not include zero, snd consist of the
consecutive numbers 1, 2, 3, 4, ete., then there is always a value of
R, bere called its critical value, for which I’ =0. The critical values
of B for series of x values commonly occurring in experimental work
are as follows:

Berjes of £ values Crltice! valua of &

0. 621173
- 661689
. 694225
. 720886
. 743354
. 762477
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Let B, represent the most probable value of B,
R, the value under test, and
R, the critical value. .

Figure 4 and the relations stated in tabular form below will aid in
determining whether a given positive or negative value of Z indicates
that B, is too large or too small,

In each of the three drawings of Figure 4 the abscissas are values
of B, while the ordinates are values of A and A’. The most probable
value of B, symbolized by R, is the abscissa of the point, X, at which
the graph of A’ crosses that of A, At this point A'=4 and E=0.
The critical value of B, symbolized by EB,, is the ubscissa of the point
at which 0’ (not shown in the drawing) becomes zero and A’ becornes
infinite.

It is readily seen in Figure 4 (1), which represents cases kaving no
critical value for R, that is, in which I does not become zero for any
value of B, that a positive F shows E, to be too small, while 2 negative
E shows R, to be too large.

-

\
A ' Ll L L i1
A B Am 100 .2 b By e B [F+]
(1) (2)
FiGURE 4,—GRAPHS OF THE VALUES OF A AND A’

A gnd A’ pre equal st some value of R, valled its most probable value (R.).  In axperimenial series
which de not include & value (or x=0 there is always a critical value of 2 (£,) which renders A’
nfinite. Section 2 Hlustrates eases in which R 1s smaller thon I, saction 3, cases when R is
jayper than £, Section I covers Lhose vages in which the vnlies of T ere conssgniive numbers
beginning with 0.

In Figure 4 (2) and Figure 4 (3) the relations between R, and R,
may be stated as follows:

When preliminary tests (by the graphic or the logarithmic method
indicate that R, is less than B, (fig. 4 (2)}, then a negative E indicates
that E; is too small and a positive & indicates that &, is too large.

When R, is greater than E, (fig. 4 (3)), then. a negative E indicates
that B, is too large and a positive E mdicates that B, is too small.

QOccasionally B, lies so near to R, that the value of B, determined
by preliminary tests may lie on the wron% side of B,. Suppose, for
instanece, that the preliminary value of £, is slightly greater than
E,, (fig. 4 (3)), while the true value of R, is slightly less than R, (fig.
4 (2)). Imn such a case a few trials of B values greater than R, will
show that as R, decresses, A’ rapidly increases, which shows that
Figure 4 (2) and not Figure 4 (3) applies.

If for values of B, slightly less than B, the value of 4’ increases
rapidly for slight inereases in B,, then R, is greater than B,

For irregular series of z values it is necessary to work out the values
of I» for a series of B values to determine the critical value of R,
if any such value exists.




16 TECHNICAL BULLETIN 348, U. 8. DEPT. OF AGRICULTURE

AVAILABLE PLANT FOOD IN THE BOIL

The quantity of a plant-food element available in the soil without
eny fertilizer application, designated as ¢, may be computed at this
stage. The value of ¢ is the value of = in equation (1) when Y is
zere; that is, ¢ equals « in the equation 0 =M — AR®, which reduces to

log M—log A
z log B ={q (8)
This value of z is the point at which the yield curve crosses the
z axis. This point Lies to the left of the origin; hence ¢ comes out
negative, The negative sign is to be disregarded, for the origin was
arbitrarily placed.
The data of this example show that ¢ is 19.145 pounds of potash
(K;0) per acre. (Tuble 2.}

DEMONSTRATION USING EXPERIMENTAL RESULTS WITH THREE
VARIABLE FACTORS

The preceding discussion relates to & case in which a single plant-
food element (potassium as K0} was varied. In what follows the
same principles are applied to a case in which varying quantities of
nitrogen, phosphoric acid, and potash were applied to the same crop,
the e%ements being varied one at a time; that is, plots receiving dif-
ferent quantities of nitrogen all received the same quantity of phos-
phoric acid and the same quantity of potash, those receiving different
quantities of phosphoric acid received the same quantity of nitrogen
and the same quantity of potash, and so on.

The data used below are from a series of experiments with fertilizers
for tobacco, conducted at Tifton, Ga., by W. W. Garner and his
associates, of the Bureau of Plant Industry, in cooperation with the
State College of Agriculture and the C{msml Plein Experiment,
Station of that State. These duts were kindly supplied by Doctor
Garner.

The essential facts are given in Table 3.

TapLE B —Fertilizers applied and yields oblwined tn lhe tobacco experiments al
Tifton, Ga.

[Rate of fortilizer application, 1,000 pounds per acre]

Annlysis of lortilizer ap- Yiclds of tabueeo per acre in—
. nlied
Tlot M.
NHy | Te0s | K30 1624 1925 j{l 1957 128 1929
Per cent| Per cent] Per cenf] FPounds | Ponndy | Pownds | Pounds | Pounds | Pounda
5 ] ] 1,15 L, 571 1,449 1,33 1,182 1,452
4 8 i) 1,281 1,572 1,24 1,20 1,081 1, 22
3 ] I 1,206 1, 44 1, 157 1,352 75 1,073
2 4 ] 1,04 1, 348 1, b2 1,331 830 972
1] g ] BT 1,13 o14 1A% [01X) Lry
1l 1] 0 Al9 i 154 S0 400 S
K| 12 & L, 15 1, G 1,30 1, 306 3 IR
B 10 5 1,214 1,070 1, 150 1, 185 1, 005 1,134
a4 ] 5 1,47 1, 880 I, {H7 1, Z36 978 1, 163
4 T 5 1,214 1w 1,173 5,356 1,067 1, 086G
3 L] H] 1,28 I, 524 1,061 1,20 ] 1, 56
3 4 k) 1,285 1, g 1, 098 1, 204 Bu5 1,100
A ] 5 1, 210 1, 405 34 550 S 445
fi] 0 0 85 70 72 530 445 518
4 ) & 1,243 1T 1,50 1,441 1,142 1,009
3 ) 4 L 156 1, TG i, 187 1,18 1, HO 1, 148
3 g q 1, Lk 1,752 1,004 1,211 1,02 230
3 g 3 LIlA 1,618 1, 102 1,290 sk 1,190
3 8 2 1, 184 1,847 1, 074 1, 150 B3 o]
3 g 0 4] L. 01§ iy 481 4 BH

1 Check plot.
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The yields shown in Table 3 are graphed in Figure 5. The graphs
in the first column are based on the yields from plets 1 to 5, in which
ammonis is the variable; those in the second column relate to plots
7 to 13, in which phosphoric acid is the variable; and those in the last
column relate to plots 15 to 20, in which the veriable is potash. The
numbers attached to the lines indicate the year, the first year bein
1924. The yields on all plots were extraordinarily high in the secon
vear (1925). Where these yields were used they were reduced by o

AMMONIA SERIES PHOSPHORIC ACID SERIES FOTASH SERIES
YIELD

(PouNDS) SR ! J

LBOD

1.0co

500

0

[ Arevope of firar 7
Hoe

o
11
Arrrape of

ot fllo o
|

i

LECOWD Fram
Arvrime vt ASHIATED AP
Yilyd M IET . I I R etiicstiie bt IR IR

0
o 2345 0 & 67 o 234 & a8
UNITSEOF HH, UNITS QF Py O UNITSOF K3 ©

FIGURE 5.—YIELDS ON TOEACC?Q%?F;EQEIQMENTAL PLOTS AT TIFTON, GA.,

These nre the yields shown in Taide 3 nnd the averspes used in the vomputellons, The sepamtion
into groups of thres years i to aveld confusion of lines. The reasons for selacting Lhe soverst
nveropes R given in the text. The rate of applimbion of fertilizer was LW povnes por nere,
andd the unlt of 2 {Lhe prowih fuctor) wus ! pet cennt, 0 10 polinds, of eael: of the three plant loods.

{actor which reduce:l the average of all nitrogen plots in 1925 to the
average of the first and third years. This was done to avoid exageera-
tion of yields due to a ve?f unusuul season in 1925. The grzl.pﬁs in

each column gfe separated into groups of three each to avoid con-
fusion from so many overlapping lines and to bring out certain reln-
tions that are discussed below.

The graphs show a number of things of great interest. In the
nitrogen series, curves 1 and 2 are almost identical in form, whereas
curve 3 departs from this form very slightly. The graphs for later

135748°—83——3
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years show, strikingly, a cumulative effect of the nitrogen. This effect
begins to snow plainly the fourth year, and is very marked in each year
following, more so the sixth than the fifth year.

The hypothesis is suggested that.after the experiment had continued
for about three years the resulting cumulative effect of the increased
organic matter, presumably from the decaying roots and stubble of
the larger crops on the more heavily fertilized ptots, began to affect
the yield on the latter plots. The yields in these later years on the
plots receiving much nitrogen were influenced not only by the nitrogen
apphed from year to year but also by the increasing reserve of organic
matter in the soil.

In the lower part of the first column of Figure 5 a curve is shown of
the average yields the fifth and sixth years. This curve has the form
of the lower part of a curve representing the effect of varying two or
more growth factors. (Fig. 11.) I this case the factors concerned are
presumably nitrogen in fertilizer and plant food made available by the
decay of remains from previous crops, the latter increasing from year to
yvear. Had the series included plots receiving more nitrogen, this
curve {including the part extending beyond the limits shown in the
drawing) would presumably have approxiinately the form of that of
Figure 11.

If the above interpretation is correch, it is obvious that a formula
intended to express so'2ly the relation between yield and quantity of
fertilizer applied would not apply to the results of an experiment
continued for many years, at least so far as nitrogen is concerned.

In the computations that {ollow, the ammonis results used are the
average results for the first three years of the experiment {the second-
year results being adjusted as described above), because the yields
1n later years presumably do not represent merely the relation between.
yield and current applications of fertilizer,

The phosphoric acid plots (graphs in second column of fie. 5) show
the reverse side of the same picture. The scil on which these plots
were located had been heavily fertilized with phosphoric acid for
many vems. Judging by the first-vear results, the soil was supplied
with all the available phosphates the plants could use, so far as effect
on yield is concerned, for the plot receiving no phosphates that year
vielded aboul ns well s the others,

But as fime went on, the situation changed markedly. The yield on
the plot receiving no phosphoric acid fell off rapidly as the store of
available phosphoric acid in the soil was reduced. The yields on this
plot were very low and almost identical in each of the last three years.
Apparently the rate of exhaustion of phosphoric acid on the no-
phosphate plot (No. 13) was very rapid during the first four years, and
by that time the phosphoric scid supply had nenzly reached the
minimum that the soil could develop regularly.

Doctor Garner stated that the effect of phosphates on the quality of
tobacco is so marked that it pays fo use more of this fertilizer con-
stifuent than is necessary {rom the standpoint of yield alene. This
effect appears to be produced by influencing the date of maturity of the
crop. 'To secure the best quality of product the crop must be har-
vested while the weather is still quite warm. Heavy applications of
phcrfiphates hasten maturity, and hence result in o product of higher
quality.
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In general, the longer the growing season of & crop the greater the
eld, other things being equal, though exceptions to this rule occur.

here is some evidence in the graph at the bottom of the middle section
of Figure 5 that yields are slightly lower on those plots receiving the
heaviest applications of phosphoric avid. This may be due to the
increasing earliness of the crop with increasing doses of phosphates.

So far as yields alone are concerned, the results from the phosphate
plots for the first year of the experiment are the only ones that give a
true picture of the fertilizer relations of the soil at the time the experi-
ment began. The yields that year indicate that the crop had all the
phosphoric.acid it could use in making increased yields. The eurve
for the average of the last threc years (bottom of middle section of
fig. 5) indicates, however, that it took about 60 pounds of phosphoric
acid {P;0;) a year to maintain maximum yields. Quality of product
may demand more than 60 pounds, possibly at the expense of slightly
reduced yvields due to earlier maturity of the crop.

In the computations that follow, use is made of average yields on
plots 11, 12, and 13 of the phosphoric acid series for the last three years,
for the reason that these sields permit an estimate of the reduction in
yield due to earlier maturity caused by large phosphate applications,
as will be seen later.

The potash curves in Figure 5 show neither the cumuiafive effect
of heavy applications seen In the ammonia curves nor the exhaustive
effect of light applications seen in the phosphoric acid curves. For
this reason the average results for the six years were used In the
computations, with the sesond-year results adjusted as previously
stated.

The computed values fornd in what follows are not to be regarded as
final, since these experiments were planned for o different purpose.
Pariicularly the absence of a complete series of check plots affects the
results from the standpoint of the present purpose. Nevertheless the
results Mustrate very satisfactorlly the methods of computation
required for & series of plots fertilized as suggested later in this paper.

1t will be observed that the nitrogen dafa in Table 3 are given in
units of ammonia. These data could easily be converted into terms ol
nitrogen, since a pound of ammonia contains {ourteen-seventeenths of
a pound of nitrogen. But this would necessitate carrying ouf exten-
sive culeulations with fractional values of . The computations are
therefore carried out on the ammonia basis. In the final results the
conversion of pounds of ammonis into pounds of nitrogen may easily
be accomplished.

AMMONIA SERIES
{Plats T ln 5)

The yields used for the smmonia series were the average yields of
plots 1 to 5 for the first three years of the experiment, with second-
year yields reduced as previously explained. A preliminary reading
on the value of 12 was obtained by the graphic method, and the values
of M, A, and R in the equation ¥'=M— AR were then caleulated
by the author’s new method.

The results were
B=0. 69787
A=436.02
A =1323. 44
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The unit of z used was 10 pounds of ammonia (NH;) per acre. 'To
check the values found, caleulated and observed yields were com-
pared as follows:
Pt ' =z R AR: ¥ {calculnted) ¥ (observed)
& ol 1.6 420, 62 BE7. 42 8%}
4 2 . 48702 N2 35 3, 11108 1,085
3 3 . 34488 148, 19 1,176, 25 3, 181
2 4 L mTe i 48 1,220 02 1,248
1 5 . JB554 7237 1, 255 27 L2
The preatest recidual is slightly more than 2 per cent of the cor-
responding observed yield, which must be considered fair agreement

between theory and practice.
FHOSBPHORIC ACID SERIES
{Plots T in 13}

The effect of phosphates in increasing yields is shown by those
plots receiving 0, 40, and 60 pounds of phosphoric acid (P,0;). Higher
applications gave no further increase; indeed, there appears to be a
slight, decrease in yield from them. This is presumably due to the
effect of heavy applications in hastening the maturityof the crop.
By using the yields {rom 0, 40, and 60 pounds of P,O, some measure
of this hastening effect can be obt.aine(f The constants of the yield
equation are, therefore, calculated from the yields of those plots re-
ceiving 0, 40, and 60 pounds of Py0;.

The observation equations based on these plots are:

Plot 13, 2=0, 504=AM-A
Plot 12, z=4, 1,067 =M— AR
Plot 11, =6, 1,148 =28 — AR®
There being three equations between the three unknowns, they may
be solved directly by the methods of algebra.
Subtracting (A) from (B) end (B) {from (C),
563=A(1—RY D)
78=AR'(1—-RE% ¢ )
Dividing (E) by (D),

={,13498112

15 I
The solution of this equation gives R =0.66412, whence R*=0.19453.

Substitufing this value of B' in (D), and dividing through by
(1-RY,

563
0.80547

whence, using equation (A) since ¥,=2504.00, A =1202.673.
The yields of each of the plots in the phosphoric acid series may
now be calculated by the equation

Y=M- AR
as follows

Plut No, Fis AR= Caleninled ¥ Ohserved ¥

100000 098,07 M, 504
. 13453 13097 HLIYS 1,067
. OH580 5. 97 2
+ GH698 g, 83
b 62513 17. 567
1) + Q166U .47
12 L7386 a4

A= =698.97,

? Ineruation (1), Af is the theoretica) maximum yield (vahio of V73, while -1 is the tieoretical maximum
Ineresse i yleid fromn r=0; hence, If Yo ropresont the yleld at r=0, M=A4Y.



http:1,197.83
http:1,191.30
http:1,185.40
http:1,163.14
http:1,143.00
http:1,007.00
http:Yo=504.00

USE OF THE EXPONENTIAL YIELD CURVE 21

The residuals {¢) in the last column presumably show the decrease
in yield due to earlicr maturity from the heavier applications of
phosphates. This is doubtiess more than compensated by increase
n quality, and consequently in pri-e,

POTASH SERIES
{Plots 15 ta 20}

The potash plots (ast section of fig. 5) show neither the cumulative
effect of large doses as the ammonia plots do, nor the gradual deple-
tion on the lightly fertilized plots as the phosphoric acid plots do.
The yields, hewever, are relatively irregular, and the values of 34,
A, and R calculated from them are less relinble than are those from
the other series. In the absence of the trends above referred to, the
6-year average vield of each plet was used in the computations, the
vields in 1925 being reduced to make the average that year com-
parable with the average of the first and third years.

The constants were evaluated by the author’s now method, with
the following result:

B=0.64364
A=49261
M=1,22485

Tn these computations 10 pounds of potash (K 0) was used as the
unit of z.

From the above values the yield of each plot may be caleulated
from the usual yield equation, ss follows:

Pioi No. R= Afr Calenlaled ¥ Ohserved 37 e
1. 00000 492 Gl o2 24 Tl L2

L41437 AW 87 1,020, 78 1,02t .82

lopopt 3185 LOGRE0 LII0 —I16.50

. 17162 8. 5 I, 140.31 1,125 15.31

L0711 35 02 1,180. 53 1,175 L 52

L0245 14,5 1, 21031 1225 —IL 66

Having worked ont the coustants of equf}.t.ion (1) for each of the
fertilizer clements separately, the next step is to apply the results to
equation (7), in which all three elements sre variable. This is dene
in the following pages.

Dafa are now at hand for computing the guantities of available
plant-food elements in the soil of this experimental field. These data,
from the three preceding series, are:

Ammonia series; AM=1323.44, R=0.69787, and A =436.02,
Phosphoric acld series: M ==1,202.97, R=0.66412, and 4=648.07.
Potash series: Af=1,224.85, }E=0.€54364, and A==492.61.

Substituting these v_u,lues in equation (5), and remembering that the
unit of each element is 10 pounds, we find that the values of ¢ {the
guantity available in the soil} for each of the series are

Ammonia series, 30.89 pounds NH,.
Phoephoric acid series, 13.25 pounds P2Os.
Potash series 20.66 pounds K.0.

ALL THREE YARIABLES TAKEN TOGETHER

The three values of A found above are the limiting values of ¥,
{1), when amomnia alone varies, and phosphoric aeid and potash are
held constunt at 80 and 50 pounds per acre, respectively; (2), when
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phosphoric acid varies and ammonia and potash remain constant at
30 and 50 pounds per acre, respectively; and so on.

It is mecessary now to find the value of A which represents the
limiting value of ¥ when all three of the fertilizer constituents vary,
The computations involve finding the value of {1-E*) for many values
of z. To save labor, & table of values of (1—R*) for all values of z
likely to occur in such computations is appended. (Table 19). Itis
used in a manner sinilar to that in which a logarithmie table 1s used.!
Values of z are given in the first column and the corresponding values
of 1 — R~ in the columns to the right. The figure in the second decimal
place in the value of ¢ is placed at the head of a column of values of
1—R* asin a table of logarithms. The table is calculated for R=0.8.
Hence it is necessary to convert the units of ammonia, phosphorie
acid, and potash thus far used into new units that will give ench R the
value 0.8,

If R represent the ratio of any series of yield inerements due to
successive unit increases in a given growth factor, then the number, «,
of such units that must be used as anew unit in order that B shall equal
0.8 is the value of % in the equation B*=0.28.

Passing to logarithras, v log E =Iog 0.8, whence

_log 0.8 _—0.0969100 (6)
YT Tg R log B

The values found for R in the preceding work, with their logar-

ithms, are
Ammaonia series; R=0.69787; and log R= —0.1562255.
Phosphoric acid series: B=0.66412; and log R=—0.1777534,
Potash series. B=0.64364; and log R=—0.1613570.

Substituting these values of log  in equation (G) above, we obtain
the following values of w: Ammonia series, 0.6203; phosphoric acid
series, 0.3452; potash serics, 0.5064. Since the old units of each
growth factor are 10 pounds each, the equivalent new units are respee-
tively

Ammonia serics, 6,203 pounds.
Phosphoric acid series, 5.452 pounds.
Potash scries, 3.004 pounds.
The most general form of the yield equation, when all three fertilizer
constituents vary, 1s

y=A(1—Rray (1~ Ry (1— ¥t )

The derivation of this equation is given later, The significance
of the quantities invelved is as follows:

y=yield per acre,

A=limit approached by ¥ as ¢, b, and ¢ increase.

R=the ratio of the series of increments in yield for successive
unit increments in a, b, or ¢, the size of the unit in each case being
such as to make B=0.8.

n, p, and k=the respective quantities, in the above units, of
nitrogen (ammonia in the case under consideration), phosphoric acid,
and potash available in the soil.

@, b, and c=the respective quantities of these three fertilizer
elements in the fertilizer appliced.

! The use of this table is expluined on v 60,
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To use equation (7) it is necessary to express n, Pk, a, b, and ¢ in
terms of the new units mentioned above. To aid in doing this, some
of the data developed in preceding pages are here brought together.

For » and a the new unit is 6.203 pounds of NH,.
For p and & the new unit is 5.452 pounds of P.Q;.
For [ and ¢ the new unit is 5.064 pounds of K;O.
The value of n, 30.£9 pounds, is 4.98 new units.
The value of p, 13.25 pounds, is 2,43 new units.
The value of &, 20,66 pounds, is 4.08 new units.

Table 4 shows in the first group of three columns the plent-food
elements applied in fertilizer to each of Garner’s plots, in units of 10
pounds {1 per cent of 1,600 pounds). In the next group the same
quantities are shown in pounds (per acre, of course}. In the third
group these quantities are expressed in the new units, namely, units
of the magnitude required to make theratio () of eachseries equal 0.8,

TanLe 4.—Plant food availuble on cach plot in the iobacce experiments

Fiunt fentd opplieg, in lerins of—

Total avalluble ! (in
new unitsy

Plot No. Unils of 19 prounds Pounds New nnils

NEy, | Pels, | K20, | NG, [ Polls, | Ko, | NHa, | PeOs, | K30, | NI, | Pads, 0,
a b ] ] b c @ B ] at+a | pib | ke

17107 13.895
17,10
1710
17,10

RELS

Sl Ryl ]

13.85
408
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-

f
i
1 Cmantity available in the solt phas guantily npplied in feriilizen
? Cheek plots; no fertilizer applied,

In the Iast group of three columns the rumbers are obtained by
adding the vaiue of #, which is 4.98 in the new units, to each number
In the @ column of the preceding group, the value of p, or 2.43, to
each number in the b column, and the value of %, or 4.08, to each
number in the ¢ column.

The last group of three columns thus shows the total quantity of
each food element available to the crop on each of the 20 plots. It
includes both the plant-food elements in fertilizers applied (a, b, e,
and those available in the soil before the fertilizers were applied (n, p, &).

It is now possible by menns of equation (7), Table 4, and Table 19,
to find a value of the 4 of equation (7) for each of the 20 plots. In
the case of plot 1, for instance, equation (7) becomes

y=fj.(l _Rl:}.ﬂ{) (l _,_Ri?.l{l) (1 ___RIZS.RS) (A)
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the value of B being 0.8. From Table 19 it will be found that

1—B®=(.94551
1-R7"1=( 97708
1—RB%=0.95553

The calculated yield for this plot (p. 20) is 1,251.27 pounds. Sub-
stituting this value and the above values of the three parentheses in
equation (A) above, transposing both members, end then dividing
through by the parentheses

A=1,251.27/(0.94551) {0.97798) (0.95553)=1,416.15 pounds

Tavre §—Cempulation of the value of A for the plots of the fobacco cxperiments

[ 1__l",‘ult::u‘lr!tt::d yield | ¥
T Treduct (=R~} (I=Rerl) (1= FErey

Data of Tahle 4]

Tlok N . Cnlcludlntud ave 1 e 1 [ P
ot No. yield,t i ]=Finta I—=riw 1— = ‘roduct
‘ {ponnds) {pounds)

0. 04551 0. 07768 0. 95553 O 83357
L2150 HTTYS - 05553 . BA150
. BB8Z3 L7708 -95363 . &3004
B3l Q7708 05353 . 73435

- 6785 - 05863

. (7035

. (563
. A
L 5653
5

G
L HTTOR
BTTOR
-o7T08

Averaga

CGrond averige. - . -

! 'These vields are those previously ealeiloted.  See text for ench series of plots.

t This iz (1— R} for the series.  See lnst group of columns of Table 4 for Lthe several values of 7 o be nsed o
enlering Table 19,

In a similar manner the value of A for each of the remaining plots
wag obtained, the results for all except the two check plots being shiown
in Table 5.

The slight variations in the value of A in the ammonia series, from
1,415.57 to 1,416.15, are due to omission of decimals in the preceding
computations. A similar remark applies to the A of the phosphate
series, plots 7 to 13, and to that in the potash series, plots 15 to 20.

There are thus three values of A, namely—

From the ammonia series 1,415, 86

From the phosphate scrics 1,417, 58
From the potash series I, 410. 14

the extreme difference between which is about 0.5 per cent of their
magnitude, :
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In arriving at each of these values, three factors were multiplied
together. In each case, one factor is derived from data wholly in-
dependent, of the others. The fact that the three values agree so
closely indicates a high degree of fitness in the theory of the yield

equation
y=A (1—-E*) (1-R***) (1~ R (7)
from which the values are derived.

FINAL CALCULATED YIELDS

Using the average Jf the three values of 4 in the above equation,
and multiplying this by eack of the “‘products” in the nest to last
column, Table 5, the final caleiulated yield of each of the experimental
plots is obtained. In Table 6 these are compared with the observed

yields.

TanLe 6.—Pinal calculaled yield of each plot compared with the observed yield

Plot No. | Salau |[Observed 100 ¢/Y Calen., (Obsgrved 1006/ ¥

1,250 1,41

Fedan

B b e | Gl e O B3 T

1

B IR TS e b B

LA

R

t Cheok plot.

The column headed ¢ in Table 6 shows the difference between the
final calculated yields and the observed yields. In the next column
these differences are expressed as percentages of the observed yields.

Plots 7 to 10 of the phosphoric acid series show what is presuma-
bly the reduction in yield due to the effzct of large doses of pliosphate,
a reduction probably much more than compensated {or by increase
in ﬁuality of product (tobacco). Thus, on plot 7 the calculated
yield is 58 pounds more than the obscrved yield. This is presumebly
the reduction in yield due to the earlier maturity caused by the large
application of phosphoric acid.

f the remaming plots, 13 show residuals of less than 2 per cent,
8 of them Jess than 1 per cent. The remairing residual is 2.3 per
cent.

This must be regarded as nothing less than remarkably close agree-
ment between calculated and observed yields.

YIELD OF CHECK PLOTS

Two plots, Nos. 8 and 14, received no fertilizer applications. The
yield calculated for these plots by the yield formula is only 238
pounds, whereas the actual average yield Tor the last three years on
plot 6 was 503 pounds, and on plot 14, 498 pounds. The reason for
this discrepancy is that the lower part of the phosphate curve repre-
sents yield increases due in part to current applications and in part
to varying rates of phosphate exhaustion. Extrapolations down-
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ward by this curve do not give correct results. But these disturbing
conditions do not exist {or the upper part of this curve, so that extra-
polation upwards should give correct results.

If the soil had not been so fully stocked with available phosphates
at the beginning of the experiment, and if the first-year results alone
had been used In the computations, then the yield of the check plots
could have been calculated by the yield equation,

A hint as to the rate of phosphate exhaustion on plot 13, which
received no phosphates, but did receive ammonia at the rate of 30
pounds and potash at the rate of 50 pounds per acre, is seen in Figure
6, where » comparison is given between the yields on plot 13, plot 11,
which received phosphoric acid at the rate of 60 pounds per acre,
along with 30 pouzds of ammonis and 50 pounds of potash, end plot
14, which recelved no fertilizers.

YIELE
{raunes)

Q

1 2 k]
YEARS

FIGURE 6.~YIELDS OF TOBACCO ONM THREE PLOTS IN THE PHOSPHORIC
ACID SERIES

Plot 13 gives a hint us to the rate of exagustion of phosphoric acid.  Dlad it received wo ammonin or
potash, its yield in the sivth yenr presumably woulil bave been 238 pannds, indicated by the
arrow. Plot 14 received no fertilizer.  Plot 1 roceived eomnpleto fertilizer, 60 pounds DIhosphorie
actd alopg wilh 30 pounds of ammonia and 59 pounds of potesh.

By the fourth year the yield on plot 13 had fallen about to the level
of that on plot 14, and remained there during the reriainder of the
eriod. Had it received no ammonia or potash the last three years,
its yield the last year would presumably have been 238 pounds,
indicated by the arrow.

The exhaustion of phosphates in the case of plot 13 was presumably
much greater than in the case of plot 14, for during the early years of
the experiment the yiclds on plot 13 were much greater than’on plot
14, neither plot having reccived any phosphates.

While, as stated nbove, the lower part of the phosphate curve
(mddle section, fig. 5, at bottom) does not give a true picture because
of the nature of the data on which it is based, the same can not be
snid of the other curves or of the upper part of this one. The upper
part of each of the threo curves presents what is presumably a true
picture. This being the case, extrapolation upwards by means of the
yield formula should give reliable results, The close agreement of
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the maximum possible yields for the three series tends to confirm
this statement.

For & series of experiments planned as suggested later in this bulle-
tin, and carried out on a uniform scil, the equation, if the theory on
which it is based iz true, should enable one to extrapolate either
upward or downward indefinitely. The formula, of course, ceases to
apply when the fertilizer application becomes so large as to be in-
jurious to the crop. The effect of phosphates in hastening maturity
may alsc cause departures of calculated from observed yields. The
curve therefore offers a means of determining the reduction in yield
due to the eavlier maturity.

OPT'MUM FERTYLIZER FORMULAS

A method of determiniug the most profitable quantity of ammonia
(NHy) and of potash (K:0) to use with any given quantity of phos-
phoric actd (P:0;) follows.

Certain of the 1tems of cost per unit of product are proporticnal to
area. These include plowing, preparation of seed bed, planting,
tillage, and sometimes part of the work of harvesting. Thus, in the
case of sugar beets or potatoes, the cost of running the digger is pro-
portional to acreage.

It is true that the amount of work done in preparing seed bed and
in tillage, spraying, etc., may vary widely, and the amount and
character of such work does affect the yield; but on most farms there
are fixed standards for such tasks, and the work done is strictly pro-
portional o acreage. The formulas developed below apply only to
cases in wWhich work of this kind is standardized and varies with
acreage.

Certain unit costs vary strietly with yield per acre. Thus, grading,
sacking or crating, hauling to storage or to market, and the like
depend on yield, not on acreage.

Certain other costs are intermediate in character between the above
two classes. Thus, in husking corn, for instance, the amount of labor
required depends partly on area and partly on yield per acre. It
costs slightly more per bushel to husk & field of corn yielding 40 bushels
per acre than one vielding 60 or 80 bushels.

In considering these intermediate items from the standpoint of
optimum applications of the various fertilizer ingredients it should be
remembered that, in most cases, only slight variations in yield are
involved. Thus, it may be a question whether s fertilizer application
necessary to obtain g yield of 79 bushels or 80 bushels of corn would
be most profitable. The variation in cost per bushel as between these
vields for the one item of husking is too small to measure. There will
therefore be no serious error if such costs are regarded as varying with
yield. This point is discussed later in some detail.

In the case of some crops there are other factors of cost that vary
partly with area and partly with yield. A heavy crop of sugarcane,
for instance, requires less tillage and weeding than a lght erop (8).
Even in this case, however, when the question is between a yield of
19 tons and one of 20 tons, the difference in cost of this item is stight,
and may be neglected without serious error.

In what follows the argument proceeds as if all items of cost may
be regarded as varying with either area or yield per acre. In some
cases this will involve a small degree of error, but not sufficient to
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vitiate the results, as will be seen later. In the case of sugar beets,
where the harvesting is done by confract, at so much per acre, which
+is a common practice, the error does not enter.

In the subsequent discussion use is made of the following symbols:

e=units of available ammonia (NH;) in fertilizer applied.
b=unpits of available phoephorie aeid (Py0Q;) in fertilizer.
c=units of aveilable potash (K.0) in fertilizer.

a'=atg.
b'=b4q".
C’=C+g’~-

C=gum of acre costs propertional to area.
H=costs per unit proportional to yield (the hervesting and marketing costs).
k=units of available potash in an gere of soll.
m=0.434,2945 ~the modulus of the comimon system of logarithins.
M=maximum Imit of ».
n=units of available ammonis in an acre of soil.
‘g;: units of available phosphoric acid in an aecre of soil.
=profit per acre.
¢’ =units of NH; absorbed per acre.
¢''=unite of P,0; absorbed per acre.
¢"'"=units of K0 absorbed per acre.
Q=mfs M(—log R}.
r'=cost of a unit of ammonia (including cost of application).
r'’=cost of & unit of phosphborie acid (including cost of application).
r'""=cost of a unit of potash.
R=ratio of series of increments iu y due fo successive unit increments of
nitrogen, phosphoric seid, or potash, =0.8,

B= Rxl = Rnta,
R — Roy— Rob.
R'' = Reg== R*+e,

s=r'a’ 4B +r'" ¢’ =cost of fertilizer per acre.
SI=TFR!!+TEF(1MR11].
3!!f=rf!fRf!_i_rfJ(1"_Rff)‘

§'=1—R".
Ste1—R'",
S!ff=1_Rff!’

v=V—H=value of 8 unit of product less unit cosis proportional to yield
(harvesting and marketing costs).
V=value at market of & unit of product.
¢’ =units of NH; per acre=n--a.
z'" =units of PoU; per acre=p-+0.
z'*’ =units of K:0 per acre=k+c.
y=yield per acre.

Let P=rprofit per acre. Then

P=V‘y'—Hy—?"ar'-—?'”b’—r"’c’-—o
=ﬂy_?.fa'f__?.!'!b.f__?,!1!c!_0 (A)

Considering first the most profitable application of ammonin, the
problem is to find the value of &’ that will render P 2 maximum, This
velue is obtainred by placing equal to zero the partial derivative of
P with respect to &',

Differentiating (A) with respect to ¢/, and noting that, since @’ =
a+q’, da’ =da,

'ﬁ'=‘r‘.ﬂd—'ar""?‘ =0 (B)

Now y=AM8'8"”8""’, in which M has the seme significance ps the 4
of formula (7) on page 22. Substituting this value of ¥ in (B) and
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performing the indicated differentiation, the vesult may be reduced
to the form shown in equation (C) below,

PRI PCTRIE mr’
B o o B ©

in which m=0.4342945, the modulus of the common system of
logarithms,. .
Letting @=m/pM(—log R}, this may be written

R}S!!S!f}erf (D)

The correspouding equations for PoQ; and K0, obtained in a
similar manner, are

SFRJ'?SI!I ZQ?‘” (E)

a‘nd S!S!!RIJ’!:QrFFI (F) (8)

To solve these equations for B’ and R’/ in terms of B/, multiply
(D) by (87, (B) by (§7), and () by (8'*); and divide {D) by R’,
(E) by E”, and (F) by E’”’. This gives

S!SPIS!.H' — Qrf {G()/Rf
S!S!!S!II=Qr!!(S!!)/RII
S!S!!S!f!=Q7_.H'((S!(J’)IRIII

Equating the second members of (G) and (),

QTF(SI)/RI — Q,r!f(SH')/RJ‘I

Multiplying through by R’R*/, and dividing through by @,
T‘R” (Sf) :r? fRP (SP!')
Restoring the values of 8’ and 87,
T!Rf! _T’R’R” __=?,JfRf _TIFR.PR!’

Transposing, and changing signs
?'!R,RH + ?’”R! . ?J!RIRI! = ?”R”
Factoring, B (v’ B"' +r""—2"B'"Y=+'"R"",
Dividing,
_ B —?.!Rff
_TIRI.F +'."‘”(1—R”] - &
Equating the second members of (H) and (I),
Q‘r!f (Sff)/Rf} i (‘)r!ff(St‘!f)/RIff
Proceeding as in the case of B’, the value of B’’’ is found to be
T!IFRIT '_-?!.MFRII
_?,I.HRH' +?‘”(1—R”).— P (IU)
Equations (9) and (10) now permit the determination of the most
profitable quantities of NH, and KO to use with any quantity of

P,O; within the toxic limit of these substances. The data required
are as follows:

' =§1.088=8.208 pounds of NH; at $0.1754=cost of a unit of NH,.
r'' =$0.393=235.452 pounds of P,0; at $0.0720=cost of o unit of P;0s.

Rf

R!f!
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r''7=50.385=5.064 pounds of K0 at $0.0760=—cost of a unit of K,Q.
w=a ynit. { N;=6.203 pounds.
us=a ynit - f Po0;=5.452 pounds.
uz=a unit of Ky0=35.064 pounds.
n—=4.98;
p=2.43;
E=4.

The values are worked out for several cases in Table 7, the pro-
cedure of which is illustrated by the column headed ““For 5=20
pounds’’; that is, if 20 pounds of phosphoric acid, P,Qs are to be used,
what are the corresponding most profitable quantities of ammonia,
NH;, and of potash, K0, to use?

Convert pounds of P;0; into units: 20-+5.452, b = 387
Write p, in units 243
Add these, giving {he x of the yield equations, ur z/' =p+b 8 10
In Table 1§ find (1 —RB=) at 6.10, or 1 —R*" = . 74364
whenee, subtracting from 1, £ . 25636
Multipiy £ by #/, which is 1,088, giving r B’ . 27892
Multiply (1 —£E'') by r"/, which is 0,393, giving r"’ (1—R'’) . 29225
Add 7B fo v (1—R") giving &' . 57117
Dividing ' B’ by 3" gives R . 48833
whence, subtracting fromn 1, 1—#', or §°
From Table 19 read the value of 1— R’, which is2’ or n{-¢ units___
whence, by subtraction {(n=4.98) q, in units
Corverting unifs to pounds, ¢ in pounds

Since g Is negative, 1t does not pay to use any ammonie, NHj, in this
case when only 20 pounds of phosphoric acid are applied.

The correct quantity of potash is calculated in the lower section
of the table. The reader should now be able to follow the procedure
indicated. When 20 pounds of phosphoric acid are used, 10.6 pounds
of potash are indicated as the most profitable application,

TasLE 7.—Computation of most profiladle quantities of ammonia and of polash
lo use with given guantities of phosphoric acid

For For For I bFor For

Sten in computation ! b=5 =10 =20 b=4G 6} h=30 b=100
ounds ponngds poands | pounds ¢ pounds | pounds | pounds

1,4 4.67 . 1L L4 Gy 18, 34
4 3 s i3 44 1710 2. 77
FlOLes0it ] e
. - . . WGHO80 | .

" R” {r'=1.088 i - . SLRNE | L0548
=R . - .2 - - 37830
a’j_:r' KT (=R T N . . L ATTOT
1

O, E000
3. 35000

Bl B . L B350 RO . 12602
—-K .23 - . il . - BT308
a-Hd, =2, in ynits, . ., O .2 L2 0,25
a, jn units.. E 3 el . 4.497
a, in pounds__ mn, [ 4. 5
R . . . LG G
K L3260
)
s
1462
44
H7. 8

t Find in the previous work or in T'oble 18 ar comparie as indleated in Loxt,

Figure 7 was constructed from data in Table 7 and additions! dzata
similarily caleulated. The abscissas of the figure are pounds of PO
per acre. For any one abscissa, the ordinates of the two curves show
the quantities, in pounds per acre, of Nid; and K,O to use for greatest
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profit. Thus, at 70 pounds of P,O; the ordinate of the NH; curve is
37.3; of the KO curve, 57. The exact quantities of NH, and X,0 to
use with any quantity of P,O; are easily calculated by the method of
Table 7.

The method of converting quantities of fertilizer constituents per
acre inte fertilizer formulas may be lustrated from the data in any
column of Table 7. In the column headed “For =60 pounds” for
instanee, 1t is shown that the optimum quantities of ammonia and

N Ha
AND
WD

{Pounps}

3q

BO

%0

&0

50

&0

30

&0

14

0 0 111 20 ki 40 50 G0 745 20 j: 11 2o, g

P: 0i{POUNDS)

FIGURE 7.—QUANTITY OF AMMONIA AMD OF POTASH ASSOCIATED WITH
PHOSPHORIC ACID IN THE OPTIMUM FERTILIZER ANALYSIS FOR TORBACCO
AT TIFTON, GA.

The vompntation showed ihe optimum feriilizer formuale for tohpern In Lhis series of experiments
With this clwrt the eptitaum gunntities of ammonis aod potash W wee with woy desieed applio-
tion of phosphoric acid mey be read direetly.  Thus, smimonia will nol pay if less than 3 pounds
of P20 wre used,

potash to use with 60 pounds of phosphoric acid in this case (tobacco
at Tifton, Ga.) are
Phosphorie acid 60 pounds

Ammonia 26.5 pounds
47.8 pounds

To find the quantity and analysis (formula) of fertilizer containing
these quuntities of the three constituents, with, say, 12 per cent of
phosphoric acid, proceed es follows:

60 pounds of Pps==12.0 per cent of 500 pounds.

26.5 pounds of NHa=5.3 per cent of 500 pounds.
47.8 pounds of 15;0=49.6 per cent of 500 pounds.
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Hence in this case 500 pounds of a 5.3-12-9.6 fertilizer will contain
plant-food elements in the right proportion to mske the profit greatest
from a fertilizer containing 60 pounds of phosphoric acid.

The foregoing problem has been worked out on the assumption that
none of the plant food in fertilizers is absorbed, or occluded, by the
soil. When the phenomenon of absorption is present, it is allowed
for at this point by adding to the 60 pounds of P,0;, 26.5 pounds of
NH;, and 47.8 pounds of K,0 above, the quantity, in pounds per acre,
of each of the plant-food elements abserbed. Thus, if 7.2 pounds of
P.O; is absorbed, use 60-+7.2=67.2 pounds of P.0), instead of 60
pounds. Similarly for the other elements. This, of course, changes
the formula of the fertilizer, which would then be as follows:

67.2 pounds of Pa0;=12 per cent of 560 pounds.

26.5 pounds of NHe=4.73 per cent of 560 pounds.
47.8 pounds of Ky0=8.54 per cent of 560 pounds.

The formula then becomes 4.7-12-8.5 instead of 5.3--12-9.6.
OPTIMUM QUANTITY OF FERTILIZER

In the preceding section a method weas given for finding the most
profitable quantities of ammonia (NH;) and potash (K.Q) to use with
any quantity of phosphoric acid (P,0;). It remains now to find the
most profitable quantity of fertilizer having the optimum analysis
(formula) for that quentity to use in any given case.

Equation (8), page 29, obtained by differentiating P with respect

to cis _
(I_Ri‘) (I—R”) RH!:Q!,:H (S)

Substituting in equation (8) the values of R and R’ from (9)
and (10},

T’R” _ y TI!IR!! _ ris
[1—'?.:‘! (1_3!’) ,",,,l..f.{th"][l R ][?,.H (II_if!!')_I_TIIIR!!]_—QT H

which may be reduced to

£ferrs LE Al
rEL RS =0 ()

It

This is an equation of the third degree in R’’, best solved by the
method of trial and error. The work involved in solving it for a
spectfic case is outlined later.

Being of the third degree, the equation has three roots. One of
them is imaginary, another is negative, while the third root represents
a maximurs value of P (profit per acre). It is this last value that is
sought.

Let 7' represent the fraction in equation (11); then

T-Q=0 (12)

The problem now is to soive equation {12},

The solution of this equation is given in Table 8. Note that

" =R**, in which B=0.8, p=2.43 (units of 5.452 pounds of P,0;),
and b is the quantity of ngz, applied in fertilizer, in units of 5.452
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pounds. Assigning b a value in pounds, and then reducing this value
to units, the value of B’/ is fixed.
TaBLE 8.—Compulation of T of equation (12) for the tobacco experiments

- =R e (1-RTY vrlue of 2 is 002243
T FE £ (=R lrrn Fraa U"H”}]

IThe values of the quuntities are those previeusiy used in this demonstration)

Sien in vompntation ? First trin) [Seeond trial

&, in pounds____ . h— s . 1012
b, i upits.. . .

ptb, in units__
1-5:" {Tehlo 19}

£ (1R
B (1—.&”) .
Step 6Xstep 7
rt +

R QR =1 A e 0 B b

™ él-R"}+r"B
-4t B
Step 11 Mstep 12
Testep §3step 13
R'=step Y+step 11
1-F

fata, inunits o .__

a, in units

@, in pounds

R =glep JG+step 12 __ .
1R

£, in units_
€. in pounds_

1 The procedure, however, iy gereral in rpplication, .
* Find in the previous work or in Table, 19 or compnite a5 indicnted.

Before explaining the procedure of the table, it may be stated that
the value of 7" was caleulated for » series of values of 4 (in pounds) by
the procedure of the table and Figure 8 was constructed from dats
thus obtained. In that figure the value of 7' may be read off for any
value of ¥ (in pourus) from 0 to 120. The solution of equation (12)
mvolves finding & value of b for which 7'= @, indicated a6 X in Figure
8. The value of is mfrA{—log R)(p. 28). Since m=0.4342945, and
for the special case under consideration (tobacco at Tifton, Ga.)
v=0.14, A =1414.53 (p. 24), and —log R =0.0969100; the value of Q13
0.02263. TFigure 8 shows that T'=¢ at about b=101. This gives o
starting point for Table 8, the procedure of which is like that of
Table 7. The first value of b tried in the table was 101 ; the second
was 101.1, the column caleulated on the basis of =101 being omitted
to economize space.  For 6=101.1, the resulting value of 7'is (.02281,
& little too large. The next trial was for b=101.2, giving I'=0.02975.
The last trial, with §=101.3, gave 7'=0.02263, which is exactly
the value sought.

When the value of & thet renders =0 is found, the proper quanti-
ties of ammonisa and of petash to use with that quantity of phosphoric
acid may he computed as indicated in the lower part of Table 8, steps
15 to 24. Thus it appears that the wpplication per acre giving the
maximum profit in this case is

71.6 pounds.

101.3 pounds.
86.2 pounds.

155743 —%——3
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Conversion of these quantities of plant foods into terms of a ferti-
lizer is accomplished by deciding on some percentage of one of them,
snd computing the associated percentages of the others. Thus, if
the fertilizer to be used is based on 12 per cent of phosphoric acid,
844.2 pounds of fertilizer will be needed in this case, for 101.3+0.12=
844.2. This quantity of fertilizer must have 8.5 per cent of ammonia
to furnish 71.6 pounds (71.6-+8.442), and 10.2 per cent of potash to
furnish 86.2 pounds (86.2--8.442). Hence 844.2 pounds of 8.5-12~
10.2 fertilizer will give the largest profit per acre in this case.

If the phenomenon of plant-food absorption is present, it is taken
care of at this point by adding to the above 71.6 pounds of NHj,, 101.3
pounds of P.O;, and $6.2 pounds of K0, the quantity in pounds per
acre, of each element absorbed. This modifies the formula, as well
as the quantity per acre of fertilizer to apply. The profit per acre is
reduced by the cost of the plant-food elements absorbed.

T

02

|

o0 0. 022611

o] 1 i I | Ll Ll 1 L il I [}

Q 0 20 ¢ 40 D ]3] 70 BO 4Q 190 119 120
[POUNDS) P Dy

FIGURE B.—VALUE OF T FOR DIFFERENT APPLICATIONS OF PHOSPHORIC
ACID IW THE ToBACCO EXPERIMENTS AT TIFTOM. GA.

As developed in the text, the point of intersection, X, at which T equals €, shows the quantity of
phosphoric acid per acre to use for greatest profit per sore for tobsceo ol Tifon, Gs.  This quan-
tity varies for dfiferent crops and {or diiferent solls. "The quantitics of ammonia sl potash Lo
e ap “ifli \;ith Lhis quantity of phosphoric aeid wre found directly from Figure ¥, or computed
from Talle 8.

If the fertilizer is to contain 10 per cens of P:0;, then

101.3=10 per cent of 1,013 pounds.
71.6==7.1 per cent of 1,013 pounds.
86.2=8.5 per cent of 1,013 ponnds,

That is, 1,013 pounds of a 7.1-10-8.5 fertilizer is most profitable.
These results do not take into consideration the effect of heavy appli-
cations of phosphoric acid in hastening maturity of the crop, with
resulting increase in quality, and presumably decrease in yield, They
are therefore only approximate in the case considered. This difficulty
does not arise in c¢ases in which phosphoric acid does not have the
effects mentioned.

The item of harvesting.—It has already heen pointed out that it
costs slightly less per pound to harvest a crop when the acre yield is
large than when it is small. Thus, it should cost slightly less per pound
to harvest a tobacco crop yielding 1,200 pounds per acre than one
yielding 1,000 pounds.
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In the case of tobacco, the one item that may vary in this manner
is that of cutting and hauling the crop to the barn. In the preceding
computations this variation was ignored.

To find what effect such variation may have on the results of the
computations, note that, in the case of tobacco, the total cost of this
item is ordinarily about 1.2 cents per pound. Suppose the item de-
creases to 1 cent because of the larger yield from adequate applica-
tions of fertilizer., This would change the value of » used in the com-
putetions from $0.14 to $0.142. Since @=mfrA (—log R), this change
in » reduces the value of ¢ from 0.02283 to 0.02195. The correspond-
ing value of T, arrived at by the procedure of Table 8, is obtained
when a, b, and ¢ have the values shown below. The values of a, b,
and ¢ when »=%0.14 are shown for comparison, as are also the yields
corresponding to these fertilizer combinations.

v= 50.14 $0.142.
a= T1.6 74.4 pounds of NHj.
b= 1013 102.¢ pounds of P:Qs.
c= 862 86.8 pounds of K.Q.
Optimum y=1,353.86 1,354.08 pounds of tobuaceo per acre.

It is obvious that an increase in yield amounting to 1,354.08—
1,353.86 =0.22 pound could not measurably affect the cost per pound
of harvesting. Hence the inaceurncy due to changing cost per pound
of harvesting is negligible, and the results arrived at are dependable
when the experimental data are adequate and there are no complica-
tions due to effect of the fertiizer on quality of product or date of
maturity of the crop.

Effect of market price—In the formulas, » is the value per pound
ol crop product less cost of harvesting and marketing. It has been
asswmed in the computations that »=14 cents in the case under con-
sideration. The magnitude of » affects the resuds because of the
presence of » as a factor in the denominator of @, to which 7" should

be equal, The values of @=

B
0. 10
0. 12
0. 14
30. 16

0.003165
u

» for several values of » are:

Q(=1)
0. 03168
. 02640
. 02263
. 01980

The correspending values of b, read rom the curve of Tigure 8,
and of ¢ and ¢ read from Figure 7, are:

Whan v is $0.10, b is 4.0 pounds, n is 63.5 pounds, and ¢ is 70.0 pounds,
When ¢ is $0.12, & is 99.5 pounds, a is 69.5 pounds, and ¢ is 84.5 pounds.
Wheo v is $0.14, b is 1010 pounds, « is 71.5 pounds, and ¢ iz 86.0 pounds.
When v is $0.16, b is 102.5 pounds, « is 73.0 pounds, and ¢ is 87.5 pounds.

Converting these into fertilizer containing 10 per cent of PyOj:

94.0 pounds P.O=10 per ceul of 940 pounds.
63.5 pounds NH;=6.8 per cent of M0 pounds,
79.0 pounds K.0=8.4 per cent of 940 pounds.
9.5 pounds Po05= 10 per cent of 995 ponnds.
69.5 pounds NH;=7 per cenl of 995 pounds.
84.5 pounds Ka0==8.5 per cent of 495 pounds,
101.0 pounds Py0;==10 per cent uf 1,010 pounds.
715 pounds NHy=7_1 per cent of 1,010 pounds.
86.0 pounds K,O=8.5 per eent of 1,010 pounds.
102.5 pounds P,05=10 per cent of 1,025 pounds.
73.0 pounds NHy=7.1 per cent of 1,025 pounds.
87.5 pounds K-0=_8.5 per ¢ceul of 1,023 pounds.
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These results may be summarized thus:

[ Most profitable fertilizer appliention
50,10 940 pounds of 6.8-10-8.4 gooda.
$0.12 993 pounds of 7.0-10-8.5 goods.

£0.14 1,010 pounds of 7.1-10-8.5 gouds.

From this the conclusion appears to be justified that, with a range
in price of tobacco from 10 to 16 cents 2 pound (market price less
cost of harvesting and marketing), the standard application of ferti-
lizer to tobaceo at Tifton, Ga., should be from 900 to 1,000 pounds
of about 7-10-8.5 fertilizer.

As before stated, this does not take into account the effect of heavy
applications of Py0; in hastening the maturity of the crop, and con-
sequently increasing the quality of the product.

in spite of the limitations just mentioned, these results should he
of value in arriving at corvect fertilizer practice for the loeality
concerned.

OPTIMUM ACREAGE TO WHICH TO APPLY FERTILIZER COSTING A FIXED AMO UNT

Oceasions not infrequently arise in which farmers for one reason
or another are unable to procure as much fertilizer as they would
like to use. Tt is therefore desirable to have formulas that make it
possible to determine the optimwn acreage to which a given amount
(value) of fertilizer should be applied. In working out these formulas
the following symbols are employed:

a=unils of available NH, in fertilizer.
b=units of available P in lertilizer,
c=units of wvailable L0 in fertilizer.

o’ =nq'.
b=l g,
cf=c+(’}?f:'

F=0oplinin acreage.
C=sum of costs proportionul lu area other than fertilizer.
= total cost of fertilizer.
L=mmits of available FoO in an aere of soil,
Log. R=rnatural logarithm of = —0.224144.
M=upper limiling value of 4.
A=units of availuble NHy in an aere of sail.
p=unils of available PsOs in an gsere of soil.
' =profit froin an acre of the erop.
P=gp'=profit [ron 1he entire crop.
¢’ =units ol NHy ubsorbed by an acre of soil.
g'"==units of Px(); absorbed by an acre of soil,
g =units of K0 absorbed hy an aere of soil.
rf=cost ol a unit of NH,,
" =gost of o unit of P0;.
" =cust of 4 unit of K.0.
8.

R = Rutu,
R = Roti,
R o= R,
s=r'a’ +r"W - cost of fertilizer por acre.
s'=rfR 4 (1~ R,
3'”:!‘”"8”-{*?‘” (1_‘(ZF!)‘
Sr=1-12.
S= o
Su‘fi’= l—R”".
v=vulue of a unit of ecrop praduct less cost of harvesting and marketing.
y=yield poer acre.
w=yleld per aere when no fertilizer is applicd.
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Three cases are to be considered.

CasE 1. Only the acreage to be planted that will give & maximum
profit from the crop.

The profit per acre is expressed by the formula

2?’=t‘y—{—f—0

The profit on the entire crop is
P=gp' =goy—K—gC (A)
The ncreage to be planted, g, equals the total cost of the fertilizer
divided by the amount applied per acre; that is, g=K/(r'a’ 40"+

v"’¢’Y=K/fs. The yield per acre is y=MS8'S"'S""’.
Substituting these values of y and g in equation {A),

_KeMS'S"S! —KO_K ®)

B
To obtain the values of @, b, and ¢ that render P 2 maximum
differentiate equation (B) with respect to a, then with respect to b,
and then with respect to ¢, and place each of the resulting derivatives
equal to zero. When this is done the three resulting equations are:
.
Log RsR'S” 8" +'8'8"" 8" =ﬁ {C)
T”O
IﬂgeR»‘i'Lq,R”S’” 'E‘?'”S’S”S”’=m’ (D)
?.11!0
i
Eliminating 8’7 from equations (C) and (D), the value of B’ is

found to be . _
R! ﬂ?"R”’L‘"J (E‘)
In a similar manner [rom equations (D} and (E) it is found that
Rfﬂ'f:?_fff}g.f?/s!ff (G)

Note that the results in equations (F) and (G) are identical with
those obtained previously.

To &nd the value of B” substituie in equation (B} the vilues of R’
and R’ from equations (F) and (G}. When the resulting equation is
reduced to its simplest form it is

oMlog, Rsr' R''S" 2+ oMr 283 — 0s's" =0 ()

The solution of equation (H) is demonstrated in Table 9, using the
data of Doctor Garer’s experimental results with tobaceco. The
reader should now be able to follow the computations according to the
indiented directions in the explanasory coluinn of the table.

130T 28—

P

LogoRsS! S R 1SRG = (E)
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TasLe 9.—'C‘ampu.!a£_£on of the optimum acreage lo whick to apply fertilizer costing
a fized amount

[$100 to be spent for fertilizer, o=$0.14. Data nre Lhose of the tobnceo experimentnt resuits|

Step in computation First trind [Second trial| Third trinl {Fourth trin)] Fitth trin) Bixth brinlz

0.0 Lo 1.1 1.2 1.3 .24

12,43 13.43 13 53 . 13.73 13,67
TR - 95005 BB L6 . DE3RG 85260
06243 4S5 - 04884 -OI7 JHET) CHEM
67024 o B34 053118 . T - D30820 051506
- 4084 -3TRTY| . 3T4506 L35 L7543 . 374385
- E30IBY AT 426344 ¥ - 425163 L A2SH0L

00 =3 g0 dn e G BD e

Divide step § by step 7.

giving Bnte . LASA5Y) . 127004 + FHHGY . LT84 . TR0
1—=Rnta____ . . BE4300) . ETEUAD, . B7AE4 - 3 . BROSS
n+8, In uni 844 . 0.34 :

Add steps 6 and -
Divide s:e;;* 13 by step 14,

e (=e4y*™'}, in umils. oo
=h-+y'*), in vnits

ke

sgzs:

Bepeelood |

¥
rat

3. 749900
13. 141200

3 -8 1572 46505 |--586. 710923 — 595, 763465
21567 -HTTIR -(H7365 LOET0ZY - D632 Ril{r-t)

=10 331046 9. 865204 L BOARGG] —0. 745073]  —8 657400 —o. 721765
25. 207548 26, 227834 320 04080231 28 0TSl on 4606
=17 1My | -8 V9T L FB220G] — 10, TRIBAY —18. 704384 — )6 TMTes
—27, 45U346] —26. HETHLE . =30.478410) —28. J0d0q| —og 443533
=2 251548 —. 430 L23 —. (GRS . 10533 D008

rn‘!!cf .
Addsteps 21, %, nnd ®i____
Multiply step M by {e5f

{

g
2y

tn

1 The nimiber of wnits of b {==11.24) i2 approximated by graphing the vudues of stap 31 ot 1L.2 and 1.3,
Wheuhlhe correct valtte of bisreached, siep 3t §s tero.  Kunning Lhe compiilation shows Lhal 1121 is elpse
enough,

1

Cptimum svernge =g— K -stap 24@%:?.625,

Using s 10 per cent P30 fortilizer, 612 frolngs will be needeed (==11.21 unils of 5.452 polnds),

Assovigtert smmonia —a'==e---¢',=4.4% upils of 0,203 poundy=UT 85 pounds which is 4,55 per cent of 613
pottnds, i

Assogiated polpsle=e’ =a4y'"'=0.68 unils of 5.004 pounds=i9.02 puiuds, or § per cont of 613 pounds,

The problem has been worked out for a case in which the fixed
amount spent for fertilizer is $100, and on the assumption that there
is no plant-food absorption; that is, that sll three values ol ¢ &8 Zero,
Other then », taken as $0.14, and M =1414.53, the values of the
quantities are those previously reached. The answer in this case is-
613 pounds per acre of a 4.5-10-8 fertilizer applied to 7.675 acres will
give the maximum profit when only $100 is fo be spent for fertilizer.

Note that several trials more than those shown in Table ¢ may be
needed, but the trials may best begin with a value of & about that
giving the best results in the previous work, Whole units may be
used I establishing the approximate valuc of 4, then tenths. The
second decimal place may be determined by graphing. Two decimal
places in the value of & will give suffiicen tly close results.

Case 2, Maximum profit per dollar's worth of fertilizer.
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_ The equation expressing the profit on the entire amount of fertilizer
is

P=gi(y—y)— K (A)

in which the values of g and of 4 are those used in ¢ase 1.  'When these
valucs are substituted in equation (A) and the resulting equation is
differentinted with respect to @, to b, and to ¢, the derivatives placed
e(;ua'l to zero give valucs of £’ and of B’’’ the same as found in case 1.
When these values are substituted in the equation formed by placin
the derivative with respect to ¢ equal to zero, the equation reduceﬁ
to its simplest form becomes

MM logeltsr’* B 82+ Mr"" §° -y’ 87" =0

The solution of this equation for the tobacco experimental results is
given in Table 10,




Tasre 10.—Computation of the application that will yield the maximum profit per dollar's worth of fertilizer
{Data are those of the tobateo experimentalresults. Inaddition to theevalusaiions renched in case 1 the following are needed: M log. R=—315.644; NMr'/1=218.472744; and Fo=237.373]

Step in computation

No plant food absorption. (g=0)

1.32 units of P3z Og absarbed, (7" =1.32)

Firsi trial

Second trial

Third trial

Fourth trial

Fifth trialt

First, trial

Second trial

Third trial !

CESID UL

b, in units!

-+, in units
1—=R".

gStep 7)+§Step 8)es
1St§{xz )+ (Step =R’

n+a, in units___
a,inunits_..._

i

@, (=atgh) . TTIIIITIITITTTIT -
RII g

(Step 15)-=(step 16)=R"""
1—R

(Step 1-5-)+€5tep 8) e il

k4, in units
¢, in units___

Step 27) (step 28) . ... .
Step 6) Mr?
(Step 9) (step 16) (—1o)
gStep 20)4-(step 31)_.

Step 30)+(step 32)

3.87

3,87

—99, 682
16, 196

04,574
—52.191
—94.128

.46

—52. 205
—102, 859680
—8. 808630

2. 247960

1. 085700

3. 333660
~—1052. 249777
-052373

—55. 100478
104. 548348
—350. 550250
—105. 668737
—1. 120353

1, 112650

3. 388120
—1009. 430749
. 052008

—585, 617284
105. 800688
—50. 344443
—105. 961727
—. 052039

1 'When the correct value of bis reached, step 33 is zero.” The values of b,=3.87, and =4,47 were
tions ave carried out in full, as steps 14, 21, and 22 show the quantities of

f plant foods to be used in

approximations reached by
making up the fertilizer an

graphing and prove to be close enough,
d steps 23, 24, and 25 show the cost per acre,

The computa-

THALINOIEDY 0 "LdEd "S "A ‘$¥¢ NILATING TVOINHOEL (1)
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When plant-food absorption is not involved, the application that
will give most profit per dollar’s worth of ferfilizer is one made up with
3.87 units, or 21.1 pounds, of phosphoric acid, and 2.28 units, or 11.55
Eounds, of potash, worth together $2.40 per acre. No nitrogen is to

e used in this fertilizer. Using 10 per cent of phosphoric acid, the

analysis works out as 0-10-5.5, worth $22.75 per ton.

One might fertilize 41.67 acres with $100 worth of fertitizer at this
rate. This does not mean that it would be profitable to spread the
fertilizer so thinly; there might, in fact, be & heavy loss on the entire
acreage. Still the increase in yield attributable to the fertilizer would
be greater from such an application than that from any other.

When plant food is absorbed the computations are the same except.
for the values of some of the items. The three columns on the right
side of Table 10 illustrate the work when it is known that phosphorte
acid is absorbed by the soil, assuming a rate amounting to 1.32 units.
The application which gave most pro%t per dollar’s worth of fertilizer
when there was no absorption proves to be too small (first trial).
The second trisl shows that 4.4 units is also too small, but the two
trials provide means of approximating the figure to use in the third
trial—graphing on a large scale indicates a value slightly larger than
4.47 units of b, (actually 4.4736), but computation proves that 4.47
is close enough. 'The results in this case eall for an application of
about 316 pounds of 0-10-4.65 fertilizer on 29.5 acres. The $100
aveilable would buy 4.656 tons of this fertilizer, and the cost would be
$21.48 per ton.

Cask 3. Fixed acreage, H; fixed expenditure for fertilizer, K;
optimum acreage, g, to which to apply the fertilizer. .

In this case the profit from the H acres is

P=goy+ (H—gvy,— HO—K
=go(y—yo) + Hoy—HC-K (A)

Note that the variable term of equation (A) is identical with the
variable term of the corresponding equation in case 2. This means
that the three derivatives of the equation are identical with those of
the preceding case. The solution of the problem is also identical, so
that this case is in reality merely a matter of finding the fertilizer
formula, the application per acre, and the number of acres required to
yield the greatest profit per dollar invested in fertilizer.

But in this case the actual acres planted may be larger than the
pumber required to give maximum profit per dollar’s worth of fer-
tilizer, so that the profit or loss from the entire crop may not be the
same as in case 2.

In general the solution of the problem of greatest profit per dollar
invested in fertilizer is of limited importance. The more important
problem in cases where the value of fertilizer available Is fixed is to
find the optimum acreage to grow {and fertilize) in order to obtain
maximum profit from the entire crop.

ABSORPTION, OR OCCLUSION, OF PLANT FOOD

As stated in the introduction, on some soils applications of a
growth factor up to a certain (usually small) quantiby appear to
have no effect on yields, A number of such cases are cited below.
For some reason not yet definitely understood, these small applica-
tions are not aveilable to the growing crop. Soil chemists who have
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recognized the phenomenon refer to it as “absorpsion.” In the
absence of a better term based on more complete understanding, it
will here be referred to as plant-food absorption by the soil. As
suggested in the introduction, perhaps a better term would be plant-
food occlusion by the soil.

When the amount of the growth factor applied exceeds the quan-
tity thus held unavailable in the soil, the yield begins to increase,
and appears to follow quite accurately the exponentinl yield curve.

According to O. W. Willcox, in a letter to the author, there are
soils in Hawaili which absorb some 60 per cent of all the potash
applied te them, irrespective of the quantity applied. Such cases
would require different treatment from that outlined below, but
may be brought within the scope of the yield curve when more
knowledge is available of the ““eflect factors ” discussed by Willcox (17):

When plant-food absorption of the first type above described
occurs, the yield of a plot receiving none of the wvariable growth
factor, that is, the yield of an unfertilized check plot, does not lie
on the yield eurve; it therefore can not be properly used in deter-
mining the constants of the yield equation. That this difficulty may
be obviated by disregarding the yield on plots receiving none of the
variable factor is shown by the data presented below.

Figure 9 shows the yields of corn on four plots fertilized with
different quantities of phosphoric acid and & check plot receiving
no phosphoric acid at the Snowshoe branch of the Peunsylvania
State station (9). In this figure it is seen that the yield on the plot
receiving no phosphoric acid is not in line with the remaining vields.
The constants in the yield equation in this case were calculated from
the yields of plots receiving, respectively, 1, 2, 3, and 4 units of
phosphoric acid, a unit being 24 pounds.

The yield curve appears to offer a means of calculating the amount
of the plant-food element absorbed by the soil. The method of
finding this amount is to find the abscissa of the curve at the point
at which the yield as indicated by the curve is equal to the yield
without fertilizer. In Figure 9 this point is seen to lie at 0.3 unit,
or 7.2 pounds of phosphoric acid, to the right of the origin.

If this interpretation is correct, then the yield should have been
the same for any quantity of phosphoric acid from 0 up to 7.2 pounds

er acre.

P The corn for which the curve of Figure 9 was constructed was grown
in rotation with osats, wheat, and hay. The oats and wheat exhibit
the same absorption phenomeuon, the amount of absorption for
oats being approximately the same as for corn, while for wheet it was
conside]f%)ly larger (6). This is consistent with the known fact that
corn can extract {rem the soil considerably larger quantities of
phospheric acid than can wheat. ‘

On the hay plot receiving no phosphorie acid there was a large
growth of weeds, which vitiated the yield for that plot, so that it can
not be included here.

The constants in the yield curve for the corn, oats, and wheat in
this Pennsylvania experiment were first calculated from the yields of
all five of the plots, including the check plot which received no phos-
phoric acid. They were then recalculated omitting the yield on the
check plot. A comparison of the departures of the curve from the
observed yields for the twr cases is shown in Table 11.
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TApLE 11.—Improvement in fit of yield curve when phosphoric acid ebsorplion is
taken inlo account

Errors in caleulated yields of—

QOats

Averape of squares

The first column for each crop shows-the residuals when the yield
on the check plot is included, the second, when the check plot is

YIELD
{dusnELS)

]

0
o 1 2 3
FHOSPHORIC ALID APPLIED fUNITSi

FIGURE 9.—MEASURING ABSORPTION OF PHROSPHORIC ACID

The ohserved yielids (hmshals of corn per sere) oo the plols reeciving phosphotie acld lie elose Lo
the exponentiol ¥leld corve. The yield oo the check plat, which received oo phosphoric acid,
8.8 bushels does not lie on Lhe corve. The ameunt of nbsorption is shown by the shseissa
of the break in the curve, which accurs at the point z=(L, in (tus ease 7.2 pounds of phospharic
aeid per pere.  (The dato waere olitained o Bulletin 166 of Uhe Pennsylvania Agricultural
Experimont Station (5.}

omitted. In the case of corn, omitting the check plot more than
doubled the accuracy of the fit, the measure in the one case being
0.38 and in the other 0.18; that is, the fit of the curve in the second
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column is more than twice as good as in the first. A nearly similar
increase in closeness of fit, is seen in the case of oats. Tn the ease of
wheat, improvement in fit by omitting the check plot is still more
marked. These results are consistent with the {act that the amount of
absorption, when measured by the method of Figure 9, in the case of
oats 1s slightly less, in the case of wheat marked] ¥ greeter, than in the
case of corn. The check-plot yield in the oats series is therefore
slightly less distant, that in the wheat, series considerably more distant,
from the yield curve than that in the corn series.

Part of the improvement in fit observed in these cases may be due
to the fact that the yield curve can be made to fit four observations

¥
CROP

{GRunes) /

= Eapomantial yiehs ceorve

| 2 3 & 5
A7 UNITS (0.5 GRAMS] OF NITROGEN PER PUT

FIGURE 10.—MEASURING THE ABSORPTION OF NITROGEN

In this series, also, the ohserved vields lie close to Lhe exponential yield eurve computed from
them. Apuin, Lhe pot receivicg po nitrogen produced 9.1 groms of erop, which would lie on
the yield eurve at the polnl where $=0343 najt of nitragen per pet, the inessore of nitregen
ahserption ¢f the soils used in the experfinent. Data frorn Niklas and Miller (3},

more accurately than it can five, assuming the errors of experiment
to be of similar magnitude in the two cases. That it is not all due
to this cause can essily be shown by omitting the plot receiving four
units of pboesphoric acid and caleulating the constants from the
remaining four (including the check plot). When this is done, it
will be found that the fit is even poorer than when the five Plots are
included.

Figure 10 chows a similar situation in the case of nitrogen. Niklas
and Miller (3) have assembled nine series of experiments in which
nitrogen was the variable fertilizer clement, ench of which clearly
exhibits the phenomenon of nifrogen absorption. Figure 10 is a
graphic presentation of one of these nine series. The constants in
the yieldp equation were calculated first with the check plot receiving
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no mitrogen included, and second with this plot omitted. Both the
exponential curve of Mitscherlich and the parabolic curve advocated
by Niklas and Miller were applied to each of the nine series.

Table 12 gives a comparison of the average squared residusls for
both curves, with and without the check plot. In the case of the
parabolic curve the fit is improved in six of the nine cases by omitting
the unfertilized plot. In the case of the exponential curve the fit is
improved in each of the nine cases. This indicates strongly that the
check plot does not belong in the series. Figure 10 indicates that
0.343 unit of nitrogen, each unit being 0.5 gram, was absorbed, and
had no effect on the yield.

TaBLE 12.—TImprovement tn fit of curves when nitrogen absorplion is taken in
aceount

Avernge squared residunls frotn the—

Paraholic curve Exponential curve

Ve inciuded | pe omitied | go included | yo omitled

17.78

mEm i
HaRHEAERIE

—

]l Nine experiments assombled by Niklus and Miller (5}, in which nitrogen was the vorinble fertilizer
element.

The data for Figure 10 and Table 12 were obtained from pot
experiments.

The preserce of this absorption phenomenon isindicated by the large
positive residuals for the plot receiving one unit of fertilizer when the
check plot is included, as zeen in Table 11. 1In the case of corn, this
residual is 0.67, the largest posttive residual in the series. In the
case of oats, it is 0.45, and in the case of wheat, 0.44, in each ¢ase being
the largest positive residual in the series. Similar remarks are
applicable to the nitrogen series dealt with by Niklas and Miller (3).

1t 1s readily scen that the yields of check plots receiving no fertilizer
should not be used in celculating the constants of the yield equation
in cases where plant-food absorption by the soil occurs.  In conduct-
ing fertilizer experimenis on such soils the standard check plots should
receive at least as much of each growih factor as the soil is capable
of rendering unavailable.

But plots receiving no feritlizer have certain economic importance,
as pointed out in the introduction. The knowledge they give is of
value In cases in which it secms necessary to spread a limited yuantity
of fertilizer over n large nereage. Where 1t is feasible to do so, there-
fore, plots receiving no fertilizer may be included along with the
standard check plots receiving fixed emounts of each factor (p. 58).
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FORM OF THE YIELD CURVE

Amongst European soil scientists there has been much discussion
of the form of the.yield curve. Mitscherlich and those who support
his contentions claim that an exponential curve represents the rela-
tion between yield and amount of » growth factor made available to
the growing plant. A considerable number of other scientists, includ-
mg Niklas and Miller, {3) contend that a parabolic curve is the true
yield curve. In the article referred to, Nikias and Miller bring
together 12 series of experiments by various soil scientists, and make
o companson of the fit of the two curves in each of the 12 series.
They had not recognized the presence of the phenomenon of nitrogen
absorption which appears to be present in nine of their series, so in
their calculations they included the yield of plots receiving no ferti-
lizer. They determined the constants of the parabolic equation for
each series by the method of least squares, and caleulated the resulting
residuals. They compared these residuals with those arrived at by
Mitscherlich, who used some method of approximation, and not the
method of least squares, in arriving at the constants in his equation.
In general, the fit of the parabolic curve was better than that of the
exponential curve when the comparison was made on this basis.

The present writer hes recalculated by the method of least squares,
the constants of both curves for each of the 12 series, omitiing the
check plot in the case of the nitrogen series, and finds that in 6 of the
12 cases the exponentizl curve, and in the remaining 6 the parabolic
curve, gives the best fit. These results therefore offer no basis for
determining which of the curves comes nearest to expressing the true
relation between yield and fertilizer applied.

The exponential equation, however, contains only two constants,
whereas the parabolic equation contains three constants. Tt is well
known that the larger the number of constants in an equation the
wider the range of observations it can be made to fit. 1f the number
of constants equals the number of observations, the fit can be made
exact. The fact, therefore, that a 2-constant curve fits the observed
results in 12 series (of 4 to 8 observations each) as well as o 3-constant
curve is an indication that the 2-constant curve may more nearly
express the existing relation than does the 3-constant curve.

A comparison of much greater significance is made in Tables 13
aid 14. The assumption appears to be justified that a curve which
really expresses the relation between yield and fertilizer application
should give accurate results when it is used to extrapolate yields
beyond the range of yields used in determining the constants in the
equation, provided the yields used are accurate. A comparison of
extrapolation with the two curves s given in Tabie 13 for the phos-
phoric acid series, and in Table 14 for seven of the nitrogen series
used by Niklss and Miller in their article (3). The two remaining
nitrogen series were short, with their terms equally spaced, and did
not lend themselves well to a comparison of this kind.,

In the case of the phosphoric acid series (Table 13) there was no
indication of phosphoric acid absorption. It also happened that the
last plet received four times as much fertilizer as the preceding plot.
The constants in ench equation were therefore calculated from the
yields on the first three plots, the residuals in each ease all heing zero.

he equations thus obtained were then used for extrapolating the
yield of the fourth plot. The actual yield of the fourth plot in the
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first series was 50.6. The yield calculated by the exponential curve
was 51.7, the residual, that is, the difference between the observed
and the caleulated yield, being 1.1. ‘This must be considered highl
aecurate extrapelation. In the case of the parabolic curve the cal-
culated yield of the fourth plot was 5.0, the residual being —45.6, 2
very poor result. In the case of series 2 neither curve gave very good
results, presumably because of inaccuracy in the yields of one or more
of the three preceding plots. It will be observed, however, that
while the ohserved yield was 52.5 on the fourth plot, the yield cal-
culated by the parabolic curve was —129.8, a result extraordinarily
poor.

In the case of series 3 the comparison gives little advantage to either
curve, both results being poor.

It is obvious that & comparison of this kind, to be decisive, must be
based on yields ascertained with a very high degree of accuracy. A
small experimental error in the case of any one plot, where the con-
stants are calculated from only three plots, makes a marked differ-
ence in the resuits of extrapolation. Though the result of this com-
parison is distinctly more [avorable to the exponential curve than to
the parabolic, the data on which the comparison is based are too
limited to be definitely conclusive.

In Table i4 the comparison is more nearly conclusive. It shows
the residuals for seven experimental series in which nitrogen was the
variable growth factor. In each series the constants of both yield
equations were calculated (by the method of least squares) from the
yields of the first five plots, and the yields of the remaining three
plots were then caleulated by the equation thus obtained.

TABLE 13.—Resulls of extrapolation by means of the parabolic curve (P} and the
erponential curve (£), lhe constanis of each being computed from three observa-
tions

[Curves Ntted lo z=0, z=0. 10, ood T=0, 25; crrors at these points are ¢.)

Yield st r=100

Errors, using—
Serjes! Extrupalnted, using—
Avtang

IS E

5.0
: —~ 1ML 8
R PR PR TR } ST 2

1 Phosphioric seld serios of Wikles and Miller {33,

It will be observed that in series 7, 9, 18, and 11, the fit of the

arabolic curve within the range used in determining the constants
18 better than that of the exponential curve. This may be interpreted
as resulting from the larger number of constants in the parabelic
curve. Yet in these series the extrapolation by the exponential
curve is very much better in three and considerably better in the
fourth than by the parabolic curve. In series 6 the exponential
curve gives g better fit in the ense of the first five plots than the
parabolic, and the fit of the extrapolated yields is more than eight
times as accurate with this curve us with the parabolic. 1In series 8
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the fit of the two curves to the first five yields is approximately the
same, but the extrapolation is slightly in lavor of the exponential
curve. In series 12 the fit of the exponential curve is better than thaf
of tcllle parabolic although the fit of the extrapolated yields is not so
good.

Of the entire seven serics the results with the exponential curve
are best in six, and with the parabolic curve in one. Here, again, it
must be noted that great accurncy in the experimental yields is
necessary in a comparison of this kind.




PR SRR

TaBLE 14.—Ful of the 7;arabolzc curve (P) compared with that of the exponential curve (E) in seven series,! withan the range of the first-five
observations used in computing the constants of the curves, and extrapolations

ERRORS WITHIN THE RANGE USED IN COMPUTING THE CONSTANTS

Series 6 Series 7 Series 8 Series 9 Series 10 Serfes 11 Series 12
Observation point

P ] I’ M E iy

Z=0.20. hinswnnnrrmas e e 7 , () -—0 44 X 0.09
=050 mianmme e abmmm e . & L8 —. 47
220,70 et camsnicimr e s - 85 3 1. &a i - <85
Z=100.  nmnnnin e o main s g 3 5 -2, . . —. 67
T= 125, e e [ i T i & 1.39 s Xt « 19

Average of SqUares. . ccawe- T3 4,26 2.t § Ay - .28

ERRORS OF THE EXTRAPOLATED YIELDS

Z=150. s cmcnncaanaicnnenrnnnnns| =036 —4.74 4,60 =704 4.73 4,29 —2.58 386 —0 24
—21.40 —9,02 14,20 —11.58 14,40 13,59 —16,38 .88 ~15.48
—45.57: 7 —15.30 2,84 —8.32 23,26 284} —36.31 —2.38 [ ~29.50 —25, 46

903. 93 113,50 248,15 85.83 257,40 220, 69 531,12 7.00 309, 60 7 165.45

¢ Of the nitrogen series of Niklas and Miller (S) us recomputed,

TAYOD (TIELL TVIININOIXT HHL JO dAS)
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In Tables 15 and 18, relating to series 10 of the Niklas and Miller
paper, the comparison is made in & different manner. Table 15 gives
the residuals for all values of z obtained from each curve when values
of x from 1 to 8 were used in determining the constants in both
eguations.

TasLe 15.—Residuals in series 10 when ¥ to Yy are wsed in calevlating lhe
conslants in the parabolic curve (F) wnd the exponential curve (E)

Residunis TNesidunls
Velneolz YValue of
P E

i.G1 T | S,

—. b 1.85
—4. 1 —1.495
A4 .98

TanLe 16.—Rclative il and correciness of extrapolations of the parabelic curve (P}
and the cxponeniial curve (E) when the values of Y used in enleulaling Urc coR-
stanis are as shown ™ first column

[Date of seriss 10}

Avernge of squared residnals—

Within range of Y | Forextrepolnted values
of ¥

Values of ¥ used In aaleninting tie constnants valies nsed

E

¥ito ¥r__

In Table 16 the average of the squared residuals is given for cach
curve when the constants are caleulated (1} from yields ¥, to ¥,
{2) from yields Y, to ¥, (3) from yields ¥, to ¥y, and (4) from yields
¥, to ¥;. With the constants thus determined, the yields are then
calculated {1} within the range of the ¥ values used in celeulating
the constants, and {2) beyond this range.

Within the range of ¥ values used in calculating the constants, both
curves give fair agreement with observed yields, the exponential curve
giving the best fit in three cases, the parabolic curve in one,

When the two curves are used in calculating the extrapolated
vields, the exponential curve gives fair resulis in ail cases, but the
parabolic curve falls down badly.

It will be observed that the case in which the parabolic curve gives
moderately good results is the one in whieh the last yield used in
calculating the constants is very high. This condition tends to bend
the curve upward, and thus to increase its radius of curvature.

The question which of these curves more nearly expresses the
relation between yield and fertilizer application must be settled on the
basis of comparisons similar to those above.

Note that in series 12 the fifth residual is negative in the case of
both curves, also the third residunl, whereas the fourth residual is
positive, This distribution of experimental errors tends to increase
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the radius of curvature of both curves. A little study of the two
curves will show that this effect in the case of the parabolic curve is
greater than in the case of the exponential curve. In general, the
parabolic curve appears to give good extrapolations only in cases in
which the experimental errors are such as to increase considerably its
radius of eurvature.

Tkough a decision of the question between these two curves can not
be made definitely on the basis of the preceding resuits, the fact
remains that the data at hand are strongly in favor of the exponential
curve and against the parabolic curve. Because of the greanter num-
ber of constants in the parabolic curve, it can be made to fit a wider
range of experimental results than can the expenential curve, but the
real test comes when the two curves are used for extrapolation. In
the comparisons it has been possible to make here the evidence is
strongly in favor of the exponential curve.

It wall probably be conceded that the exponential curve gives at
least as good a fit to experimental data as the parabolic curve within
the range of the yields used in computing the constants of the two
curves.

Assuming, then, that within the usual range of fertilizer applications
in practical {arming the exponential curve gives as good results as the
parabolic, there is another important resson for preferring the expo-
nential curve. It is the fact that the exponential equation may be
so written as to apply to cases in which two or more growth factors
vary. At present, at least, thisis not the case with the parabolic curve.

Some of the advantages of this more general type of equation are:

{1) When the constants have been evaluated, the equation may be
used in caleulating the yield from any quantity of fertilizer of any
composition, within the toxie limit of the fertilizer.

(2) It may be used in determining the most profitable amounts of
nitrogen and potash to use with any desired quantity of phosphoric acid.

(3) It may be used in determining the most profitable quantity of
fertilizer having the optimum analysis to use in any case.

For these reasons, it would appesr to be justifiable to use the
exponential curve until something better presents itseil.

DERIVATION OF THE EXPONENTIAL YIELD CURVE
ONE-VARIABLE FORM

The exponential yicld curve for a single variable growth [actor is
illustrated in Figure 1.

1In the figure, horizontal distances along the X axis represent nmounts
of a causal factor, vertical distances the amount of the resulting effect.
Thus, if 50 pounds of potash per acre bo taken as s unit of the causal
{actor, then the figure shows the effect of four such units on yield of
a crop.  The first unit produces an increase in yield represented by
a; the second unit produces a further increase, §; the third unit pro-
duces increase ¢, and so0 on,

An important property of the curve of Figure 1 is that the quantities
a, b, ¢, d, ete., are the terms of a decreasing geometric series, having u
constant ratio. Thus, if & is 60 per cent of ¢, then ¢ tends to be 60
per cent of b; d, 60 per cent of ¢; and so on. When the quantity of
the growth fuctor becomes large cnough to become injurious to the
crop, the curve no longer applies.
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In the figure, the ratio of the series is 0.6, each ternt of the series
(after the first term) being 0.6 of the preceding term.

The curve of Figure 1 is seen to approsch a horizontal line at
distance A shove the X axis. A is thus the limit toward which the
value of the ordinate of the curve approaches as the quantity of the
growth factor, potash, increases.

Observe that in Figure 1, il we let vy, 72, ¥, etc., represent, respec-
tively, the increase in yield due to I, 2, 3, etc.. units of the growth
factor then

h=e

=at+b

ym=at+bte
m=a+btet+d
Yy.=a+d+e+. . .+z

1f, now, E represent the ratio of the decreasing geometric series,
a, b, c, d, ete., then
b=c¢R
c=bR=aR?
d=cR=al¥*
The equation for ¥, may therefore be written:
Ye=atal+alf+alt+. . . eR™T
Multiplying through by R,
By=al+all®+all®+ . . .+ altF 14 oRF
Subtracting this last lrom the preceding equation,
' Yy Al —Ry=a0—all*=aq(l — R
whence
Yo i (1= R%)
V=1TR :

which shows the increase in yield for » units of the growth factor.

Since £21s less than 1, as z increases, /° decreases; and as » approaches
infinity, R* approaches zero. Henee, if A represent the vaiue of 3.
when z is infinite, we have

[#2
A=y—p

Substituting A for ]—ﬁ—_ﬁ’ and dropping the z subsecript, the yield

equation may be written
#=A(-R) (13)

This equation expresses the relation befween increase in yield and
increase in a growth factor when all other growth factors are held
constant.

The writer discovered this equation in 1920 (4) and later learned
that it had also been discovered in 1912 by the German experimenter
Mitscherlich (2). Mitscherlich has shown that the formula has
wide applicability to the soils of eastern Germany, while the present
writer has shown its applicability to many soils in the United States,
especially in eastern humid regioms, as far west as Indiana and
Michigan (7).

In the writer's earlier work, equation (13), or rather, o modified
form of it seen in the equation ¥=A— AR, the derivation of which
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is given later, was applied to experiments in which the unit of x was
& given quantity of a mived fertilizer, so that all three constituents
varied together (in the same ratio). That this procedure is ordinarily
justified is seen in the curve of Figure 11, in which the yield for
different quantities of fertilizer is shown, the unit being 100 pounds
of 10-10-10 fertilizer.

This ¢urve shows results such as should be obtained in water or
sand culfures, in which the total quantity of each plant-food element
available to the plant is known.

The curve is at first (i. e., for small values of z) convex downward;
for higher wvalues of 2 it is concave. It therefors has a point of
nflection.,

In ordinary fertilizer practice, especially on fairly good soils, the
lower part of this curve represents growth due to plant food in the
soil, ere the supply of such material in the soil is equivalent to

y . | ] | —

Q i
Fi) 2 4 3 [ 17} V2 14 16 i 20
x

FIGURE 11.—Y!ELD CURVE FOR THREE VARIABLE GROWTH FACTORS

Abscissas represent units of fertiilzer, 5 unit being 100 pounds of 10-10-10 fertilizer. Ordizates
reprasent vields, "The curve is a so-called S curve.

four of the units of fertilizer applied, then the part of the curve
obtained by experiment would be that part to the rght of the vertical
line at z=4, This part is seen to have about the same form as the
curve of Figure 1, which applies {o a single plant-food element, and
the experimental results with the mixed fertilizer could be fitted to
observations based on equation (1) very satisfactorily. In apy case
In practice, it is the upper part of the curve that is important, and this
part always has a form similar to that of Figure 1.

The curve of Figure 1 represents increases in yields as the quantity
of 2 growth factor made available to the crop increases. If ¥, repre-
sent yield when the quantity applied is zero, and if this yield be
added to each member of equation {13}, then

g+ Yo=A+T,— AR* {A)

Since Y, is the yield for x=0 and ¥ the increase in yield for z units
of the factor, then y + ¥, is the actual yield, ¥, for z units. Also,
since A is the maximum increase in yield from =0 to 2=<c>, then
A+7Y, is the theoretical maximum obtainable yield, M, with any

155748°—33——3




h4 TECHNICAL BULLETIN 348%, U. 8. DEPT. OF AGRICULTURE

quantity of the factor. Equation (A) above may therefore be written
Y=M—-AR"
which is equation (1) of the preceding discussions.
GENERAL FORM

The German methematician Baule () was the first to point out
that when two or more growth factors are veried at the same time,
the exponential yield equation has the form

y=A1—- R (1-EB) (1- Ry} (14)

in which x,, 7», ., etc., are the respective total quantities of the first,
second, third, ete., growth factors available to the plant, while
Ry, B, R, etc., are the ratios of the respective series of increments
in yield due to successive equal increases in the respective growth
factors. Mitscherlich’s experiments conform to equation (14). The
suthor has applied equation (14) to the results of some Americen field
experiments, with very satisfactory resulits.

Foermula (14) is adapted to water or sand cultures, in which the total
quantity of mitrogen, phosphoric acid, and potash available to the
growing crop is accurately kmown. It may be adapted to field
experiments by writing it in the form

y=A(1—BE") (1— B (1- Ry} (15)

in which =, p, and k are the respective quantities of available nitrogen,
phosphoric acid, and potash in the unfertilized soil, while a, b, ¢ are
the respective quantities in the fertilizer applied.

This equation is easily converted into eqlmlllatiou (7}, already given,
by suitable changes in the size of units in which », e, p, b, k, and ¢ are
measured.

By means of a simple series of experimental plots, suitably arranged
and fertilized, the constants A, n, p, and k, B, £», and ri; can be
determined for any crop on any soil which responds to fertilizers in
accordance with equation (1) when a single plant-food element is
varied. The yields of the plots will also reveal whether there is such
Tesponse in any particular case.

Since equation (5} makes it possible to determine the available
nitrogen, phosphoric acid, and potash in a given soil, it is capable of
measuring the effect on available plant-food elements of such soil
amendments as lime, manure, & green-manure crop, etc.; also the
effect on available plant food of different methods of tillage. This
may be done by running one series of experimental plots on land receiv-
ing lime, manure, a green-rnanure crop turned under, a given type of
t,il?age, etc., and another similar series on similar land not recelving
the treabtment. Such series, il planned as sugpested later herein,
would give the values of n, p, and % for the soil on which each series
is conducted. Comparison of these values for the two series would
then show the effect of the treatment in rendering plant food available.

Again, plants do not use all the fertilizer elements applied to the
soil, especially in the case of large applications. There may, there-
fore, be accumulations of fertilizer residues in heavily fertilized soils
that become injurionus to the succeeding crops. Such cases have
occurred in practice, particularly amongst growers of truck crops in
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certain localities. Equation (5) makes it possible to measure these
residue gccumulations by running a series of plots year after year,
chenging the plots to a new location each year. Each year the
available nitrogen, phosphoric acid, and potash In the soil is measured.
The rate of accumulation is thus made known, and the rate at which
fertilizers are applied may be so adjusted as to take account of the
changing quantities of plant food in the soil.

he above-mentioned advantages of a usable yield equation may
be summarized as follows: When the constants of equation (7) have
been determined then this equation and equation (5) may be used to
determine—

1} The yield from any quantity of the three ingredients.

(2) The most profitable fertilizer analysis.

(8) The most profitable quantity of this optimum anslysis.

Equation (7) does not apply to the average results over a series of
years on permanent or semipermanent experimental plots. The
reason is that the more heavily fertilized plots change from year to
year in content of available gla.nt-food elements; hence the difference
m yield between a lightly and a heavily fertilized plot, especially after
the test has run several years, is due partly to difference in current
applications and partly to unequal accumulations of plant-food
elements in the soil.

(4) The effect of lime on the availahility of plant food in the soil.

(5) The effect of o legume ercp on the amount of nvailable nitrogen in the soil.

(6) The change in amount of available plant foed in the soil as & result of any
system of tillage or of fertilizer application.

It is therefore essential to move the test plots frequently; that is,
as soon &s cumulative effects appear, to a new location. TReplication
of the plots will, of course, add to the reliability of the experimental
results, and hence to the deductions to be made from them. The
use of several different quantities of each growth factor is equivalent
to replication of the fundamental series, and requires fewer plots, as
will be pointed out later.

Fertilizers also affect the quality of certain crops, especially tobacco,
of which effect the equation gives no hint; it deals with yields, not
with quality of the produect.

Many other conditions, such, for instance, as the length of day,
the acidity of the soil, temperature, character of seed, all affect the
yield of crops. Some of these may ultimately be brought in line with
equation (7), but this is work for the future.

It may be remarked here that if other growth factors are found
that conform to equation (1) above, they may be brought into the
picture by adding a factor of the form (1—R?) to equation (7), and
an additionsl series of plots in which the new factor is varied. Amount
of irrigation water and intensity of sunlicht have been shown to
follow equation (1).

PLAN FOR OBTAINING DATA

Since the most general farm of the yield equation contains seven
constants, A, o, p, k, B, RB; and &, the yields from at least seven
plots, suitably fertilized, are necessary to determine the value of these
constants. A larger number of plots, with suitable check plots. will
add materially to the accuracy of the determinations.
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SERIES OF PLOTS

In Table 17 of alternative series several series are outlined. The
amount of nitrogen, phosphoric acid, or potash t5 use as & unit
in each case is more or less an empirical matter. The units should
be such that the largest application of each fertilizer constituent will
produce 80 to 90 per cent of the total possible effect of that constituent.
In any given case, unless something is already known of the crop
response to fertilizers, it may be necessary to run a preliminary test
the first year before deciding how many pounds per acre shall be
taken as the unit of mitrogen, how many as the unit of phosphoric
acid, and how many as the unit of potash. It is not at all essential
that the unit of each constituent should be the same.

The number of units of each fertilizer constituent to use on the
various plots in the series is also more or less an arbitrary matter.
The numbers suggested in the table greatly simplify the magﬁema.tical
work in computing the value of the constants,

TABLE 17.~—Allernative series of fertilizer plots
[a=nitrogen (N); d=phosphoric acid (P20s); c=potash (K20)]

Linils of— Units of— Unlts of—
Tlot No. Floi No, Plot Moo

SERIES SERIES 3—Continoed SERIES §

e
-
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1 Equivelent to 3 sets of series 2. 1 Equivalont to b sets of serles 2, 2 Equivalert to 7 sets of Serles 2,
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Series 1 of Table 17 may be called the fundamental series. It
represents the absolute minimum of data required. In a preliminary
note by the writer (§) 2 smaller number of plots was given as the
minimum rumber required. At the time that note was written it was
supposed that the values of Ry, R, and R;, published by Mitscherlich,
as indicated by Willcox (10), were generally applicable, It develops
that they are not always applicable to the results of field experiments
in the United States, so that it is necessary to determine the three
R's of the equation for each case, along with the four other constants.
But this series is devoid of check plots, and would have to be repli-
cated many fimes to make the yields reliable.

Beries 2 Is similar to series 1, but in it every third plot is a check
plot. These two series provide for the use of three different quanti-
ties of each growth factor. In use, it would require several replica-
tions of series 2 to give results sufficlently accurate.

Series 3, in which five different quantities of each variable element
gre used, 1s, from the standpoint of reliability of results, equivalent
to three replications of series 2. Series 4 and 5 are, respectively,
equivaler: to five and seven replications of series 2. In careful
experimental work series 4 (28 plots) would be about the mipimum
limit, and series 5 (37 plots) would give results considerably more
reliable and is to be recommended. The discussion that follows is
based on series 3 (19 plots) merely on grounds of economy of space.
This series illustrates the principles involved as well as any other.

The plots in series 2 to 5 that receive 1 unit each of a, &, and ¢ are
the standard check plots, and constitute every third plot in each
series. A check plot begins and ends each series. Experimenters
often make every fourth plot a check plot. This reduces materially
the usefulness of check plots. The added accuracy obtained by mak-
ing every third plot a check is well worth while in most cases. In
cases in which the soil is quite varisble, and thus not well adapted
to experimental-plot work, every second plot might well be & check.

The check plots in the series outlined are fertilized, anc the
application is the same on all of them. The reason for this is that
if the phenomenon of absorption of plant food by the soil is present,
irregularities due to this phenomenon are thus avoided.

In cases in which it is desirable to messure the amount of this
absorption, & separate group of plots for this purpose may be used.
An outline of procedure in such cases is given later {(p. 58).

USE OF CHECE PLOTS

Check plots are used in eliminating from the computations so {ar
as possible, the effect of unevenness in the vielding power of the soil
in different parts of the experimental field. Thesc differences are
adjusted in the following manner.

“Check yields™ are computed for each plot. The check yield of &
plot is the yield it would presumably have produced if it had had the
same applicetion of fertilizevs as the check plots. The check yield of
each check plot is, of course, the yield of the plot as recorded. The
check yield of the series is the average of the check yields of the
check plots. The check yield of the plots between check plots is the
yield of the plot plus part of the difference between the adjacent
check plots. In the 19-plot series, where every third plot is & check
plot, the fractions are one-third for the plot next to the lower num-
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bered check plot and two-thirds for the plot next to the higher num-
bered checl plot. If three plots intervene between check plots, the
{ractions are one-fourth, one-half, and three-fourths.

This procedure assumes that the soil changes uniformly from one
plot to the next. This is not strictly true, so that there is some error
in the check yields. The error is greater the greater the number of
plots between checks. Without check plots the experimental errors
are often so great as 1o vitinte the results for any careful study.

In the 19-plot series the check yields are of the following descrip-
tion, plots 1 and 4 being check plots:

Gn plot 1, check wield (C)) is the nctual vield ()

on plot 2, Co=w+- ¥ (h—mi;

or plot 3, Ch=ys+3 (wa—m);

on plot 4, Ci=yy;

on plot 5, Cs=ws1+4 {y:—w}; and 50 on through the series.

The check yields having been found, the relative yields of the plots
are computed by dividing the nctual yield of each plot by its cheek
vield. Tor the check plots the relative yields are of course 1. Thus
the relative yield (L%} of plot 2 is Uy (h; of plot 3 it is UyfCh, and
80 OL.

The ‘“adjusted yields” of the several plots are computed by mul-
tiplying the check yield of the series (average of the yields on the
check plois) by the relative yield of the plot. The adjusted yield of
each check plot is the average of all of them taken together. These
adjusted vields are the yields used in all subsequent calculations,

When some of the plant food applied is occluded by the soil, and it
is desired to measure the amount of this oecluston, the data necessary
to do this may be obtained by inserting plots in the series listed on
page 56, as shown below.

If part of each of the three elements is occluded, insert in the series
at the places indicated below, groups of 4 plots each, {ertilized thus:

e b ¢

1 1 1 cheek plot.

0 1 1 zeropletfor N,

1 & 1 zero plot for PaQs.
1 1 © zero plot for IGO0,

This group is to be inserted as {ollows: In series 2, (1) preceding
piot 1, {2) between plots 3 and 4, (3) between plots 6 and 7. In
series 3, (1) preceding plot 1; (2) between plots 6 and 7; and (3} be-
tween plots 12 and 13. In series 4, {1} preceding plot 1, (2) between
plots 9 and 18, and (3} between plots 18 and 19; and so on.

If the occlusion does not affect any one of the plant-food elements,
the zero plots for that element may be omitted.

These insertions will, of course, change the plot numbers through-
ouf the series.

The average adjusted yields of the three zero plots for each element
are taken as the yield when that element is omitted from the fertilizer.
Insertion of the group of plots at three points in the series gives three
replications for each zero plot.

OTHER FACTORS TO BE CONSIDERED

This bulletin deals only with the relation between plant growth and
the quantity of nifrogen, phosphoric acid, and potash available to
the growing crop. Many other factors affect the growth of plants,
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such as soll acidity, magnesium, sulphur, the organic matter of the
soil, tilth, date of planting, amount of sunlight, length of day, avail-
ability of soil moisture, texture of the soil, and temperature.

Some of these factors have been shown to produce yield curves
similar to those discussed herein. This is the case with sunlicht and
soil moisture. Whether others behave in a similar manner remains
for further resesreh to reveal.

Additional factors that do produce yield curves similar to those
dealt with here may be taken into secount by adding to the generalized
vield equation a factor of the form (1-R*) for each additional growth
factor, and by adding to the list of experimental plots for each new
growth factor a series of plots in which the mew growth factor is
varied in the same way as nitrogen, phosphoric acid, and potash are
varied in the series listed.

SUMMARY

Three methods are given for determining the constants of the expo-
nential yield equation for a single variable growth factor. One of
these methods makes possible the determination of the most probable
value of the constants by the method of least squares.

A method of determining the smount of available plant food in the
soil is outlined.

The application of the exponential yield curve to o specifie case in
which each of the three common plant-food elements is varied is given,
including the method of passing fromm the l-variable form to the
general form of the equation.

A method is presented for determining the amount, if any, of each
of the three conmunon plant-food elements absorbed by the soil and
held in a condition unavailable to the growing crop.

The form of the yield curve is discussed, and reasons given for pre-
ferring the exponential fo the parabolic form.

The derivation of all the commonly employed forms of the expo-
nential yield curve is presented.

Formulas are worked out for determining for specific cases the
optimum fertilizer formula to use, the optimum quantity of fertilizer
to apply for greatest profit per acre, and for determining the optimum
formuls to use and the optinum acreage to which to apply a fixed
amount (velue) of fertilizer for greatest profit per dollar invested in
fertilizer, in both presence and absence of the phenomenon of plant-
food ocelusion by the seil. .

Plans are cutlined for obtaining, from & relatively small number of
experimental plots, the data necessary for determining the constants
in the exponential yield equation, and the manner of utilizing cheek
plots &s & means of eliminating, in so far as this can be done, uneven-
ness in the yielding power of the soil of the experimental field is dis-

cussed.
APPENDIX

TABLES OF VALUES OF R+ AND OF I-R»

Tables 18 and 19 are appendesd because of their grest nsefulness in computations
of the character required in work of the type outlined in this bulletin.

Table 18 gives the values of 2= for all values of & from 0.01 to 0.99 and of z
from zero fo 20. A given power of a given velue of 12 stands on line with the
value of R in the lefi-hand column of the page, in the column headed by the
index of the power.
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St This table was computed by Y. Kutsunai, of the Hawaiian Sugar Experiment
tation.

For convenience in computation a table of values of 1— R= has been prepared
on the basis of R=0.8, between =0 and z=29.99. (Table 19.) Higher values
of = rarely cceur in connection with the yield equation.

As explained in the fext, conversion of the actual ratic of the problem in hand
to the ratio 0.8 is readily made.

To find 1—R= when z=23.27, for example, run down the left-hand column of
page 63 to the line showing the integral and first decimal place of £ (3.2) and rea:!
the value in the column headed by the figure in ithe second decimal place (7).
This is stated as 51794 and is a decimal freetion, all decimal points having heen
omitted in the printing,

To find £ when 1—-R= is obtained in the computations, find the 1 — R=in the table
nearest to the figure eblained and read the value of .  Thus z nearest correspond-
ing to 1—R#=0.57266 is found in the column headed 1 on line 3.8, so that z in
this case is 3.81. Ordinarily it is not necessary 1o carry the value of z beyond the
second decimal pluce. Additional decimal places are found by interpolution;
the further decimal places are the guotient of the excess nbove the lower tabular
number divided hy the tabular difference.

R* {when R=0.8) may be found by subtracling the table figure for 1-—R=
from 1.CH{HDD.

TaBLE 18— Velues of R=

[Value of z=0 is | o all cuses; af =1, same as R]
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TasLE 18.—Values of R—Continued
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TasLe 18— Values of R—Continued
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TapLE 19 —Velues of 1—R= when R=0.8

[ALl vplues are decimal fractions; that is, deelmal points to be added}

I o 1 2 3 4 & 6 ¥ 8 p
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TaBLE 19— Values of I — R~ when R=0.5—Continued
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TapLE 19.—Values of 1—E= when R=0.5—Continucd
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TasLe 19.—Values of I — = when B=0.8—Continned
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Tanre 19.—Values of 1 — R = when R=0.8—Continued
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