
 
 

Give to AgEcon Search 

 
 

 

The World’s Largest Open Access Agricultural & Applied Economics Digital Library 
 

 
 

This document is discoverable and free to researchers across the 
globe due to the work of AgEcon Search. 

 
 
 

Help ensure our sustainability. 
 

 
 
 
 
 
 
 

AgEcon Search 
http://ageconsearch.umn.edu 

aesearch@umn.edu 
 
 
 

 
 
 
 
 
 
Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only. 
No other use, including posting to another Internet site, is permitted without permission from the copyright 
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C. 

https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
http://ageconsearch.umn.edu/
mailto:aesearch@umn.edu




----

Ii~ l~p8 111112.51.0 ~ ,= ,= 
~ W 22 
~ 
r.:.: ~ 

ILl 
II.i 
:;: ~ I .0 ... 
1Ol~1.&. 

111111.8 

111111.25 111111.4 11111 1.6 

MICROCOPY RESOLUTION TEST CHART 
NATiONAL BUREAU or S1ANDARDS·1963-A 

lii-i ~p8 111112.51.0 W "= = 
~ W 122 ~ . 
r.:.: ~ 
II.i 
:;: ~ ...1.1 .......
-

111111.8 

111111.25 111111.4 111111.6 

MICROCOPY RESOLUTION TEST CHART 
N~TiONAl BUREAU Of ST.~NDARDS·196J-A 

http:111111.25
http:111111.25


I 

==========~~~=~.~~========~
~
TECHNICAL BULLImN No. 210 FEBRUARY, 1931 

UNITED STATES DEPARTMENT OF AGRICULTLJRE 

WASHINGTON, D. C. 


CORRELATION ALINEMENT CHARTS IN FOREST 

RESEARCH: A METHOD OF SOLVING PROBLEJVIS 


IN CURVILINEAR MULTIPLE CORRELATION 


By DONALD BRUCE, Senior Silviculturist, and L. H. REINEKE, Assistant Silvi
culturist, Branch of Research, Forest Service 

CONTENTS 

Page 


Standald deviation...................... 6 
 Effect of intercorrelation of two inde· 

mate by the use of additional variables.' 9 
 Minor variations in tcchnic ••••• _.........•. 68 
Regression equation..................... 
 10 Use of ratios..•••••.••••.••••••.•.......• 68 

Alienation and correlation coefficients... 
 12 Grouped data ...••••...•••••••..•....... 68 

Relative ad vantages and disadvantages of 
 Incommensurable variables ..•••......... 69 


the statistical Bnd the graphic metbods. 13 Effect of high intercorreilltion or inde· 

estimatcd values....................... 
 15 Assumed charts .•......•••••••••••••••.• 70 

Use or knowledge of curve form ..•....... 71 


problem..••••••.••.•••••.•••••........ 
 45 Syl.:bols................................. 79 

Gmduating curves_..................... 
 48 Formullll................................ 79 

Computation of residuals by abridged 
 A paytiallist or statistiealliteraturo ..••.._ .. 85 


method •••••• _••.•.••••••••.••••_...... 
 49 Books and articles .....................,. 85 

Use of correction distances in altering the 


Interpretation of results.................. 
 54 

Example of an analysis of causes and effect... 
 45 
Summary•••

Objective, analysis, and solution or the 

AopendLx..•.••.........•.••••••••.•.... _... 76 


Sbort-cut methods ...._••••_._•••........ 76 


The correl3tion alinement chart illustrated by 


......•••••••........•. 74
37 
 Field of application .••

).4 

Page 
Example involving tbe development of aAdvantages and limitations of the graphic 


method.................................... 1 

Statistical measures......................... 3 


predicting mechanism •.•••.....••••••. 54 
The alinement chnrL .•••••••......•••••• 56 

The standard error as a measure of curve 

accuracy.. •.•••••.•••••••••••••••••••• 3 


Regression lines •.••••••••.........••.••• 60 

Graduating curves from regression curves. 61 

..•••••••••..•..•..•• 62Alienation indox......................... 8 

Correlation index........ ••....•• •.•• •••• 8 


pendent variables 

Multiple corremtion; improving thc esti· 

C~mplel<.problems and inadequate datIL ..•• 65 
Time senes •..•••••••••••••••••••••.•.....•.. 67 

Omphic methods of cbecking curve fit...... 

Residual curvo.......................... 


14 pendent variahles._ ...•••••_.......... 69 


Curve of relation between measured and 

Variables with small regression coeffi· 

cients but with considerable curvature. 69 

Multiple regression equation. ................ 

Curvilinear multiple correlation. ..••••...•.. 


16 
21 

Initial corrections ..•.•.••••.••_.•••..... 71 

an example................................

Construction of the alinement charts needed. 


24 

Residuals in terms or an alUiliary regular 

scale:•......•••...•.•••••••••.••....... 73 


Preliminary analysis of tbe problem.........

Collection of data............................ 


43 
44 

Oriteria of a)Jplicability •••••••••.•.•........ 74 

.....•......••••••••.......•.... 75 


graduating curve...................... 
 50 
Mimeographed materiaL ................ 87 


Final correction......................... 
 54 
Statistical periodicals ................... . 87 


ADVANTAGES AND LIMITATIONS OF THE GRAPHIC METHOD 

Problems in forest research almost inevitably in,olve a considera
tion of the relations between two or more variable factors. Results 
depend, for example, on the increase of tree diameter or volume with 
age, on the influence of site, on the vitality of seed, or on other similar 
relations. Although the relation is sometimes one involving cause 
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and effect, this is by nOI means essential. The interrelation between 
height and diameter ~ay be of importance although neither is the 
cause of the other, tnfil two being more or less closely interrelated 
because they result frCom causes which are in part common to both. 
Often, moreover, the investigation is not restricted to a pair of vari
ables but conc~:ms the association of one with two or more others, 
as in prepBriag yield tables where the relation is sought between both 
age and site and such factors as volume per acre. In some cases 
there is no certain advance knowledge as to what variables are in
volved, and the first step in the study must be to ascertain what 
factors are related and what are not. 

The graphic method has conventionally been used in solving such 
problems. It has many advantages, chief among which are its celer
ity and flexibility. Unfortunately, it lends itself to careless technic 
and so has led to many false conclusions. This has been caused in 
part by inherent weaknesses in the method and in part by an inade
quate analysis of potential sources of error, together with a poorly 
developed technic for checking the. results obtained. There is need 
for further development along quantitative lines. 

The modern statistical method supplies a pO'lVcrful and delicate 
machinery to replace or supplement the simple graphs which foresters 
have ordinarily used. Its drawbacks are greater intricacy and 
apparently greater laboriousness. However, its apparent intricacy 
disappears with use, and the labor involved is more formidable ip. 
appearance than in reality. The greater delicacy of the method 
usually permits a given degree of accuracy to be obtained with a much 
smaller number of data, providing they are accurate; and in many 
cases the saving of time in collecting data will more than ofrset any 
increased labor in analyzing them. Until recently a third drawback 
was the rigidity of the method. Its usefulness was restricted to those 
cases where, graphically, a straight line might be used without serious 
error or (with a large increase in the labor involved) to those where 
the underlying curve was of a type for which the form of equation 
was known. Recently, however, a new statistical method (9),' 2 pal'
tialIy graphic in its technic, has been devised which is free from this 
disadvantage and which appears particularly suited to forestrY 
problems. It is this method which will be described in the follow
ing pages.3 Before discussing it, it. will be necessary to explain the 
criteria by means of which the adequacy of any method may be 
judged, for only in this way can the advantages of the new technic 
be fully appreciated. By means of this discussion, moreover, it will 
be possible to de~e and explain the statistical conceptions used in 
terms of the graphs with which foresters are familiar, instead Of on a. 
purely mathematical basis. 

I Italic numbers in parentheses refer to tho Partial List of Statistical Litemture\ p. 85. 
I This new method was originated by Mordecai Ezekiel, Bureau of Agricultum Economics. As herein 

presented it has been materially modified. These modifications include tIle use of alinement charts, the 
investigation of a possible functional form of the dependent variahle, and a new type of final correction. 
Thp.se changes considerably reduce tho labor involved Bnd increase flexibility. 

»The authors acknowledge the very valuable liSSistance in the prepamtion of the material here pre
sented, rendered byMlssesMary L. Denoyer, Lucile L. Gumaer, bnd Theresa Hoerner, statistical clerks 
in the Offioe of Forest Measurements. 
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STATISTICAL MEASURES 

THE STANDARD ERROIt AS A MEASURE OF CURVE ACCURACY 

One of the primary purposes of any curve is to permit estimation 
of values of one factor from given values of another. It is useful 
perhaps to be able to estimate the height of a tree if its age is Imown, 
or the number of trees per acre in a stand if the ages and site qualities 
of the stand are given. Judged from this point of view the success 
of any curve may be measured in terms of the accuracy which results 
from such a use. If the curve is based on an adequate sample of the 
material to which it is to be applied, the accuracy of such application 
is essentially the same as that which will result from applying the 
curve to the basic data. 'l'he latter may be readily determined by 
estimating values for each datum and then comparing these estimates 
with the values actually measured. Only exceptionally in forestry 
has accuracy been thus determined. In most cases indeed the curve 
drawing has been so carried out as to obscure it completely. 

To illustrate this statement, Figure 1, based on hypothetical meas
urements of age and diameter, has been prepared. The lower por
tion, C, represents the usual manner in which curves are drawn and 
presented. The individual measurements have been sorted into 10
year age classes and average diameters for these age classes have been 
plotted and assigned weights equal to the number of data in each. 
The advantage in this procedure is that the drawing of the curve is 
easier, particularly if the individual values are widely scattered. In 
Figure 1, B, the individual values have been plotted. A zone of 
points results which, in this instance, has such narrow limits that the 
curve could have been drawn readily without computing and plotting 
averages. Figure 1, A, shows a case of wider dispersion where the 
curve location would have been somewhat less certain, and where 
averaging is clearly advisable. The point of interest, however, is 
1hat the values used in A and B have been so chosen that C may be 
derived from either. If average points are plotted, the two cases will 
appear identical, yet obviously they are not. It is clear that in case B 
the diameter of any individual tree may be estimated by means of the 
curve with far less average error than in case A. Curve B must then 
be considered the more effective of the two. Its greater reliability is 
completely concealed when form C is used. 

A measure of the accuracy of estimate, the average error, can readily 
be obtained for either A or B. Its computation is illustrated by Table 
1. Columns 1, 2, and 6 show the age and diameter as actually meas
ured. Columns 3 and 7 show the diameter as estimated from the 
age by means of the curve of Figure 1, A. In columns 4 and 8 are 
entered the residuals, a term which is used for the differences between 
the measured and estimated values. Where the measured exceeds 
the estimated value the residual is considered positive, and otherwise 
negative. The sum of columns 4 or 8 (disregarding signs) divided by 
the number of observations is the average error. Column 5 (and",9) 
should be disregarded for the time being. 
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TABLE I.-Computation of average error and standard error for Figure 1, A and B 

Curve A CurveB 

Age Diameter IDlameter 
Mea~ured estimated Residual Mea.~ured estimated ResidualResidual Residualdiameter from squared diameter from squared 

curve curve 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 

15___________________ _ 5.0 6.5 -1.5 2.25 6.0 6.5 --0.5 0.2519___________________ _ 10.7 9.2 +J.~ 2.25 9.7 9.2 +'5 .2522___________________ _ 9.5 11. 0 -1.5 2.25 10.5 \J.O -.5 .2525____________• ______ _ 17.0 12.5 +4.5 .20.25 KO 12.5 +1.5 2.2529___________________ _ 9.7 14.2 -4.5 20.25 12.7 14.2 -1.5 2.2534.__________________ _ 17.5 16.0 +1.5 2.25 10.5 16.0 +.5 .25·13 ___________________ _ 17.0 IS. Ii -1.5 2.25 18.0 18.5 -.5 .25 
52___________________ _ +.5 
45___________________ _ 

20.5 19.0 +1.5 2.25 19. fi 19.0 .25 
22.0 20.5 +1.5 2.25 20.5 +.5 .2555 ___________________ _ 21.0 I15.0 21.0 -6.0 36.00 19.0 21.0 -2.0 4.0058___________________ _ 21.5 21.5 +3.0 9.00 22.5 21.5 +1.0 1.0065__________ •________ _ 27.0 22.5 +4.5 20.25 21.0 22.5 +1.5 2.2566___________________ _ 21.1 22.6 -1.5 2.25 22.1 22.6 -.5 .25 

75___________________ _ 
75___________________ _ 

19.0 23.5 -4.5 20.25 22.0 23.5 -1.5 2.25 
25.0 23.5 +1.5 2.25 21.0 . 23.5 +.5 .2581. __________________ _ 

88___________________ _ 27.0 21.0 +3.0 9.00 25.0 21.0 +1.0 1.00 
26.0 24.5 +1.5 2.26 26.0 24.5 +.5 .2589_______ "___________ _ 21.5 21.5 -3.0 9.00 23.5 21.5 -1.0 1.0091. __________________ _ 
26.1 21.6 +1.5 2.25 25.1 21.6 +.5 .2510(L________________ ._ 23.5 25.0 -1.5 2.25 21.5 25.0 -.5 .25 

TotaL_________ 384.6 384.6 .0 171.00 384.6 384.6 .0 19.00 
Average________ 19.2 19.2 .0 8.55 19.2 19.2 .0 .95 

==--===1==='/=====1===Total, disregarding signs__________________ 51. 0 __________ __________ __________ 1.7.0 _________ _ 
Average, disregarding signs________________ 2.55 _________________.__ __________ .85 __________ 
Standard error____________________________ __________ "/8.55 __________ __________ __________ ../.95
Or ._______________________________________ __________ 2.921 __________ __________ __________ .975 

It should be noted first that in both cases the total of the estimated 
diameters (columns 3 and 7, which are of Dourse identical, since the 
curves are the same) equals the total of the measured diameters (col
umns 2 and 6). This is a fundamental criterion 4 of a correctly fitted 
curve. An inevitable corollary to this fact is that the sums of the 
positive and negative residuals' are equal. Hence, the algebraic sums 
of columns 4 and 8 are zero. In actual practice this last fact is the 
more usable, and in curve fit,t,ing the differences between the curve 
and all points above it ILlay be quickly summed and compared with a 
similar value for all points below the curve. If they are not approxi
mately equal, the curve should be so shifted as to eliminate any ma
terial difference. This test can be applied equally well to a graph of 
form 1, 0, by weighting (multiplying) each difference by the number 
of observations involved therein. 

The dissimilarity between the data for A and B is brought out by 
the average residuals (last values in columns 4 and 8), disregarding 
signs in the computation. It is apparent that the average error of 
estimate is nearly three times as great in case A as in case B, for if 
curve A is used the diameters estimated will be in error by an average 
of 2.55 inches, while if B is used this average error will be reduced to 
0.85 incb. 

A somewhat better ;measure of accuracy than this has been devised. 
It is called the "standard error" 5 and its calculation is illustrated by 

• Although a curve is thus accurately balanced It may still be so tilted or poorly shaped that It fails to 
fit the data. 

I There Is some difference In the usage of statistical terms. Standard error Is sometimes used as synon 
yomous with standard deviation of a mean. 



6 TECHNICAL BULLETIN 210, U. S. DEPT. OF AGRICULTURE 

columns 5 and 9. In computing this each residual is squared, and 
these squares are totaled. Their sum is then divided by the number 
of values involved and the square root extracted. 
expresses this is-

A formula which 

SE /Sume'i--V N (I) 

where SE is the symbol for standard error, Sum signifies the sum of 
all the values for the expression immediately following, e is the residuf~l 
and N is the number of observations used. The standard error k; 
superior to the average error because it involves the generally accepted 
theory of least squares. On this theory a properly fitted curve of 
given form has a minimum standard error rather than a minimum 
average en'or. In most cases where the dispersion of points above 
the curve is similar to that below the curve, the stand.ard error is 
approximately one and one-fourth times the average error, but it is 
often unsafe to calculate it in this way. In \;he present instance the 
standard errors thus calculated would be 3.19 for A, and 1.06 for B. 
These values differ appreciably from the more accurately determined 
standard errors for A and B, which are calculated by means of 
columns 5 and 9, Table 1, and Formula 1

(A) SE=~17io06=2.924 

(B) SE=~I;.g~ =0.975 

Like the average error, the standard error of A is approximately 
three times that of B, so that in the present case the same relative 
result is obtained by either method of computation. 

Either the standard error or th~ average error, then, measures the 
accuracy of a curve as a means of predicting values of one variable 
from values of another. It must not be assumed, however, that 
small standard errors necessarily mean that the curve which has 
been drawn is useful or that large standard errors imply that it is 
futile. Its effectiveness depends not only on the standard error but 
also on how much variation was originally present. If the variable 
investigated was relatively stable in its values, a small standard 
error might be obtained even with very bad curve fitting, or even 
by estimating without any curve at all by using the arithmetic 
average. The graphic equivalent of this average is a horizontal 
straight line through its value. To use this obviously disregards 
any possible variation associated with the independent variable. 

What has been accomplished by a curve is, therefore, better judged 
by the relation between the scatter about the curve and the scatter 
of the data as a whole about its arithmetic mean. The measure of 
the scatter about the arithmetic mean is the staadard error of the 
points about the horizontal straight line through the average. This 
special case of standard error is called the standard deviation. 

STANDARD DEVIATION 

r. For the example already cited, the calculation of the standard 
deviation is shown in Table 2. In the first and fourth columns the 
measured diameters are entered. These columns are summed and 
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the averages obtained. The residuals (the differences between the 
individual values and the average), which are in this case called 
"deviations," are next computed. The calculation of the standard 
deviation then is exactly similar to that of the standard error, the 
formula being

SD=.,jS~d: (II) 

where SD is the symbol for standard deviation, d signifies deviation 
and N, number of observations. The resemblance to Formula I is 
obvious. The computations in the present case are in columns 2, 3, 
5, and 6. 

TABLE 2.-Computation of standard deviations for data used in Figure 
1, A and B 

Curve A CurveD 

DeviationMeasured Deviation IDeviation Measured DeviationCrom d fromdiameter average square diameter squaredaverage 

(1) (4) (5) (6)(2) i (3) 
~.~--

5.0 -14.2 201.64 6.0 -13.2 174.24 
10.7 -S.5 72.25 9.7 -9.5 90.25I 



9.5 -9.7 94.09 10.5 -S.7 75.69 
17.0 -2.2 4.84 14.0 -5.2 27.04 
9.7 -9.5 90.25 12.7 -6.5 42.25 

17.5 -1.7 2.89 16.5 -2.7 7.29 
17.0 -2.2 4.84 18.0 -1.2 1.44 
20.5 +1.3 1.69 19.5 +.3 .09 
22.0 +2.S 7.84 21.0 +1.S 3.24 
15.0 -4.2 17.64 19.0 -.2 .04 
24.5 +5.3 2S.09 22.5 +3.3 10.S9 
27.0 +7.S 60.84 24.0 +4.S 23.04 
21.1 +1.9 3.61 22.1 +2.9 S.41 
19:0 - .2 .04 22.0 +2.S 7.84 
25.0 +5.S 33.64 24.0 +4.S 23.04 
27.0 +7.S 60.84 25.0 +5.8 33.64 
26.0 +6.8 

I 
46.24 25.0 +5.S 33.64 

21. 5 +2.3 5.29 23.5 +4.3 18.49 
26.1 +6.9 47.61 25.1 +5.9 34.S1 
23.5 +4.3 18.49 24.5 +5.3 28.09I 

TotaL ••••• 384.6 ------------ 802.66 384.6 643.46 
Average •••• 19.2 ------------ 40.13 19.2 .----------- 32.17 

Standard deviation •••••••• ------------ "/40.13 ------------ -----....----- "/32.17 
..._------- ..- ------------Or••••••••••_••••.•••.•.••• --,---------- 6.33 5.67 

.--~..-~--- ~.~".~-----

Were nothing known about age, the only possible method of esti
mating the diameter of trees from the material at hand would be to 
guess that each one was of average diameter; in other words to 
estimate by means of a horizontal line such as has been mentioned. 
Individual errors would be large, although in the long run com~ensat
ing, if the material is an adequate sample of the diameters. The use 
of the diameter-age curve permits a decided improvemen~ 6 in 
estimating as is shown by the fact that the standard error is only 
2.924 in case A, while the corresponding standard d.eviation is 6.33. 
Similar values in case Bare 0.975 and 5.67. 

S This estimate of improvement is conservative. It is relatively easy to secure sample mea.Sl\l"ements 
oC diameter and age, which adequately represent their rclaUon in the stand in which they are taken. Such 
measurements, however, may be entirely inadequate for determining either tbe average diameter or 
average age. A sample suitable for determining sucb averages can best be obtained by a strip survey. 
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ALIENATION INDEX 

The estimating is not perfect, of course, even where the curve isused, as is shown by the existence of these residual standard errors of2.924 'and 0.975. Estimates are, however, materially improved byusing the curve, and it is helpful to measure this improvement.The ra.tio between the residual variation and the original variation isknown as the" alienation index." Expressed as a formula-

SE
AI=SD (III) 

where AI is the symbol for alienation index, SE signifies standarderrol', and SD signifies standard deviation. It is obvious that thevalues of this index may range from 0 to 1.00.7 In the present in
stances th li . . d' (A) 2.924 0 6 d (B) 0.975ese a enatlOn ill ICes are 6.333 = .4 2, an 5.67 =
0.172. This means that 46.2 and 17.2 per cent of the variability indiameter is associated with factors other than age. Among thesefactors, however, errors in fitting the curve may be included. 

CORRELATION INDEX 

The" correlation index" is another and more commonly used measure of this improvement. It may be derived from the alienationindex by means of the formula: 

01= .v1-(AI)2 (IV) 

where 01 signifies correlation index, and AI alienation index. Ifthe alienation index is 1 (the maximum possible value) the correlationindex is evidently 0, while if the alienation index is 0 (only possiblewhere the standard error is 0), then the correlation index is 1. Thisfixes the limits of possible values for the correlation index. Thealienation index measures the association between the dependentvariable and other unconsidered factors; the correlation index onlyindicates the association between the dependent variable and thatindependent variable which was considered. Oomplete association isshown by a correlation index of 1, while entire absence of associationis shown by a correlation index ofO. Intermediate values show partial association. Unfortunately, a correlation index of 0.50 does notmean that half of the variation present in one variable is associatedwith the other variable used. The best way to interpret a correlationindex is to compute the corresponding alienation index. By substituting in the foregoing formula the values of the alienation indices,which are 0.462 and 0.172, in the present case, the correlation indicesare found to be 0.887 and 0.985, respectively. To avoid computation,approximate values B may be read from Figure 2.
It will be seen that both the standard error and the alienation orcorrelation index are useful as measures of accomplishment and thatneither gives complete information without the other. The standard 

7 A value greater than 1.00 can conceivably be ohtained, but only through grotesque misfltting oC a curve.Such a value indicates that tbe curve not only bas no utllity but is completely misleading Bnd should bediscarded.
• See also Miner (SO). 
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error shows in absolute units how accurately the yalue of a variable 
may be estimated from values of another; it does not show whether 
an estimate lnight have been made as accurately or nearly as accurately 
withou,t it. The alienation index is a more abstract value measuring 
the relative improvement of estimate consequent on the use of a 
certain independent variable, but it does not show the amount of 
error remaining. Both measures should ordinarily be calculated. 
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FIGURE 2.-The relation between alienation and correiation indices is shown by this curve. It 
may be used to obtain, without computation, approximate values of either when the other is 
known 

MULTIPLE CORRELATION; IMPROVING THE ESTIMATE BY THE USE OF ADDITIONAL 
VARIABLES 

Where the coefficient of alienation is high, the possibility of further 
improving the estimate by the use of oile or more additional variables 
suggests itself. Volume tables afford a common example. These may 
be prepared on the basis of diameter alone, but the resulting standard 
error and alienation index will prove to be large. It is customary to 
include height as an additional independent variable. The graphic 
result of this is the familiar set of harmonized curves. The accuracy 
of estimate should be, and is, improved by this treatment. The 
calculation of the standard error, alienation index, and correlation 
index is entirely analogous to that of the 2-variable case just discussed. 
In reading the "estimated volumes from curve" in this case, it will 

8553-31--2 
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be necessary to interpolate between the curves. This adds con
siderably to the labor involved. 

For this and other reasons the graphic method is difficult where 
there are three variables and hardly suitable to problems involving 
more than three, although some effort has been made to adapt it to 
four, as for taper curves. 

The terms "multiple alienation index" and "multiple correlation 
index" are used to distinguish such three or more variable cases 
from those where but two variables are involved. 

It has now been shown that such statistical conceptions as the 
standard error and 'the alienation index may be applied to the curves 
or systems of harmonized curves with which foresters are .familiar. 
It has also been shown that they give us a quantitative measure of 
the utility of these curves. Certain substitutes for {ree-hand curve 
drawing will next be described and the relative adequacy of the results 
discussed. 

REGRESSION EQUATION 

When data are plotted as in Figure 1, it may be that a straight line 
is defined instead of a curve. When this is so, statistical methods 
offer a purely mathematical means of locating, with rigorous accuracy, 
the best position of this st:raight line by calculating its equation 
known as the regression equation. Being the equation of a straight 
line it must be of the type-

Y=AX+B 

where Y is the dependent variable, X the independent variable, and 
A and B are constants which must b.:. determined from the data at 
hand. 

These constants may be computed by the standard method of least 
squares, but the same results may be obtained by the application of 
the relatively simple product moments formula

Y=My+S~d1;(X-Mx) (V) 

where X is the independent variable, Y the dependent variable, Mx 
the arithmetic mean of X, My the arithmetic mean of Y, and dx and 
dy the deviations of X and Y from their means. 

In statistical work it is not uncommon to calculate this equation 
even where it is not definitely known that the relation is strictly 
rectilinear. This may be because any curvilinear trend present is 
poorly defined, or because the straight-line value is useful as a first 
approximation, as will later be oxplained. It is, therefore, not un
reasonable to use the material already presented in Table 1 as an 
example of this process. The data for curve B only will be used. 

The form of computation is shown in Table 3. Columns 1 and 4 
list the measurements. Column 2 contains the deviations of the 
individual ages from their mean, with the signs noted. Column 3 
contains these values squared. These two columns are siInilar to 
columns 5 and 6 in Table 2. In column 5 are listed similar deviations 
for diameter. Column 6 is not used in the present computation. In 
column 7 are the products, for each item, of its deviation in age and 
in diameter. .As indicated at the bottom of the table, the equation 
becomes: 
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Diameter =0.202 Age+7.85 

Figure 3 shows the line representing this equation plotted through 
the zone of points upon which it is based. 
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FIGURE 3.-The regression line for tho data used in Figure 1, B. This is the straight line which 


hest fits the plotted points, but It is obviously less satisfactory than the curve of Figure 1, B 


TABLE 3.-Calculation of regression equation from data of Figure 1, B 

I Product 
Deviation Age Deviation Diameter of diameter 

Age of age from deviation Diameter of diameter deviation deviation 
mean squared from mean squared and age

deviation 

(1) (2) (3) (4) (5) (6) (7) 

15 -41.35 1,709.8 6.0 -13.2 174.24 +545.82 
19 -37.35 1,305.0 9.7 -9.5 90.25 +354.82 
22 -34.35 1,179.9 10.5 -8.7 75.69 +298.84 
25 -31.35 982.8 14.0 -5.2 27.04 +163.02 
29 -27.35 748.0 12.7 -0.5 42.2.5 +177.78 
34 -22.35 409.5 16.5 -2.7 7.29 +60.34I 
43 -13.35 178.2 J8.0 -1.2 I 1.44 +16.02 
45 -U.35 128.8 19.5 +.3 .09 -3.40 
52 -4.35 J8.9 2J.0 +1.8 3.24 -7.83 
55 -1.35 1.8 19.0 -.2 .04- +.27 
58 +1.65 2.7 22.5 +3.3 10.89 +5.44 
65 +8.65 74.8 24.0 +4.8 23.04 +41.52 
66 +9.65 93.1 22.1 +2.9 8.4J +27.98 
75 +J8.65 347.8 22.0 +2.8 7.84 +52.22 
75 +18.65 347.8 24.0 +4.8 23.04 +89.52 
81 +24.65 607.6 25.0 +5.8 33.64 +142.97 
83 +31.65 1,001.7 25.0 +5.8 33.64 +183.57 
89 +32.65 1,066.0 23.5 +4.3 18.49 +140.40 
91 +34.65 1,200.6 25.1 +5.9 34.81 +204.44 

100 +43.65 1,905.3 24.5 +5.3 28.09 +231.34 
IrotaL ________ 1,127 .----------- 13,490.1 643.46 2,725.08Mean_________ 56.35 ------------ ------------ ------------ ---------_ ..-Standard deviation_________ 26.0 5.67------------ ----------....----~~:~--I============ 

Sum dDla.dA"(A M )(V) ID ameter-.JI.IDla.+ Sum d'A.. ge- A•• 

~19.23+i3~!~~(Age-56.35) 
-0.202 Age+7.85 

http:Age+7.85
http:19.23+i3~!~~(Age-56.35
http:2,725.08
http:Age+7.85
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ALIENATION AND CORRELATION COEFFICIENTS 

It is obvious that the curve in Figure 3 fits the points less well than 
did. the curve of Fi~ur~ 1. How much les~ can be determined quant~
tatIvely by comparmg Its standard error WIth that of the curve. This 
standard error is computed from estimated values read from t,he 
straight line or calculated directly from the equation. The result, 
shown in Table 4, is 2.15. By equation III, then, the alienation 

index is ~:!~ = 0.379. By equation IV the corresponding correlation 

index is
--/1- (0.379)2 = 0.925 

In such a case as this, however, the alienation index and the correla
tion index are called the alienation coefficient and correlation coeffi
cient. The only difference between the index and the coefficient is 
that the coefficient is based on a straight line instead of a curve. The 
coefficients may, therefore, be considered merely as special cases of 
the more general indices. They are, however, more widely used, 
lar~ely because. they can be computed directly by asho!'ter method 
which does not mvolvethe use of estimated values of the mdependent 
variables. This method does not apply except where straight lines 
are used. 

TABLE 4.-Calculation of standard error from the regl'ession equation, Diameter= 
0.202 Age+7.85 

I 
Diameter 

Age Measured 
diameter 

estimated 
from 

regression 
equation 

Residual Resid1lal 
squared 

(1) (2) 
I 

(3) (4) (5) 

15 6.0 10.9 -4.9 24.01 
19 9.7 11.7 -2.0 4.00 
22 
25 
29 
34 
43 
45 
52 
55 
58 
65 

10.5 
14.0 
12.7 
16.5 
18.0 
19.5 
21. 0 
19.0 
22.5 
24.0 

I 
I 
! 
I 

I 
I 

12.3 
12.9 
13.7 
14.7 
16.5 
16.9 
18.4 
19.0 
19.6 
21.0 

-1.8 
+1.1 
-1.0 
+1.8 
+1.5 
+2.6 
+2.6 

.0 
+2.9 
+3.0 

3.24 
1.21 
1.00 
3.24 
2.25 
6.76 
6.76 
.00 

8.41 
9.00 

66 22.1 21.2 +.9 .81 
75 22.0 23.0 -1.0 1.00 
75 24.0 23.0 +1.0 1.00 
81 25.0 24.2 +.8 .66 
88 25.0 25.6 -.6 .34 
89 23.5 25.8 -2.3 5.29 
91 25.1 26.2 -1.1 1. 21 

100 24.5 28.0 -3.5 12.25 
I 

I 
TotaL ___________________ 
Avcragc __________________ 384.6 

19.23 I 
384.6 
19.23 --------:~--I 92.44 

4.62 

Standard error=.J4.62=2.15 

The formula involved is

(VI)AOxY=-J1-(SumS~;~~St d2y) 

where AOxy is the alienation coefficient between X and Y and the 
other symbols are as before. The values to be entered in this formual 

http:error=.J4.62=2.15
http:Age+7.85
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have already been computed in Table 3, to which cohunn 6 has been 
added for this purpose. Using these values we have: 

I (2725.08)2
AODla•• Age = -V 1-13490.1 X 643.46 = 0.380 

This is approximately the same as the value found in the preceding 
paragraph (0.379). The small difference is due merely to failure to 
carry out the computations to enough significant figures. 

It is interesting to compare the alienation coefficient based on the 
regression straight line with the alienation index based on the curve 
of Figure 1, B. On theoretical grounds it is obvious that since the 
curve is the better estimating mechanism its alienation index should 
be the lower. This is found to be true, its value being 0.172 as com
pared with that of 0.379 for the alienation coefficient. It may then 
be said that the curve is slightly over twice as effective as the line. 

For this re.ason, the correlation coefficient (00), which is based on 
the straight line, will naturally be lower than the correlation index. 
Its value is 0.925, as compared with 0.985. Obviously the correla
tion values convey a less definite sense of the relative efficiency of 
line and curve than do the alienation values. It should be noted that 
the alienation coefficient (and the correlation coefficient associated 
therewith) is always a conservative estimate of the importance of one 
variable in determining values of another. 

It is customary to use a plus or minus sign before the correlation 
coefficient to indicate the direction of slope of the regression line. 
The plus sign implies a rising line, or in other words, that increases 
in one variable are associated with increases in the other, while a 
minus sign implies the reverse. If Formula VI is used, the sign of 
the term "Sum dxdy" (before squaring), indicates the sign of the 
coefficient. It is not customary to attach a sign to the correlation 
index since it is both positive and negative when part of the curve 
rises and part falls. 

RELATIVE ADVANTAGES AND DISADVANTAGES OF THE STATISTICAL AND THE 
GRAPIDC METHODS 

Although the nongraphic methods, considered alone, are more 
laborious than simple curve drawing, they are actually less laborious 
if to the wmk of drawing the curves is added that of checking their 
adequacy. The statistical methods almost simultaneously produce 
both a predicting mechanism and a criterion of its effectiveness. 
Furthermore the result obtained is free from personal bias, and 
different workers using the same data will arrive at identical conclu
sions. On the other hand, .the greater flexibility of the graphic 
method will permit greater accuracy in the vast majority of instances 
where only two variables are involved. But where three or more 
variables must be considel'ed, the purely graphic method is less 
successful; its advantages of flexibility and accuracy are less marked, 
and its difficulties are intensified. It follows that a combination of 
the two is desirable in such cases. 
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GRAPHIC METHODS OF CHECKING CURVE FIT 

RESIDUAL CaRVE 

Before passing on to a more detailed consideration of multiple linear 
correlat~on, certaLL processes will be described which have little or 
no practical utility in connection with 2-variable problems, but which 
are more readily explained in connection with them. These pre
liminary considerations will be of great service in facilitating the 
discussion of multiple correlation problems. 

In Table 1, column 8, have been listed the residuals of curve B. 
Where a point is aLove the curve a plus sign has been used, and where 
it is below the curve a minus. These residuals may be plotted as a 
dependent variable against the original independent variable, which 
in this case is age. The result is shown in Figure 4, A. It will be 
seen that although the plotted points of the original data defined a 
curve (Fig. 1, B), the plotted deviations from this curve define a 
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FIGURE 4.-The residual curves corresponding to Figure I, B, and Figure 3. Correctly fitted curves 
should result in horizontal straight lines, signifying no correlation botween resiQuals and inde
pendent variabies 

horizontal straight line. (Fig. 4, A.) It should be clear without 
detailed proof that this aiways results from correct curve fitting, and 
it follows that this graph of residuals may be used as a means of 
checking the correctness of any curve. Another way of stating the 
same thing is that the residuals should not be correlated with the 
independent variable. A test of this might equally well be made 
mathematically by the method outlined on page 10. If this were 
done, the evidence of perfect curve fitting would be an alienation 
coefficient of 1.00 and a regression equation which represented a 
horizontal line. While sound, neither of these tests is of sufficient 
value to justify the labor involved. 

As a case of poor curve fitting to compare with the above, Figure 3 
may be considered. The corresponding residuals are given in Table 4, 
column 4. If these are plotted Figure 4, B, results and a well defined 
curve appears. If this curve is drawn and values read from it are 
added to values read from Figure 3, the sums, when plotted, will 
produce the curve of Figure 1, B. This illustrates an indirect method 
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of curve fitlJ.llg in which the regression line is, as it were, used as a 
first approximation to the truth, and is afterward converted into the 
uue curve by means of the residuals. In the present instance this 
method is of no vllJue, producing no better results than the direct 
method, and considerably lengthening the work. In problems 
involving several variables, however, a slight modification of the 
principle involved will be of great utility.

The alienation coefficient of the residuals in Figure 3 will be found 
to be 1, and their regression ljne will be horizontal in spite of the 
obviously poor fit. This indicates merely that the straight line of 
this figure is the best fitting straight line, a fact which does not pre
clude the possibility of improving on the straight line by adding 
curvature. This illustrates the limitations of this mathematical 
treatment. It will not distinguish at all between such cases as those 
illustrated in Figures 4, A and B. In fact it will show errors only in 
the tilt of the line or curve. 
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FIGURE 5.-Curves showing comparison between measured and estimated values for correctly and 

incorrectly fitted curves. A is derived from Figare 1, B, and B from Figure 3. Correct curves 
result in 45 degree straight lines passing through the origin 

CURVE OF RELATION BETWEEN MEASURED AND ESTIMATED VALUES 

The second type of derived curve, similar in purpose and usefulness, 
is prepared by plotting measured against estimated values of the 
variable, using the same scale,for each axis. If this be done for the 
same data as before, i. e., that of Figure 1, B, and Figure 3 (the values 
lIsed being listed in columns 6 and 7, Table 1, and columns 2 and 3, 
Table 4), A and B of Figure 5 result. It will be seen that a correctly 
fitted curve by this treatment results in a 45-degree straight line 
radiating from the origin as in Figure 5, A. Any other line, or a 
curve such as Figure 5, B, indicates erroneous fitting. The inter
pretation of various possibilities is as follows: 

A. A 45-degree line not radiating from the origin means that the fitted curve 
should be raised or lowered without changing its tilt or form. 

B. A straight line not 45° indicates that the tilt should be changed without 
changing the form. 

C. A curve indicates the desirability of a change in form. 


As in the previous case, Figure 5, B, may be used in conjunction 

with the straight line on which it is based (fig. 3) to produce the true 
curve. The process of adjustment, however, differs and is illustrated 
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inTable 5. In this the column 1values are arbitrarily selected. Column 
2 contains values read from Figure 3 (the straight line) corresponding 
to the column 1 values, while column 3 contains values read from 
the curve of Figure 5, B, corresponding to the column 2 values. The 
result is practically identical with the curve of Figure 1, B. 

TABLE 5.-Correction of regre88ion line by meGn8 of Figure 5, B, to produce curve8 
8imilar to Figure 1 

II. Corr~ I Corr~Esti-Est·1- spondingcorr~" Estl- sponding 1 spondingAge Age Age mated.mated I measured .mated I measured measureddiameter Idiameter diameter' diameter diameter diameter''I 
I 

Year. Inche, Years Inches Inrhe. Year. Inche8Inche& 50__________ Inche880__________120---------- 11.8 9.6 ________ 17.9 20.0 90__________ 24.0 24.030__________ 60_.13.9 14.3 20.0 21. 7 26.1 24.740__________ 70__________ 100_________15.9 17.6 22.0 23.1 28.1 24.9 

I From Figure 3. • From Figure 5, B. 

Like the last process, this method of preparing curves indirectly 
by means of the regression straight line has no utility here, but 
slightly modified it also will be used with advantage in multiple
correlation problems. 

MULTIPLE REGRESSION EQUATION 

Where more than three variables are involved in a problem, a non
graphic method is available which is closely parallel to that already 
described for two variables. Since a form analogous to a straight 
line is assumed, the equation employed remains in the first degree, 
but must provide for additional independent variables. Its form is 
(for three variables) W = AX+BY+K; (for four variables) W = AX+ 
BY+OZ+K, etc., where W is the dependent variable, X, Y, and Z 
are the independent variables, and A, B, 0, and K are constants to be 
determined from the available data. 

The determining of these constants is best done by the method of 
least squares. It may be accomplished through the use of the follow
ing procedure. 

It is first necessary to rewrite the equation in slightly different 
symbols. This revised form is quite closely analogous to that on 
page 10 for two variables, thus

W=Mw+Bwx~~W(X-M.y:)+Bwy~~W(Y-My) (VII) 
x y 

where W is the dependent variable; M w, M K , and My are the mean 
values of l-V, X, and Y; SDw, SDx , and SDy are the standard devia
tions of W, X, and Y; and Bwx and Bwy are coefficients to be determ
ined. The means and standard deviations are determind by the 
method already described (p. 6), but the determination of the 
coefficients 9 B wK, etc., requires the use of two or more "normal 

• CCwr and CCrw are Identical, but Bwr and Brw are not. Tbe correct signs of the correlationcoem
clents must be used (see p. 13). 
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equations," which are as follows, VIII-A serving for three variables, 
and VIII-B for four variables-

BlVX+OOX1,BlVY=OOlVX }(VIII-A)
OOYXBlVX+ BlVy=OOlVY 

B lVX + OOXyBlVy + OOXZBlVZ=OOlVX 
OOyxB lVX+ B lVy + OOYZB lVZ = OOlVY }CVIII- B ) 
OOZXBlVX:+OOzyBlVY+ B lV7.=OOlVZ 

etc., etc., each additional variable adding one equation and length
ening each equation by one term. By observing the sequence of 
terms it is easy to write the four equations for a problem with five 
variables, etc. 

To illustrate this method it is necessary to select a problem involv
ing more than two variables, such as that of the relation between bark 
thickness, d. b. h. (diameter breast high), and height of second
growth longleaf pine trees. A considerable number of data will be 
used (564 tree measurements) and it would be out of the question to 
list them. The computations of averages, standard deviations, and 
alienation coefficients involve no new principle. These values, there
fore, may be taken as a starting point. They are: 

Standard 
Mean deviation 

Bark thickness (W)______________________________ 0.605 0.185 
Diameter (X)____________________________________ 7.01 2.67 
Height (Y) ______________________________________ 54.99 16.7 
Alienation coefficients, bark and diameter (ilG wx) _____________________ 0.893 
Alienation coefficients, bark and height (llG wy) _______________________ .968 
Alienation coefficients, diameter and height (AG.n ·) ___________________ .524 

From these the following correlation coefficients were calculated: 
Bark and diameter (GG ) _______________________________________ +0.450 

IVXBark and height (GG )_________________________________________ +.251WyDiameter and height (GG
Xy

)_____________________________________ +.852 

Substituting these values in the normal equations (VIII-A) we 
have-

B lVX +0.852 B lVy=0.450 

0.852 B lVx+BlVy =0.251 

These equations must now be solved simultaneously to obtain the 
vnlues of B lVX and B lVy. For example, we may multiply the second 
by 0.852 and then subtract it from the first, thus-

B lVX +0.852 B lVy=0.450 
0.726 Bwx+0.852 BlI'y=0.214 
0.274 B!Vx = 0.236 

Bwx =0.861 

Then, if this value of B wx is substituted in the first equation, it 
hecomcs

0.861 +0.852 B IV1.= 0.450 
0.852 B lVy = -.411 

B Wl'= - .482 
855a-31--3 
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The values of the coefficients may now be substituted in Equation 
VII, as may also the given values for means and standard deviations. 
This will give

0.185 0.185
W=0.605+0.861 2-. 67 (X-7.01)-0.482 :7 (Y-54.99)16

= 0.0596X- 0.00534Y+0.481 

which is the required multiple regression equation. 
The accuracy of this equation as a mechanism for predicting bark 

thickness can be measured, as in the cases previously illustrated, by 
computing estimated bark thickness for each of the 564 trees measured 
and then, by comparing estimated and measured values, calculating 
the standard error. From this in turn the multiple coefficient of 
alienation and the multiple coefficient of correlation can be derived. 
In the present instance the standard error is 0.158 inches. The mul
tiple alienation coefficient is then-

SE 0.158 
SD = 0.185 = 0.854, 

and the multiple correlation coefficient is

.,jl- (0.854)2 = 0.520 

This method brings out best the principles involved, but time can 
be saved by calculating the alienation coefficient directly and then 
working backwards to the other values needed. The equation which 
may be used is-

AOW(XYZ__, = .,jl- (Bw.v:OOwx+ BwyOOwy+ BwzOOwz+ ___ ) (IX) 

where AOw(xyz__) is the multiple alienation coefficient between W 
and X, Y, Z, etc. In the present instance this becomes

AOw(xY) = .,jl- [(0.861 X 0.450) +(- 0.482 X 0.251)] = 0.856 

The corresponding correlation coefficient is .,jl- (0.856)2=0.517. 
Since the standard deviation of the bark thickness is 0.185, the 
standard error may be obtained by means of Equation III-

BE 
AO=SD 

BE 
0.856 = 0.185 

SE=0.158 
•

It will be seen that the values are approximately the same as before 
but that the computation is simple and brief, an estimate of each 
individual bark thickness being unnecessary. The small difference in 
the alienation coefficient could be eliminated by retaining more sig
nificant figures. 

The alienation coefficient here is high. Of the variation in bark 
thickness 85.6 per cent is associated with factors other than diameter 
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and height. As a predicting medium the regression equation obvi
ously leaves much to be desired. It is not clear, however, how much 
of this high valne is due to other unevaluated variables and how much 
is the result of assuming that the equation is linear. It has been 
seen that the alienation index. may be much lower than the aliena
tion coefficient where proper curves are used. Tills situation then 
emphasizes the need for improved methods of working with multiple 
curvilinear cOlTelation, and it is such a new method that it is the 
primary purpose of this bulletin to present. 

The linear regression equation shows that both height and diameter 
have some influence on bark thickness and permits an approximate 
appraisal of their relative importance. Moreover, this information 
can not readily be obtained by simple graphic methods. To illus
trate this, Figure 6 is presented to show the measurements involved 
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}<'IGUItE 6.-Relation of bark thickness to height and bark thickness to diameter as brought out by
2·vuriable graphs. The correlation in each case is apparently positive. Compare with Figure i 

in this study plotted in the customary way over both diameter and 
height. While the points indicate some curvilinearity, in neither case 
can a straight line be considered a poor interpretation. One would 
conclude from examining these graphs that increases in height and 
diameter both are associated with an increase in bark thickness. 

However, the mUltiple regression equation (p. 18)-

Bark thickness = 0.0596 diameter-0.00534 height +0.481 

shows that while an increase in diameter is associated with an increase 
in bark, the larger the value used for height, the smaller the value 
which will result for hark thickness. This is an apparent contradic
tion to the conclusions drawn from Figure 6, B. To understand how 
these conclusIOns may be reconciled it is necessar~ to plot this equa
tion, as in Figure 7, which was prepared by substItuting for diameter 
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the arbitrary values 2, 4, 6, etc., and then plotting the resulting series 
of straight lines. It will be seen that each individual line falls as the 
height increases, but that the series of lines viewed as a whole tends to 
lise. In other words, the net effect of increase in height, when diam
eter does not vary, is to decrease bark thickness; but when diameter is 
allowed to increase with height, as it normally does, the trees will have 
thicker bark, not because of their height but because of their diameter. 
Olearly both graphs represent the truth, but Figure 7 is a far more 
complete statement and is, in addition, a better means of predicting 
bark thickness. This same information can be obtained directly 
from the regression equation without plotting the graph. The plus 
sign before the coefficient of diameter (+ 0.0596) means that the net 
effect of diameter, i. e., the effect of diameter when height is conetant, 
is)o increase bark thickness, while the minus sign before the coefficient 
of height ( - 0.00534), means that the net effect of height is to decrease 
bark thickness. Furthermore, since the coefficient of diameter is 
the larger, diameter is a more important factor than height. In 
comparing the coefficients in such cases, however, the range of values 
of the variables must be borne in mind. If diameter, for example, 

r- I- _W-'6" - -r- -1O" - ,2
" - 2"(l.b.h 4" 

j 
10 20 30 40 so 60 7D 80 90 100 ,,0 120 130 

He'tht (feet I 
FIGUln: 7.-Relntion or bark thickness to beight nnd diameter os brought out by the multiple

regression equation (lineur). Correlation between bark thickness and height is now seen to be 
negative. Compare with Figure 6 

ranges from 2 to 16 inches, the effect of diameter will cause bark thick
ness to vary from 0.0596 X 2 = 0.12 to 0.0596 X 16 = 0.95, a difference 
of 0.83 inch. On the other hand, if height ranges from 20 to 100 feet, 
its effect will range from 0.00534x20=0.1l to 0.00534X100=0.53, 
a difference of 0.42 inch. The maximum difference due to diameter 
is, therefore, only about twice as great as that due to height. 

Another even better method of analyzing these relations is to 
compare the alienation coefficients and standard' errors of the three 
regression equations which are based on height alone, on diameter 
alone, and on both. On pages 17 and 18 the corresponding alienation 
coefficients have been given; from these, standard errors may be 
computed in the usual way, as, for example: 
Variables Alienation coefficient Stnndartl error 
Bark and heighL ______________________________________ 0.968 0.179 
Bark and diameteL____________________________________ .893 .165 
B!1rk, diameter, and height______________________________ .856 .158 

It will be seen that while all these alienation coefficients and 
standard errors are high the use of diameter alone reduces them 
considerably below what is obtainable by the use of height alone, and 
the use of both factors is marked by a still further improvement of 
slightly less magnitude. The standard error is improved by a reduc

http:0.00534X100=0.53
http:0.00534x20=0.1l
http:2"(l.b.h4
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tion of 0.014 inch through using diameter instead of height, and an 
additional 0.007 by using both. Information of this sort should make 
possible an intelligent decision in any given problem as to what 
factors should be used, or whether a further :>earch, either hr addi
tional variables or for curvilinearity in the relatioii8 lll!1y be desirable. 

CURVILINEAR MULTIPLE CORRELATION 

It should by now be obvious that a method of handling curvilinear 
multiple correlation is needed in many cases. .As has already been 
said, where no more than three variables are involved, harmonized 
curves drawn by the conventional method long employed by foresters 
offer a solution. In the case just described, for example, much the 
same conclusions might have been reached by this method. In 
practice, however, this method is far from satisfactory because, 
(1) a very large number of data are required for satisfactory curves, 
and, (2) it is next to impossible to keep track adequately of weights 

FIGUlm S.-Various t.ypes of correlation surfaces. A is a surface of the type assumed in ordinary 
Iinenr multiple correlation. 'l'be equation is of the type Z=AX+BY+C. B is n correlation 
surface where the regression equation is of the t~'pe Z=/.(X)+/.(y)+C. C is a surface where 
the regression equation is of the type/.(Z)=t.(X)+/I(Y)+C 

during the construction of the second and subsequent sets of curves. 
As a result, in actual practice this method is becoming discredited 
even for 3-variable problems. As has already been stated. it is 
unusable for problems involving four or more variables. 

Clearly tb~n, a mathematical method is needed. The chief 
difficulty is tliat the ~ype of equation involved is usually unknown. 
In instllnces where it may be predicted, the least-squares method is 
available; but this is rarely the case in forestry problems. 

Figure 8 illustrates three geometrically different types of relation
ship where three variables are involved. Just as a 2-variable equa
tion may be considered as geometrically equivalent to a line, so a 
3-variable equation may be considered as geometrically equivalent to 
a surface. If a 2-variable equation of the first degree may be repre
sented by a straight line, a 3-variable equation of the first degree 
may be repl:esented by a plane surface. Figure 8, A represents such 
a surface. The independent variables are assigned values on the 
two horizontal l1..'Ces, and the dependent variable is measured verti
cally. Its equation is-

Z=AX+BY+O 
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Figures 8, Band C, represent two cases of nonlinear equations. 
Figure 8, B, represents an equation of the form-

Z=jl(X) +j2(Y) +0 

wherejl() andj2() signify "any function of." 
The substitution, in such an equation, of a series of values for X 

(or y), is equivalent to intersecting the surface by a series of parallel 
vertical planes. The lines of intersection in Figure 8, A, are be, 
b'e', etc., and these are analogous to the harmonized curves of the 
conve.ntional graphic method. It is obvious, therefore, that in the 
present instance these harmonized curves are a series of parallel 
straight lines, and this is true whether the intersecting planes be 
parallel to the X or to the Y axis. In Figure 8, B, however, the 
resulting harmonized curves are nonlinear but still" parallel." The 
curve systems with which foresters are accustomed to deal are seldom 
of this type, and it, therefore, follows that a more flexible type of 
equation must be used. If it is assun~ed, however, that--

jo(Z) = jl (X) +j2(Y) + 0 

the geometrical analogy may appear like Figure 8, C, and in this the 
harmonized curves are no longer necessarily parallel, because of the 
functional character of the dependent variable. 

The appropriate method for such cases can perhaps best be 
explained by a concrete example. To permit a comparison of the 
relations empirically obtained with the true relations a hypothetical 
case will be set up by means of the asslUlled equation

(~y=.JX+I0 log Y 

It will be seen that this has been so chosen as to conform to the more 
general type just defined. Table 6 shows 30 sets of observations, the 
values of X and Y being selected at random, and the corresponding 
value of Z being calculated (to the nearest unit) by means of this 
equation. (These calculated values are to be considered equivalent 
to the measured values of an actual problem based on field data.) 
The problem is to find the essential equivalent of this equation by 
means of these 30 sets of values. With so few data it would be 
futile to attempt it by the conventional graphic method of harmonized 
curves. The method of attack will be, first, to determine the multiple 
regression equation and then later, by a series of successive approxi
mations based on an analysis of the residuals, to modify the graphic 
equivalent of the equation by introducing whatever curvilinearity is 
present. The procedure will be described step by step. 



TABLE 6.-Data of example based on equation, (~y=-Vx+10 log Y, and successive estimates of Z obtained lJy the multiple curvilinear correlation 
method o 

Calcu·1
Assumed values lated Estimated values oC Z. Crom alinement charts Residuals ~ 

values I I • ~ 
--- First S~co!ldl Third 'Fourth FiC~h 1 Six~h Sevel?th Eig~th, Fir~t Seco!ldi Third IFou~thl Filth ISixth sev':,~~~eestl. Eigh.th 

yx Z ~ ~ ~,~ ~I~ ~ ~,~ ~,~ ~i~.~ ~ 
mate mate mate' mate mate mate mate mate I mate mate: mate I mate I mate . mate A I B mate ~ 

I 
.... 

--'(i~)~- (2)_{3L '"j~L (5)'-(6)~_-{7) --{iif-i_j~) (I1if-Jli) !-]1~)___ Q3L (14L.jQ5)__ d.!6) _!~!2L ___,,<!_8)__ ~ o z 
11 10 15 13.8 15.0 15.0 : 14.6 14.6' 14.6 14.6 .14.6 ,+1.2 0.0 +0.0 I +0.4 Ii +0.4 t +0.4 +0.4 +0.6 +0.4 
20 5 14 12.5 12.8 13.0 113.6 13.7 13.7 13.7 13.8 'I +1.5 +1.2 +1.0 I +.4 +.3. +.3 +.3 +.4 +.2 
2 15 15 15.0 14.3 14.4 14.6 14.6 14.7 14.7 14.6 .0 +.7 +.6 i +.4 +.3 I +.3 +.3 +.5 +.4 

10 1 8 11.0 8.3 8.0 8.7 8.4 8.0 7.0! 7.0 -3.0 -.3 .0 -.7 I -.4 .0 +.1 .0 +.1 
1 20 15 16.8 14.3 14.4 15.0 14.9 15.1 15.1 I 15.1 ,-1. 8 +.7 I +.6. .0 +.1 I -.1 -.1 -.2 -.1 
1 10 13 13.2 13.0 13.2 13.1 13.3 13.3 13.3 ' 13. 1 . -.2 .0 -.2 I -.1 -.3 -.3 -.3 -.4 -.1 

18 8 15 13.5 14.2 14.3 14.5 14.5 14.5 14.5 14.6 I +1.5 +.8 +.7 I +.5 : +.5 , +.5 +. 5 +.8 +.4 
17 l 13 12.0 12.4 12.6 12.6 12.0 13.0 13.0 i 13.0 ,+1.0 +.6 +.4 : +.4 I +.1'.0 .0 .0 .0 
2 6 12 11.7 12.2 12.3 12.3 12.6 12.5 12.5, 12.3 I' +.3 -.2 \ 

I 

-.3 I -.3 i -.6 I -.5 -.5 -.6 -.3 
5 9 14 13.0 14.1 14.2 13.8 13.8 13.0 13.0 113.8 . +1.0 -.1, -.2 ' +.2 I +.2 ! +.1 +.1 +.2 +.2 ~ 

13 13 15 15.0 15.6 15.4 15.3 15.2 15.3 15.3 I' 15.3 I .0 -.6 -.4 I -.3 , -.2 i -.3 -.3 -.6 -.3 
8 19 16 16.9 16.0 15.7 15.8 15.6 15.8 15.8 15.9 I -.9 .0 +.3 +.2 I +.4 . +.2 +.2 +.4 +.1 @
8 12 15 14.4 15.3 15.2 14.7 14.7 114.7 14.7 14.8 i +. g -. Z I -.2 +.3. +. ~ : +.3 +.3 +.5 +.2 

15 4 13 11.8 12.5 12. 7 12.5 12.8 12.8 12.8 12.9 I +1. ~ +.5 +.3 +.5 i +. ~ +.2 +.2 +.2 +.1 
3 8 13 12.5 13.3 13.4 13.2 13.4 13.3 13.3 13.2 I +.5 -.3 -.4 -.2 I -.4 • -.3 -.3 -.4 -.2 
4 2 9 10.4 9.5 9.5 9.0 8.8 9.2 9.1 8.6 -1.4 -.5 -.5 .0 I +.2 J -.2 -.1 -.1 +.4 ~ 

1Jl17 17 16 16.7 15.9 15.6 16.0 15.8 16.0 16.0 16.2 -.7 +.1 +.4 .0 I +.2 I .0 .0 .0 -.2 
10 9 14 13.4 14.7 14.7 14.3 14.3 14.3 14.3 14.3 +.6 -.7 -.7, -.3 I -.3 -.3 -.3 -.5 -.3 .... 
5 13 15 14.5 14.9 14.9 14.6 14.6 '14.7 14.7 14.7 +.5 +.1 +.1 i +.4 I +.4 j +.3 +.3 +.5 +. 3 Z 

10 6 13 12.3 13.7 13.9 13.4 13.5 13.4 13.4 I' 13.4 +.7 -.7 -.9, -.4 -.5 -.4 -.4 -.6 -.4 
20 1 a 11.0 8.2 7.9 8.8 8.5 8.0 7.9 I 8.2 -3.0 -.2 +.1 -.8 -.5 .0 +.1 .0 -.2 Ioj 
1 14 14 14.6 13.7 13.8 14.0 14. 1 14.2 14.2 I 14.1 -.6 +.3 +.2 .0 -. 1 ' -.2 -.2 -.3 -.1 
2 17 15 15.8 14.5 14.6 15.0 14.9 15.0 15.0 I 15.0 -.8 +.5 +.4 .0 +.1' .0 .0 .0 .0 
8 10 14 13.6 14.8 14.8 14.4 14.3 14.4 14.4 : 14.3 +.4 -.8 -.8 -.4 -.3 -.4 -.4 -.6 -.3 ~I 

12 8 14 13.1 14.5 14.5 14.2 14.2 14.2 14.2 ; 14.2 +.9 -.5 -.5 i -.2 -.2 -.2 -.2 -.3 -.2 
6 6 13 12.0 13.3 13.5 13.0 13.2 13.1 13.1 12.9 +1.0 -.3 -.5 .0 -.2 -.1 -.1 -.2 +.1 ~ 
3 12 14 14.0 14.2 14.3 14.2 14.2 14.3 K3 : 14.2 .0 -.2 -.3 -.2 -.2 -.3 -.3 -.5 -.2 

16 2 11 11.2 10.3 10.4 10.3 10.5 11.0· 10.9 . 10.0 -.2 +. 7 +.6 +.7 +.5, .0 +.1 +.1 +.1I 

10 2 10 10.7 10.3 10.5 9.8 0.9 10.4 10.3 00.1 -.7 -.3 I -.5 ' +.2 +. 1 : -.4 -.3 -.2 -.1 ~ 
4 14 15 14.9 14.8 14.8 14.7 14.7 14.7 14.7 14.7 +. 1 +.2 +. 2 +.3 +.3' +.3 +.3 +. 5 +. 3 ~ TotaL ____________ ~ 401.3 . 400.6 4oi':'5 400.0 400.5 402.1 ~ 400:7-'- 26.3 - ~I'" 1"2:3---8.8- 8:""9---0:-9'""7:0 _-~______ --.6-' t;~g~r~~~~--c~:~~~~ ------ .533 .l>.33 .224 .168 .154 .131 .126 I .112 __ .. ___....._____ ._._..+____ .._---..- __ ......._._. ____ . ___ ._. __ ._. __ @
__ 1 

~t~a:n~~~~i!~~::::: ~~~~~~~~ ::::~~: :=~~~::: :=~~~:::I:::=~~~: ::::~~: ::::~~: :::=~~:::::~: :::i:i~~ :::::~:l:::::iir:::~i: :::::~i{:::~:;:::::~;r::::J:::::~, t-:l 
CI:I 
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THE CORRELATION ALINEMENT CHART ILLUSTRAT.ED BY AN 
EXAMPLE 

Step 1.-The first step is the determination of the multiple regres
sion equation by the method already described. This has been done 
and found to be-

z = 0.0635X+0.3684Y+9.392 

Th~ m.ultiple alienation coefficient is 0.54. The corresponding plane 
surface is illustrated in Figure 9. 

00 

FIGURE 9.-Tbe plane oC tbe linear regression equation (tile first approximation) and tbe curved 
surCace representing tbe second approximation Cor tbe material In Table 6 

Step 2.-The second step involves the calculation of estimn,ted 
values of Z by means of this equation, a decidedly tedious process 
were there several hundred observations instead of 30. Up to this 
point in this discussion short-cut methods have not been described, 
since to do so would merely confuse the reader. In the present in
stance, however, the use of a time-saving mechanism, the alinement 
chart, is so intimately associated with the whole procedure that it 
will be necessary to describe it. Au example of an alinement chart 
which penul.ts rapid computation by the regression equation just 
given is shown in Figure 10. Its properties are such that any stl'llight 
line which cuts the three axes wiII intersect them at values which 
satisfy this equation. It therefore follows that if values of X and 

http:penul.ts
http:ILLUSTRAT.ED


CORRELATION ALINEMENT CHARTS IN FOREST RES1!lARCH 25 

, 

Yare given, a straight line connecting them will intersect the Z 
axis at the required value. How such charts may be constructed 
will be described in later pages. For the present it will be assumed 
that the required chart is at hand. It is used to determine esti
mated values of Z, which are entered in the fourth column of Table 6. 

Step 3.-The residuals, or differences between each original (meas
ured) value of Z and the corresponding estimated value obtained 
in step 2 are next computed. These are entered in column 12 of 
Table 6. 

z 
X rig Y 

1-18 201-20 
-I 

181-18 1-17 
-

~ 
16I- 16 

rl 6 -I 
14-I- 14

rl5 ' 
le-12 

- -14, 
10-10 

--
t-I!'I 81-8 

-I 
t--12 6

1-6 
-I 

4-1-4- 1-1 I 
-~ 

1-2 e

~ 

-10 
0

1-0 
-9 

FIGURE lO.-Alinement chart [or the equation (first approximation) Z-O.0635X+O.3684Y+O.302. 
A straightedge, or straight Une on a celluloid strip, laid across the chart in such a manner as to 
Intersect the X Rnd Yaxes at any given values of these variables will intersect the.z axis at the 
same value as would be obtained by means of the equation 

As a preparatory step for the use of these residuals, the multiple 
regression equation is next converted into two net regression equa
tions by substituting in it first the mean value for Y and then the 
mean value [or X. These substitutions give--

Z = O.06.35X+12.79 

Z=O.3684Y+9.97 

Lines corresponding to these two equations are then ill'awn, the 
straight lines of Figure 11. The residuals are next plotted about 
the net regression line for X, their horizontal position being deter
mined by the corresponding X values and their vertical positions 
being measured, not from the horizontal axis, but from the regres

8553-31--4 
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FIGURE .11.-The regression straight lines and first approximate regression curves 
for the data In Table 6. The straight lines lit the data poorly 
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sion line, above or below, according to their signs. (Olass averages 
rather than individual values are shown in fig. 11.) The same pro
cess is then repeated for the net regression line for Y. Free-hand 
curves are then fitted to each series of points without difficulty. In 
both bases there are decided indications of curvature. 

This process is analogous to that outlined on page 14 and illus
trated in Figure 4, except that the residuals are plotted about the 
regression line instead of about a zero horizontal axis. Had the 
regression equation been an adequate expression of the data, there 
would have been no correlation between the residuals and either of 
the independent variables. The points plotted by means of the 
residuals (as in fig. 11) would then define the regression lines. That 
this is not the case in the present instance is evidence of the existence 
of curvilinearity. 

Step 4.-These curves are next used to calculate the second esti
mated values of Z (column 5, Table 6). This may be done by read
justing the graduations of the X and Y axes of the alinement chart 
to ma,ke them agree with these curves instead of the straight lines 
from the regression equations. For example, in the lower part of 
Figure 11 it will be seen that the value fropl the curve corresponding 
to Y = 20 is the same as ·that from the regression straight line for 
Y = 15.5. The revised 20 graduation is, therefore, placed where the 
15.5 graduation was originally located. In a similar way 19 is placed 
where 15.3 was originally, etc., etc. When both X and Y scales of 
the alinement chart are thus completely revised (fig. 12), the second 
estima-ted values for Z may be read from it directly. 

Although the second estimate residuals are not used, they are 
entered in column 13 for the purpose of comparison. 

Figure 9 shows how the plane of the regression equation hl),s in 
effect been modified by this treatment. The curved surface is of 
the type shown in Figure 8, B. 

Step 5.-It is at this point that the possibility of a functional 
relationship between Z andil (X) + i2 (Y) may be investigated. In 
correcting the alinement chart, variably spaced graduations have been 
substituted for those of uniform interval on the X and Y scales. The 
possibility of an improvement through a similar transformation of 
the Z scale is obvious. Such a transformation may be readily 
accomplished as .follows: 

For convenience, the measured and second estimate values of Z 
are first sorted into classes, the sorting basis being the second esti
mates, as illustrated in Table 7. 

TABLE 7.-Example of sorting of second estimate and measured vallles on ba8i,~ of 
second estimates, in step 5 

Averngevalue of Z 	 IAverngevalueof Z 

Second-estimate class 	 ~~~f ---1-- Second-estimate class t;re~~f 1----
items Second ]'vIens· items I Second Mens

estimatc ured 	 i estimate ured 
-------1-------1---11--------1--_1_----

1
S.O to s.o............... 2 8.25 8.0 13.0 to 13.9•••..•.....•. 5 13.4 13.2 
n.o to 9.9.•......._..... 1 0.5 9_ 0 14.0 to 14.9•••..•••...•. 11 14. 5 14.5 
10.0 to 10.9••..•.......• 
11.0 to 11.9•••...•...... 

2 
o .

10.3 
............_ 

10.5 
..... 

1);.0 to 15.9••••.•••••..• 
16.0 to 16.9••••••••••.•• 

4 
1 

15.4 
16.0 

15.2 
16.0 

12.0 to 12.0••••.•.•••.•. 4 12.5 13.0 
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The desired correction is to place the 8.0 graduation where the 
8.25 graduation (which is not actually marked) now is, and so on. 
The various corrections indicated must be harmonized, however, 
and this is accomplished by plotting the average measured values of 
this table over the average second estimates and fitting a curve to 
them. (Fig. 13.) By means of this curve the Z axis may be regrad
uated. For example, reading the curve backwards, the revised 8.0 
graduation is placed where the original 8.3 graduation was located. 

Z 

19 
X 

18 
12 13 
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FIGUnE 12.-Alinement chart for the second estimation of values of Z from values of X and Y. 
This is derived from Figure 10 hy means of the curves of Figure 11. The folding back of the 
graduations of X is the result of the rising and falling curve for that variable in Figure 11 

In the present instance, the curvature, though well-defined, is slight, 
a,nd hence may be accidental. It would not be at all surprising to 
see it eliminated in later stages. As will be seen, however, it becomes 
more and more accentuated. 

With the Z axis of the 81inement chart regraduated to correspond 
to this curve, the third estimates of Z are obtained. lO (Column 6, 
Table 6.) 

10 If preferred, these third estimates may be read directly Crom F!gure 13 (the curved value oC measured 
Z corresponding to the second estimate becomes the third estimate), but the allnement chart must be. 
revised in any event Cor use in subsequent steps. 

http:obtained.lO
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This step will be recognized as similar to that described on page 15 
and illustrated in Figure 5. Had no correction been required, the 
points of Figure 13 would have defined the 45-degree straight line 
passing through the origin. Had they defined a straight line not 
passing through the origin, this would have indicated slight errors 
in fitting the curves of Figure 1l. 

Step 6.-The next process is Ii repetition of the third and fourth 
steps and is illustrated by Figure 14 and columns 14, 7, and 15 of 
Table 6. The residuals ,of this estimate are plotted about the curves 
of Figure 11 instead of about the regression straight lines. It will 
be seen that in both portions of Figure 14, the curvature has been 
reduced. In regraduating the axes of the alinement chart to co1'1'e

18 
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14-
I 

1/
I~ 
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1'::\12 o 
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;:)10 
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/ 

V. 
.} 
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I 
I 
j 

o 
o 	 2 6 8 10 12 14. 16 18 20 22 24. 

Z (SECOND ESTIMATE) 

FIGURE 13.-The average measured values of Tahle 7, plotted over the average second-estimate 
valnes. The aurve fitted Is used for revising the Z axis of Figure 12. It can also be used Cor 
reading 8 third estimate Crom the second-estimate values 

spond to the revised curves, it is somewhat easier to refer the new 
graduations to the uniformly spaced graduations of Figure 10, and 
for this reason the original regression lines (dotted) are entered in 
Figure 14. 

Step 7.-The next step is a repetition of the fifth and is illustrated 
by Figure 15 and column 8 of Table 6. The curvature suggested by 
Figure 13 is here more strongly defined. 

Subsequent steps.-In a similar manner those two types of successive 
approximations may be alternately applied until it is is seen that no 
further improvement is being made. The final graph of the type of 
Figures 13 and 15 should, of course, be approximately a 45-degree 
straight line, and this is illustrated in Figure 16. 

Final step.-In some cases, particularly where the independent 
variables are closely correlated with each other, the successive curves 
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may be found to swing back and forth instead of settling down into 
well-defined and stable positions. In such cases the final correction 
may be made by calculating a multiple regression equation between 
the last residuals and the independent variables, such as-

e=AX+BY+O 

where e is the residual of the last estimate. 
Had the previous steps been so completely successful that further 

corrections were impossible, this would be evidenced by zero values 
for A, B, and O. If they were not equal to zero it would be clear that 
the part of the residuals which is associated with X and Y may be 
eliminated by appropriate corrections, and the estimates further 
improved thereby. 

Although there is no evidence in the curves that such a correction 
is desirable in the present instance, it is interesting to perform it, if 
only to illustrate the method. If a regression equation be computed 
from the values of column 18A and columns 1 and 2, the following
results

e= 0.0227 X +0.0185Y- 0.396. 


The alienation coefficient is 0.884. Obviously, the small correc
tions implied by this equation are insignificant. An accurate appraisal 
of their importance can best be made by a calculation of the following 
type. The alienation index obtained by the seventh estimate is 
0.126. The alienation index resulting from applying this correction 
will be the product 0.126 X 0.884=0.111. It is hard to conceive any 
practical case in which an improvement of this magnitude, 0.126 to 
0.111, would justify the labor of making it, but in the present instance 
it will be carried out in order to illustrate the method. 

The correction equation can readily be expressed 'by an alinement 
chart, but unfortunately it can not be used to correct the existing 
chart except in cases where the dependent variable has not taken on 
a functional form. This would be awkward, since an additional chart 
would be needed for the final correction. The difficulty of combining 
two such charts comes from the fact that the correction equation is 
of the form 

ez=AX+BY+O 

and this can not be added to 

jo(Z) =jl(A) +f2(y) 

so as to yield an equation of similar form. It would, however, be 
possible to add a correction equation of the type 

efo(Z) =LLY+BY+0 

or this would result in 

[correctedjo(Z)] = [fo(Z) + e/o(Z)] = [fl (X) + AX] + [f2(Y) + BY] + O. 

\ 

\ 

. 

Interpreted graphically this difficulty is associated with the diverg

ence and convergence of the graduations of the Z axis of the aline
ment chart, in terms of which the residuals are expressed. 
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To express the residuals in terms of 10(Z) all that is necessary is 
to add to this axis a convenient auxiliary scale with uniform spacing.l1 
The multiple regression equation between these residuals and the 
independent variable is computed anel substituted for that just 
described. 

Figure 17 shows the alinement chart by means of which the 
seventh approximations are computed, with this auxiliary scale added 
to the Z axis. The residuals computed thereby are given in Table 
6 in coltulln 18, B. The multiple regression equation between these 
and the independent variables is 

efu(Z) = 0.027~ X +0.0255 Y - 0.508 

The coefficient of alienation is 0.925, which differs but little from 
that already obtained (0.S84) for the equation £01' ez. Modification 
of the alinement chart for the seventh estimate to provide for this 
correction involves raising the gmduations of the X axis sufficiently 
to increase the final readings by 0.0272 X, raising those of the Y 
axis sufficiently to increase the final readings by 0.0255 Y, and finally 
raising those of the Z axis by a uniform 0.50S so that the final read
ings will be reduced by this constant. To produce this result 12 the X 
graduations must be raised

0.0272 X(~~~tance ~etween! and Y axes)=0.0272 X(6,S)=0.lS5 X 
dlstance between Z and Yaxes 1.0 

the result thus calculated being in terms of the auxiliary units added 
to the Z axis. In a similar way the Y graduations must be raised

0.0255 y(d~stance b~t~,:een X and JC axes) = 0.0255 y(6.S) =0.0299 Y. 
dlstance between Z and X axes 5.S / 

Moreover, instead of raising the Z axis, it is somewhat ensier to drop 
both the other axes the same amount, thus making the correction 
equations: 

efo(Z) = 0.185 X - 0.508 

and efo(Z) =0.0299 Y-0.508 

The shifted gmduations are shown in Figure 17, and the final esti
mates anel their residuals are given in Table 6, columns 11 and 19. 

This type of final correction is not as laborious as might appear at 
first sight. -The intercorrelations between the independent variables 
have pi'eviously been calculated in connection with the first step, 
which materially shortens the In,bor involved. In most Cflses the 
alienation coeHicient of the resulting regression equation will indicate 
that the application of the correction is not jusWied. 

The progressive impL'Ovements which result from the successive 
approximations arc indicated by the yalues of the standard deviation 
ancl stu,nclard errors and of the alienation and correlation indices 

II '1'he nhSO!llte distflllCC !Jl'tw~~11 tlw mCtlSllr,·c! Hill! lost ~stimlltecl \'lI!lItlS on thc! Z ox is i~ ll1~osurcd by
this auxiliary- scale, or, mor~silllplYi tltt:' ditfcnmco is COIHPlltNI1J(,'twecn tlw auxiliary' scale vnlull s opposite 
each tnllflliUfCd vnluc- and its corr(lspOllcling Inst l'stimnl.c. 'l'hcsc nre the r(!sidunis exvrcsscd in terms OJ 
the nrbitrury scnl~. 

11 Sec pngn50 for n lIlore compictc rlis..'lIssioll of this correction. 
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computed therefrom, entered at the bottom of Table 6. It will be 
seen that the final standard errol' and the final alienation index are 
exceedingly low, particularly when it is remembered that in setting 
up the measured values the calculations were carried out but to the 
nearest unit. 
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FIGURE 17.-Final alinement chart used for computing the seventh nnd eighth estimates, showing 
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correction 

The sums of columns 4 to 11, inclusive, constitute a valuable check 
on the accuracy of the work as it progresses. Each snm should 
equal the sum of column 3. Minor differences, such as appear in 
the present example, may be attributed to slight inaccuracies in 
curve fitting or the like, but any discrepancies too great to be ex
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plained in such ways indicate some serious error either in computa
tions or in graphic work. It should also be noted that the difference 
between each sum and that of column 3 should equal the algebraic 
sum of the corresponding column of residuals. It is, therefore, worth 
while to add, algebraically, columns 12, 13, 14, 15, and 16, etc., to 
permit this additional check. . 

It remains to be seen whether the curvilinear functional relation
ships which have been empirically determined are those of the assumed 
equation used in setting up the problem. Figure 18 shows in iso
metric projection both the surface of the original e'fJuation and that 

FIGURE 18.-'1'he close agreement between the equation from which duta were computed and 
the estimates from tho final chart is shown by tho surfaces representing them. Solid lines 
represent the equation 

of the final alinement chart. The cor1:espondence is as nearly perfect 
as could be expected with the limited data used. 

Oertain minor modifications of the general plan herein outlined 
suggest themselves. For example, it might in some instances be 
preferable to reverse the order of applying the two different graphic 
processes. Tills would be particularly useful in cases where the 
dependent variable has a curvilinear functional form as, for example, 
where the basic equation is such as

Z2=3X- K 
7 

Here a correct result would obviously be approached far more rapidly 
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were the functional relations of Z tested first. Unfortunately it will 
probably be but rarely that sufficient advance knowledge is at hand 
to permit an assured determination of which order will be best. 

It should be noted that equations involving a multiplication of 
functions such as

Z=11 (X) 12 (Y) 

can be handled by the use of logarithms through eonversion into

log Z = log 11 (X) +log12 (1") 

In a similar manner

can be converted first into

log Z =12 (1") log 11 (X) 
and then into

log log Z =)og 12 (1") +log log 11 (X). 

vVith other methods, lack of advance knowledge as to the form of 
the equation involyed usually prevents taking full adyantage of 
this fllct. It is always possible, of course, to try the effect on the 
alienation index of the logarithmic treatment, but the amount of 
labor involved is excessive. It will be noted, however, that in the 
comrerted forms the precpding equations are of the type assumed 
by the present technic. Since this technic permits a functional 
form of Z as well as of X and 1", the preliminary conversion into 
logarithms or log 10garitlU11s is not necessary. It therefore follows 
that such equations can be handled without special treatment, and 
without preliminary knowledge that they arc being encountered. 

It should be emphasized, ~however, that whereyer a preliminal'y 
analysis of a problem indicates that the logarithmic conyersion is 
suitable, there will be a material economy of time and labor if it be 
perfonllecl. If not, thc technic which has been descdbed will ul ti
mately fLlTi,'e at the sn,me result, but more slowly. The fact that all 
the functions al~e logarithmic has a tendency to make convergence 
to\'mrds the true cUt'ves abnol"ItlI111y gradual. Cn,scs of this type 
lULYe been encountered where 17 approximations have been necessary. 

Problems involving more than tht'ec variables, although somewhat 
more trdious, present no new complexities. Alinemellt charts may 
readily be constructed for four 01' mOre variables, and the successi\'e 
steps iLrc the smne as those alrendy describecl. 

In later pnges seyeml illustrati\re cases will be presented in which 
forestry problems will be worked out. In connection with each of 
these one or more yarlations in technic will be described which have 
not preyiollsly been mentioned. Before tn,king up these actual 
examples, lwwcycr, it will be necessnry to digress and explain more 
completely how the alinement charts needed mny be prepared. 
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CONSTRUCTION OF THE ALINEMENT CHARTS NEEDED 

This discussion will be restricted to the design of that type of aline
ment chart needed to express multiple regression equations. It is 
unnecessary to explain the underlying principle 13 or to discuss other 
types, but it is desirable to present two methods applicable to mul
tiple correlation problems. 

The chart is best made on ordinary cross-section paper, for this 
gives an easy basis for the drawing of as many parallel axes as may 
be needed, in any desired position and already graduated at uniform 
intervals. 

The simplest type of multiple regression equation is 
Z=AX+BY+O 

In this case the two edges of the graph may be adopted as the initial 
or X and Y axes. It is usually convenient to disregard temporarily 
the values A and B, and arbitrarily to use any convenient scale for 
graduating these two axes. The only precaution necessary is that a 
sufficient range of values be entered on each, and that they shall not 
be too crowded together. It is wise also to leave some space at both 
the upper and lower end to take care of possible shiftings and expan
sions which may become necessary in subsequent stages of the work. 

From the form of the equation it is known that the Z or Sum axis 
will be a straight line located somewhere between the other axes and 
parallel to them, and that its graduBtions will be uniform. A con
venient method of determining, by intersection, its position and the 
size of the graduating interval, is illustrated by the following example. 
Let us assume that the equation in question is 

Z=0.5X+0.7Y+4 

and that we have graduated the outer axes as illustrated in Figure 
19. The next step is to find two p::1.irs of values for X and Y yielding 
identical vnlues of Z; for example, if Z equals 10, this equation 
becomes

10=0.5X+0.7Y+4 
or, 

0.5X+0.7Y=6 
Now if 

X=O, then

6
Y = 0 . .7=8.57 

and if 
X=lo

6-5 
Y= 0.7 =1.43. 

Two straight lines, one connecting the point X=O with the point 
Y = 8.57 and the other connecting the point X= 10 with the point 
Y = 1.43, must both cut the Z axis at the 10 graduation. They are 
drawn as indicated by the broken lines A.B and OD in Figure 19. 
Their point of intersection must fall on the Z axis, which may, there
fore, be drawn through this point parallel to the other axes. 

13 For a more complete discussion, see Lipka (!4, ch. S to 5) or Peddle (36). 
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In a similar way, it may be assumed that Z = 5. The equation 
now becomes-

5=O.5X+O.7Y+4, 
or, 

O.5X+O.7Y= 1 
Now, if 

X=O, then

1 
Y=O.7=1.43 

and if 
X=5-

Y=~:~= -2.14 

The corresponding lines are drawn; these are AD and EF. The fact 
that their intersection lies on the axis attests the correctness of its 
position. Furthermore, the distance between the two intersection 
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points must obviously represent 10 - 5, or 5 units on the new scale. 
One-fifth of this distance may then be determined and used to locate 
the remaining graduations. 

Where the coefficient of X is much larger than the coefficient of 
Y, the Z axis will fall very close to the X axis. If this is the case it 
is somewhat more desirable to use a smaller scale in graduating the 
Y axis than is used for the X axis, as this will shift the Z axis toward 
a more central and hence a more convenient location. 

A slightly different situation presents itself where one of the regres
sion coefficients is negative; as, for example, in an equation such as

Z=0.5X-0.7Y+4. 

This can be handled by the simple expedient of graduating Y in the 
opposite direction from X, i. e., from top to bottom, and if this is 
done, the intermediate or Sum axis falls in the same position (and 
has the same graduating unit) as it would were both coefficients 
positi'Ce. There is some danger of erroneous readings where this is 
'done, however, and a preferable plan is to so transpose the terms of 
the equation as to eliminate the minus sign of the variable Y. 
example, the equation can be written-

For 

0.5X=Z+O.7Y-4. 

The construction now proceeds as befo:re, except that the X 
instead of the Z will now be in the central position. 

axis 

Where both coefficients are negative as, for example, in the equa
tion-

Z= -0.5X-0.7Y+4 

such a transformation is impracticable, and both X and Y axes 
must be graduated in a direction opposite to that used for the Z axis. 

The alinement chart for four or more variables appears more com
plicated, but no new principle is involved. Take, for an example-

W=0.5X+0.7Y+0.6Z+2. 

The method is to split this equation into two parts by assuming

s= 0.5X+0.7Y__ __________________ (A) 
whence-

W = S+ 0.6Z+ 2____________________ (B) 

Analinement chart for (A) is prepared as before. In Figure 20 this 
is represented by the axes X, Y, and S. Using this S axis as a starting 
point, a second chart is now prepared and superposed on the first, 
the Z axis being arbitrarily located, and the position and graduating 
interval of the W axis being determined by intersections based on 
equation (B). 

In using this chart a straightedge is first laid across the values for 
X and Y to determine the value of S. It is then shifted to connect 
this value of S with that given for Z, and the required answer is then 
read from the W axis. The process is illustrated by the dotted lines 
of Figure 20 by means of which the W value 8.3 is obtained when 
X=2, Y=5, and Z=3. 

http:W=0.5X+0.7Y
http:0.5X-0.7Y
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The sequence in which the axes are used can not be changed. Theproper sequence is, therefore, usually expressed by a key which givesthe specific order in which to perform the various shifts of the straightedge. For this chart the key would be: 
From (a point on) X (go) to (a point on) Y, hold (the intersection)on S; (go) to (a point on) Z, read W. 

The parenthetical expressions are usually omitted, and the abovekey would be expressed: 

From X to Y, hold S; to Z, read W. 
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FIGURE 20.-This alinement chart expresses the 4·variable equation W=O.5X+O.7Y+O.6Z+2. Thograduations on the S axis, while useful in constructing the chart, may later be erased, as no read·ings are made on this a~is 

In reading these charts it is convenient to mount them on a drawingboard and then use needles (with sealing wax heads to facilitatehandling) to hold the points read. If this be done, the graduationsmay be erased from the S axis, for the S values need not be actuallyread, their positions on this axis being held with a needle while thestraightedge is shifted.
In an analogous manner charts for five or more variables may beprepared. Each additional variable requires two more axes and onemore shift of the straightedge. While the labor in using thesemultivariable charts is great as compared with the 3-variable ones,it is small when co:mpared with that involved in computing by meansof the equation. 
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In charts for equations with several variables, however, this graphic 
method of locating the positions and graduations of the axes by intei'
sec.tions is not entirely sati.sfactory. Graphic inaccuracies may 
accumulate in the successive stages until the final axis is materially 
in error. It is preferable in such cases to determine the positions and 
scale units by computations rather than by graphics. 

The term "modulus" has been adopted for the constant which iF 
used in graduating any axis. It may be defined by the equation 

U=Lf( )_______________________ (X 

where L is the modulus of any variable, U is the distance of any -1graduation from the zero point on the corresponding axis, andf( ) is Ithe function of the variable. 
To illustrate, in the case just solved graphically (p. 37) where 

the equation might be written

(Z-4)=O.5X+O.7Y 

the modul us of the X axis is given by the equation

Ux =Lx(O.5X) 

In Figure 19 it will be seen by inspection that where X = 1, Ux=one 

division of the graph paper above X=O. Therefore-

I=Lx(O.5) 
and 

Lx=2 

The equatbn of the moduluS of the Y axis is 

U y =Ly (O.7Y) 

Since, by inspection of Figure 19, where Y = 1, Uy = one division of the 

graph paper above Y = O. Therefore-

1=Ly(O.7) 
and 


1

L y = 0.7= 1.429 

From this the two graduating equations may be written, 

Ux =2(O.5X) 
or 

Ux=X 
and 

Uy = 1.429(O.7Y) 
or 

Uy=Y 

This merely illustrates the use of the moduli, and serves no useful 

purpose in so simple a case, in which the scale was arbitrarily made to 

coincide with the ruling of the coordinate paper. 


8553-31-6 
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However, if Lz be the modulus of the Z axis, it may be determined 
by the formula-

Lz= f;X;Iq ---------- -- -- -- -- -- (XI) 

In the present instance--

L. = 2 X 1.429 = ~~~~ = 0 833 
z 2 +1.429 3.429 . 

and the graduating equation for the Z axis is

Uz=Lzf(Z)• 
=0.833(Z-4) 

It will be found that the Z axis of Figure 19 can readily be gradu
ated by means of this. equation if the 0 point of Ur& thereon be so 
chosen as to fall on the straight line connecting the 0 points of the 
.two other scales .. 

The position of the sum axis is, moreover, defined by the equation

~~=~; -- -- -- -_ -- -______ -_ -- (XII) 

where XZ and ZY are the distances from X to Z and Z to Y, respec
tively. The distances are from the left-hand initial axis to the sum 
axis and from the latter to the other initial axis j distances from left 
to right are considered positive. In the present instance--

XZ 2 
ZY=1.429 

Furthermore, the X and Y axes have been arbitrarily placed 12 units 
apart so that-" 

XY=XZ+Z¥=12 
whence 

XZ=12-ZY 

vVe may, therefore. write-

12-ZY 2 
-~Zy~-= 1.429 

whence 
ZY=5.00 

and 
XZ=12-5.00=7.00 

These two distances will be seen to agree with those obtained 
graphically in Figure 19. 

It will be seen that when any convenient assumptions are made as 
to positions and moduli of any two of the axes, the position and 
modulus of the third may be rigorously calculated by means of 
Equations X and XI. In equations involving several variables, 
where this algebraic method .is always prefel'able to the grapruc, 
any desired assumptions may be made concerning the first two axes, 

http:XZ=12-5.00=7.00
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such as X and Y in Figure 20. The position and modulus of the' 
cumulating or Sum axis, S, is then calculated by the formulre. A new 
assumption may be made then as to both the position and scale of 
either the Wor Z axis, and similar information calculated by means 
of the same formulre for the other. In this method the actual gradu
ations need never be entered on the Saxis. 

The positions of the scales on the axes can be shifted up or down 
as desired, whether the graduations are regular or not. The only 
point to keep in mind is that any set of values must give the same 
answer after shifting as they gave before. This property of straight 
a:A"l.s charts is of value sometimes where a scale is greatly expanded 
at one end and would go off the paper if the entire scale was not shifted. 
Any two scales may be placed arbitrarily in convenient positions, and 
the requisite shift of the remaining scales, necessary to compensate 
for it, can then be determined by intersections. 

PRELIMINARY ANALYSIS OF THE PROBLEM 

Now that the use of alinement charts in correlation problems hus 
been explained, a series of examples will be presented to illustrate 
how the method works when applied to actual forestry problems. 
If such problems are to be solved with the least effort and the greatest 
accuracy a t.horough preliminary analysis is essential before the 
actual correlation calculations are undertaken. The chief objective 
must be decided on, and all factors entering into the problem should 
be considered so that those of minor importance may be determined 
and rejected when such rejection becomes desirable. 

The primary purpose of any problem to which this correlation 
method is applied will be (1) to define the quantitative and quali
tative relations between a given factor and the factors affecting it; 
(2) to produce a mechanism for estimating values of one variable from 
measurements of variables associated with it; or (3) to accomplish 
both of these results. 

In the first class of problems, where the chief objective is to define 
and measure the relation between a given effect and its causative 
factors, it is necessary to consider all causative factors, separately or 
in groups. For example, the height growth of a stand of trees is the 
direct result of duration of growth, soil and climatic conditions, 
inherent characteristics of t.he trees, condition and vitality of the 
individuals and of the stand as a whole, and of various abnormal 
influences such as fire and attacks of insects and fungi. Here the 
climatic conditions may be treated separately, precipitation, evapor
ation, insolation, temperature, etc., each considered by itself, or the 
soil and climatic conditions may be treated en masse as site quality. 

In some sciences the effect of anyone of the variables can be 
investigated by keeping all others constant. In such cases, of course, 
the results apply only to the particular set of conditions under which 
the investigation was made. Variation in the dependent variable 
may be due to the joint effect of two or more causative factors, and 
a repetition of the investigation must be made for other combinations 
of the values of those causative factors. 

In the great majority of forestry problems it is impossible to keep 
constant or to control any factor or set of factors, and in most cases 
there are some which can not be isolated and measured direct,ly. 
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Their combined effect must be measured and treated as a single 
factor. Certain abnormal factors, such as damage from fire, insects, 
and fungi, can be eliminated by a proper choice of samples. 

In the second class of problems, where the chief object is a mech
anism for prediction, controlled eA-periments are usually impossible, 
and a limited number of variables must be used. In the case just 
given (height growth) a sufficiently accurate estimate could probably 
be made from an evaluationof two of its causes, age and site quality. 
The inclusion of more variables might result in too small an increase 
in accuracy to warrant the greater compleAity of the predicting 
mechanism or the greater expenditure of labor necessary for its COIl

struction. 
The predicting mechanism just eited is based on measurements of 

the causative factors. In other instances an estimate of the result 
of certain causes may be made from measurements either of the 
immediate causes or of other factors less directly related to that 
result, as in the use of diameter and height to estimate defect in 
trees. In this case the defect, while not caused by either height or 
diameter growth, may be due in part to fnctors influencing both. 
In still other cases the variable estimated may be in part a mathe
matically exact function of the variables used in its prediction, as in 
the estimation of tree volume from measurements of diameter and 
height. 

In either class of problem ~he dependent variable must be decided 
upon in advance so that the alinement charts can be properly con
structed. The variables in such charts can not legitinlately be re
versed any more than in other graphic processes. The errors resulting 
from such a reversal are particularly serious when the alienation 
index is high. 

COLLECTION OF DATA 

Once the objectives of the project have been decided on and the 
factors entering into it have been enumerated, the necessary data 
should be collected in proper form for the method of treatment 
decided upon.!4 

Since the correlation method is founded on mathematical principles 
it is neceSSitry to evaluate all factors involved in quantitative units, 
rather than in qualitative terms. Of the three major variables 
involved in most forestry problems (1) duration, or time, (2) heredity, 
and (3) the composite site quality, the first is easily evaluated in the 
customary units of time, while heredity can hardly be measured and, 
therefore, must usually be elinlinated from direct consideration. The 
composite site quality must be evaluated in commensurable units 16 

rather than by the customary relative classification as good, medium, 
or poor. Of the many subfactors entering into site some can be 
evaluated directly, while others must be measured through their 
effects as evidenced by !Size, form, strength, etc. The climatic factors 
entering into site are measurable, but complete and reliable records 
are costly to obtain alld seldom availuble, so that measurements of 
climate must usually be obtained through measurements of its effects. 
Soil quality and competition can seldom be measured numerically, 

" [n this connection it will be well worth while to road Day (8, ch. $ and S). Although tho viewpoint Is 
that of business statistiCS, tho text in goneral is valuable. 

" Quality of site can lie expressed in terms of site index. Site indox is the height attnined, at a given age, 
by the average dominant treo growing on the area. 



CORRELNL'ION ALINEMENT CHARTS IN FOREST RESEARCH 45 

:and they, too, must be measured through their effects. Site, there
fore, must usually be evaluated as a composite factor, in terms of a 
·site index. 

In the indirect measurement of causes, as in their direct measure
ment, quantitative units must be employed instead of qualitative 
terms. In the direct measurement of insolation the units, gram
calories, should be used; so, also, in measuring it indirectly through 
aspect the measurement of aspect must be in degrees of azinmth 
rather than in the descriptive terms of the points of the compass, 
such as NE, SE, etc. 

In certain problems consideration must sometinles be given to 
incommensurable factors Fuch as locality. This Cfin best be done 
by first treating all localities together and, as a subsequent step, 
analyzing the deviations from the composite of the material obtained 
in each locality. 

In other problems certain established facts ean be legitimately 
employed in their solution without incorporation into the specific 
data; for instance, it is known that the board foot-cubic foot ratio 
increases with diameter, and such knowledge justifies the construc
tion of a continuously rising curve for this relationship where the 
data may, especially in the earlier approximations, indicate a dropping 
off. E'uch modifications will often reduce the work necessary to 
.nrrive at the finfil stfiges of the problem. 

EXAMPLE OF AN ANALYSIS OF CAUSES AND EFFECT 

The first illustrative eXfimple will be the problem of decomposing 
dextrose by sulphuric acid at high temperature.16 This will show the 
type of analysis required for problems where the relationship of 
variables is in question. It will also illustrate the usc of scale moduli 
in preparing the alinement chart, the influence of known facts on the 
shaping of the curves, and the interpretation of the results. The 
moc:lification of the chart graduations will be accomplished, moreover, 
by a method which differs in two respects from that previously de
scribed, and which in some cases is more rapid. 

OBJECTIVE, ANALYSIS, AND SOLUTION OF THE PROBLEM 

The object will be to define the quantitative and qualitative rela
tionships between the amount of dextrose decomposed by sulphuric 
acid at high temperatures and the factors causing the decomposition. 

The various factors which influence the decomposition are: (1) The 
quantity of chemicals used; (2) their purity, uniformity, and stability; 
(3) the temperature maintained during the reaction; (4) the duration 
of the reaction; and (5) the uniformity of the reaction. 

The necessary data can be obtuine(l from laboratory tests. The 
quantities of the chemicals used in such tests can be easily determined 
and expressed in weight, volume or any chemical equivalent. Purity 
can be considered as 11 separate item expressed in percentages, or the 
quantity of th(' impurity may be measured. Uniformity and sta
bility are harder to evaluate, but nonuniformity can be virtually elimi
nated by proper choice of materials, and the factor of stability can be 
ignored if all tests !1re conducted within a reasonably short period of 

18 This problem, while not n purely forestry problem, has boon selected for illustrative purposes because 
it doe.<! not have tho extreme cQmplexit~· of most forestry problems. The problem nnd data were taken 
from Krcssmann (11.'1, p. SO). 

http:temperature.16
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time. The uniformity of the rcaction can be determined by repeated 
tests under uniform conditions and expressed in terms of a standnt"d 
error of reaction. 

This investigation will be confmed to the study of the effect of 
sulphuric !lcid at high temperatures upon n. given quantity of dextrose 
exposed to its effects for a constant period of time. The quantity of 
dextrose and the duration of the reaction will thereby be eliminated 
as variable factors. Purity, uniformity, and stability of the chemicals 
will be eliminated as variables by using suitable materials a.ud limiting: 
the tests to a reasonably short period. The reaction is expected to be 
quite uniform and its variations, if any, are expected to be com
pensnting. Of the factors which affect the decomposition of dextrose 
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FIGung 21.-'rhe dntll of 'fable S on the decomposition of dextrose plotted in conventionnl 
form. It is upparent lhut the lltting of harmonized cur\'CS would be quite dimcult 

there remnin two variables to be cOJlsidel'c(L--temperatl\l'e and 
quantity of sulphuric acid. 

In addition to the factors discussed above, the results of the investi
gation will be influenced by experimen tal errors (illnccuracies in 
chemical analysis and instTlUnental and observational errors) and by 
.personnl errors in handling the datI!.. 'rhese can not be evaluated 
and are therefore not susceptible to direct consideration. 

Direct consideration can be given, however, to certain fnets known 
about the problem: The amount of <i('xtl'ose decomposed can YIU'y 
from 0 to 100 pel' cent; the quantity of sulphuric Ilcid can vary from 
o to slightly less than 100 per cent; with au ncid concentration of 
o per cent no dextrose will be decomposed. All known nspects of 
the problem have now been enumerated Ilnd further information 
must be glctmed from the results of the lnboratory tests. 
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In these tests solutions of 1 gram of dextrose in 25 cubic centi
meters of sulphuric acid of various concentrations were held at 
various temperatures for one-half hour. The acid concentration is 
measured in percentages and the temperature in degrees centigrade. 
The amount of dextrose remaining after treatment was mellsured as 
a percentage of the original quantity. The data for 32 such tests 
are recorded in the first four columns of Tnble 8. 

With but two independent variables (temperature and acid) a set 
of harmonized curves could be used to represent the data. In this 
case the preparation of such a set of curves would be difficult, as is 
suggested by Figure 21, even though the variables have been limited 
in the tests to four temperat,ures and eight acid concentrations. 
Had an irregular distribution of temperatures and ficid concentrations 
been used it would be totally impossible to construct harmonized 
curves from so few data. 

Beneath these data, assembled in columns 2, 3, and 4, of Table 8 
(with the dependent variable dextrose last for convenience), are 
given the statistical measures and regression equation required, with
.out showing the computations, which are routine in character. 

TABLE S.-Data and computations for the dextrose problem 

i (D) Residual dextrose I 
(S) (T) i--.---------------------

Hem KO.! Sul- 'rem·' Estimates 
(I) phuric pem.' Mens· 7 ' -._... -.-. 

_____n_(~_)l_ t&~~, Ua\d FtJr se(8)ndl 'rr~)d FO(~)th _Fl~lh ; Sti~Jl lscmjtb Ei7~)th 
;Per cent DC. Per cent Per cent Per cent!per centlPer cent Per cent. Per cent Per cent Per cent1.__________ 0.1 150 100.0 lib. 7 122.5 OS. IOU. 0 102.0 102.0: 10:3.0 102. U 

2 _______.___ .1 1110 04.4 OS. 3 109.1 91.91 01.5 \10. a 07.0 97.2 9U.7 
3___________ .1 175 01.2 72.2 85.S 88.S &0.5 00.2 90.0, 00.6 00.2 
-1. __________ , • I IS;;' 88.8 M.7 01.0 76.4 81. O. SO. 0 70.2 iU.O 79.0 
5 ___________ 

1 
.5 150· 96. I 110.0 112.8. 0;,.8. 00.4 90.2, 90.0 00.3 00.0 

0___________ .5 !GO 02.7 O!!. 2 O~. 3 o~. 4 1 91. 8. ~3. ~. 93. 2 o~. y O~. 8 
7 ___________ · .5 175 01.6 61.0 7i1.S 8i1.9! 8e.S. sa.f, , 86.4 8b.3 8U.1 
8_ • _________ . .5 IS5. to. 0 49. G 51. 7 BO.O Qi.O 04.8 02.2. UI. 5 63.4 
9___________ 1.0 150 94.41 104.2 101.3 I 92.9 93.2. 05.0' 9·\.81 95.0 9·1.9 
10 10 IfA) . 83.3, SO.S I 8S.0 89.3 l>S.3 88.S bS.8 I bS_8 88.4
11==========' 1:0 175' 80.6 (10.7 f,1.3: 70.0 79.7' 78.2' 78.,1' 73.2 7S.4 
12_.________ I. 0 185: 33.3 43.2 40_ 2 I. :33. u I 40.;;' 40.3 3U.5· 3.;.2 3S.0 
13._________ 1.5 150 &;.8 07.S 01.2 00.21 UO.4 91.4' 91.4 !1l.5 01.2 
14__________ 1.5 11~lj~ SO. 5 I 80.4 I 77.0' sr.. 5 !>l.9, 8·1.7 84.S 84.7 8·1.0 
15__________ 1.5 u fl5.;;' fA.3l M.2 6'1.0, 6.3.8 OI ..1l r.2.5 01.11 62.0 
16__________ 1.5 185 31.1 31).S 30.2' \[J.2 i IK·I 20.S 111.0 17.a 20.0 
17_____.. ___ 2.0 IW 87.7 I !II. 4 82.S 8i.O I &7.~' liS. 0 88.3 !lS-3 l-S.:! 
IS __ ._. ___ ._ 2.0 WO 75.0, 7,1.0' (in,4 j &2.0: is.S 77.2 7K~, 7S.1i 7ll.:l 
10__________ 2.0 175' 37.2 ·17.0! 4';.9 i 41UI: 44.2 4:1." 45.7 4-1.0 4:;.2 
~Ol==-_-_-_-._--.-.-.i 2.0 185, 5.5 30.;; i 22.0 7.5 8.2 10.2 10.0 K!l 10.1 
_ __ 2.5 1.10, 8li.f1 85.1 I 76.0 8!i.0 85.S Sii.n ~H.2 SILl 8':;.0 
22 ____ .. _~~"'£' 2.5 leO i 72.2 fii.r. I 02.9 77.5 (i0.3 G7.2 71.0 70.5 70.0 
2=1 ____ ....... 2.5 175. 33.3 41.ii i 30.0 31.2 2S_~ 30.2 34.a !la.o 33.3 
21- ___ •__ .... _ !!.h ]85; h.O 2·1.1; l!i.2 :.t.O .1.1 fi.2 5.7 :J.n 5.2 
25 ___... __ ._. a.o 1[.0 I 1>3.3 7K'l 70.5 g;l..1 S3.3' 82.S S·I.O &3.0 I 8!l.4 
2il __________ l 3.0 Jr.!). ~_;l,-J .• OO; 61.2 57.2. (iO.' 5h.S 56.7 fII_S fiLl /j().8 
27 .... _..... ___ ..... 3.0 J75 3;;.1, !i3.li; 20. n 10.2 21. 7, 2';. U 23. fi 2·L 7 
2S .... ~____ .. _.: :to IS;'} 8f)O-'.~.~' 17.71 0.7 _,._I,..~,~ l.S 2.2 _,:.!,•• 03 1.2 ~,~.;.. 11 
20 __------.- 5. 0 l~~ I :;!J.I' W.O 7,1. 0 71.0 7.;. U • " 

~7:===::::=: ~:~ II 17.; I 3~:~; 3g:~ ~:,\ 1 'I~:~ 3t:S r6:& 'g:~ 'n:~' 'l'IJ 
32____._____ 5.0 JS~ I 0.0 -7.9 -1.5 -1.1 -.r. -2.0 -1.·1 -:l.·1 -2.6 

1- --:-I-·-'-~· --~- -. - -.-'.-.~; .. ~ "'.' 
'rotal.' li24 t 5.3'lO ,1.970.0 .I, lIfO. 7 .1.n7G.3 l.unS.'1 1.952.0,1.961.-1 .I.OSU.I I. OW. 4 . 1.97S.0 

~~1~1~:::::::'--~Fm l~rfr-~E~~:::::: ~:-:~-:=;~ ~:~::::: ~:~~o:.:~:~~;~~'~~:~~~: ::~.:o.~ ·1:~~..~ 
SE. __ ...__ ..._____+___ ... _! ________ 13.03 12.17, 5.91 5.91 5.S;; 5.3(i f., 3;; 5.33 
AC_ ...... _.i ___.._.. , ........ j .. --- ..: .420 :----;;;~•.• --.. ~-, ...---; .. -- ...;~. --- .. ~~. "-";-'i.'---"~-
AI._.....,...._... _. __ .... _" __ ._.___ .,,, ••j,,, .II~ .IIS .111 • Hl_ .11;1, .lill 
CC__ ...___ +___ ._ ....______ -' .._____ .i .908' .................. _ .. " .• ,_._ ....... _ •.___ ..... _... .. 
OI._._. _____1_____ ••• I_.. ___ .. !._ ...... ·..... _.. .oan .. us.) .!lS,1 .!lS7 .087 .987 .!lS7 
_ I..' I I : '. _ 

Regressiolleqnntidn; D= -12,77.';7 S -1.7420 T +:171\ :;021. 
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The alienation coefficient of 0.420 indicates that only 100 - 42, or 
58 per cent of the variation nbout the mean vnlue of dextrose hns 
been eliminnted by using the regression equation (or the plnne it 
represents) for estimating the vnlues of dextrose. Figure 22 illus
trates the original data nnd the plane representing the regression 
equation of-

D = -12.7787S-1.7426T+ 378.3924 

The chart used is illustrated in Figure 23, B. This form of chart, 
with the center scale reading down and the outer scales reading up, 
was adopted since all variables could not be given positive signs by 
transposition in the regression equation. 

FIOUIlE 22.-Tho plano 01 tho regression equation shown ahove, with tbo bnsic tlllllI il1~licatetl by
cirelos. Noto thnt impossible mluos over 100 per cent and less than 0 per cent are shown by
the plane. Those indicate tho ne~.d 01 curving. Compare with Jo'igurc 2" 

The scale for sulphuric acid on the original chart was chosen as 
0.5 per cent per inch and that for temperature as 5° per inch. The 
axes were located 6 inches apart. (Fig. 23 is a photographic repro
duction on a reduced scale.) The a:\."is for dextrose lies between them, 
and its position and scale were located by intersections as described 
under Oonstruction of the Alinement Oharts Needed, page 37, and 
checked by Formulas XI and X!I. 

GUAI)UA'I'ING CUUVES 

A new feature is here introduced, thegrnduating CLlI'\'e. Instead 
of computing and measuring the position of the dextrose graduations 
intermediate between zero and 100 per cent a grnduation distance
graduntion value curve was prepared. For such a ClII've the distance 
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, 

·of each graduation from a fixed point on the axis is plotted over the 
value of the graduation and a curve fitted. The distances of inter
mediate graduations :from the fi..'i:ed point are read from this curve. 
When the interval between graduations is uniform the graduating 
,curve is a straight line. Such is the case with this scale, and but two 
points are necessary to locate the line, although a third point is de
sirable to check the work. Figure 23, C, indicates the preparation 
·of the graduating curve and the graduation of the D !1.'(is. For the 
dextrose axis the three points to define this line were located by inter
:sections. Similar graduation distance-graduation value CUl'ves are 
prepared for each of the other axes. (Fig. 23, A and D.) These 
graduating curves somewhat simplify the work at this point but are 
·chiefly useful in later stages. It will be apparent that this type of 
,curve is merely a graphic presentation of Formula X (p. 41), tp 
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FIClURE 23,-'rhe alinement chart for the regression equation on page 48, with the graduating curves 
for cach axis. II is the nliucmcnl churt, with construction lines. A. C, and Dare gradustinll 
curves for the three axes; the straight lines apply to tbe original chart while the curves in A and 
D result from the first estimate 

which a constant term has been added. This constant is the distance 
from the fL'i:ed point on the axis to the zero point of the scale. 

Sufficient graduations should be provided on the D a:-..;s to permit 
a reading for any pair of values for Sand T, even though such 
readings may be negative or over 100 per cent. 

COMPUTATION OF RESIDUALS BY ABRIDGED METHOD 

The first estimated values are now read from this chart as usual. 
These values are entered in column 5, Table 8. As a short cut, in
stead of computing individual residuals, the average rer-jdual is 
obtained from the totals of measured and corresponding estimated 
values, grouped first by acid concentration and then by temperature. 
The difference between the total of measured values and the total of 
estimated values of each class, dividedby the number of items, is 
the deviation of the measured average from the estimated average. 
As usual, these deviations are considered positive if the measured 
exceeds the estimated, and negative if the measured is less than the 
estimated. Column 5 of Table 9 shows these values. 



50 TECHNICAL BULLETIN 210, U. S. DEPT. OF AGRICUL'l'URE 

TABLE 9.-GrolLp-average deviations, residual dextrose 

GROUPED BY SULPHURIC AOID 

Seventh estiFirst estimate D Third estimate Fifth estimate mate 

Aver-Aggre-Class agegateItems aver~ r~si!l-meas- Aver- Aver· IAver· Averagel ualured Aggre- age Aggre- ageIAggre- Aggre- I Bitetimesgate r:S'~a gate resid- gate res'icl- gate residcorree·unl' ual unl ualtion 
dis

tnnce' 

(1) (2) (3) (4) (n) (0) (7) ~8) (9) (10) (ll) (12) 

Number Per cent Per cent I Per cent Per cent I1Iches Per cellt Per cent Pcr cent Per cent E'er <lnt Per cent 
4 O. 1 377. 4 340.9 +9. 1~ -I. 46 358. 2 +4.80 3GO. 4 +2.00 369.8 +1.90 
4 .5 330.4 320.4 +2.50 -.40 333.1 -.68 343.7 -3.32 340.4 -2.50 
4 I. 0 297.6 294.9 +. liS -.11 205.1 +.62 302.3 -I. 18 2<Ji.2 +.10 
4 I. 5 255.9 269.3 -3.35 +. M 255.9 . CO 258.5 -.65 2.55.4 +.12 
4 2. 0 205.4 243.8 -9. 60 + I. M 225. 2 -4.95 218. 9 -3.38 219. 7 -3. 58 
4 2.5 197.1 218.3 -5.30 +.85 198.5 -.3.1 188.2 +2.22 193.5 +.90 
4 3.0 182. 0 192. 7 -2. 68 +. 4~ 175. 6 + !.fiO 163.4 +1. 05 I !G9. 7 +3. 08 
4 5.0 124.8 90.4 j +8. eo -1.38 126.8 -.50 117.0 +1.95' 123.7 +.28

--------1-- ---------1---
32 ________ 1,970.611,970.71-------- 1,968.41________ 1,961.4 r-------ll,969..j 

GROUPED BY TEMPERA'l'URE 

I , 
8 150 I 717.4 736. 6 : -2.40 +0. 26 707.0 i +1.30 I 716.5! +0.11! 722.1 -0.,,9II 8 160 607.9 5!17.2' +1.3.1 -.15 640.7 : -4. 1.0 I 60,1. 4 I +.81: 615.3 -.9218 175 I 428.9 388.2 +5.09. -.M 424. 1; +.60 422.0 +.86 i 420.0 -.01 
8 185! 2lfU 248.7: -4.04. +.4-1 190.61 H.48! 221.51~1~ +1.68 

1,970.71-----___ :_______ 1,968.4 /________11, 961. 41--------11' 969. 4 _______I----a2F==i 1,970.6 

I S in top section of tahle; '1' in lower section. 

, The deviation of the mea..ured aggregate from the estimate ag~'\'e~nte, divided hy the number of items. 

3 Correction distances: For $scnle, 0.16 inch per 1 per t'Cnt; for Tscale, 0.11 inch per 1 per cent. 


USE OF CORRECTION DISTANCES IN ALTERING THE GRADUATING CURVE 

The next step is the relocation of the graduations on the Sand T 
axes so that the dextrose readings will be greater or less than formerly 
by an amount equal to the·departure of the measured average of each 
class from the estimated average. Oorrection distances are first 
determined for the Sand T axes. In each case this is the distance 17 

which any graduation must be moved along the axis to produce a 
positive change of one unit in the reading of the D axis. These cor
rection distances may be determ;ned graphically or may be com
puted. The general formulas for such correction distances are--

XY Tcor. X= ZY Lz___________________ CXIII-A) 

Xycor. Y= Xi Lz___________________ CXIII-B) 

II This may convenlentl~' be iu terms of gruph paper divisions. 

http:1,970.71
http:1,970.611,970.71--------1,968.41
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where cor. X, cor. Y denote the correction distances for X and Y, and 
XY, XZ, ZYare the distances between the axes and Lz is the modulus 
of the Z axis. For this problem these formulas become

cor. S=r;;,LD=~: ~( -0.0338)= -0. 08 inch 

cor. T=~~LD=~: ~( -0.0338)= -0. 06 inch 

LD could be computed but was determined in this case by measuring 
the distance between the 0 and 100 per cent graduations and dividing 
by 100. By inspection, its sign is negative since the scale increases 
downward while those for Sand T increase upward. 

The negative correction distances indicate that a downward move
ment 'on the Sand T axes is necessary to increase D. The algebraic 
products of these correction distances and the class-average devia
tions computed above (entered·in column 6, Table 9) are measured 
off (according to their signs) above or below the propel' graduation 
distance-graduation value curve, over the averaO'e temperature or 
average percentage of acid of the class. (The res~ts are the plotted 
points in Figure 23, D and A). Smooth curves are drMvn throu~h 
these series of points; these curves give the revised graduation dIS
tances to be used in regraduating the Sand T axes prior to making a 
second estinlate. There are two advantages in this method. It is 
unnecessary to compute net regression equations or plot net regression 
lines, and each regression curve is drawn to such a scale (its direction 
may sometimes be reversed) that it may be used directly as a graduat
ing curve. Oases may arise, however, as will be explained later, 
where this method is inadvisable. 

The necessary graduations are next entered, lightly, with soft 
pencil,'for they are to be erased subsequently, and the next estimate 
read as entered in column 6, Table 8. 

The measured-second estimate curve is prepared (Table 10 and 
fig. 24), as in the previous example. Since it is known that the 
limits of dextrose are 0 and 100 per cent, this curve is so drawn that 
it varies only between these values. The curve through these points 
is now used for relocating the !!l'aduations of the D aA-is. The method 
is illustrated by the broken iines in the lower left-hand portion of 
Figure 24. A.ny reading on this axis, such as d, should be altered 
to read d'. This may be accomplished by placing the revised d' 
graduation where the d graduation was previously. These correc
tions may profitably be incorporated into the graduating curve 
(fig. 23 0) by plotting the graduation distance of d o~.er d' . As many 
such points are plotted as are desired for locating this new curve of 
graduation distances, by means of which the new graduations are 
entered (in pencil, as previously done for Sand T). 

• 
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TABLE 10.-Computations for lIteasurcd-esr.imated D cW'ves 

SEOOND ESTIMATE 

Estimated D I ! I Estimated D 
Meas·

Iten, I !ured 
Meas-

D, , Items ured D, 
average01as5 limits Class limits Average.Average =:.J ____ 

,Number Per cent Per cent Per cent' Numher Per cent Per cent Fer---:::1'
1 -10. Il- 0.0 -1.5 0.0 l 4 60-0. 69.9 64.6 80.0 
1 .Il- 0.9 9.7 2.7 4 70. Il- 70.9 75.0 85.5I
1 10. 1l-19. 9 15.2 5.0 3 80. Il- S9.9 85.5 88.4 
2 20.0-29,9 22.2 5.5 I 2 90. Il- 99.9 95.2 90.8 
3 ao. 0-39. 9 34.2 29.8 I 2 100. 1l-109. 9 105.2 94.4 
a 40. !l-49. 9 44.1 36.4 1 1l0.ll-llO.9 112.8 96.1 

\ 

1 
4 50.0-50.9 55.5 f>l.2 1 120. 1l-129. 9 122.5 100.0i 

FOURTH ESTIMATE 

1 -10. Il- 0.0 1 50.0-50.0 58.8~i~ I---~~---lj,r I71.0 
2 10.0-19.9 18.8 28.0 3 70. 1l-79. 9 77.5 80.7 
4 .Il- 9.9 3 60.0-09.9 66.7 

511.2 ! 
1 20. 1l-29. 9 8 80.0-89.9 85.9 87.028.8 1 33.3
1 :lO. 0-39. 9 ali. 5 :l8. S ! 6 90.0-99.9 94.2 94.4 
2 40. !l-49. 9 42.4 35.2! 

SIX'I'll ESTIIlIATE 

1 I -10.0- 0.0 -104 0.0 r-------- 50. Il- 59. 9 I I 
----fi2~2-- ---58:8

3 10.0-19.0 1a.8 14.0 r 5 70.0- 79.9 7d.5 80.6 
I 20. 1l-29. 0 25.0 25.0 6 80. Il- 89.9 86.4 85.5 

2 .0- 9.9 4.4 3.8 3 60.0- 69.9 

I 

2 30.0-:\9.9 35.4 33.3 " 6 90. Il- 99.9 94.3 9:1.4 
2 40.!l-49. (J 44.1 38.0 'I 1 100. Il-IOU. If 102.6 100.0:1 

The third estimates are read from the measured-second estimate 
-curve of Figure 24, then grouped by temperature and acid classes, as 

• 
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before, and the total and class-average deviations entered in columns. 
7 and 8 of 'Table 8. The SUlll,S of the measured values, by classes, 
will be the same as those previously determined and need not be 
computed anew. Class-average deviations multiplied by the correc

o tion clistallces are plotted around the second graduation distance
graduation value curves,18 which, to avoid confusion, are copied on 
to another sheet of paper. These etu'ves could be plotted on the sheet 
on which the alinement chart is drawn, but this is apt to cause con
fusion, especially if many estimates or variables are necessary. The
pencil graduations previously entered are erased and new ones entered 
(also in pencil). 

FIGUIIE 25.-Tlle sm:fnct' rrllres~nted hy the finnl nlinenwnt chnr!. of the t1o.,trosc prolJlem, with 
basic unt.n shown by circles. COlllpnrc with Figure 22 

The succeeding estimates present no peculiarities, and no further 
change is necessary after the eighth estimato. 'l'he standn,rcl error is 
found to be 5.33, and the final alienation index is 0.101, showing that 
only Hi.1 per cent of the original variation abou t the mean value of 
D remains. 

IS 'J'hi~ rclocntion of tht' iwlt']lcU(I('nt varinble gmcluutions is not strictl~· compnmblo with thl' correction 
mudl' nrtcr the I1rst l}st,imaL~ i)(IC<lU::iC of the voriflhlc spacing: introduced ill the D axis. lIowcycr, ill n. 
nUlllber of instances besides thl5 Olle, this llIethod !(i\'cS better results thlln the lIlore fUlldnl\lcn!.nll~' soulld 
but slightlr less silllple lIll'titoll d~scrlbed Inter (p. i2). 
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FINAL CORRECTION 

The multiple alienation coefficient between the last residuals, tem
perature, and acid concentration, was computed, using, for the most 
part, the calculations made for the original regression equation. The 
alienation coefficient obtained was 0.9968. Were the corrections 
indicated made, the final alienation coefficient would be

final AI= (AInST) (AIest ) = 0.161 X 0.9968 = 0.1605 

indicating a reduction of variation of only 0.05 per cent, which is not 
sufficient to warrant modifying the chart. The final graduations are 
therefore entered in ink. The surface represented by the final aline
ment chart is shown in isometric projection in Figure 25, together
with the basic data, shown by circles. 

INTERPRETATION OF RESULTS 

The results of tIlls analysis show that the extent of decomposition 
of dextrose depends primarily upon the action of heated acid, and is 
not the sum of the effects of heat and acid working individually. 
Otherwise, the curves (fig. 25) for various values of acid or of tem
perature would have been similar in form. That the reaction caused 
by variation in one factor is not similar in extent for all values of the 
other factor is quite apparent from Figure 25. This conclusion would 
also be reached from an inspection of the final graduating curves, in 
which extreme reverse curvature is exhibited in that for dextrose 
while those for temperature and acid are somewhat similar. 

The remaining variation in the data, 16.1 per cent of the original 
variation, may be attributed, among other things, to discrepancies 
in measurements of materials and in analysis of chemicals, to varia
tions in temperature during the experiment, and to nonuniformity
of materials. 

EXAMPLE INVOLVING THE DEVELOPMENT OF A PREDICTING 

MECHANISM 


An example of the second type of problem, in which a predicting 
mechanism is the primary object, is a study of bark thickness. The 
object of the study was to find the factors giving the best indication 
of bark thickness (of shortleaf pine) and to incorporate them into a 
mechamsm for predicting bark thickness at any point on the stem. 
- The analysis of the problem and the method of selecting the 
measurements to be employed will be given. The construction of u 
chart for more than three variables, employing one axis twice, und the 
combined use of regression lines and gl'l1duating curves will be new 
features illustrated. The effect of high intercorrelation between 
independent variables will be shown; and the upproximate standard 
error will be used for measuring .improvement in predictions . 

The factors affecting bark thickness are of two types, those causing 
bark growth and those causing removal of its outer surface. Direct 
measurement of either type of factor is difficult, fwd for a predicting 
mechamsm recourse must be had to indirect measurements. Of the 
causes of cambium activity resulting in bark growth the most usable 
and easily obtained measurements al'e age, site index-, and dimensions 
of the tree. Of the causes of bad;: removal-such as furrowing and 
action of frost, wind, rain, and ftmgi-no good indiclLtor can be ob
tained. Age and site index are the bost, but site index is chiefly a 
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measure of combined soil and climatic effects during the growing 
season, whereas bark reduction is more the effect of climate alone 
throughout the entire year. However, site index will be given con
sideration in the initial steps. 

A list of the measurements from which it may be possible to predict 
bark thickness 19 will include site index, age, diameter at breast height, 
total height of tree, and diameter of the stem at various heights (both 
absolute and as a percentage of total height). Several other factors 
might be listed, such as crown class, crown vigor, crown density, 
locality, aspect, and heredity, some of which are incommensurable. 
Orown class, vigor, and density may be evaluated by some expression 
of current annual growth (rings per inch, current annual increment, 
etc.), but this does not measure their cumulated effect upon bark 
growth, whereas diameter more nearly does. Locality and heredity 
do not lend. themselves to easy evaluation, while aspect, in terms of 
azimuths, is a very unsatisfactory value to work with. These six 
last-named variables hold little promise and would complicate the 
predicting mechanism. They are accordingly rejected. To deter
mine which of the remaining variables have greatest value for pre
dicting purposes a multiple regression equation (A), including all the 
remaining variables, was computed with bark thickness as the de
pendent variable. The equation obtained was

A)-Bark thickness (inch) =0. 000775 site index+0.0626 d. b. h. -0.00752 total height.

Range of variable = 54 feet. 9 inches. 72 feet. 

RangeXeoellicient = 0.0418 inch. O. 563 inch. 0.541 inch. 


+0.00519 total age-O. 0207 section d. i. b.-O. 000941 section height (feet). 
68 years. 15 inches. 85 feet. 

0.333 inch. 0.310 inch. 0.0800 inch. 

-0.00987 section height (per cent) -0. 00447 section age +0.751. 
100 per cent. 80 years. 

0.987 inch. 0.358 inch. 

The multiple alienation coefficient was 0.575. 
The range of measurements (difference between maximum and 

minimum) is given below the equation, and below that is given the 
corresponding variation in bark t.hickness (range of measurements 
times regression coefficient). Considering both the regression coeffi
cient and the maxinmm variation in bark thickness associated with 
each variable, the use of site index, tree and section ages, and section 
height in feet will not increase the accuracy enough to o'ffset the 
increased number of measurements needed nor the increased com
plexity of the predicting mechanism. 20 Accordingly these variables 
are rejected and a new regression equation (B) computed for those 
remaining.21 

This equation was

(B)-Bark thickness (inch) 
= 0.070339 d. b. h - 0.006002 total height - 0.033235 section d. i. b. 

- 0.009778 section height (per cent) +0.78716. 

10 'l'he correlation of diameter outside bark with diameter inside baric (and other variables) is an alterna
tive treatment. This was not used, howeycr, becausc thc diametcr insidc bark is the major componcnt of 
diamctcr outsicIe bark, and high correlation naturally would be obtained. Significant diffcrences in bark 
thickncss would appear as very minor variations in thc relation betwcen diameter outsir~ bark and inside 
bark, thus obscuring the presence of any factor having an appreciable influence on bark growth.

" Section d. i. b., whilc apparcntly less important than tot.!ll age and scction age., must be retained for 
practical reasons. It will be needed if diameter outside bark at points up the tree are for any rcaSGn to be 
calculated. 

" 'l'he squares, products, sums, and standard dO\'iations necessary have already been computed in 
conncction with the preceding equation, so relatively little work is necessllr~' for the new equation. 

http:remaining.21
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The alienation coefficient was 0.577, only 0.002 more than for all 
variables, a fact which confu·l1).s our judgment that four variables. 
may be dropped without appreciable loss in accuracy. Although the 
regression coefficient for total height is now small it is not certain 
that a curvilinear relation does not exist, and it is therefore retained.22 

Of the four independent variables retained, it is quite likely that 
one of the sectional measurements (section d. i. b. or percentage· 
height) might be reflected in the other should eHher be removed from 
consideration. With total height and d. b. h. considered there should 
be moderately high correlation between section d. i. b. and percentage· 
height, although form varies between trees of the same height and 
d. h. h. To analyze this two regression equations were computed 
with section d. i. b. and section height (per cent) omitted in turn~ 
These were

(C)-Bark thickness = 0.0498 d. b. h. -0.00666 total height-0.00734 
section height (per cent) +0.702 

(D)-Burk thickness =0.00366 d. b. h.-0.00862 total height + 0.0773 
section d. i. b. + 0.434. . 

The alienation coefficient was 0.590 for equation C and 0.724 for 
equation D, as compared with the 0.577 for equation B, with both 
section d. i. b. and section height (per cent) included. The small 
difference between the coefficients for equations Band C indicates 
that in applying the result to trees of average form the three measure
ments d. b. h., height, and section height (per cent) are sufficient. 
If form class were recognized, it would be necessary to retain both 
section d. i. b. and.section height (per cent) or to include form quotient 
in equation C. -Obviously, a predicting mechanism based on equation 
D, with an alienation coefficient of 0.724, would be less satisfactory 
than one based on equation B or C. 

This particular study was for application to trees of average form, 
but equation (B) including both section d. i. b. and section height 
(per cent.) will be developed because it illustrates several points not 
encountered in the development of equation (0), the more satisfac
tory of the 4-variable equations. 

THE ALINEMENT CHART 

An alinement chart for five variables requires seven axes,23 one 
for each independent variable, one each for the two intermediate 
sums, and one for the final sum (the dependent variable). By proper 
design some of these axes may be made to coincide, thus reducing the 
number appearing on the chart. 

The initial chart (fig. 26) was constructed as follows, to agree with 
the regression equation B: 

The chart was assembled progressively, starting with two of the 
independent variables and adding one variable at a time. Because 
of the possibility of magnified and cumulative errors due to slight 
inaccuracies in mechanical drawing, the graphic method of locating 

" '{'he varinbles rejected above could have been tested for clIrvilincarity b)' carrying them through
onc or two approxilll!ltious, but tho largo number of data together with the small likelihood of doveloping
appreciabll' curved regression lines Icc! to tho omission of such H test in this caSe. Also, sitc index Hnd ages 
arc closely associated with tho retuined measurements of the tree, and arc thus included by implication.
Height of tho section, in feet, is also included in unother form in thO two measurements of total height 
and percentage height. 

23 'rhe number of !lxes required is 3 less than twice the HUlllber of vtlriubles. 

http:retained.22
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FiGURE 26.-Tho alinement chart for the bark-thickness regression equation D: 
B=O.070339D-O.OO6002fI-O.03323.'id-O.OO9778h+O.78716 

'rhe B llXis is also used to hold S, values, which need not be read aud hence require no scalo 
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the position of the axes was abandoned in favor of calculated values. 
For the start two variables alike in sign (a matter of personal prefer
ence) were selected, namely, section height (per cent) as h, and 
section d. i. b. as d, both with negative coefficients. The sum axis 
(81) for these two components of the chart will be between the others 
if all scales increase in the same direction. For convenience, these 
scales will be made to increase from the bottom to the top. The 
distance between hand d was made 8 inches, the scale for h was made 
+0.1 inch for each percentage unit, and for d, +0.5 inch per inch of 
diameter. From Formula X (page 41) we have-

UlI =LlIj(h) 

UllL lI=j(h) 

O.lh 
-10.23( -0.009778h) 

In a similar manner

Ud=Ldf(d) 

L 0.5d -15.04
d= (-0.033235d) 

Since the distance hd has been made 8.0 inches

hSI =hd-81d=8.0-S1d 

Now, from Formula XII (p.42)

hSI L" 
Sld= Ld 

Substituting

8.0-S1d::::-JO.23 =06802 
Sid -15.04' 

Sld=4.76 

hSl =8.0-4.76=3.24 

The 8 1 axis is accordingly entered parallel to and 3.24 inches to 
the right of the h axis. Its scale need not be entered since no values 
are to be read from it, but the modulus will be needed for subsequent 
calculations, and so is computed as follows: 

L L,.Ld 
81= LlI+L~ 

_ -10.23(-15.04) 
- -10.23 + ( -15.04) 

= 153.8~= _ 6 09 
-25.27 . 

To the chart as it now stands an additional axis (El) for another 
independent variable is added. This is done by considering the 

http:10.23(-15.04
http:8.0-4.76=3.24
http:Sld=4.76
http:8.0-S1d::::-JO.23
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8 1 axis as one component of a new chart and If as the second com
ponent. Another axis (82) will be needed for their sum. Total 
height, with a negative coefficient -0.006002, will be taken for 
If. The axis for If will be arbitrarily placed 5.76 inches to the right 
of 817 with a scale of +0.1 inch per foot, increasing in the same 
direction as the preceding ones. 8 2 will therefore lie between 8 1 

and If. The following computations give its position and modulus-

UH O.lIfLH=f(El) = (- 0.006002El) = -16.66 

8 18 2 8 1If-82If 5.76-82If LSl -6.09 

S-;fI= 8 2If 82If = L H = -16.66 


8 2H=4.22 

L LSILH _-=ii~Q8( -16~66) = 101.29 = -4 45 
S2= LSl+LH -6.08+(-16.66) -22.74 . 

There now remains one independent variable (d. b. h.) to be added 
to this chart. 8 2 is then considered as the first component of a new 
chart, d. b. h. (D) as the second component, and their sum will 
equal bark thickness (B) minus the constant (by transposition in 
the regression equation.) Since the regression coefficient for D is 
positive it would be necessary, in order to have all scales increase 
in the same direction, to transpose the equation as follows

-82 +D= (B-constant) 

- 82 - (B - constant) = - D 

which then places the D axis between those for 8 2 and B. However, 
it is desired to make the B axis coincide with the 8 1 axis, and there 
is rather too little space for D between 8 1 and 8 2 (818 2 = 8 1If - 8 2If= 
5.76-4.22=1.54 inches). Accordingly, the B scale is made to read 
in the opposite direction from the others. By reversing the sign of 
B (and hence the direction of the scale) the equation becomes

- 8 2 +D= - (B-constant) 

82 =D+ (B-constant) 

thus making 8 2 the central scale. The scale for D was taken as 
+0.5 in.. per inch of d. b. h. Since the moduli of 8 2 and D have been 
fixed, as have the positions of the Band 8 2 axes, Formula XII is 
used for finding BD. 

0.5D 7 1L D=O.070339D= .1 

8 2B =LS2 =-=4.45 = -0626 
BD LD 7.11 . 

Since 82B =;828 1 = - 8 18 2 = -1.54 

-154
·7iD- = - 0.626 

BD=2.46 

http:5.76-4.22=1.54
http:6.08+(-16.66
http:82H=4.22
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D is therefore placed 2.46 inches to tho right of B. 'rho modulus of 
Bis-

L = LsJ-n =_=4.4§_~7.!l:= -31.64= -11.9 
B LS2+LD -4.45+7.11 2.66 

The key to the chart is, then, 
From h to d, hold SI (B) j to H, hold S2, to D, read B (SI)' 

To graduate the B axis, the elevation of any graduation of B should 
be determined and plotted over its value and a line drawn through 
this point with 11 slope of -11.9 inches per inch of bark. From 
this graduating curve the scale of B is entered, thus completing tho 
chart. 
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FIOUlm 2i.-'rhe regression strnight Jines, firs!. estimate residuals and regression cun'es lor bark 
thickness 

First estimates for all items are next made, the measured and first 
estimated values are grouped by independent variable classes, and the 
class-average deviation's are computed. Correction distances, how
ever, will not be used in this problem. This is advisable because 
with many-variable charts, the corroction distance for some ·of the 
variables may become too large, and the dispersion of residuals so 
plotted may be too great to permit of the fitting of a curve with 
facility. In such cases the regression-line method used in the first 
illustrative problem (p. 24) should be revertod to. In this study 
regression lines will be used for all variables, although the correction 
distances for El and D are still small enough to permit of their use. 

REGRESSION LINES 

The net regression straight lines are drawn (see p. 25), deviations 
plotted about them, and regression curves fitted. (Fig. 27.) It will 

http:4.45+7.11
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be noted that those indicated for D 
and for II curve in the same direc
tion; and since d. b. h. and height 
are known to be intercorrelated it is 
well not to put in all of the curvature 
indicated, lest some may have to be 
removed in later approximations. The 
curvature for h is considerable, but 
well defined. That for d tends to rise 
toward the right, after dropping from 
the left. This right end is rather 
poorly defined, and it is quite prob
able thu.t the rise indicated is acci
dental. Accordingly, this rise will 
not be put in until its correctness is 
confirmed by subsequent estimates. 
The d curve is, therefore, kept drop
ping toward the right, insteadofrising 
as the points indicate. 

GRADUATING CURVES FROM REGRESSION 
CURVES 

The graduating curves correspond
ing to these regression curves are 
next prepared by locating a series of 
points as follows (fig. 28): 

Forasection height of 10 percent the 
value of bark thickness is read from 
the new regression curve. The sec
tion height for which the original re
gressionlinegives thesame bark thick
ness is next determined to be 23 per 
cent. On the graduation distance
graduation value curve for h a point 
is plotted over 10 per cent itt thesame 
height as the original 23 per cent. 
A number of points are thus located 
and the new graduating curve drawn 
through them. Graduating curves for 
each independent variable are thus 
prepared, the alinement chart re
graduated and a second estimate read. 

Its approximate standard error 24 

was 0.117, which is to be compared 
with the standard deviation of 0.300 
and with 0.169, the true standard 
error of the first estimate. As in 
the previous examples a measured

21 Decause oC tho largo number oC data, thc Improve· 
ment with cach estimatc was indicatcd by thc npproxi· 
mato standard error, 1.253.t11£. AE can ho bbtaillod 
as shown undcr Short Cuts in tho Appendix withont 
computing tho deviation oC each ilom. Its usc with 
smallnumucrsoC data is inadvisable, since It mar Cail to 
etiect minor improYemonts. 
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second estimate curve is prepared, the bark-thickness axis regraduated 
and a third estimate read. The third estimate is treated as was the 
first, the deviations being plotted (fig. 29) about copies of the second 
regression curves (broken lines) to avoid confusion.25 The D and H 
curves (not shown) each indicate increased curvature, "'hich is entered. 
The h curve retains its general outline, but reduces its curvature 
slightly. The curve for d reverses the direction of curvature, indicat
ing that it is closely correlated with another variable, h. 

EFFECT o~' INTERCORRELATION Of' TWO INDEPENDENT VARIABLES 

The subsequent curves for D and H show less change in curvature 
and have become quite stable in position. Those for d and h give 
evidence of an oscillation in curvaturt> as shown in Figures 29 and 30. 
H the change in curvature indicated is only partly entered, they will 
eventually reach a stable position. However, even though these two 
curves continue to shift, the shift is compensating in efrect, and the 
accuracy of the chart is not affected, as is shown by the standard 
errors, which, for the third, fourth, and fifth estimates (0.124, 0.123, 
and 0.121, respectively), are almost identical, although these two 
regression curves have shifted considerably. 

At this stage a multiple correlation of the residualR should show 
whether or not a tilt of the regression curves would eliminate the 
swinging. Such a correlation was computed, resulting in an aliena
tion coefficient of 0.955 and a regression equation of-

Bark thickness residuals (inch) =0.000400D- 0.0000862H-0.00162d 
- 0.000132h+ 0.0174 

The tilt indicated by the coefficients is very small for aU variables. 
The final alienation coefficient, were the indicated corrections made, 
would lower the alienation coefficient from 0.403 to

0.403 X 0.955 = 0.385, 

an improvement too small to warrant the effort necessary. The cor
responding improvement in the standard error would be from 0.121 
to 0.116. 

A predicting mechanism has been developed, enabling the calcu
lation, with satisfactory accuracy, of bark thickness and hence of 
outside-bark diameters, for all points on the stems of second-growth 
shortleaf pine of average form. Inside-bad.;: stem measurements must 
be known, of course, to apply the results when bark volume OJ' {h.\tside 
bark diameters are desired. 

A simpler chart, easier to make and to usc, could doubtless have 
been developed with the variable of section diameter omitted, thus 
eliminating the oscillation of the regression lines. For some purposes 
such a chart would be adequate, but fOr computing bark volume or 
outside bark diameters additional information as to stem measure
ments is as essential for its application as with the chart which hilS 
been prepared. It might also be advisable-were the object the de
velopment of the best predicting mechanism rather than the illustra
tion of a method-to investigate the possibilities of an even simpler 
chart in which but two independent variables, D and h, are used. 

" The original straight regression line is copied also, for use In regraduatlng the cbart, since It is some 
what easier to refer tbe new curve to tbe straigbt line. 

http:confusion.25
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COMPLEX PROBLEMS AND INADEQUATE DATA 

The difficulty of interpreting analyses of complex problems, par
ticularly when based on records in a form not suited to the method 
of analysis, will be illustl'f1ted by a study of the damping-off of conifer
ous seedlings 26 in which the variables have a periodic character. 

The data obtained comprised twice-daily records (1) of the per
centnge of seedlings showing symptoms of damping-off, and continu
ous records of (2) evaporation, (3) soil temperature Ccuned), (4) 
air temperatures, and (5) soil moisture. 

The objective of the problem wns the definition of the type of varia
tion in damping-ofl' nssociated with ench of the above fnctors or 
causes contributing to the appeal'f1nce of damping-ofT symptoms. 
All' tempern,ture 'was not used because it is reflected in the (wapora
tion data. Variables will, therefore, be restricted to (1) number of 
days since germination of first seedling, (2) evapol'f1tion, (3) soil 
moisture, (4) soil temperature, and (5) number of damped-oil' seed
lings, ns the dependent yariable. 

Of these variables, two are expressed as rates; number of seedlings 
damped-off is given as the perccntage (of initial number) damped-off 
per hour; evaporation is gh'en in cubic centimeters per hour; soil 
moisture as a percentnge; soil tompel'iLture in degrees Fahrenheit. 

Thero is a cycle 24 hoUl's in length hwolved in each of the lnst (our 
variables, but only for the last three variables haye the data been 
taken in such form that the cyclic fluctuations can be analyzed. In 
recording the datn, for cllllupillg-oIl' in terms of ayerngo yalues for day 
and night this cyclic fluctuation is obscured and it therefore becomes 
necessary to treat the other ynriabh·s in a comparable manner to nyoid 
erroneous results. Acconlingly, t1Yel'llge values for each period are 
used for soil temperature, soil moist,me, nnd evaporation. '1'his pro
ceclme is dietated by the character of the records and cloes nob 
represent the most desimble method of analyzing this type of pro bll'lll. 

The regression equation computed for these dll,ta wus-

N umber of seedlings dumped-oft' (percentage of initial number) = 
- 0.0469 X age (dUTS) - 0.0069 X soil temperature (0 F.) +0.0288 X 
evaporation (cubic centimeters per hour) - 0.0039 X soil moisture 
(per cent) + 1.4713 

The alienation coefficient wns 0.785. 
Proceeding with the analysis, in the way already described, the 

regression curves shown in ]figure 31 were obtained with the sixth 
estimate. The final alienation coefficient was 0.403. 

'1'he cur,Tes for age, evaporation, IlIld soil temperature appear to be 
reasonable i the older seedlings are mote hllrdy, and fewer of the dis
eased seedlings will show decided symptoms, j;heir increased stiffness 
making detection of the' eliseused condition harder. Increused 
evaporation increases tl'llnspirll,tion and the wilting indiCl1ti ve of 
damping-off becomes more apparent. The incrense iLL disense
progress with an incl'ense in temperature, up to auout 70 0 F., is in 
accordallce with geneml knowledge of fungus growth. The first 
curve, for soil moistlll'e, is rather peculiar, since it is .known tlw,t the 

.. 'rhe data for this study were maiJe IlvalJilhlo through Lhe courtesy of Cnrl IlIlrtle" (J .:, 1'.75-70), of the 
Bureau of f'lunt Industry. 
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disease progresses more rapidly in wet soil than in dry. Several 
interpretations may be given. Since the dependent variable is the 
number of seedlings showing symptoms of damping-off (wilting), one 
interpretation may be that when soil moisture is ncar the wilting 
coefficient a number of nondiseased seedlings may wilt, thus indicating 
a larger number affected when the soil moisture is low. The portion 
of the curve above 20 per cent is in accord with the known relation of 
moisture to the disease growth. 

The she,pe of this curve lends little support to a suggestion made by 
Hartley, in his discu'lsion of the data, that increased soil moisture will 
reduce the amount of air in the soil, thus reducing the disease activity. 
This decrease of air in the soil is a variable which has been considered 
only by implication, through its association with soil moisture. This 
hypothesis is reasonable, but seems to be contradicted by the rising 
right-hand portion of the curve. 

Severnl disturbing factors may be responsible for the peculiarity of 
this curve. One is associated with its data; the moisture determina
tions were limited to the top 0.6 centimeter of soil and may not be 
entirely indicative of the moisture content throughout the entire zone 
in which the disease was active. The second disturbing factor is that 
the present value of the dependent variable may depend on previous 
values of the independent variables as well as on their present values. 
The symptoms of damping-off may not be related entirely to the soil 
moist.ure during any particular instant or short period, but may 
rather be related to the moisture content at some previous period, or 
to the accumulated effects during a longer period, or to an optimum 
or critical value, and to the time or to the average value since the 
optimum or critical point was reached. 

It is evident, therefore, that a very complex relation may exist, not 
only in connection with soil moisture, but with evaporation and 
temperature as well. A certain optimum combination of these three 
variables may produce a ma)'-1.mum effect at a later date, depending 
upon the conditions obtaining during the interval. The data at hand 
are obviously inadequate, and additional information is necessary as 
to soil temperature and moisture at other depths, as well as a more 
continuous record of damping-off in which bona fide damping-off is 
distinguished from ordinary wilting. 

TIME SERIES 

The correlation of time series, in which values of one variable at 
given dates are correlated with values of other variables at those dates, 
is a most difficult problem for statistics. E:lI.-perience, care, and 
extreme caution are necessary to avoid nonsense correlations (48). 
Such problems often involve periodic variations, which have com
monly been eliminated before correlating, as in the problem on damp
ing-off (p. 65). Errors are often introduced by such procedure and 
should be studiously avoided. The use of serial correlations (41) and, 
in curvilinear correlation, the use of seasonal and secular variations 
as additional variables offer a safeguard against illogical results. 
This phase of statistics is so complex and undeveloped that its presen
tation in this bulletin is inadvisable. The difficulties affect all 
graphical and statistical methods and are not peculiar to the technic 
herein described. 
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For the solution of such complex problems it must suffice to point 
out the possibility of using maxima (25, 26), minima, modes and 
means, seasonal trend and secular variation together, moving aver
ages, accumulations, values at previous times Oagging data), interval 
since a given occurrence, such as rainfall. 

MINOR VARIATIONS IN TECHNIC 

USE OF RATIOS 

The basic data for many problems may often be expressed both in 
absolute quantities and in ratios or percentages. Ratios, or per
centages, may have two uses, (1) as a more logical measure of the 
variable, as in the dextrose problem where the relationships change 
with the proportion, rather than the quantity of each chemical; and 
(2) to simplify the problem by reducing magnitude or range of num
bers, or by reducing curvature of the regression lines. In the first 
instance the ratios themselves are the data being investigated, while 
in the second the ratios serve merely as a means to an end. 

The second use occurs chiefly in constructing charts for predicting 
purposes. To consider such a chart satisfactory it is essential that, 
when checked against its basic data, the sum of the values estimated 
by means of the ratios shall not be appreciably higher or lower than 
the stun of the measured values in absolute units. Because of an 
uneven distribution of data a difference between these sums may 
exist even when the sums of the <:lstirilated and measured ratios are 
exactly equ!ll. A correction of the estimates becomes desirable in 
such instances and may be made in one of two ways. The simplest 
way is to multiply each estimate by the ratio 
Stun measurements (absolute units) 'Th d t f . . ' e secon ype 0 con'ec-Sum estImates (absolute UnIts) 
tion, more desirable when numerous estimates are made, is a mod
ification of the scale for the dependent variable, to increase or 
decrease the readings of the chart by the ratio given above. Thus, 
if the ratio were 1.02, the 1.00 graduation becomes 1.02, the 10.00 
graduation becomes 10.20, the 50.00 graduation becomes 50.00 X 1.02 
= 51.00, etc. A graduating curve through a few such points will 
permit a regraduation of the entire scale. 

GIWUPED DATA 

The basic data for some problems may be so numerous that a pro
hibitive amount of work would be involved in making a separate 
estimate for each item. Averages by classes, such as diameter-height, 
age-site index classes, may be used in such cases, but all residuals 
must be weighted (multiplied) by the number of items in each class. 
When this is done a standnrd error of the class averages may be com
puted for following the inlprovement in estimates, but such a stand
ard error is meaningless ns an expression of the varintion in the 
original data, since the deviation of the averages is influenced greatly 
by the number of items .entering into each average. For a true 
standard error a final estunate should be made for each item and 
the standard error computed from their deviations. \I\'hen mnny va
riables are involved the number of items in ench class lllay be so 
small that the time involved in weighting the averages overbalances 
the savings in number of readings of the chart. 
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INCOMMENSURABLE VARIABLES 

If some factors are not commensurable they may be ignored in 
the initial steps and their effects later analyzed as follows. A com
posite chart is prepared for all data, using commensurable variables 
only. The residuals of the final estimate from this chart are grouped 
by the recognized classes of the incommensurable variables (crown 
classes, localities, species, collector of the data, etc.). The departure 
of the average residual for each of these classes is a measure of the 
effect of the variable. 

EFFECT OF HIGH INTERCORRELATION OF INDEPENDENT VARIABLES 

Occasionally the existence of very high intercorrelation between 
two of the independ'ent variables will cause serious difficulties. This 
can best be illustrated by an extreme case, based on hypothetical 
data in which two of the variables, X and Y, are by .intent more 
closely correlated than they would be in any actual forestry problem. 
A group of values was calculated by means of the formula

(~y=-..jX-lO log Y+Z2 

A regression equation for these values was computed to be

W= +0.466X-0.958Y+3.82Z-4.67 

The alienation coefficient was 0.290 and the standard error 1.65. 
This regression equation has the sign for X opposite to that in the 
basic equation, showing that it is seriously in error. 

After modification fOf curvature the alienation coefficient was 
lowered only to 0.276, from 0.290, and the standard error was 1.57, 
as com.pared with 1.67, the standard error of the frrst estimate. The 
discrepancy in the sign of X remained. 

This failure of the method is less serious than might first appear if 
a predicting mechanism is the chief aim. If one of the two variables 
which are highly intercorrelated is omitted, its influence will be car
ried into the final estimates through that which remains, its final 
regression curve being essentially a composite of the direct effect of 
one and the indirect effect of the other. In such cases a predicting 
mechanism is produced which, while based on but one of these va
riables, is nearly as accurate as if both highly intercorrelated variables 
.had been retained. 

V ARIABLES WITH SMALL REGRESSION COEFFICIENTS, BUT WITH CONSIDERABLE 
CURVATURE. 

In certain problems it may sometimes be desirable to retain a va
riable when its linear regression line has little slope, but considerable 
'{}urvature is expected, for in such cases the final influence of the va
riable may be considerably greater than is indicated by its regression 
(loefficient. In preparing. the alinement chll.rt, a very small scale 
unit should be used for the axis representing such a variable,for sub
sequent corrections will ahnost certainly expand the scale, and some
times to an astonishing degree. A relatively small scale unit on one 
axis can be secured by locating it very close to the sum axis associated 
with that variable. In such problems. moreover, the use of correc
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tion distances,· as described in previous pages, usually results m a 
wide scattering of the points which makes curve fitting difficult. The 
method used in the bark-thickness problem-plotting the residuals 
around the net regression line, curving, and then transferring this 
curvature to the graduating curve-should therefore be substituted. 

The nearly horizontal position of the regression line may make an 
accurate transfer of the regression curve to the graduating curve 
difficult. To overcome this difiiculty it may be desirable to copy 
both regression line and CUl've on to II new graph in which a much 
l,'-rger vertical (and smaller horizontal) scale is used, thus steepening 
the lines and facilitating the reading of their intersections with the 
with the horizontals of the cross-section pu,per. 

ASSUMED CHARTS 

The initial chart for'each of the problems presented in these pages 
has been based on a regression equation, and is often radically changed 
in the subsequent steps. 
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FIGURE 32.-A, Curves of bark thickness resulting from use of assumed alincment chart; B, curves 
of bark thickness resulting from use of correlation alincment chart 

The radical natUl'e of these changes suggests the possibility of 
starting with an assumed chart, thus eliminating the linear correlation 
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step. Varying success will attend such procedure, I1nd the validity 
of the final results can seldom be checked except by comparing with 
those derived from a chart based on a multiple regression equation. 
There is, then, little to be gained by such procedure. The possibility 
of serious eITOr from the use of haphazardly assumed charts can be 
illustrated by the following example, in which bark thiclmess at stump 
is correlated with breast-high diameter I1nd total height. A multiple 
regression equl1tion WI1S computed to be

• 

Bark thickness =0.0598 X d. b. h. - 0.0054 X height +0.481 


An assumed chart was prepared with the height scale purposely 
made positive in sign to test the method. A comparison of the final 
curves shown in Figure 32, A and B, will show that those originating 
in a correlation are far more reasonl1ble than those obtained with 
the assumed chart. The high intercorrelation between breast-high 
diameter and total height, together with the relatively sml111 variation 
with height, combine to ml1ke difficult the definition of the correct 
relationship. 

INITIAL CORRECTIONS 

In each of the illustrative examples given, the first correction for 
curvature was made for the independent variables. It has been stated 
that a quicker development and stabilization of curvature sometimes 
results when the dependent variable is corrected fo;r curvature first. 
This was true in a study defining the relation between board-foot and 
cubic-foot ratio of trees and their breast-high diameter and total 
height. In one sU0h study the number of estimates necessary wns ' 
reduced from five to three by correcting the dependent variable first. 
Quite naturally, also, each of the curves was better defined than those 
secured when the independent variables were corrected first. Un
fortunately, it is not possible, without previous experience with 
problems of the same kind, to tell which type of correction should be 
applied first. 

USE OF KNOWLEDGE OF CURVE FOHM 

In connection with another study of the relation between the 
board foot-cubic-foot ratios and breast-high diameter and total 
height, an interesting example occurred of the use of knowledge 
of curve form. It can be deduced from a comparison of the board
foot contents of logs with their cubic-foot volumes that the board 
foot-cubic foot ratio will increase rapidly with an increase in the 
small diameters, and less rapidly with an equal increase in the large 
diameters, becoming nearly constant for very large logs but in no 
case showing a decrease. This should also hold true for trees, except 
that the ratio will be slightly lower because of the small top log 
always present and because of the top itself, which has no board-foot 
volume. 

First-estimate residuals for diameter breast high as computed I1nd 
plotted about the original graduating curve are shown in Figure 33. 
The cmve indicated has a sag in the center, and thnrein is unlike 
what the true cmve is lmown to be. Accordingly the fitted curve 
(though correctly balanced) ignores this sag and assumes a contin
uously rising curve of regularly decrel1sing slope. 

l 
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By ignoring this sag the final curves were obtained with only 
five estimates, as against the seven required when the sag was 
incorpora ted. 
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RESIDUALS IN TERMS OF AN AUXILIARY REGULAR SCALE 

In the first problem presented in this bulletin, residuals were 
mea,sured in two ways-(l), in terms of the dependent variable 
itself (differences between measured and estimated values), and (2) 
for the final correction, in terms of an au.'{iliary regular scale. This 
second type of measurement was necessary, as was explained, 
because of the variable spacing of the final graduations for the depend
ent variable, which would not permit adding the correcting regression 
equation to the final chart. Similar situations occur wherever the 
dependent variable scale is modified after an estimate, and the 
measurement of all residuals by a regular scale might seem advisable. 
In some problems such a procedure is advisable and assures better 
results. In other cases the reverse is true, as in the doxtrose problem. 
This is shown in Table 11, which lists the standard errors resulting 
from the use of each of the two types of measurement of residuals. 
Obviously, the better results were got when the residuals were 
measured in terms of the dependent variable. This table also lists 
the standard errors resulting from both types of treatment of the 
first problem. Here, the measurement of the residuals in terms of an 
au.'{iliary regular scale gave decidedly better results. 
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TABLE H.-Comparison of standard errors of successive estimates in problems in 
which residuals were measured (1) in terms of the dependent variable, and (2) in 
terms of an auxiliary, regular scale 

A. DEXTIWSE PROBLEl-I 

Standard errors of successive estin)ates 


Residuals in terms of-
 I I
I First Second: Third Fourthl Fifth Sixth SeventhIEighth
I I 

--:----- 
5.42 j________Dependent variable-----------------l 13.94 12.17 I 6.22 5.67 5.56 5.42Regular scale , ______________________ 13.94 	 12.23 I 5.81 8.07 7.23 6.89 7.15 \ 7.24 

I I 

B. PROBLEM (page 22): (~)'~-v'X+lOJOg y 

Dependent VariabJe _________________1 1. 14 1 .50 I .48 1 36 1ReguJarscaJe_______________________ 1.14 .50 .48 •.36 .33.29 'I :~I I_____~:~ 
, Note the increase in standard error in the fourth, seventh, and eighth estimates. 

A third course is to measure, not individual deviations, but class
average deviations in terms of the auxiliary regular scale. This may 
be particularly desirable when using correction distances, since the 
correction distance is a constant, times the length of scale covered 
by one unit of the dependent variable. When this unit length is; 
changed by modifying the scale, the correction distance changes also. 
It is more logical, therefore, when using correction distances, to
measure the residuals in terms of the scale unit on which the correc
tion distances are based, although, as indicated by the footnote on 
page 53, better results may often be obtained by applying correction 
distances to the residuals in terms of the dependent variable. 

Any convenient scale may be used for measuring these residuals,. 
but since the original scale of the chart is regular and already at hand 
it may be more desirable to use it in preference to another. The
first-estimate residuals in terms of this regular scale are then identical 
with the residuals in terms of the dependent variable. 

No method has been discovered of foretelling which treatment is. 
superior. The only possible procedure is to adopt one at random 
and watch the results closely. If the improvement is unduly small, 
especially when the curvature is great, one of the others should be
substituted. 

FIELD OF APPLICATION 

The field of application of the method presented in these pages is. 
wide. It includes all branches of forest research in which quantita
tive measurements are made, wherever more than two variables are
involved, and wherever curvilinear relations are suspected. It would 
be impossible to list all or even a large proportion of the problems. 
which may be solved by' this technic, and it must suffice to point out 
a few scattered types. 

The various examples already illustrated show certain applications ~ 
possibilities exist for applying it to physiological studies, in associa
ting cell-sap density or osmotic pressure with site quality, soil and 
air temperatures, soil moisture, and position of samples in trees in 
absolute or percentage units of height; resin flow may be related to
size and age of tree and to climatic factors; viability of seed, as 
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affected by size, weight, age, and storage temperatures, may be 
studied; germinative capacity of seed may be related to size and age 
of tree and site quality, or to length of storage, depth of planting, rain
fall, and temperature. 

In nursery practice, size of plants may be related to amount of fer
tilizer or other chemicals, amount of water, and growing space: 

In fire studies the method may be useful in associating rate of spread 
with atmospheric and fuel conditions, or in predicting inflammability 
(fuel moisture) from atmospheric conditions. 

Skidding time, or cost, in logging studies may be correlated with 
log diameter, length, and skidding distance, or sawing time in the mill 
may be correlated with size, amount of defect, etc. 

In pulp and paper investigations, yields or breaking strength may 
be related to composition of liquor, temperature, pressure, duration 
of cook, percentages of species or types of pulp, etc. 

Correlation methods have been used so much in economic studies 
that the place of this method in forest economics is obvious. Many 
economics problems, however, require the correlation of time series, 
which, as noted before, require extreme care. 

When to use the method can be decided only after consideration of 
the kind and characteristics of the data available. In 3-variable 
problems, where the curves are similar in form, and where there is no 
intercorrelation between the independent variables, as in yield tables, 
the use of anamorphosis or other analogous methods will give results 
more quickly. 

In connection with controlled experiments, the value of the method 
is not always sufficient to warrant its use. If the results are erratic, ~ 
however, it may pay to use it as a smoothing medium, as in the dex
trose problem, and for ease of estimating, as well as for interpreting 
the results. 

CRITERIA OF APPLICABILITY 

The criteria by which to judge the possibilities for solution of any 
particular problem by this method are not rigid. The initial aliena
tion coefficient gives some indication, but must not be given too much 
weight. For instance, in tl taper-curve problem, obtaining diameters 
at any point from percentage height of the point, diameter breast 
high, and total height, the alienation coefficient was only 0.354. 
This was low, but the regression equation represented the best
fitting cones, and obviously was not a good fit of the data, although, 
as a starting point for further investigation, it is quite satisfactory. 

On the other hand, a high alienation coefficient between the 
variables may not prevent a satisfactory solution. In the construc
tion of a cubic-foot volume table from correlated form factors the 
alienation coefficient was 0.929 and the final alienation index was only 
reduced to 0.909. The resulting volume table was satisfactory 
because the range of form factor values was very small (SD=0.0432). 
Since the volume of a tree is determined chiefly by its height and 
diameter (volume = height X basal area X form factor) a small varia
tion in form factor produces only a small change in volume. In 
other words, the form factors are used here merely to compute vol
umes and have no other significance. It is proper, therefore, to 
measure accomplishment by the final alienation index in volume 
rather than in form factor. If this is done a value which is very 
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much lower (approximately 0.099, instead of 0.909 for form factor) is 
obtained. 

Experience and good judgment will help a great deal to decide 
what procedure should be followed, and good judgment must be exer
cised at all times to avoid dogmatic acceptance of unreasonable 
results. The nature of such results may suggest the possibility of 
using cumulations, ratios, logarithms, etc., which may very possibly 
clear the situation. Oonverting the original data and working entirely 
with logarithms may give the proper answer in those cases where 
deviations are more nearly constant percentages, rather than constant 
absolute values. 

SUMMARY 

Purely graphic methods are inadequate for the solution of many 
forestry problems. They are too dependent on the judgment of the 
investigator, have led to serious errors, and as ordinarily applied yield 
results which are unchecked as to accuracy and unappraised as to 
accomplishment. They are' inapplicable to cases involving more 
than three variables, and even where three are involved they demand 
enormous numbers of data in order to produce fairly satisfactory 
results. 

The concepts of the modern science of statistics may be applied 
to graphs and curves. By this means a large gain in accuracy 
over the familiar graphic processes may be obtained. The common 
statistical processes, however, are too rigid in their assumptions to 
be useful in many forestry problems. 

The curvilinear-correlation method combines graphic and statistical 
technic. The former contributes fle::;,:ibility, the latter accuracy. 
The basic assumptions are so generalized that a very wide range of 
problems may be solved by it, yet the results are rigorously checked 
and appraised. It permits a solution of many problems previously 
considered insoluble on account of complexity or number of data 
required. 

The computations seem laborious, but the extra work involved in 
the office is often fully compensated by the reduction in the number 
of field data. Where this compensation is only partial the greater 
total labor of the new method is fully repaid by the better results 
obtained and by an accurate knowledge of what has been 
accomplished. 

The technic has numerous variations. A careful choice should be 
made among them, dependent on the peculiarities of the problem 
being studied. It follows that this technic does not lend itself to 
mechanical handling. Intelligent alertness is an essential to success. 

The final result is in the form of an alinement chart. While a table 
or tables may and doubtless will be read from this, the chart is an 
exceedingly compact method of presenting a complex relation. It is 
particularly convenient where many interpolations would be necessary 
if the tabular form were substituted. . 
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APPENDIX 
SHORT-CUT METHODS 

STATISTICAL MEASURES 

Many of the computations involved in the methods which have been discussed 
are formidably laborious, particularly where large numbers of data are used. 
Fortunately, numerous short-cut methods have becn devised. These have not 
previously been described because to do so would have merely confused the 
reader who had not yet gained an adequate comprehension of the principles 
involved. The formulae used heretofore are simplcr to understand, while the 
short-cut formulae are easier to apply. 

It is not necessary to list here aU the abridged methods which have been devised, 
and only those which are most useful to forestry workers will be given. Three of 
these are based on the following identities-

Sum d2x =Sum X2-NM2X 

N(Sum X2) -Sum2 .x 
(XIV) 

and-

Sum (dxdy)=Sum XY-NMxMy 


N - --------------

N(Sum XY)-~um X)(Sum Y) ___________ (XV) 

where, as before, X and Yare two variables, MK is the mean value of X, .M y is 
the mean value of Y, while dx and d y signify the deviations of the values of X 
and Y, respectively, from their means. The formulae which have previously 
been used for standard deviation, alienation coefficient, and the regression equa
tion may, therefore, be modified as follows-
Standard deviation (p. 7)

SDx=-Jsurr;:2.~ _________________________ (II) 

Substituting from equation XIV

..jN(Sum X2) -Slln12 X 
SDx N ----------------- (XVI) 

Regression equation (p. 10)-

Sum dxd y rY=M y+ Sum d2X (X-Mx) ________.___________ (V) 

Substituting from formulae XIV and XV-

Y= My+N(S~ITl_XY) -:JS~!..-m.x](SU!!l n (X-Mx) (XVII) 
. N(Sum X2)-Sum2 X ------

Alienation coefficient (p. 12)-

Sum2 (dxd y)ACxY=-J-~ (Sum d2 )(Sum d2y) ---------------(Vl)x

Substituting from formulae XIV and XV-

I [N(Sum XY)-(Sum X)(Sum Y)J2 ___ (XVIII)ACxy=V l-[N(Sum X2)-Sum2X][N(Sum y2)-Sum2Y] 

Correlation coefficient (p. 8)

GCx:y=..jl- (ACXy)2--____________________________________ (IV) 

N(Sum XY)-(Sum X)(Sum Y) 
..j[N(SUIll X2) - SUlll2X][N (Sum y2) - Sum2Yr---- - - - (XIX) 

It will be observed that the revised equations XVI to XIX contain but a- few 
basie quantities, which are combincd in differcnt ways. This means that a 
single calculation can be performed which will yicld thc basic values necessary 
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for the computation of standard deviation, alienation coefficient, and the regres
sion equation. These basic values are the sums of each variable, their means, 
the sums of the squared variables, and the sums of their products when multiplied 
together in pairs.

As an example, the new formula will be used in connection with the material 
presented in Table 3. Table 12 illustrates the short-cut method. 

TABLE 12.-Short-cut method of calculating standard deviations, regression equation, 
and alienation coefficient 

I
Mess- Meas
ured ured
Age-(X) XY x' Y' Age-(X) XY x' yl

d.h.h.- d.b.h.
(Y) (Y) 

(1) (2) (3) (4) (5) (1) (2) (3) (4) (5) 

15 6.0 90.0 225 36.00 66 22.1 1,458.6 4,356 488.41 
19 9.7 184.3 361 94.09 75 22.0 1,650.0 5,625 4!14.00 
22 10.5 231.0 484 110.25 75 24.0 1,800.0 5,625 576.00 
25 14.0 350.0 625 196.00 81 25.0 2,025.0 6,561 625.00 
29 12.7 368.3 841 161.29 88 25.0 2,200.0 7,744 625.00 
34 16.5 561.0 1,156 272.25 89 23.5 2,091.5 7,921 552.25 
43 180 774.0 1,849 324.00 91 25.1 2,284.1 8,281 630.01 
45 19.5 877. 5 2,025 380.25 100 24.5 2,450.0 10,000 600.25 
52 21.0 1,092.0 2,704 441.00 
55 19.0 3,025 1,127 24,397.3 I 76,9971,045.0 361.00 384.6 8,039.301,219.86 _________58 22.5 1,305.0 3,364 506.25 56.35 19.23 ----------
65 24.0 1,560.0 4,225 576.00 

SD .J20(7699~~- (1127)2 25.972 lx 

SD .J20 (8039.30 - (384.6)2 5.672J------------------- ---- (XVI) 
y 26 

Y =19 23+ (20) (24397.3) - (1127) (384.6) (X-56 35) (XVII) 
. (20) (76997) - (1127)2 . ------- 

= 19.23+0.202 (X -56.35) 
=0.202X+7.85 

/ [(20) (24397.3) - (1127) (384.6)]2 
AGxy=-y 1 [(20) (76997) _ (1127)2] [(20) (8039.30) _ (384.6)2] __ (XVIII) 

=.J1-0.8555 
=0.380 

Where these short-cut methods 27 are used, the standard errors, coefficients of 
correlation, etc., may readily be derived from the standard deviations and alien
ation coefficients. 

The time saved by this procedure is obviously considerable, since the individual 
deviations need not be computed. The slightly greater complexity of the 
formulas themselves is negligible where any considerable number of data are 
involved. The seven columns of Table 3 have been reduced to the five col
umns of Table 12. To offset this advantage, in part, the actual figures handled 
have become larger. Furthermore, the number of significant figures which must 
be retained has increased. It will be noted that each of the new formulro involves 
the subtmction of one large number from another in one or more instances. 
These large numbers may be nearly the same in value, and where this is the case, 
one or more of the left-hand digits disappcars. In addition, the process of extract
ing the square root cuts the number of significant figures about in two. As a. 
result, it is often necessary to retain six or sevcn significant figures in the early 
parts of the computation in order to insurc accuracy to two or three figures in 
the values sought. The slide rule is therefore nQt suitable for work of this 
nature, and a good calculating machine is almost essential to efficiency. Where 
very large numbers of data are involved, It great saving in time can be made by 
the usc of electrical tabulating machinery. 

Thc use of machines effects a considerable saving in the computation of regres
sion equations. If a calculating machine with the carry-over feature in the result 

" Another short-cut method of computing standard deviations is described in Croxton (6). 

http:0.202X+7.85
http:1,219.86
http:8,039.30
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dial is available, as in certain models of the best-known makes, the sums of X, 
X2, and XY, or similar combinations can be obtained at one operation. 

To do this put Y in the left-hand side of the keyboard, X in the right-hand 
aide, and multiply by X, thus entering YXX and XXX or X2 in the carriage 
dial, and Xin the result dial. Do not clear these dials. EJ1~er each item in 
the same manner and when all items have been thus entered the carriage dial 
will contain Sum (YXX) and Sum (X2), and the result dial will show Sum (X). 

For a 3-variable problem involving X, Y, and Z, three such sets of sums are 
required. These may be taken for

(1) Sum (X), Sum (X'), anli (first run), Snm (Xy), or (check run) Snm (XZ);
(2) Sum (y), Sum (Y'J, and (first run), Sum (YZ), or (check run) Sum (YXJ;
(3) Sum (Z), Sum (Z'J, and (first run), Sum (ZXJ, or (check run) Sum (Zy). 

PUNCHED-CARD TABULATING EQUIPMENT 

Those who have punched-card tabulating equipment (34-, p. 94-) available will 
be able to materially reduce the amount of labor involved in computing the 
regression equation when a large amount of data are involved. About 200 to 
250 items, to be sorted at least three times, is the smallest amount which will 
be handled by this equipment with any saving in time. Large groups of data, 
especially if more than three variables are involved, are handled at a very great 
saving of time and effort. 

A special technic for using this equipment in correlation problems has been 
devised.28 This technic calls for the used of coded values, thereby permitting 
the use of automatic checks throughout the progress of the computations. 

CODING 

Coding is frequently used in mechanical and other methods to reduce the size 
of large numbers, as well as to permit the usc of the checking system mentioned 
above. 

By subtraction, division, or both, and rounding off, the values are reduced to 
a small series of whole numbers, preferably ranging from 0 to about 15. A range 
as small as from 0 to 10 or as large as from 0 to 30 is satisfactory. Coding is essen
tially a grouping of the values into numbered classes in such a way that the 
grouping may be expressed algebraically. For example, in the bark-thickness 
problem on page 54, diameter ranged from 4 to 15 inches, covering 12 inch
classes. These numbers may be reduced in size by subtracting four from each 
class, the coded classes then ranging from 0 to 11. The coding may be expressed-

Coded d. b. h.=d. h. h. (nearest inch) -4. 

Total height ranged from 25 to 90. When each height is reduced by 25, the 
range becomes 0 to 65. This can further be divided into sixteen 4-foot classes. 
The coding can be expressed-

Coded total height...Total h~ght - 25 

Easily handled subtrahends and divisions, for easy mental calculation of coded 
values, should be used. The accuracy of the work is in no wise affected when 
data are coded by subtraction. Accuracy, however, is affected to some extent by 
coding by division, the accuracy decreasing as the divisor increases. The errors 
involved are similar to those resulting from measuring, for example, diameters to 
the nearest inch, or nearest even inch. The inaccuracies involved are not great, 
but should be given consideration in preparing the data. In no case should there 
be less than 10 coded classes for any variable. 

AVERAGE ERROR 

When the data are numerous enough to justify the use of special equipment it 
is also justifiable, in general, to use the average error rather than the standard 
error to follow the improvement with each approximation. The following short 
cut may be used in computing this value. 

Total separately the measured and estimated values of all items for which the 
measured value exceeds or equals 2; the estimated value. The difference between 
these totals is the sum of the positive deviations. 

n SMITH, B. B. THE USE OF PUNCllED'()ARD TABULATING EQUIPMENT IN MULTIPLE CORRELATION PROB' 
LElIS. U. S. D~pt. of Agr. Bur. Agr. Econ. 1923. [Mimcogrnphccl.l 

to Those which are equal could be omitted entirely or Included ill the next step, without affecting the 
average error in absolute units, but are necessary if the average error or aggregate deviation is to be com· 
puted 85 8 percentage of the mean value of the variable. 

http:devised.28
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Repeat for items in which the measured values are less than the estimated. 
The sum of the negative deviations is thus obtained. 

The sum of the positive and negative deviations, disregarding signs, divided 
by the total number of items is the average error (AE). The two totals of meas
ured values obtained above may be summed to obtain an aggregate of the 
measured values, and similarly the aggregate of estimated values may be obtained. 
Aggregate estimated minus aggrcgate measured gives the aggregate deviatIon 
(observe sign) in the units used. This value, divided by the aggregate estimate 
and multiplied by 100 gives the aggregate deviation per cent. 

AVERAGE DEVIA'IION FROM THE MEAN 

A method somewhat analogous to that used for determining the average error 
may be used to compute the average deviation (AD) as follows: 

Determine the reean. Sum the items greater than the mean. Multiply the 
number of such items by the mean and subtract the product from the sum 
determined above. Double the difference and divide bv the total number to 
obtain the average deviation. -

SYMBOLS 

There is no universally accepted system of symbols for statistical measures· 
Systems most widely used have employed Greek letters, but these are inconvenient 
where the study is to be written up on the typewriter. Throughout this bulletin 
initial letters have served as symbols. Their advantages are that they are 
easily .remembered and that they can be employed in typewritten manuscripts
without inconvenience. 

The symbols employed in this bulletin are listed below with their common 
equivalents. Alternative designations are given in parenthesis. 

Symbol Designation Equivalent 

AO_ __ ______________ Alienation coefficient_______ _____________________ ____ __________________ k. 

19:~=::::==:=::=::: }Alienation coefficient betwoon X and Y _______________________________ {~:;:
AD_____ ___ ___ _____ _ Average devia tion ________________________ . ____________ •______________ _ 
AE_ ________________ A verage error _________________________________________________________ 
AI____________ .___ __ Alienation index ______________________________ •_______________________ 
BXy___________ • _____1 Purtlal regression coefficient of X on Y- _______________________•_______ fJzr. 
Byx_________________ Partial regression coefficient of Yon X ________________________________ fJyx.
00____ . _____________ Correlation coefficient. ________________________________________________ r. 

gg:~:::::::=::::::: }Correlation coefficient between Xand Y ______________________________ {~:;:
01. _________________ Correlation index _____________________________ . _____________________ ._ P. 

gJ:;.. ------------- }Correlation index between Xand Y___________________ •__. ____ •_______ I{~zr. 

~~..-..-::==:::=:::::::: g:~I:~:~~ ~,ox ~O~lnmeano,_X::::::==:=:=:==:=:::::=::::~::=::=:==:: VX.e--------------------1 Residual (error, or deviation of individual item from curve) -_____•____e .. e ..._______________ Residual of first, second estimate. _____________________________________ 
ex, er(x) .... __•______ Residual expressed in terms of X. In terms of fUnction of X ___________ _M_____ ____ _____ _____ Ari thmetic mean ..________________________________ . _______________.. __ 
Mx _________________ Arithmetic mean of X ...__________ •__________________________________ _ 
N___________________ Number of items______________________________________________________ n. 
SD__________________ Standard devlation___. ________________ . _______ . _______________________ "or 3. 
SDx________________ Standard deviation of X ______________________________________________ "x or IX. 

SDJlc _______________ Standard deviation of mean (standard error) ..______________________ .. S. 

SE__________________ Standard error (standard deviation abont curve) ____________________.. 

Sum( )_____________1Sum of all values of symbol which follows_. _____..____________________ l:( ). 

Sum'( )______ ._____ Squared sum of all values of symbol whlcb follows___ _________________ :;:.( ). 

8um( }I------.----- Sum of squares of all values of symbol which follows__________________ l:( }I. 


FORMULAE 
Standard error (p. 6)-

SE=.JSUr;; e2 ___________________________________________________ (I) 

Standard deviation (p. 7)

2SD=.JSUr;, d _____________________________ - ____ - _______________ (II) 

Alienation index (p. 8)-

SE 
AI = SD - ---- -- - -- - -- -- ---- -- - -- - ------ - - -- - - - --- - ----- - - - - -- - (III) 
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-Correlation index (p. 8)-

C1=.JI - (AIP------------ ___ ___________________________________ (IV) 

.Regression equation (p. 10)-

Sum dxd}·d2 
rY =MI" +-S (X -- M"x) --- - ----- ____________________________ (V)

urn x 

Alienation coefficient (p. 12)-

ACxy=. 11- -(-S~llV-.l!.)~(ISXc1X d'-) ---------------------- ________ (VI)V ume-x urn-I" 


Multiple regression equation (p. 16)-


SD IV SD IVW=M"IV+B IV.,SD (X-Mx) +BIVl'SD}, (Y-M}o) ______________ ___ (VII)
x 

Normal equations-three variables (p. 17)

~C:;e~~·+~:;::~gg:;~}---- -----------------------------___ (VIII-A) 

Normal equations-four variables (p. 17)

BIVx+CCxrBwy+ CCxzB W'z = CCIVX} 
CCyxBwx+ B'I'l·+CCyzBwz=CCIVY -------- ----- --- __________ (VIII-B)
CCzxBwx+CCzyBIV},+Bwz=CCwz 

Alienation coefficient (p. 18)-

ACwCuz- -) =-.j·:;-1---'(;TB"-l"x-;C;;cCr;-w-.-r-c+~Bnw-YC;;;;-;C""l"+ B lI"zCCwz+ _ : __ ) ________ (IX) 

Alinement ehart formulae (pp. 41-42)-
U=L f ( ) ----- - -- --- _______________________________ ~ _________ (X) 

Lz=l;tL ------------ ----- __________________________________ (XI) 
y 

;;=i; ----- ---------------------------------- --------------- (XII) 

Correction distances (p. 50)

XY 
eor. X = Z Y Lz_ --- --- -- - ------------ ________________ -- _____ (XIII-A) 

XY 
cor. Y=X ZLz- - - -------------------- ______________________ (XIII-B) 

Shortcut formulae (pp. 76)

• N(Sum X2) -Sum2X 
Sum d-x = N -----:------------------------------(XIV) 

N(Sum XY)-(Sum X)(Sum Y)
Sum (dxdy) =--------N -- - - ------------ -------(XV) 

_ -.j~(S!lrn_~:L-Su~:~ 
SDx - N --------------------------- ___ (XVI) 

Regression equation (p. 76)

N(Sum Xl') - (Sum X) (Sum Y) • 
Y=M y +----N(Suu;--X2)'=Slun2 X----- (X -ll-lx) -------- _______ (XVII)

--J [N(Sum XY)-(Sum X) (Sum yTi2 - 
ACxy - 1- [N(S XO) S 2 X] [!YeSU111 YO) - S "Y] __________ (XVIII)um • - - urn 1 - Ulll 

N(Sum Xl') - (Sum X) (SUIll Y) 
CC.r:r= .y'[N(SUlU X2) "::'H~IIl~2X][N(Sulll 1'2) -S'Ulll"-Il--- -------- --- - -- (XIX) 



TABLE 13.-A list of representative regression equations and their associated statistical measures 


LABORATORY TESTS-l GRAM DEXTROSE IN 25 CUBIC CENTIMETERS SULPHURIC ACID FOR 30 MINUTES 


Mean 01Num- SDolde· Estl- SE 01dopend-Dependent variable Indopondent variables and regressIon coofficionts Constant 	 ber 01 ent pendent mate depondent AC AI 
items varlablo number variable Ivariable 

1 	 -------- -  ~ 
R.sldual dextrose (per eent) _____ /{ -12;7~56 sulphuric acl1 '1)er eont) _________________________-1."131 temperaturo ( C.) _______________________________ } +378.4227 32 61.58 33.13 7 5.42 0.421 O.If 4 ~ 

~ 
.. LABORATORY TESTS ON LONGLEAF PINE 	 ~ 

i{-0'4742 NatO (pounds per 100 pounds 01 chips) - - ---------I} I I I I I I I t;lYlold 01 crude pulp (per eent)___ -0.2306 steam ,Pressure (pounds per squaro Inch gaugo)._._ +05.2686 73 50.51 12.44 1 6.04 0.486 -------- Ii::
-2.1274 total tlmo 01 cooking (hours) __ ••__ •______________ . 	 I!l 

~ 
CONIFEROUS SEEDLINGS IN NURSERY 

........._~"~_•• ___...... ~__ M __ • _~ __ ~.__ • 


.--~ 

Iro.0460 ago (days) ___ . ___ . ________________________________ } 
Seedlings damped-ofI per hour -0.0060 soli temporature (0 E.) ____________________________ 

(per cent 01 initial number). +0.0288 ovaporation (cubic centimeterpor hour) __________ +1.4713 (I) 0.11 0.110 6 0.058 0.785 0.481
I -0.0030 soil 1II0isturo, top 0.0 contimeter (per cont) ________ ~ 

Z 
SECOND·GROWTH SHORTLEAF PINE STEM MEASUREMENTS ":l 

+0.00263 d. b. h. (inch) of tree ••• _________________________ _ 
-0.00752 height (foot) of troc _____________________________ _ 	 ~ 
+0.00519 ago (year) 01 troe._______________________________ _ ~ • . IJ -0.02068 d. i. b. (Inch) 01 sectlon _________________________ _ 0.575 ,________Smgle bark thickness (IDches) ___ \ -0.000041 height (loot) 01 section _________________________ _ +0.750761 515 382 1 I 0.172 I

0.300 1-0.000873 height (per ccnt of total) 01 scctlon. ____________ _ 0. 1 	 fg
' 1-0.00447 aga (years) of scctlon_: ________ ~-----------------. 

+0.00078 slto Indox (height In leet at 50 years) ____________ _ ~ 
+0.07034 d. b. h. (inch) 01 trc_. ____________________________ j} 

, 
.1731 .577 . -0.00600 height (loot) 01 treo__ . __________________________ _ 	 0.430 

Slnj!le bark thjcknp,{ls (Inches) - - -I
{

-0.03324 d. i. b. 01 sectlon________________________________ _ +.78716 , 2515 , .382, .300 ,I : m ===:::::::\ .413 ~ .123 __________
-0.00078 hcight (per cent 01 total) sectlon ____ ._._. _______ _ 	 .121 __________ .410 

.403 

I Records for 32 days. t 124 treea. 00 
tl 

'""" 



00TABLE 13.-A list of representative regression equations and their associated stati8tical measures-Continued 1:...:> 
SECOND-GROWTH SHORTLEAF PINE STEM MEASUREMENTS-Continued 

------------.----~----------------------------~------~--~----~----~--~------~----.--- ~ Num-I Mean of I SD ot (lb-I Estl- I SE of 
Dependent vnriable Independent variables and regression coefficients Constant 1	~er of de~~~d- pen!Ient mnte depe!1dent AC AI @

Items vnrlable vnrmble number vnrmble Z...-------------------1--1--1--1--1---1 
+0.000400 d. b. h. of treo__________________________________ '1 	 c

>
t"'Single bn~k thic~ness residuals, 1-0.0000862 ~cight.of tr~e---------------------------------- +.0174 , 515 .060 .123 .11/5 .055

fifth estlmnte (lllches). -0.00162 d. I. b. 0, sectlOo ________________________________ _{ -0.000132 height (per ccot of total) scctioo _______________ _ 	 b:! 
+0.04970 d. b. h. oftree __________________________________ _ 

Single bnrk thickness (inCh) _____ I{-0.00Q66 hc!ght of trco__________________.- ________________ _ +.70228 , 515 .382 .300 .1/7 .500 
-0.00/34 height (per cent of total) of sectlOn_______________ 
+O.00364 d. b. h. of treo___________________________________ } ~ 

-.31594 2515 .382 .300 .208 .803 1-:3Singlo bnrk thickncss (inch) _____ 1+O.OOiil height of trco_ -----------------------------------	 ....{+0.03717 d. i. b. of scctlon ________________ ·________________ Z
1 

'" SECOND-GROWTH LOBLOLLY PINE STEM MEASUREMENTS 	 0 
~ 

c:j 
Stump bnrk thickness (inches) __ {+0.0615 stump q. I. b______________________________________ } O. /05 0.266 0.218 0.820-0.0033 totnl helght. _____________________________________ _ +0.4585 ' 355 	 1 I ?lStump 1I. i. b. (inches) ___________ {+0.048 d. h. h _____________________________________________ } 

-.32 8.8/ 3.36 1.06 .315+ll.0147 totnl height. __________________________ -------- ---- • 355 ~ 
Bark thickncss at hnlf height. {+0.0384 d. i. b. at one-half height __________________________ ~ t;I(lllches). 	 -0.0024 total height. _____________________________________ _ +.1686 ' 355 .23 .001 .0/6 .835 

D. i. b. at one.halfbeigbt (inch)_ {+O.6060 d. b. h ___________________________________________ _ 	 ~ -.2657 5.53 2.13 .482 .226
+0.0081 total hoight. ____________________ -- -- -- ----- ------- • 355 
+0.5873 d. b. h. of troo____________________________________ }

D i b (inches) I +0.0138 height of treo____________________________________ _ 	
0 
I:J;j

+2.2141 , 515 5.56 3.02 1.07 .355 . . . ----------------- +0.0121 ago of treo________________________________________ _
{-0.0734 height (per cent of total) of sectlon_______________ _ > 

+0.58/0 d. b. h. oftroo____________________________________ } CO) 

+2.5703D. i. b. (inohes) _________________ \ +O.O¥O he!ght of treo__________________ ; _________________ _ 	 5.56 3.02 1.07 .355 ~ • 515 	 ....{-0.0,33 height (per cont of total) of sectlon_______________ _ 	 C 
c:j 

~ 

~ 

http:cight.of


SECOND·GROWTH SLASH PINE 
----_.----_._-
-7.5900 form fnctor (Cylinder) _____________________________D. b. h __________________________ {+.1694 height (total) _____________________________________ _I} +1.1892 1269 1.835 O. 507 I____ ~~~~ c9.85 1 3.62 
+4.3205 d. b. h ___________________________________________ _ 1 3.36 .206 ---ii.152Total heighL------------------J+69.650 form factor (Cyllnder) _____________________________ } -1.2091 1269 1 68.77 16.29 3 2.47I{ ~ 5 2.29 .141 

I} 1 .032 
-.OM04 d. b. h ____________________________________________ 2 .031 r::::-Form factor-------- - ------------1{+.00145 height (total) ____ •..______________________________ _ +.33350 I 1269 I .394 I .0432 11 3 (AD). 030 

4 .030 ~ 
5 .030 o

F f t ( id I) {+.001185 d. b. h ___________________________________________ } -.001138 
rom ac or res un s ---------- -.000154 height (total) _____ •_____________________________ _ '269 .119 .0382 .03819 _9997 z 

Volume, entire stem less bark {+3.9805 d. b. h____________________________________________ } -25.4615 
(cubic feet). +.0758 height (tota!) _____________________________________ _ • 269 18.98 16.29 4.72 .290 


D {+31. 2800 basal area (square feet) --------------------------} -10.9545
0_ - ---------- -- -- ---------- +. 1621 height (total) _____________________________________ _ '269 18.98 16.29 3.34 .205 
Board feet (Int. li-in.) per cubic {+. 14341 d. b. h ____________________________________________ } +0.02854 .523 i

foot_ +.014563 height (total) ___________________________________ _ • 269 5.15 1.169 '11{ .447 '----:324 
I 

_379 ~ 
~ 

SECOND-OROWTn ,nORTLE" pmE I I I I @ 
. - 1.38 0.711 _______ _Board feet (Int. li-In.) per cubic 1{+o.1211 d. b. b_oo _________________________________________ I} -1.80381, 2271 4.731 1.94 • 1 { .706 __________ O. 364 ~ 

foot. + _0,48 height (total)_____________________________________ I-'l 
_..----.-. --_. --------.----------~-------~- UJ 

SECOND·GROW'l'H LOBLOLLY PINE z 
I:;j

Board feet (Int. li-in.) per cubic -1{·~~~9~3 d·;~~_~:_______________ ~ _________________________ I} -2.05951' 294 1 4.31 II 2. 16 1 1 I 1.241 -0.5741-------foot. + .0612 belght (total) ____________________________________ _ 
___ _________~L-___~__~__~___L__~____~__~_ ~ 

~ SECOND-GROWTH LONGLEAF PINE 

~ 
Board fe.et (Int. ~s·in.) per cubic I{+o, 260~ d •. ~. b ____________________________________________ I} -0.4634" 377 4.51 1.231 1 I{ o. 5451-~.-:3-1-~= 

foot. + .038. height (total) ______ ..______________________________ I (AE) .666 ---------- --------
Board ieet (Doyle) per cubic {+O. 3158 d. b_ hoo __________________________________________ } -3 2313 1377 3 75 1 61 1 { - 445 .276 ------- 

ioot_ + _0203 heigbt (tota!)_____________________________________ . I . . (AE) .322 ---------- -------- E 
£ 

'124 Trees. 1 Trees. 'Final. 

00 
~ 



TABLE 13.-A list of representative regression equations and their associated statistical measures-Continued .~ 
SE COND·GROWTH WESTERN WHITE PINE, YIELD AND VOLUME MEASUREMENTS 

I ;j
Num.\ Mean of ,SD of de., EStl./ SE of 

Dependent variable Independent varilibles and regression coeillcients Constant ber of de~~¥d. pendent mate dependent AC AIItems variable variable number variable 
1--1--1--1--- ~ a 

-0.00042 d. b. b. of trees ..••.••••...•........•••.....•..•• ] 

+ .00001 total beight of trees..•.•••.••••••.•..••••••••.... ~ 
+ .00005 site Index of stand •••••••....••••.•...•••••••...• 

Form factor (cylinder) ..••.•.•...1 + .00013 age of stn.nd•.•••••.........•••••...•..••••.•..•• +0.48045 1 16491 0.437 1 0.0491 1 1 0.0397 1 0.810 , •••••••• b:t 
+ .00007 density of stand••....•••.......••..•••.•••.•••.• 

(per cent of normal BA) of stand ..••••••.•..•...•••......•1+ . 00003 per cent of white pine (llA) of stand....•..•••... 
. '1- .00668 d. b. h. of tree•••••••••.•.•.•.••.••••••.......••. I
+ .00009 height of tree ••••••••••••.•••••...•••••.•••....•• 

Do.......................... +.00008 sita Index of st:md•••••••••••••.••...••••••..•.•• +.48011 1640 .437 .049 .0308 1 .812 , ••••..•• 
 I+ .00009 per cent white pine (llA) of stand•..•.••••.....• 1 I 
+ .00026 per cent tolerant speclas (llA) of stand•••.•....•• 

~ - .00669 d. b. h. of tree•.•.•.••..•.•••••.....•••••••.••.•• } .... 
+ .00009 height of troe ••••••••••••••••.•....•••••••••....• c+.40300 3649 .437 .049 .03081 .812 , ••••••.•Do•••........•••••••........1 + .00010 per cent white pine (llA) of stand.•••••••......•
{+ .00026 per cent tolerant species (llA) of stand.•......••• 1 I 

~ 
Ul 

MATURE WESTERN YELLOW PINE 
t:I 
t;;J 

+O. 0112 average d. b. h ••••..••••••••............•••.•••••I} 
 ~ 
+0.8392 0.900 0.188 0.148 0.787 , ••....••F~~m~~~~:~~~~~.<~~~r~:~~:.1{=:gg~~ ~~:?;3e~~~~~~~t.~~:~~~~~~.~:::::::::::::::::::: • 493 o(Merchantable height at maturity) .•.•••••••••••.......•• 


g;"'" 
3 Trees • Locality averages (11,276 trees). 

I 
~ ..., 
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