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INTRODUCTION

River-basin development has become one of the iargest classes of
public enterprise in the United States.  Multiple-purpose river-basin
pregrams may 1hvelve power, Jrrigation, flood control, pollution
contrel, navigation, municipal and industrial wisker supply, recrea-
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tion, fish and wildlife, and the conservation of soil and water on
watershed lands.

Almost every kind of river and watershed-improvement program
requires some degrec of alteration in the existing regimen of streams,
The prevailing but generally erratic progression of floeds and low-
water flows may be changed by the building of impounding reservoirs,
by diversions of water for beneficial uses, by soil-conservation measures
and in other ways. The quantity of sediment transported by the
stream may be changed as a result of deposition in reservoirs, by
erosion-control measures on the watershed, or by revetment of the
stream banks. The shape and slopc of the stream may be changed
by straightening, cut-offs, and jetties. Entirely new watercourses
may be constructed to carry water diverted for irrigation, to provide
drainage, or to create new navigable channels.

If a stream is flowing in an alluvial valley over & hed composed
mainly of nneconsolid ated sand or gravel, it is probable that the stream
and us channel arc essentislly n equilibrium.  The size and shape
and slope are adjusted to the amount and variation of discharge and
the supply of sediment of those sizes that make upits bed. If, then,
some arfificial change is madc in the flow characteristics, sediment
supply or shape and slope of the ¢channel, the stream will tend to make
adjustments to achieve 2 new equilibrium. It will do so by scouring
or filling its bed, widening o uarrowing its channel, inereasing or
decreasing its slope.

One of the most difficuit problems encountered in open-channel
hydraulics is the detcrmination of the rate of movemeni ol bed
material by a stream. The movement of hea material is a complex
function of flow duration, sediment supply, and channel character-
istics. If a method is available for determining with reasonable
accurncy the bed material movement under existing conditions, it
would then be possible alse to determine what the movement should
be with a1y of these conditions altered. This would provide a
reasonable basis for predicting what changes can be expected in
channel under a new set of conditions.

Prediction of futinre channel changes has o very great economic
importance in river-basin planning and de clopment and in the
operation and maintenance of river-basin projects.  For example, if
& large dam is constructed on an alluvial-bed river, all of the hed
sediment normally transporfed vill be trapped. The clear water
released will tend to erode the channel bed downstream from the dam
until & new equilibrium is cstablished. Severe bed erosion may
undermine costly installations such as bridge piers, diversion strue-
tures, sewer outlets, and bank-protection works.

Advance knowledge of the scour Jxpeeted may influence the eleva-
tion of tailwater ocutleis in power dams, inflienenyg the power capacity
of the dam to a very significant degree.  On the other hand, regulation
of the flow effected by the dutn, particularly reduction in peak dis-
charges, may make it impossible for the flow further downstream to
transport all of the bed sediment delivered to the channel by tributary
streams.  Such o condilion would result in aggradaiion of the main
stem, reducing its flood-carrying capacity and adverscly affecting
other developments on and along the stream.
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- Differential veduction of peak flows and bed sediment supply by
watershed treatment measures——say 20-percent reduction in the former
and 70-percent reduction in the latter—might initiste a eycle of
damsaging channel erosion in headwater tributarics and even down into
mein streams. If a channel is now aggrading, reduction in bed-
sediment, supply without proportional reduction in stream flow may
be beneficial. If the channel js degrading, reduction in peak flows
with less control of the sediment supply may be helpfui. Exeept in
aress where streams generailly flow in rock-bound channels, ihe
problems of bed-load movement and channel stability arc almost
universally present. Often they are critical if nek deciding factors
in not only the design and maintenance of works of improvement, but
even of their feasibilisy,

This publication docs not attempt to give the specific solutions for
all sediment problems in alluvial) channels, Tt aitempis only to
provide a tool which the writer hopes is sufficiently general to apply
to a large number of such problems. This tool is the bed-load func-
tion. The equation for the bed-load function of an alluvial channel
permits calculation of the rates of teansport for various sediment sizes
found in the bed of a channel which is in equilibrium. These equi-
librium rates will be shown te be funclions of the flow discharge.

The significence of these cquilibrium rates beeomes apparent when
one recognizes that they must have prevailed for a long time in order
to develop the existing channcls, By application of the bed-load
function te an existing channel, it is possible to esiimate the rate
of bed-sediment supply. On the other hand, the same method may
be used to determune the interdependent effects of changes of the
chennel shape, of the sedirn. :nt supply, and of the flows in the ehannel.

With the bed-sediment transportation rate o funetion of the dis-
charge, it is clear that the long-term transport, that is, the average
annual Lransport, can be predicted only if the long-term flow rates
can be predicted. It will be shown that most sediment problems can
he solved satisflactorily if at least the {low-duration curve is known.
This fact emphasizes the urgent need for more knowledge abeut
flow-duration curves for river sections of various sizes, for various
climates, and for various watershed conditions. Today, accurate
sediment-transport determinations are hampered more by a lack of
necessary hydrologic data than by any other single factor.

APPROACH TO THE 'l."ROB_ LM

The term ‘‘hed-load function’ has proved to be useful in the deserip-
tion of the sedinent movement in stream channels. It is defined as
follows: The bed-load function gives the rates at which flows of any
magnitude in a given channel will transport the individual sediment
sizes of which the channel bed is composed.

This publieation describes & methed which may be used to deter-
mine the bed-load function for many but not all &ypes of stream
channels. It is based on o large emount of experimental evidence,
on the existing theory of turbulent flow, and beyond the limits of
existing theory, on reasonable speculation, First, the physical char-
acteristics of the sediment transportation process will be described.
Next, sedument meovement will be considered in the light of flume
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experiments which allowed the determination of some universal con-
stants of the various transportation equations.  Finally, the ealeuln-
tion of the hed-lond function for a stream channel will be outlined to
demonsteate the practieal application of the method to determine
rates of hed-load transportation.  In its present state, the method
appears to be basieally correet,  Although in various respects it is
still incomplete, it appears to be useful for the solution of a considerable
range of highly important problems. A special effort is made,
however, to point out the unsolved phases of the problem.

Some terms whieh reenr frequently in this publication are defined
as follows:

Bed load: Bed particles moving in the bed layer. This motion
occirs by rolling, sllirling:, and, sometimes, by jumping.

Suspended load: Particles moving outside the bed layer. The
weight of suspended particles is continuously supported by the fluid.

Bed layer: A flow laver, 2 grain diameters thick, immediately
above the bed. The thickness of the hed layer varies with the
particle size.

Bed material: The sediment mixture of which the moving bed is
composed.

Wash load: That part of the sediment load which consists of grain
gizes finer than those of the bed.

Bed-materizl load: That part of the sediment load which consists
of grain sizes represented in the bed,

Bed-load function: The rates at which various discharges will trans-
port the different grain sizes of the bed material in a given channel.

Bed-load equation: The reneral relationship hetween bed-load raie,
flow condition, and eomposition of the bed material.

LIMITATION OF THE BED-LOAD FUNCTION

Tine UNveTenmiNen FuNcrion

Functions often beeome constant or even equal to zero under a wide
range of conditions.  That functions may not have any vilue in cer-
tain runges of comlitions is mathemaiically demonstrated wherever
the solution of the equation which defines the funetion becomes imagi-
nary.  Bul functions that become indeterminate under a wide range of
conditions secm to be rather nnusual.  Unfortunately, the bed-load
function has this character. '

In order to better understand this eondition consider an example
from the gatme of billiards. A player shoots the cue ball with the
intention of hilting the red ball whicl is at rest.  In what direetion
will the red ball move after the collision? Mathematieally, the
problem may be discribed in the following way: The independent
variables are the angle a with which the cue Dall roils, and the originil
distance { hetween the two balls.  The angle &, however, cannot be
predicted wiih mathematical accuracy, but is endowed with an ervor.
The actual value of a for any actual shot is defined by the angle aq
which the player intends Lo use and by a small but abselutely random
uncertainty o’ which is only statistically determined by the aceuracy of
the plaver. The angie v al which the red ball begins to move after
the impact depends upon the direction of the common plane of tangency



http:Imvefl.ny

THE BED-LOAD FUNCTION FOR SEDIMENT TRANSPORTATION 5

for the two balls at the moment of collision. Assuming no friction
between the balls with a diemeter D, the angle v may be ealeulated
in terms of ', for instance, for an intended head-on collision if o and v
are mesasured from the original common centroid of the balls by the
equation; '

sin ¥ I

sin o D)

As long as ¢ is of the same order of magniiude as D, v will be of the
same order as o' and it may be predicted with about the same ac-
curgey as «.  As soon as [ becones lnrge compared to I, however, sin
v Wl]j be rather large and y may not be predicted with any degree of

accurecy. With ! larger than a given limit % may even become

larger than wunity and the player may miss the ball completely. In
this case the prediction of v from the intended avernge vaine aq
becomes meaningless because the possible fluctuations ave mucn larger
than this value ttself. We may thus conclude thal beyend & cectain
distance ! the player, characterized by an uncertainsy o, has no
chance at a1l of predicting v although he s able to do so with reasonable
accurncy for small distances!.

This example may show in a general way that physical problems
exist which are determinate in part of the range of their paramoters
but are indeterminate in some other ranges, The teansition between
the two 1s usunlly gradual. The relationship between flow and sedi-
ment transport in g stream channel is basieally of this character.
The eritical parameler deciding the signifiennee of tiwe function in a
given fow is the grain diameter of Lhe sediment.

Tue ALLUVIAL StrEeEaM

To introduece in simplified form the general ease of sediment move-
ment, assume a uniferm, cencrete-lined chwnnel Uwough which a
constant discharge flows uniformly. Sediment is added (o the flow
at the channel cntrance. Experience shows that sediment up to o
certain particle size may be fed into such a flow at any rate up to 2
certair Bmit without causing any depesits in the channel. For all
rates up to this limit, the channel is swept clean.  An observer who
examines the channel after the flow has passed can state only that
the rate of sediment flow must have been below this limiting rate;
that is, below the “sediment transporting cepacity’ of the concrete
channel. The sediment s not left any trace in the channel., Its
rate of transport need not be related in any way to the fow rate.
This kind of sediment load hus been called *“wash load™ because it is
just washed through the channel,

If the rate of sediment supply is larger than the capacity of the
channel to move it, the surplus sedinent drops out, and begins to cover
the channel bottom. More and more sediment is dropped if the supply
eontinues to exceed the capacity vntil the channel profile is sufficiently
chonged to reach an equilibrivm whereby at every section the transport
is just reduced to the capaocity value, Now, an observer 15 able to
predict that during thie How, sediment was transported i ench seetion
ot o rate equal to the capacity load; because if it bad been more the
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surplus would have settled out, and had it been less, the difference
would have been scoured from the available deposit.  Sueh a river
section which possesses o sediment bed composed of the some type of
sediment as that moving in the stream is called an “alluvial
reach’” (13)% 1iis the main purposc of this paper to show how the
capacily load in such an altuvial reach may be calculated.

The SemMeENT MIXTURE

This problemn is highly complicated by the fact that the sediment
entering any natural river veach is never uniform in size, shape, and
specific graviey bub represends always & rather complex mixture of
different grain types. 16 has been found experimentally that the shape
of the different sediment particles with fow exceptions is muech less
important than the particle size.  The specific gravity of the bulk of
mosl sedimoenis is also constanh within narrow limits. 1o is, therefore,
generplly possible to describe the heterozencity of the sediment mix-
ture in g nateral steeam by ils size analvsis. b lenst when the mixture
consists of particles predominantly in the sand sizes and conrser.  As
the derivations which follow do not intreduce any molecular forees
between sedimend particles, they are automatically restricicd fo the
larger particles, i gencral to those courser than a 250-mesh sieve
{Tyler scule) or 0.061 millimeters in diameter.  This restriction does
net scem to be serious, however, as mest alluvial siream beds in the
sense of the above definition deo not contain an appreciable percentage
of particles below 0.061 millimeters in diameter.

Considér now how il may be necessarv to medify the previous
definition of the slluvial veacl, of the sediment enpacity, and of the
bed-load function in view of the fack that all natueal sediment supplies
are very heterogencous mixtures.  Again, begin with the assumption
of u flow i & conerele channel.  Assume a sediment supply at the
upper end of the channel, consisting of all different sizes from a maxi-
mum size down through the st and clay range. I the maximum
grain is not too larze to be moved by the flow, the channel will agrin
stay clear at Jow rates of sediment supply. But an increase of the
supply rate will eventually cause sediment deposition,

Uinder mest conditions only the coarse sizes of sediment will be
deposited. It is true thab a smali percentage of the fine sediments
may be found between the larger particles when the flow is past, but
this amount is generally so small that one is tempted Lo conclude that
these small parlicles are caught accidentally between the larger ones
rather than primarily deposited by the flow ilself.  This is also sug-

ested by the faet that ik volume of entire deposit does not change
if the fine particles are chiminated from i6: they mercly occupy the
voids befween the larger grains.

A direct proof of the insignificance of these fine particles in the
deposit can be found experimentally.  The rate of deposit of the conrse
pariicles is a distinct {unciion of the rate of supply.  If more coarse
sediment is supplied at the sume flow, all tlus additional supply is
settled out, leaving constant the rate which the flow transports through
the channel.  If only the rate of thie fne particles is inerensed, how-
ever, the rate of deposit of these particles is not influenced at all.

¥ italic numbers i parentlieses refer to Literature Cited, p. 68.
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This basically different hehavior of the fine and the coarse particles
in the same channel has led the anther and collaborators (5} to assume
that the fine particles in the flow still behave Hke material eallod ¥ wash
load™ in the concrote channel, whereas Lhe conrse particles act like the
sediment in a strigtly alluvial channel.  These investigators give the
limiting grain size between wash load and alluvial or bed load in terms
of the composition of the sediment deposit in the bed. They state
thai, all particle sizes that are nob significantly represended in the
deposit, must be considered as wash load.  Nore specifically, the
limiting size may be arbitrarily chosen from the mechanical analysis
of the deposit as that grain dinmeter of which 10 percent of the bed
mixture 18 finer.  This rule seems (o be rathee generally applicable as
long us low-water and dead-water deposils are excluded from the bed
sediment. '

Needless 1o say, the assumption of a sharp limit between bed lond
and wash load must be understood as a convenient simplification of a
basically complex gradual transition.  Vietualiy nothing is known
aboul this transition today. This fact becomes apparent when the
question is asked: what bed composition can be expecled to result from
a_knewn sediment Joad in a known flow?  No posiiive answer can be
given fo this question today.

Another factor influencing the bed-load function is the shape of the
channel cross scetion,  If this section is noi influenced cither sirte-
turally or by vegeiation it is only a function of the sediment and of the
flow. * We have today no clear coneept of how to analyze these rela-
tionships rationally even theugh we scem to have soine workable rules
for expressing the influence of 1he shape of the known cross section on
the rate of transport,

After this geneval discussion it becomes possible to defing the pur-
pose of {his publication more specifically us the deseription of 1 method
by which the capucity of a known alluvial channel (o iransport the
different. grain sizes of iis alluvial bed at various flows may be
determined,

IYDRAULICS OF THE ALLUVIAL CHANNEL

Feom the definition of the alluvial reach it was concluded that the
(ransport of bed sediment in such o reach abways equals its capacily
1o transport such sediment. Tt is casy io conclude fromn this (hat the
Aow is uniform or at least nearly so.  The open-channel hydraulies of
nonuniforin flow or the caleulation of backwater curves is not par-
ticularly importantt in this connection.  Where sueh calculations are
necessary for channels that are vory actively aggrading or degrading,
they are based on the use of the Bernoulli Equation us it is applied to
channels with solid heds.

Tue Fricriox Formuca

The hydraulics of uniform flow include basically the description of
the velocity distributions and of the frictional loss for turbulent flow.
The writer has found that in deseribing sediment transport the velogity
distribution in open-channel flow over a sediment, bed 1s best deseribed
by the logarithmic formulas based on v. Karman’s similarity theorem
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with the constants as proposed by Keulegan (7). He gives the
vertical velocity distribution as:

::v=5‘50+5.75 logio @E‘;!}=5_75 log,, (9_05 'fﬂfz) 0

u, v
for smootly boundaries and:

;':?!:s.s 0-4+5.75 log (ylk)=5.75 logw (30.2 y/k.) 2)

*

for hydraulically rough boundarics.  The transition hetween the two,
including the rovgh and smooth conditions, may all be combined in
the form:

1:,_!=5.75 logro (30_2 :}’Li =5.75 logy, (30.2 %) 3

Uy

whereby 2 is given in figure 1 as & function of 4,/8.
Herein are:

T, the average point veloeity at distance y from the bed
= +rofss=+/S.Kq the sheer velocity (4)
the density of the water

the slope of the energy grade line

the hydraulic radius

the acecleration due to gravity

the distance from he bed

the kinematic viscosity of the water

the roughness of the bed

a corrective parameter

k. fr the apparent roughness of the surfaee

the thickness of the laminer sublayer of a smooth wall; -

2 &
I

S,
R
g

S

I

N

L6y
= ®)

- Tue Fricion Factomr

Next, a definttion must be given for the roughness, &, in the case
of a sediment surface. For wumiform sediment, &, equals the grain
diameter as determined hy sieving, Compaeative flume experiments
have shown that the represeniative grain diameter of a sediment
mixture is given by that sieve size of which 65 percent of the mixture
(by weight) is finer.

A sediment bed in motion usually does not remain Hat and regular
but shows rillles or bars of various shapes and sizes.  These irregu-
larities have some elfect on the roughness of the bed. Both Hume
menscremenis (6) and river observations (7) have shown that this -
eficet is 1ather considerable nad connot be neglected.  An analysis of
& large number of stream-gaging data in various rivers (7) has led to
the following interpretation,
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RESISTANCE OF 7BE BaRs

The writer (3) has described a method by which the influence of
side-wall friction on the results of bed-load experiments may be esti-
meted. The assumption was made that the cross-sectional area may
be distributed smong the verious frictional boundaries in such o
fashion that cach unit will sutisfy the same friction formula with the
same coefficients that would apply if the entirc cross section had the
same characteristics. A similar approach ¢an be used to describe the
friction along an irregular sediment bed. It is assumed that on such
a bed friction develeps in two distinetly differsnt ways: (1) along the
sediment grains of the surfaee as a rough wall with the representative

rain diameter equal te k,; and, in addition, (2) by seperation of the

ow from the surface at charncterislic points of the ripples or bars.
This separalion causes wakes to develop on the lee side of the bars,
characterized by rollers or permanent cddies of basically stagnant
water such as those observed behind most submerged bodies of sufli-
cient size. This flow pattern causes o pressure difference to develop
between the front and rear sides of each bar so that part of the flow
resistanee is trensmilted Lo the wall by this shape resistance, i ¢, by
normal pressures.

Again we may be justified in dividing the cross-scctional area into
two parts. One will coniribute the shear which is transmitted to the
boundary alony the roughness of the grainy sand surface. The other
part. will contribute the shear trensmitted to the wall in the form of
normal pressures at the different sides of the bars. These may be
designated A’ and A’ respectively. Both types of shenr action are
more or less evenly distribuied over the entire bed surface and act,
therefore, slong the seme perimeter.  Two hydraulic radii may be
defined as R'=A'/p, and R'"=A"[p, where naturally B'+E''=R,,
the total hydraulic radius of the bed.

This entire procedure of division may appeur to be rather artificial
since both aclions eccur along the same perimeter.  The significance
of this division becomes apparent, however, when one recalls that the
transmission of shear to the boundary is accompanied by a transfor-
mation of How energy into encrgy of turbulence. This energy trans-
formation caused by the rough wall occurs at the grains themselves.
This newly created turbulence stays ot least for a short time in the
immediate vicinity of the grains and, as will be shown later, has a
greal effect on the bed-load motion. The part of the encrgy which
corresponds to the shape vesistance is transformed into turbulence at
the interface between wake and free strcam flow, or at a considernble
distance away from the grains. This encrgy does notb confribute to
the bed-load motion of the particles, therefore, and may be largdy
neglected in the entire sediment picture, This may explain why the
division of the shear inlo the two peris w, and u? is of first unportatice.
We define:

(6}

U, = \:‘S.an’-'y}

w =S By

SHIRTI"—D1 2
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From this it is understandable that the velocity distribution near a
sediment grain in the bed surface is described by cquations 1 to 3
whereby . assumes the value of %,. The average velocity in the
vertical may be determined aceording to Keulegan as:
Z—3.254-5.75 logug (5';‘5':)=5.75 logm(&ﬁ? 13} @)

for a hydraulically smooth bed, and:

—6.2545.75 iOgm(g:')=5.?5 iog,o(12.2? %{ ()

for a hydraulically rough bed. Again, the entire transition between
the two eases inclusive of the extremes may be expressed by:

e d !?r _ R
i%=5.75 legm(12.27 1-—” —5.75 logm(i.Q.?: 5 (9)

Where z 1s the seme function of £,/6' as given in figure 4 (in pocket,
inside back cover), and

,__11.6»
&= 7 (10

A corresponding expression %jw'] may be calculated, and this
expression must be expected to be a function of the ripple or bar pat-
tern, basically corresponding to equation (9). The vipples and bars
chenge considerably and consistently with different tuies of sediment
motion on the bed. We will see later that the sediment motion is a
function of & flow function of the type:

q,i_g-*_"gf Dy (1

s IS, )
wherein 5, and s, are the densities of the solids and of the fuid,
respectively, Dy, the sieve size in the bed material of which 35 perecnt
are finer, and B’ and 8, arc as defined previousty. The expression
%iuwy may thus be expected (o boa function of ¥'.° Tt was found that
such a relationship actually exists for nalural, laterally unrestricied
strenm channels as given in figure 3 (in pocket, inside baek cover).
Any additional frictien, such us from banks, vegetation, or other
obstructions must, nuturally, be considered separately.

Tue LaMinar SusLAYER

The presence of a laminar sublayer along & smooth boundary has
aiready been meniioned. The thickness § of this layer has been given
88

=“.6v

/
%, '5)

&
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in which v is the kinematic viscosity and u, the shear vclocity along
tl:e boundary.

Within the laminar sublayer the velocity increases proportionaliy
to the distance frem the wall:

H

U=y (12)

and st the edge of the layer where y=3, the velocity is:
#y=—11.6u, (13}
Frem this point on out, the velocity follows the turbulent velocity dis-
tribution of equation (1) which has the same value as equation (13)

at y=4§ as is shown in equation (id):

us=[5.50-+5.75 logy (11.8)] #,=116 =, (14)

The entire distribution is shown. in f:ﬁum 3. For an explanation of
this distribution the reader is referred to any standurd textbook of

uy =, 5.75 log (30.2 ¥ )

FiouRE 8.—Assumed velocity distribution near the laminar sublaver along a
bydrauiicaliy smooth wall,
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fluid dynamics where the viscous forces are shown to be strong enough
in the laminar layer to prevent the occurrence of turbulence, whereas
outside of the layer 4 the turbulent action is so strong that viscosity
cffects may be neglected. The transition between the two phases is
neturally gradual and not as abrupt as shown in figure 3, but since
nothing is known about the character of this transition the sudden
change from one regime to the other may be used.

Tue TransiTioNn BerwieeN HypraoLicary Roucn ano Smoota BEbs

Along a rough wall the distribution of velocities is basically different.,
Einstein and El-Spmni (8) have shown ckperimentally that the theo-
retical boundary from which the distance ¥ of cquation (3) must be
mensured lies 0.24, below the plane which connects the most prominent
points of the roughness protrusions. The roughness %, 1s thereby
given by the grain dismeter of which about 65 percent by weight of a
sediment mixture is finer. It is generally known, and may be seen
from figurc 4, that the wall acts hydraulically rough if k,/6>>5. The
laminar sublayer as ealculated for o smooth wall has, then, s thicknoess

-of 8<k,/5. With the roughness protrusions 0.2k, high, this laminar
sublayer would be strongly dissected by the protrusions if it existed
ab all.  In reality it docs not scem to exist in these flows because the
shear is trensmitted to the boundary differently. In order to under-
stand this mechanism one must interpret the boundary as a sequence
of bodies submerged in the fluid. For sufficiently large Reynolds
numbers (k_,{a) of the flow around the individual grains, separation of
the flow will occur and o low-pressure wake of still water develops on
the downstream side of the grains. The resultant of the normal pres-
sures hns o significant component in the direction of the flow which
very soon (with increasing £,/8) becomes so large that all viscous shear
cen be neglected. This 15 the reason why friction formulas for How
along hydraulically rough walls (k,/8>>5) do not contain the Reynolds
number in any form,

The local velocity distribution at the rough wall follows according
to El-Samni’s measurements, equation (3), as close as 0.1 &, from the
theoretical wall; i. e. even between the roughness protrusions. No
measurements closer to the wall cxist, but the assumption that the
turbulent velocity distribution exists all the way down to zero velocity
secems Lo be as valid as any other.  This point 18 at a distance g, from
the wall which may be determined from equation (3), such as:

E-"-=0=5.75 _log,u (30.2 % (15)

*

to he:

{16}

which becomes:

(17}

for hydraulicelly rough walls.
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TaE Vewocrry FLucrustTions

All velocities introduced so far are time averages. The different
types of sediment motion cannot be described by these time avernges
only. Movement in both suspension and along the bed can be ex-
planed only if turbulence is introduced. Turbulence is an entively
random velocity fluctuation which is superimposed over the average
flow and which can be described today only statistically.

The turbulence velocity at any point of the flow has the following
qualities: (1) It usually has three finite components, cach of which has
a zero btime average. (2) The velocity fluctuntions are random and
follow in general the normal crror law.  [ts intensity may be measured
bg’ the standard deviation of the instantancous value. {3} Wharever
shear is transmitted by the fluid, o certain correlation exists hetwoen
the instantaneous velocity componcents in direction of the shear and
in the dircction in which the shewr is transmitted.  (4) As shown in
recent measurements by Kinsiein and El-Samni (8), in the immedinte
proximity of a rough wall the statistical distribution of velocity inten-
sities must be skewed since the pressure varistions are following the
normal error iaw there,

The characteristics indicated in the four previous statements may
need some cxplanation. The first statement is the easiest to under-
stand. Gne may visualize turbulence as n complicated pattern of
long eddies similar to the twisters and cyclones in the nir, but smaller,
more twisted and intricately interwoven so that they flow in many
different directions. If water moves past a reference poiné with an
average velocity, the eddy velocities assume all directions according
to the various directions of the eddy axes. The only cxeeption to
this rule of three-dimeasionality are the peints very close to a solid
boundary. There the velocitics in direction normal to the boundary
for obvious reasons are smaller than the two others.

In statement 2 the expression “random” needs some explanation.
If the intensity of the velocity component in one direction is recorded,
the resulting curve resembles the surface of a very choppy sea. One
may conceive of a periodic pattern like the waves, If one tries, how-
ever, to find the amplitude and wave length of this curve it is apparent
that both characteristics change constantly in an absolutely irregular
pattern. It can only be eoncluded that the curve is continuous, that -
no discontinuilies exisi in the velocily itself, The standard deviations
of the velocity components have been measured, mainly in wind
tunnels, by the use of hot-wire ancmometers, where the standard
deviation values may be determined directly. To the writer’s knowl-
cdge, no measurements have been made sufficiently close to the wall
to show the deviations mentioned in statement 4,

Statement 3 is the basis of the so-called “exchange-theory” of
turbulence which is today the most important tool for the study of
quantitative effects of turbulence.. Let us assume that a shear stress
exists in the flow under consideration and that correspondingly a
velocity gradient exists in the same direction. If, for instance, this
shear i1s the conesquence of the bed friction in a flow channel, the
average velocities are essentinlly horizontal, but increase in magnitude
with mecreasing distance from the bed. This increase is the velocity
gradient previousily mentioned. If an exchange of fluid messes is
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visualized in this fHow belween two horizontal layers of different
elevation, this exchange may be desceribed by the flow velocilies at o
horizontal plane between the two.  In this plane the amount of flow
going up will equal the amount going down for ressons of continuity,

Aﬁ water particles going up have a positive instantancous vertical
velociby whereas the velocity in the downward direction is termed
negative. All these flnid masses which move vertically through the
horizontal plane have a horizontal velocity at the same time.  Let us
eall the horizontal velocity fluctuation positive if the velocity is higher
than the nverage at that clevation, negalive if it is lower. The
important point is that all water particles moving down through the
plane from shove originate from a vegion of higher average horizontal
velocity. There exisis a tendency, therefore, for the horizental
velocity fluctuation $0 be positive whenever the vertical velocity is
negative, Similarly, the tendoney is for the horizontal velecity
fluctuation to be negative when the vertical component is positive.
The correlation coellicient, which is the integral of the product of the
two instantancous velocities over a given time divided by the product
of the standasd deviakion of the bwo, thus hias a tendency to be negative,
Its value gives a measure of the vertical movement of hortzontal
momentum through the plane, which represents a shear stress.

This exchange motion transports not only mass and mementum
through the reference plane, but also heat and dissolved and sus-
pended matter, as oxplained under “Suspension.”

Statement 4, pertaining to the statistical distribution of statie pres-
sure near the bed, is based on cmpirieal findings, the significance of
which is so far neither fully undersicod by itself nor in connection

with the creation of turbulenece in (he boundary region. In this study
the result has been used to great advantage, however, despite the lack
of & full understanding of its general significance,

SUSPENSION

The finey particles of the sediment load of streams niove predom-
inantly as suspended lond. Suspension as & mode of transport is
opposite to what Bagneld called “surface creep” and to what he
defines as the heavy concentration of motion immedintely ot the
bect.  In popular parlence this has been celied bed load, although as
defined in this publication bed load includes only those grain sizes of
the surface creep which occur in significant amounts in the bed.

The characteristie definition of o suspended solid particle is that
its weight is supported by the swrrounding fluid during its_entire
motion. While being moved by the fluid, the solid particle, which is
heavier than the fluid, teads to settle in the surreunding fluid. If the
fluid flow has only horizoatal velocities, it is impossible to explain
how any sediment particle can be permanently suspended.  Only if
the irregular motion of the fluid particics, ealled turbulenee, is intro-
duced can one show that sedunent may be permanently suspended.

The effect of the turbulence veloaities en the main flow was de-
saibed in lhe discussion on hydraulics by reference to the fluid ex-
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change. This same concept is used to describe suspension.  Since the
vertical settling of particles is counterncted by the flow, the vertical
component of turhulence as deseibed by the vertical fluid exchange is
cffective. Assume n turbulent epen-channel flow, The scclion may be
wide, the slope small. Consider a vertical sufficiently far from the
banks to have two-dimensional flow conditions, On this vertical
choose & horizontal reference section of unib area at a distance ¥
from the bed. While the mean divection of flow is parvallel to this
area, the vertieal veloeily fluctuations cause fluid to move up and
down through the section. Statistieally, the same amount of fuid
must flow through the arca in both diréctions. To siimplify the pie-
ture, assume an apward flow of velocity (») in half the avea and a
downward flow of the same velocity (—w) in the other half. The

exchange discharge tlwough the unié area is gg=4|4v If the exclinnge

takes place over an average distanee of I, al clovation % it can be
assumed that the downward-moving fluid originates, as an average,

from an elevation (y —!—;)ic) while the upward-moving fluid originates

from (ym;lﬂc) The important assumption is made thal the (luid

preserves during its exchange the qualities of the fluid at the point of
origin, Only alter completion of the exchange travel over the dis-
tance £, will 1t mix with the surrounding fluid.  From this it is possible
to calculate the transport of a given size of suspended particles with
a known scttling velocity v, 3f the concentration of these particles at
i is¢. The upwm(l molion of pirticles per unit arca and per unit
time is:

St (u-——f);)
and the rate of downward motion 1s:
c(w:g'-h.) (U—HJ;)
The net upward motion is thercfore:
e RN e TN RS (19)
3 C(H__‘;_.,c) vty i L(N‘%f‘) [ Y
Negleeting all higher terms, the concentrations may be expressed as:

— de,
==l
20
(f(..u (20

c,,-i— le
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Introducing these cxpressions (20) in cquation (19) the net upward
motion is:

[(c" 2" d.l)( o) (0»+23d"” (v +v,)]~—

- de,
—c,,v,—;_,_— ?}L E?;}.
Most interesting is the equilibrium status at which there exists ne
net flow in cither direction:

dey
dy

In equation (21) beth v and {, are unknown. It is customary to
assume that these two values are cqual to the corresponding values
in & similar equation for the exchange of momentum through the same
aren. Assuming that the shear due to viscosiby mey be negleeted
compared with that duc te momentum transport, the depth ¢ may be
introduced:

Cyls + of, {21)

= Rl BTNy

1 1,d
o[ (9]

1 du
'U'.ig;g d'y

From this we calculate:

Told—y 1 _pdoy |
d du/dy Y T dufdy (22

gs}x;g equation (3) for the velocity distribution we may calculate
widy:

duy, _ 5.75 u,
dy  2.303 y

Introducing this value into equation (22):

ﬁl,=~—0.40y-u.,,d—;ﬂ

This value may be used in equation (21}

. d—y dey
€0, =0.40yu, 4 dy
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Separating the variables:
de, 7, d dy

¢, 0.40u, y (d—y)
and introducing the abbreviation:

Uy

£70.30u,

27
we can integrate this squation from ¢ to ¥

J ! ££-5‘—"=J‘"uf(lﬂ'gc e =log,{c,)—log. (¢)=log, (E—") (28)

e Cy
v zddy [ { d—y *}_ . (céwy a )‘
_Ju yd—y)  4lo: ¥ —log. ¥ _d—a

This may be rewritten in the form:

& d—y a ¥
Ga_( Y d—a) _ (29)

and may be used to calculate the concentration of a given grain
size with the settling velocity », at the distance y from the bed, if the
concentration ¢, of the same particles at distance a is known,

Tue TravsporraTioNn Rate oF SuseEnpeEp Loap

This entire dervivation is based in part on the assumption that the
instantaneous velocity of any suspended particle is that of the sur-
rounding water plus its own scitling velocity in this fluid, the two
velocities being added vectorially. 1is makes the horizontal velocity
component of the particle equal to that of the surrounding water.
This allows us to calculate the flow rate of sediment particles st
elevation y per unit arca and time: ¢@,. In order to see how this
rate changes over the vertical we may assume %, to be about constant
as the logarithm changes very slowly eompared to the power function
of ¢,, which cquals zero at y=d and becomes infinite at y=o. An
infinite concentration is an impossibility, None of the distributions
can, therefore, follow equation (29) down to the bed, but there is no
reason why they should not do so up to the surface. If the transport
by suspension is integrated over the vertical it is very reasonable to
begin the integration at the water surface nnd to integrate down to
the depth v. %\'e will sce laier how far down the suspension actually
determines the transport.

INTEGRATION OF THE SUSPENDED LOAD

The integral of suspended load moving through the unit width of a

* crosa section may be obtained by combining equations (29) and (3).

d *d — H
f ey — J ou (d y_@ )5.751.:,, logio (30.2y/8)dy  (30)
v v y d—a

893370°—51—3
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This long expression may be slightly shortened by taking some of the
constant faciors out of the integral, and it may bhe simplified by
refei ring the concentration to that at the lower limit of integration a.
By replacing e by its dimcnsionless value A==eafd, and using d as the
unit for y, we obtain

d 1
qi=f e&rﬁvdy=f deidy
i3 A
_ A Y _ . O —yN Yy (30.29Y
=du._c, (T:;Tl) 5.75 J:. ( ” ) logye A )d.y
. A Y o (302N (O LuY _
=5.7 Se.dn, (—-——-—-_I_A) {lonm( A ).L ( ” ) dy+
(352 toguaye ;
) ¥ OR Yy (31

In order to reduce the two integrals in ecrmlion (31} into a basic
form, the log % is changed from base 10 {io base ¢ of the natural log-
arithms using the relationship

10gm (¥y=log, () log., (e}

As logy, (¢) has the value of 0.43429 we may write equation (31) in the
form

* 30.2
g,=5.75 u,d ¢, (%4) {logw (ggjg{)

"(l=uy *J" 1=wy }
L( 24 dy+o.434 __|( - )log,ydy 3)

with
T 0.40 u,

¥ measured with 4 as unit

A==afd

1‘-*2 ‘\‘(Tuhg—_-— fS,R _(,'

Herein are:

G. the sediment load in suspension per unit of width, measured
in weight, moving per unit of time between the water surface
and the reference level y=a '

t, the shear velocity .

¢. the reference concentrution at the level y=a. (¢, is measnred
in weight per unit volume of mixiure).

A the dimensionless distance of this lower limit of integration

a.
from the bed, And

z
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z defined in equation {27) as the settling velocily o, of the
particles divided by the Karman constant 040 and the
shear velocity u,

¥ the variable of integrattom, the dimensionless distance of any
point in the vertical from the bed, mensured in water
depths o,

Nusmericarn INTEchaTION oF SusereNpep Loap

Equations (33) and (34) are true 1o dimensions.  Any consistent
system of units will, therefore, give correct results.  The two integrals
in equation (33) cannot be integrited in closed form for most valites of
z. (thc numerical integration of the two integrals for a number of
values of A and z was thus {he only possilse soluticn of the problem.
After a survey of the available methods of npproach it was decided
to usce the Simpson formula, integrating the 1wo expressions in steps,
whereby each series of integrations for a constani z value would pro-
duce an entire curve of integral values in funciion of A.  Each such
integration was siarted from =1 and proceeded toward smaller
values of 4. Table 1 gives a sample sheet for such a caleulution.  The
values are enleuladed there for 2=0.0 and for 1>4>>0.1. By tluis
same method the entive range 1 2>47>107% was covered for the values
7==02, 0.4, 0.6, 0.8, 1.0, 1.2, 1.5, and 2.0. In addition, z=1.0 was
integrated in closed form, as were some values for z=0, 1.5, 2.0, 3.0,
4.0, nnd 5.0, Values of zabove 5.0, were considered unimporiant {or
the problem in question, beenuse only particles with very hugh setiling
velocities would have z2>5.0, aned these particles move almost ex-
clusively as surfuce creep.

The caleulations were then spot-chiecked by means of a meihod
Twmsed on the development of the funetions into binomial and poly-
nomial series, with the original caleulation carried thireugh to 5 signi-
fiecant. Heures, 1t was found that the derived integral values were
always correct {o within ai feast 0.1 percent; i ¢ to shide-rule ac-
curney.  Most of the values given in able 2 are more accurate than
ean be obtained on a slide rule.

Table 2 gives a hisl of all the values for the two indegrals, J, and. J;
caleulated by means of the Simpson formula.

Table 3 gives inaddition the comparison of some values as ealculaied
by the Simpson rule with those determined by closed integration for
the exponent Z=1.0. The other inicgrations checked in similar
fushion with the largest deviation near A=1. for small values of 2,

Table 4 gives the integrals as solved in closed form for exponents
Z=0, 3.0, 4.0, and 5.0.

For pructical use one needs many more values for the integrals than
those ealeulated so far, even if the values of tables 2 and 4 cover the
entire range of practically important 4 and 2z values. The full
covernge of the entire field is accomplished more casily by graphic
interpolation than by calculating additional integral values. For
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TapLe 1 ——Sample calculatum of the znteqralsf (———»« !) dz mzdf(]_u Log, (y) d=z. for z=0.6 and 1. 0>:,>0 1,

Yy
using the Simpson formula
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TaBrg 2.—Values fortheintegrals J, ,=~f (—‘—'1-/ 1) dy and Js=— [‘ (L?/ﬂ> log. (y)dy asdetermined by the Simpson formula
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TasLe 3.—Check of the Simpson method for 2=1.0

e

{1 — P
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K Y
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TasLe 4 —Additional integral values caleulated in closed form
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this purposc M is convenient to transform equaiior (33) inio the
following form. ®

Page 241 AL end of tine 8, “(34} 7 should be Inserted to designnte the equation
ntimber.

with
_ Wi A A Y
fm0216 2 [ (54)

A= 1A —?;)" _
=0.216 = ... Lk o [
I.=0.216 Ty Jd ’ log, dy

(35)

Hercin (11.8 1) is the flow veloeity al the outer edge of the laminar
sublayer in cese of hydraulically smooth bed, or the velocity in a
distance of 3.68 roughness diwmeters from the wall in case of a rough
wall, It isa good measure for the order of magnitude of the sediment.
velocity near the bed. The svinbol ¢, stands for the sediment con-
centration ab a distance ¢ from the bed. The integral values I, and
Iy ave plotted in figures 1 and 2, vespeetively {see charts in pocket,
inside back eover).
TAMIT OF SUSPENSICN

Equation (29) shiows fhwt ad the bed and in a layer near the bed
the eoncentration beeomes very high, infinite in the limit.  Obviously,
nol. mare sediment particles can be present in any cubie foot, than
there is room Jor. The maxtmum. is abeut 160 pounds per cubie foot. o
If, on the other hand, (his coneentration were assumed to exist
at the wall, at y=0, then ilie rest of the section would have zere
concentration. This further demonstrates that the suspended-load
formula (29) cannot be applied at the hed.

The mixing lengih {, has been defined as the distance which a water
particle travels in a verlical direction befere i mixes again with the
surrounding flud. The actual size of 1, and of the Auid masses
which as 8 unil comprise {his exchange motion was nel considercd.
It was pointed out, however, that 1, is not a differential or a dimensien
of mfinttely small magnitude, By correlation measurement, especinlly
between velocities in wind-tunnel flows, it has been found that the
order of magnifude of I, is the saine as that of Auid masses which
as a unit muke the exchange meotion. it was found, furthermore,
that both decrense proportionally with the distance from the wall.

THE Bep Laven

What happens (o the suspended pariicle as it maves near the bed?
Suspension, s defined hevein, is obviously meant to describe the
metion of a small particle moving aronnd in a fluid with o rather small
velocity gradient: Only then does the “velocity of the surrounding
fluid’” have a meaning. By means of the purameter £, this norma
case of suspension may be easily expressed where the grain dismeter
D is very small compared to the mixmg length 4, It has been shown
that {, becomes smaller and smaller as the bed or uny wall is ap- ]
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ronched.  There, the velocity of the surrounding fluid as such has
Httlu menaning, because on one side of 1he grain the insiantancous
velocity fluctuation may have one size and diveclion, and on the
other side ity be entirely difierent. The resulting effect on the
particle may be steesses in all directions, but the vesulting force
becomes negligible. One might say that the water only tickles
the geatn; it cannel push it. The value I, cannol be used there
to express the particle motion according to equalion (21}, In the
extreme case of very smali /, values the pariicle is never supporied
by the fllow nid seliles out.

The flow layer at the bed in which the mixing length is o small
that suspession beeomes impossible has been found to be about 2 grain
dineters thick,  ‘This may be designaled as the “hed layer.” In
veality, the region i which suspension degenorsles 15 not sharply
defined.  There exisls rather a Svadoad teansition Lo the rest of the
flow, It is feasible, nevertheless, o idealize the condition by intro-
ducing o sharp division between the bed layer and the bulk of the
flow, as is customary W the cise of the laminar subluyer. These two
layers, however, aee catirely independent, as indiested by the fnel that
the threkness of the bed layer is defined in terms of the grain dinmeter,
which does not influcnce the sublayer.  (Sce equation (5)),  Since
most sediment beds are mixtures of various grain sizes il 18 necessary
to inlroduce a separate bed-layer thickness for each ginin size, while
the laminar sublayver is naturally {he same for every grain in the mix-
ture. Certain difficultics arise when the two layers have about the
same thickness, These difliculiios will be eovered later in discussing
the bed-load motion or surinee erecp which s the mode of metion
inside the bed laver.

PRACTICAL CALCULATION OF SUSPENDED LOAD

The following equations are used for the ealculation of suspended
tond ;

Equation (3) for velocity distributions.

Equution (9} {or the {victional loss along the bed surface,

Figure 5 for additional shape resistance of sediment beds in uatural
rivers.

Equation (29) for calculating the sediment concendrntion,

Equation (34) for the teiud suspended sediment load,  These equa-
tions include a number of variables and paramelers wiiieh need some
explanation. First, equation (3) gives the velocity distribution near
an even bed of the roughness &, (measured as a represcntative grain
stze), It may be applted, thevelore, near the back of a bar. The
value u, assumes then the value w,. The parameter 2 is to be read
from figure 4. ’The roughness &, for a natural sediment mixture may
be determined from the mechanical analysis of the bed maderind as
that size of which aboui: 65 percent (by weight) is finer.  This rule of
thumb has been checked very often and has never failed. :

Eguation {9} and figure 5 need no additional explanation.

In equation (29) the relative position of ¥ and ¢ is unmalerial,
Neither of them may be inside the bued layer, however, so that 20 is
the minitnum value for both, The relation ¢=20 may be used as o
rule of thumb. In the parameter z the setlling velocity v, for sand

BHHT9°— 51—
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and. gravel may be read from, fizure 6 (n pockef inside back cover),
which represents a replot of Rubey’s equativn {(17) and which seems
to he feirly relinble, more so than theoretical curves based on the
settling of spheres.  Again, the value wé may be used for .

It is clear from the preceding explanations that the different seeli-
ment: stzes must be enleulated mdividually.  In this conneetion the
question arises as to how large the mdividual size ranges can be made
without impairing the accuracy of the results. No systematic study
has been made in this respect, but it was found that the convenient.
range of /2 0s suggested by the standard sieve-sets is very satisfac-
tory. Several times, when the mnge of sediment sizes in o rviver was
ruther large, the range according to sieves at a factor 2 was tried and
no devinbons larger than 10 percent woere fTound.  As a rule it will be
silll'icicnt to cover the bed sediment of & stream by six to eight size
vlasses,

Nusericar, ExameLn

All these relationships, graphs and rules may best be explained by
an example.  In o wide stream with a waier depth of 13 feet and a
slope of 2 feet to the mile n suspended load sample was taken 1 foot
above the bed. The sample coninined 1,000 parts per million of
sediment of which 10 percent was coarser thun sieve No. 60 (0,240
millimeter) and finer than sieve No. 42 (0.351 millimeter). The
representafive roughuess of the bed is 1.0 millimeter and Dy;=0.5
noflimeter.  With these figures in mind  throe questions may be
askod :

(1) ow much sediment is moving in suspension above the sam-
pling point per foot of width?

(2% What is the concentralion at the edge of the bed Iayer?

(3} What is the totul suspended load per foot of width?

The solutions o these questions ave found as follows:

1. In solving the problem some prelimninary values must first be
enlculated.

10 K7 is assumaed to equial R=d=15 leet, the value of ¥ may be
caleululed using equation (11):

g 2:68=1Y 0.5 5280
1.0 305 152
pounds as the units.

=(.484 using feet, seconds, and

The following numerieal values are used: 8,=2.68; 1 mile=
5,280 feet; and 1 fool==305 millimeters.

: o U
Figure 5 gives then 1?=1 10
*

H 3 b - 2 -r)()-'——] o 9= 15'305
Equation (8) gives %==4/15 5530 32.25.75 loge | 12.27 To /=

1L.7 fih.fsce. with the accelerztion of gravity assumed to be
G=32.2 {i.fsce.?
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Now uj maybecaleulated ul= ITT(;{ =0,106 foot persecond. From

1  0.10625280

Sng=—'—2-':§§-.—§-— =0.920 foot.

this Y =ud?

This gives a first correction for R’
R'=150—R'"=14.08 fect.
Now & sccond approximabion is obtained:

g 2881 0.5 5280 1
| 305 2 141

=0.515

H

LK}
"ur*

=08

4.1
um‘/m 1 mso 32.2 5.75 !og.o( .27 o5 if}r)
=11.3 fecl per second

e V13
Y= 55 =0.115 foeb per second

u,?_0.115° 5282
Sy 322 3

Straight hne exteapolation permits ns to try:
=113 fect
RB'=13.87 {cek

0.5 53280 1
305 2 1387

R'= =1.09fcet.

W= 68 — =0.524

=1ii.2 feLt. per second

- w2 oo 13 87
a=\/l3 BY -')280 32.2 5.75 log.o(l 5)

. 11,2
Ur="9g

prr0:1197 5280
32.2 2

R'=150—1.16=13.84 feet

——==().119 {eel per second

=1.16 feet, which is sufficiently close

4 2 2 — "
u,—\/l 3.84 5380 32.2=0.411 fect per second. |
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The average grain size D for the range i8 given by the geometric
mean of the range limits

D=+0.351-0.246=0.294 mm.=0.000964 feet,

10
15.0
fee

At the point of sampling A— =0.0667

k,=1 millimeter=0.00328

by kyu, 000328 0.41]
é

=165 11.6 0.000012 70

2=1.00 (irom figure 1)

1,000

=010 1560,000

62.4=0.00624 pounds per cubic foot.

The exponent z is calculated from the settling velocity
9,==0.125 feet per second '

%, 0125
2=g.40 w040 - 0411 0700

using equation (35) and the graphs for 7, and I, figures 1 and 2,
respectively

Il=0.5g
I,=—0.87

g,=11.6-0.411-0.00624 - 1.0{0 43410%10(0 00328

=0.0298{6.99—0.871=0.183 pounds per second-foot

15)(0 59)—0. 87}

which is the sediment transport per foot of width above the

' samphnf station.

2. The sediment concentration at the edge of the laminar sublayer
for sediment between 0.246 and 0.351 millimeters is calculated from
aquation. (29) directly.

y =20=2-0.000964=0.001928 feet
a2 =1.0 foot

¢,—0.00624 pounds per cubic foot
2 =0.760

d =15.0 feet,
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_ fd—y a Y_ /150 L0 \o
"”"”"( Yy d—a) ‘0'00624(0.001928 14.0

=0.00624 (555)%7%
=0.764 pounds per cubic foot
3. The total suspended load of particles between 0.246 and 0.351
millimeters is calculated from equation (34) for the reference level
Aata=2D,

_0.001928

4 15

=0.000129

¢,=0.76¢ pounds per cubic foot
z =0.760

I, =562
I, =—19.7

}from graphs, figures 4 and 5, respectively

3 o o T g . 0l bo chianied to ‘5627
p— oA A e 'y > ofy v
Page 20 In line 12 giving the solution ‘iff?{éé,&%'?l{%l.UUZ&S" SR et

=0.00702[66.5—19.73=0.329 pounds per second-foot of which
0.329—0.183=0.146 pounds per second-fool move within a foot
from the bottom.

This provides the full solution of the problem. The only purt which
cannot be calculated directly is the division of R into B’ and R’
Triel-and-error methods must be vwsed. Tt is possible, however, to
celculete the entire curve at B egainst B’ by first assuming values of
', then caleulating R’ and £ and plotting the results as & curve,
The value of B’ may then be read from the curve for any K value.

BED-LOAD CONCEPT

It has been demonstrated that the motion of sediment particles in
the bed layer cannot be deseribed by the theory of suspension.  The
reason is that the particles there are not “suspended’” by the fluid.
They settle out, down to the bed. This does not imply, however,
that they do not move any more. It only means that, while moving,
their weight ia supported by the nonmoving bed and not by the ﬁuiﬁ.
Accordingly, they move by relling and sliding on the bed or by making
short hops (of & few grain diameters in distance), more or less con-
tinuously remeining in the bed layer while moving es bedioad or
surface creep. The expression *“surface crecp” is more frequently
used for particles that move at times in suspension. For the large
particles which never go inte suspension in the flow the more familiar
exprflgsion “bed load’’ mey be used without any danger of misunder-
standing.

Bed-l%ad motion has been studied principally in laboratory flumes
under conditions where suspension may be neglected. An exeeption




30 TECHXNICAL BULLETIN 1026, T. 8. DEPT. OF AGRICULTURE

is the classic series of experiments by Gilbert (91 which included sizes
down 10 0.3 of a millimeter. A large number of auiliors have tricdd
o find a single bed-load cquation which would deseribe the total
iransport in all these experiments.  ‘Lhe writer holieves that this is
hasically impossible as movement in suspension follows principles
which are entirely difTerent from those which govern bed-load trans-
port. Hven if a generul formula conld he devised to deseribe all of
Gilbert’s experiments il is almost certain that this formula would hot
be applicable to the great water depths of a natural river,

For the present purpoese, Led load moving as surface ereep is defined
strictly as: the motion of hed particles in the Led layer by rolling,
sliding, or hopping.  This definition purposely excludes from bed load
all particles finer than those of the bed.  For practical purposes one
may even exclude the linest 10 pereent (y weight) of (he hed material
since these particles do not usually represent a structural part of the
bed but only looscly fill the pores hetween the farger particles.

The qualitative results of (wo flume experiments which ean be
casily repeated may he helpful in understanding the mechanics of
bed-lond motion. In the first experiment a (low is dischargnd con-
tinuously over a sediment hed and sediment is added ai the upper
end until deposition causes cquilibiium fo be establishied throughout
Lhe length of the bod.  Then certain particles, marked so (hey ean
be itentified, are added at (he upper end,

Visual obscrvaiion shows ihat the bed-load particles move with
o velocity that is comparable with the water velocity near the bed
made visihle by injecting dye. By assuming ihai the bed particles
move ab the snme velovity as the flow in the bal laver, the Gime afler
which the marked pariicles should have reached lie downsiream end
¢f the fume ean be ealeulnied. 16100 percent is adided o this Lime
for u safety allowance, one might expect to find all the marked sedi-
ment pacticies sulely in the deposit ad the downsteean end of the Tume.
On ihe condrary, however, if the flow is interrupied at that instant
adl Lhe deposit ingpeeted one may finud ouly one or two of the marked
particles there,  Mast of them have teaveled ondy a small fraction
of the distance and are found in the stream bed near the upper ond
of the flume. This result is not compatible with the assumption of
an equitibrivm condition unless an equal nwmber of bed particles
have been scoured from the bed during the same period,  This pussi-
bility may be tested by a second experiment. Before the experiment
is begun the water is drained from the flume wnd the bed allowed (o
dry. Dye is sprayed on a predetermined part of (he Ded area anil
thus all the sediment particles of that area are marked.  Upon vesump-
tion of the experiment one observes that, gradually, all marked paviicles
are eraded and replaced by others of the same type.

The two experiments prove definitely that an intimate relationship
exists between ihe bed-load motion and the bed.  Actually, bed-load
motion is molion of the bed pacticles.  In experimienis similar 1o the
one deseribed first, the author (2) has shown thal the motion of the
bed. particies is fully governed by statistical laws which can be stated
as follows; '

L. The probability of a given sediment partiele being moved by
the flow from the bed surfuce depends on the particle’s size, shape,
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and weight and en the flow pattern near the bed but not on its
previous history. _

2. The particle moves if the instantancous hydrodynamic lift
force overcomes the particle weight.

3. Onee in motion, ihe probabnlity of the particle’s being rede-
posited is equal in all points of the bed where the loeal flow would
not immedinicly remove the particle again,

4, The average distance traveled by any bed-load partiele be-
tween consceutive points of deposition it the bed is & constant
for any particlc and is independent of the flow cendition, the
rate of transport, and the bed composition. For the sediment
grain of average sphericity This distaner may be assumed o be
100 grain-diameters,

5. The motion of bed parlicles by saltation ns deseribed by
%3{5%71101([ (1) may be ueglected in water, as proved by Kalinske

10).

6. The disturbance of the bed savface by moving sediment-
particles (1) may be negleeled in wader.

From these findings it follows that the varinbles which at any spot
in the bed determine the bed fond are (1) the composition of the bed
within an area 100 grain-diamelers from the spot, and (2) the flow
conditions near the bed in this snime avea.  Conversely, the bed-load
rate is not influenced by o slow change of the bed location as long as
the composition of the bed does not change.  The laws of the equi-
librium transport may be used, therefore, o deseribe the bed-load
transport op a changing bed, as long as i s pessible to deseribe the
bed and the flow lecally during the trassition.

Some Constaxts Enteaineg tHE Laws o Beo-Loan Moron

The following derivation of a bed-lond equntion is based on a large
amount of data ebtained from flume studies and from ficld measure-
ments and ohservafions. One set of experimeunls determining the
forces neting on hed particles (8) contributed the following informa-
tion:

1. The roughness diameier &, is somewhnt larger than the
average grain diameter. 1t may be assumed. to equal the diam-
etor Dy, which is the sieve dinmeter of the grain of which 65
pereent of tiie mixture {by weight) is finer.

2. Friciion along & sediment bed without ripples, bars or other
irregularities is well desceribed by equations (3) and (8).

3. An aversge dynamic lift, force acting on the surface particles
of the bed may be expressed as an average lift pressure pg, by the
equaiion

2

Pr=¢Cy 5;*2— _ (36)

where ¢;=0.178, s, 1the density of the flisid, ¢ the fow velocit;y at
a.dislancs 0.35 Dy, from the theoretical bed, and Iy is the sieve
size of the grains of which 35 pereent arve finer.

4. The pressure fluctualions due to turbulence follow in their
duration the normal error luw, the standard deviation being 6.364
of the average lift.
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Besides these experiments there are 1he results from o large number
of hed-load experiments which determined the sediment transport for
a given flow over a given bed.

The least compliented cuse of bed-lond movement occurs when a
bed consists only of uniform sediment.  Here, the transport is fully
defined by a rate. Whenever the bed consists of o mixture the trans-
port must be given by & rale and a mechanical analysis or by an
entire curve of transport agninst sedirnent size.  For many years this
fact was neglecied nnd the assumption was made thai the mechanieal
analysis of Lransport is ideatical with that of the bed.  This assumip-
tion was based on observation of cases where actunlly the entire bed
mixture movedd as a unit.  With o larger range of grain diameters in
the bed, however, and especially when part of the maderial composing
the bed is of a size thai goes inlo suspension, this assymption becomes
untenable.  Some examples of such o transport are given in the flume
experiments deseribed on pages 42 ko 44 of This publication,

The mechanienl analysis of the material in fransport is basically
different from that of ile bed in these experitnents, This variation
of the mechanical analysis will be described by simply expressing in
mathematical form the fuct that the motion of a hed particle depends
only on the flow and its own ability {o move, and not on the motion
of any other parficles.

THE BED-LOAD EQUATION

The bed-load equation by definition is the cquation which relates
the motion of hed material per umil width of bed Inver to the loecal
flow. Afeer the description of motion in the preceding chapter it may
be ensily understood that this equation must express the equilthrium
condition of the exchange of bed particles between the bed layer and
the bed,  For each unit of tiime and of hed aren the same number of
a given Lype and size of particles must be deposited in the bed as are
scoured. from it.

To express the rate at which a given size of sediment, particles is
deposited m fhe unit hed arcea per unit of time, lot g, cqual the rate
at which bed load moves thirough the unit width of ¢ross section and
lot 4y cqual the fraction of gy ina given grain size or size range.  Thus
guin 18 the raie at which the given size moves through ihe unit width
per unit of time.  Ajl the particles with o parciicular dinmeter D are
just performing an individual step of 100 2 or, more generally, of
A2 fength. When they pass through the particular cross section
where g, is measured, however, it 18 not known what part of A0 the
mdividual particles have already travelled.  They must be assumed
to be deposited anywhere from zero to ALD dewustream of {he section.
The area of deposition is ALD long and has unit width. If ¢, is
mensured in dry weight per unit fime and w4l awd Sr a2 e sl 0

Page 32: In fourth 1ing .f.'f'_’.m, [’.‘.?E:H"‘f} True aUeCnirieLIon o1 gravily,
Ghe number of such pariicles deposiled per unib time i the unit of
bed area sy be expressei as: :

Quln ?-Rq_r_rq

A DA Ds g™ A A gs, P

54 shouhd be changad Lo s
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"The rate at which sediment. particles of this size are croded from ihe
bed per unit of time is proportional to the number of particles exposed
at the bed surlnce per unit of area and o the probabilify p, of sucli a
particle being eroded during 2 second.  If 4, i the fraction of the bed
sediment in the given size range it may be assumed that this repre-
sents nlso the frection of the surface covered by particles in the same
size. T'he number of purticies 17 in o unii, eren of bed susfiee is thus:

7

AP
and the number of particles eroded per unit arca and {ime is;

opy
." 1 f)‘l

If the Lime, &, necessary 1o replace a bed particie by a sitnilae one
were known, the probability of removal py per second could be re-
piaced by the absolute probability p to be exchanged as pdi=p. Thus
it follows that p, is the number of exclinnges per second, {4, the time
vonsumed by cach exchange, and pd, the ol exchange time per
second, or the fraction of ihe toial time during which an exchange
acrurs, which is the definition of p.  The number of particles croded
per unit. aren and tme is then: g

L
AP

Tre Excaaxce TiME

No meihod exists today of determining experimentally ihe exehange
timpe 4. Bulb experiments indiciete thad & is anothier characteristic
constant of the particle like the unit-distance of travel.  As such il
must be possible to describe it withoui istroduetion of the flow.  The
time & may then be nssumed to be praporiional {o the time necessary
for i to settle in the fluid through a distance equal to its own size:

D ‘/_7 ot
o= Ay e Ay 37

g ¢ Ty ¥ {}(S,—Sg) (% 9
and the number of particles ereded per unit of area and time is:

_dpfela—s)
A, U":l;;\ Tis,

and the bed-lead equation (38) shows that this rmic of scour equals
the corresponding rate of deposii:

_ingn T :
s,flgi‘flbyl)i A;gil;D", I)Sg ('\-;S}

BOANTH--N - —5
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Tue ExcHanas Pronaniry

"T'he probahiiity, p, of being eroded has been cefined as the frretion
of the tolal time during whielr at any oue spol the local fow conditions
cunse a sufticiently large lift on the particle to remove it. With all
points of the bed statistically equivalent, p may also be interpreted
as the fraction of the bed on which at any iime the Lift on a particle
of o given dinmeter £ is suflicient, Lo ciuse motion.

With this interpretation, p may be used to culeulate the distanee
A that o particle travels between conseentive places of resic

has been shown that this distance AL was found cmpincally Lo be a

conslant for ench size particle,  As long as p is small, deposition of the
particle is practically cverywhere possible and Ay equals a general
constant, A, which has about the value 100, Il pis not small, however,
ii. must be recognized thai deposition cannol oceur on that par
{p} of the bed where the lift force exceeds the particle werghi. By
averaging the distances traveled by the individual particles wntil they
are able Lo setile oui, the value A D can be exprissed as:
(1—1 particles are deposited after traveling a2
p particles are noi, deposited after traveling A2, OF these,
p (1—p) pariicles are deposited alter traveling 23D
2 particies are not deposited after traveling 28D, Of these,
Pt (1—p) particles are deposited after traveling 33D and so on.
The torat (and average) disiance traveled by the unit is obtained by
addition:

A= 0 pprlat o=, M

Hasl {1— P) (3 9}

a3 may be found easily.  If this value is iniroduced in the above bed-
load equudion it may be rewritien:

Guln(1—p) Lp ;}‘(;;“_“;_‘J

Ags P T A, A0 T s, (+0)

or, sepuriting p on one side of the equaiion:

_-_?.j - Tt-_‘] .-'l:; 3—{" gi’i ( ._9'! . * _]\_)‘s
1—p Aok Tl Uself \s5—5; glr

SEREUERRY (a1)

Therefore, p is the probability of a particle being eroded from the bed
and ¢ is detined as:

i s Y ﬁL)s
q’_s,f; (s,—w (yU“ (42)

Thus & is n dimensionless measure of the bed-load transport; it
may be called the intensity of bed-load transport.  Being a dimension-
less paramecier it does not change wilb the seale and is, therefore,
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invariant beiween model and prototype.  "This reletion may adso be
expressed as follows: If @ is cqual in two dilferent flows, the two rates
of bed-lond transport are dynmmicaily simiar,

DETEERMINATION OF THE PROBARILITY p

As already noted, p is ilie probahility of a pastiele being eroded
from the bed, which means (hat the probability of the dynamic Bt £
on the particle is larger than its weight (under water). The weight of
the pasticle under waler is

Wl glsy— 53) Ao LP (43)

while the it foree many be expressod as
o+ i, .
.L=I‘.';,Sp 5 'H»'_.fl;l'.}‘ (.]..!)

In these two expecssions atl varinbles have been defioed previossly
exeept the QN cocefficiont ¢, which Einstein and 1 Samni (51 found by
pensareinest (o he ¢,=0.178, and ihe velocity w newr the bed which
£ Samni feund must be measured 2t o distance of 0350 from the
theoretien bod for uniforn sediment.

The forers acting on ndividual pasticles of a notweal sediment mix-
ture i a2 bed ennpot very well be mpeasured. They must be deter-
mined from their effeel on the movement of particles.  In analyvzing
the experinents deseribed on pages 42 10 44, the following geneenl
vesulis were found:

1. The velocily seting on all particles of a mixtare must be sncas-
ured ai a distatice 0.33X from the (heoretical bed, whereby:

Ne=(L774 0 /821,80
) (43}
N=1.398 if A55<1.80

2. Whe particles smaller than X (N2> 0) seem to bide beiween the
other pariicles or in the lainar sublayer, respectively, and theiv Bit
must thus be corrected by division with a parameter § which itself i3
a fanction of DX (hg. 7, in pocket, wnside back cover).

3. An additional correction lactor I wias found to deseribe the
change of the lift coefRicient in mixturcs wilh varicus rounglawess con-
ditions.  Figure 8 (in pocket, inside back cover) gives the correction
Y in terms of £,/8, ¥ being uniky for uniform sediinent.

Using these assumptions the velociby in the expression for the
average Wt L may be writien as:

30.2 0.3_5_.@)
A

w—u,53.73 l{agm(-- e

wi=£, 8,4 5.75% log, ( 1G.6 %)
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At any instant the lift forve may be deserihed by:
L=0.178s.4, D" & R,8.95.75% logg, (1 0.6 %) (1] (46)

where 7 18 8 parameter varying with time.

Now o may be expressed as the probability of WL to be smaller
than untiy:

1> K_[ 1 ]{s,—e, D }( 24, 1
L Li+gdU s R.S.I\6178 A, 5.75°/ Tog, 10.6 X/A)
(47)
The value of 5 in this inequality may be cither positive or negative.
In bolh cnses the Lfi is nctually positive and musi, therefore, be

understood on an abselute basis.  The inequalivy may be written
in absolute values:

Hi-+-9] > B —'~ (48)
Bx
Introdicing the abbreviations:
s D
Y="0RE,
2 .‘13

T0.178 A, 5.75°

Bc=log, (10.6 X/a)

Tniroducing the two correction factors £ and ¥ nccording 1o the pre-
viously quoled assumptions, ihe ineguality (48) may be generalized:

] S EY B g‘% | . 50)

where
tis a function of DJX (figure 7)
¥ is a function of L,f5 (figure 8)
B =n/a
B=loyg, (10.6)
and
8%/8% =1 for uniform grain and z=1
Y =1 for uniform grain and z=1

£=1 for uniform grain and r=1
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Inequality (48) may be written more convenicntly by squaring and
division by 5, the standard deviation of g, Introducing s=x,7,

[V ot} 2> B2 Y2 BL W% (8785 ) =Bl ¥} (53)

i B,=B"/n }

and ¥, =tY (8385 v (54)

Using these symbols, the limiting cases of motion may be written as:

{ lfnﬂ 'i_ﬂt]2= [I{“'I"]z

[mJrasers= = B ¥, —ifn, {55)

As the probability for n, values is distributed according to normal
error lnw, the probability p for motion is:

] By¥,.— ”'ig
p=1 ——---:f e—12 (ft (56)

‘md —Bob.—1fn,

where ¢1s ondy a varinble of integrtion.
By combination with cquation (41) the final bed-load equation is
obtained:

p=1—-_ e dt=

= —— a7
=) R T A Wiafi) 1—Agds 7

] J Aeta—ting Ay P(2pft) Audy

This equation appears to be very complicated and difficult to use, but
il is rather casy to apply. 19, A, and B, are universal constants such
thai the equation may be represented by a single curve between the
flow intensity ¥, and ihe initensity of bed-load transport #,. This
relavionship may be caleulaied from tables of the probability integral
for the value 1/m=2.0 as determined by El Samni.  'The constants A,
and B, were determined from bed-load experiments with uniform
gruin for which #,=¢ and ¥,=¥. Figure 9, appendix, shows a
plot of some experimental points with the curve using A,=27.0 and
B,—0.156. As experiments two series were used: the low intensities
are flume studies made by the writer in 1932-35 at. Zurich, Switzerland,
using gravel of about 27 millimeters average size in a 7 X7 foot channel;
the higher intensities are the Gilbert experiments with 0.785 millimeters
average grain size. No measurements were left out from either set.

Field cexperience with the applicability of these formulas is still
limited. The formuln ean unquestionably be applied to coarse sedi-
ment; a5 it is almost identical with most other bed-load formulas for
low intensities. For the higher intensities which occur only with small
particle sizes, some applications to actual rivers have given encourag-
ing results, while more applications under a wider range of conditions
are siill necessary to prove ils universsl applicability. No failure has
been encountered to dale, however.
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Although the corvection 17 ag a function of k8 does not require sy
mplnnatmn. the correetion factor £, which gives the effeel an the
transport when the smail particles of the bed hide either hehind and
hetween larger pariicles or in the laminar soblayer, needs some
comment. In caleviating iransporiation rates for parinlt- affected
hy £ one finds that i(he mie caleulabed on the hasis of the curve of
firure 7 rapidly becomes negligible as higher values of Save npproached:
i, 6. a8 the grain beeomes small (om;)mvd to.X. Thiz re<ull seems (o
contradict the genceal obsorvations in river-sediment measurenoni<
to ihe effeci that these fine particles actually vepreseni the bulk of
ihe iotal lond. But ihis enly seems to be a conimdiction. In the
carlicr part of this publieaiion, it was explained that the entire spi-
ment load of o siresm enn be divided inin twe paris: namely the hed-
maierial load, for which the bed-load funetion mayv be esinblishod.
and the wash load for which no such refationship exists,

The division between the twa parvts of the Ipad was made rather
arbitrarilye ot a speciad grain size determined from the grain composi-
fion of ithe bed.  In reality, however, this sharp divizion between the
two does ant exi=( and there s mstend o gradunal franstiion. Az
result, in this mnge of sizes part of the load is bed-material Toad, par
is wash foad., Or put another way, the rate ai which =uch a border
particle size moves cannat he less than the bed-toad rate I the bed is
not to be changed.  Additional wash load may or may net move
without nny apprec able elfoct on the bed, and, therefore, the maximum
possible tord which may move without enusing a change of the bed by
deposition can be considerably higher.

In thiz comeetion one question of inferest iz why most flume
P\;)emnoms have given the minimam ieansport. without any wash
langd,  The reason appnenllv musi be found m (he t‘\p(‘llln(‘nl.ll
procedure applicd 1 the experiments. The bed was liegg Hilled inwo
the flume and the load or transport represenied eroded bed particles,
Aceording 1o the preceding explanation, that is mercly the minimum
load condition.  An alluvial niver, on the other hand, often oportes
under entirely different conditions.  Us bed is being maintained by
deposition which equals or excecds the seour. Onder this condition.
wash load may be expecieod o oceur. Actually this condiiion has not
so far been (ested in fhune studies. but there 13 no reason why ihat
could not be done,

TRANSIVION BETWEEN BED LOAD AND SUSPENNCD) LOAD

Up 1o this poini. suspension has been deseribed by the exchange
theory between different layers of a turhulent flow. Phe s sediment
load ts described in the resuliing formulas in the form of concenir-
iions, or, to be more exael, I)_v ratios of conecnurations.  Npeeial
emphasis was pul on the fact thai the suspewded load theory permits
determinniion only of the local disiribulion of the sediment bui not
of the absolute wmount ov rate of fvansport. Expcoriesice in siver
measurcmenis, on the other hand, shows that cevtain parts of the
suspendod load follow p funetion of (he flow and vepresent, itherefore,
part of the bed-load function, as previously defined. That et
cannot be explained by ihe lhcory of suspension.  Another relation-
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ship must determine the sedinent concentration ab some veforence
clevation i ibe vertical.

1o o sewrch for this relationship i s kelpiul Lo eemcsmber that i
exists only for particle sizes which are vepresented e the bed of e
stream (5}, 'This fneh suggests that (he concentrations st be gov-
erned from the bed up in some fashion. [ has been shown how the
Hlow together with the sediment composition of the bed determines the
transpori of sedisrent in the bed layer.  The eelationship was found
to be governed by ihe exchiange of sedimeni particles bevween the
hed Iaver and the bed. It is, therefore, very probable that the rela-
tionship governing ihe conecnirntion st the lower edge ol the suspen-
sion could be found by setting up an expression for the exchange of
sediment, partieles betweea the suspension s (he bed  layer.

Such an equilibrimm condition musl have exacily the same char-
neter as normal suspension. Achbually, the normal suspended-load
calendation can be exiended down te the bed laver,  Owniyv the con-
conteation ab the upper boundary of the bed Inyver must be devermined,
The condition of exchange can then be expressed by equating the con-
coentradion at the vpper houndasy of the bed layer with the bottom
concentration of the suspension above,

"Phe problem is now reduced 1o the determinntion of 1he coneen-
tration af the upper boundary of the bed luver.  No available experi-
mentnl data either support or contendicl divectly any assumptions in
ihis phase of the sediment problem.  The total mte of trausport,
iuta, of 0 miven grain size in the bed and the thickness of the laver
ol 2 13 within whach this (ransport occurs have been deterinined and
agsumed, respectively. From these values L average concenlration
i the bed layer may be found. The concentralion 15 defined as the
weighl of solids per unit volume of water-sediment mixwure.  First,
the weighi. of bed-loud material 1w motion may be caleuliied for the
unit of hed aren. Lot wy be the average velocity with which bed-load
material moves in the bed laver while in motion, not inchuling the
vest perisbs, Then the weight of particles of a given size per unit
aren i8]

_?._,J_'; Gu
g

Thi volume of the unit area of bed laver is 2 D nnd the average con-
conteation in the layer is: '

f:n‘ffn__
w2 0

It is probably not much in error to assume that the coneentention in
the entire bed layer is constant, since the layer is only two dimneters
thick. Inorder to leave open a possibility for correciion, the following
equation may be set up:

A, tuitn

2 f) YWy - (5 8)

o=
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The velocity g is not known. Both the flow velocity and the trans-
port near the bed are functions of u,. The two must determine sy
This makes it very probable that u, is proportional to w, beeausc it
has the dimension of a velocity, too. Therefore, ¢, may be expressed
in the form:

. 0

The value As must be determined experimentally. It includes
both the distribution of concentrations in the bed layer and the
velocity of the bed load. 1t can, therefore, best be determined from
flume experiments which compare the suspended load with the hydrau-
lics of the flow. The set of experiments described further on under

“Flume Tests With Sediment Mixtures” suggests that A,,:.—]—ll-—é

is an average value. Equation (59) may thus be written as:
1:-5 fo:].lﬁ Ca ‘u; a (GO)

and the total suspended load per unit width, 4,¢,, may be calculated
from equations (34) end (60}

i, q,='inan5_ I - loe.. /M\ FETE & ST IR TN S o

I, - [T
Page 40: In equation 61, ibe fraction ¥ s’ should be changed t0 “&rpy
wWLCIeUY

1 30.2 2
P=g433 l"g“’( Fejd ©2)

hes the same value for all different Erain sizes of a section. This

relationship relates transportation as bed load to that in suspension
of all particle sizes for which a bed-load function exists.
The total load ¢» may now be calculated

ipqr=isgstisgs=iagalPL+L+1} (63)

in which, as shown edrlier, I, is always negative. This completes the
presentation of the theory on the basis of which the bed-load function
of & reach may be calculated.

THE NECESSARY GRAPHS -

The following comments further explain the use of the working
graphs (figs. 1, 2, and 4 to 9, inclusive) referred to in the course of the
preceding explanation of the theory, and figure 10, work graph,
referred to below.

1. Figures 1 and 2 give the two integrals 7, and I; in terms of the
exponent z and the limit A. Of these, I; is always positive and 7, is
always negative. For values of 2>5 the expression PI -+, usually
becomés smaller than 0.2 and may be estimated directly as it may be
practically neglected against the additional 1 in equation (63). This
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means that the particles do not go into suspension but sty perma-
nently in the bed layer.

2. The curve of r againsi &,/8 of figure 4 is derived from Nikuradse's
experiments (15, 16), which used saud grains glued to sicel pipes as
rovghness. The curve has always been found to describe relinbly
the roughness of plain sand beds.  Some deviations may be expected
if the range of grain sizes in the deposit is very large.  Especially,
the rather crude rule of k= Dy, may not be too reliable if the sediment
contains appreeinble amousits of silt and clay. Dy is the gram dinm-
cier of which 65 percent by weight is finer. The curve eannot be
used for most, fabriented surfaces sueh ns steel, gulvanized pipe, and
pitted conercte.

3. The curve of wju. agninst ¥' is jess relinble than fhe v curve.
It abtempis Lo deseribe from existing river mensuremenis the effeet
of the irregularitics of o natural stream channel on channel roughness.
Considering the wide varicty of natural channels it s readily recog-
nized thabt no accurate appraisal of this eifect can be given, The
eurve given in figure 5 secms, however, to describe rather closcly the
behavior of natural channcls not constricied by artificiel banks,
vegetasion, or other obstructions. Channels dissccted by trees, by
sinhle vegetated islaends, or by rock islands may show a wfu. value
which is only about 0.7 of the curve value. Some resches with ex-
tremely heavy tree growthi have showed only 0.5 of the curve value.
The eurve does net describe friction condifions in flumes. Flume
measurements may come down to the curve, especially at high rates
of trausport, but they always seem to be wmuch higher at low rates of
transport. The side walls seem to straighten the How so much that
they preveat much of the channel wregulavity from occurring., This
is one of the most important ressons for Hie uncertainty of the curve:
it can be developed ouly from river measurements which ave very
difficult to make aecurately.

4. The curve of setéling velocily v, for quariz grains agninst their
sicve dinmeter (fig. 6) is taken from Rubey (17) for o temperature of
63° I and was founrd to give reasonably good values.  Dillerent inves-
tigatious differ widely in the values for the settiing velocity depending
on the shape of the grats, I sediment of specilic gravities dilferent
from thai of quartz or at different icmperatures is bo be studied, the
reader should refer to Rubey’s original paper.

5. The curve of £ against D/X (hg. 7) has been derived entively
from flne experiments with mixtuves, These experiments covered
six cifferent mixtures but obviously did not cover all possiblc combi-
nations of grain sizes. KEspecinlly, no tests were made of unsorted
mixtures such es those found In mountain rivers near the upper end
of alluvial stream systems where slopes are steep.  This curve is
roughly constant at £=1 for all grains with D>>X, whereas the curve
for D< X has a slope of about 2, 'This means that the lift force
decreases nhout with 1®, The same resulb is obteined if ithe effective
velocity is assumed to deerease linearly with the size.  This eflect
could be expected to oceur in the laminar flow of a sublayer. Why
the same curve seems to deseribe the reduction of the force in turbu-
lent flow (X=.774) is not clear. It may be anticipated that the
curve for D</X appears to give & minimum value of transport for
the bed under consideration; no maximum curve is known today.
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6. The curve of ¥ against k,/8 (fig. 8) seems to be well defined by
flume experiments. The seatter of the points is much smaller than
that of the & curve. It shows the cffect: on the lift force as expressed
by equation (46) if the bed as such is not hydraulically fully rough.
ﬂle relationship, although entirely empirical, may be interpreted as
& correction of the lift cocfficient,

7. The ¢,—¥, curves (figs. 9 and 10, in pocket, inside hack cover)
are entirely theoretical, and represent equation (57). The three
constants A,, By, and », are obtained, yet fully supported by reliable
experiments. For practical purposes the use of the curve in figure
10 instead of equation (57) i= satisfactory. The curve practically
levels off at ¥,~25 cven if, theoretically, &, becomes zero only af,
¥, = . For practical purposes #, mny be assumed to become zero
at ¥,=25. The curves in figures 9 and 10 are identical. Figure 9
shows the comparison of the theoretical curve with flume measure-
ments, while figure 10 is added as a work sheet with larger seales for
easier reading.

FLUMIE TESTS WITH SEDIMENT M(XTURES

The formulas for the determination of the bed-load function,
which cover both the bed material in suspension and that moving as
surface creep, may be tested against flume experiments. Bed mate-
rigl goes into suspension only when it moves at very high rates and
when its settling velocity is moderate. The experiments for checking
the general formulas thus must be made with high-intensity flows
over bed materinl of fine sand. Reports on experiments of this type,
which incorporate all the necessary measurements, could not be
found in the literature. As a result, the writer ean a special set of
26 such experiments during the years 194446 at the Cooperative
Laboratory of the Soil Conservation Service and the California.
Institute of Technology in Pasadenn, Calif. Six different sand
mixtures were used with various flows,

Bed-load experiments usually are performed in o flume equipped
with a sediment feeder at the upper end and a settling hox af the
downstream end. Sediment is added to the flow at the upstream
end according to a predetermined rate until it is deposited nt an equal
rate downstream. In this way, un equilibrium rate is established
for the prevailing flow conditions. In planning test experiments which
were supposed to cover high sediment-discharge rates, such as 5 percent

of the flow or up to about 15,000 pounds per hour, it hecame imme- -

diately apparent that the task of weighing, feeding, and separating
such quantities would be far out of proportion to the scale of operations
in & flume 10 inches wide and 30 feet long. It was concluded that
such experiments could not be conducted feasibly unless an entirely
different method of operation were employed. This new method
was actually suggested by the flume itself.

The flume was one of the so-called circulating types; i. e, the water
was driven by a propeller pump after leaving the downstream end
of the flume. From there the water was passed through a return
pipe directly back to the upstream end of the flume withous losing
its velocity. It was easy to operste the installation in such a way
that the flow velocity in the entire return system couid be kept higher
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than in the flume. This gave the return system a higher capacity
to move sediment.  Actunlly, this capacity was so high that the
entire lond moving in the flume could be transported through the
return channel as wash load in suspension. By thiz method the
spme pump actually recirculated contimuocusly hoth water and
sediment. The sediment load was measured by sampling in & vertical
branch of the relurn pipe. A special study showed that the entire
load in the return pipe was in suspension and very well distributed
over the cross section.

In this system, the following variables were measured:

(1) During the run, the discharge was measured in & contraction
of the retur pipe, the slope of the water surface was measured with
stage recorders in special pressure wells ab four locations and the load
was determined by sampling in the return pipe.

(2) After the run, the loeation and slope of the bed were measured
with a point gnuge and the bed composition was obfnined by satnpling
and analysis. This gave direelly ¢» 2p, Sp, 1, Sw and @, Thus the
water depth , the average velocily %, and the slope of the chergy
grade line S, could be ealeulated.  With the roughness of the side
walls known, £, was caleulnled, nnd from % and Dy, of the bed the
values of w4} and A were determmed by trial and error.  From these
values &, and @, for the individual grain-size ranges were computed
separately with the various formulas and graphs given in the pre-
ceding chaplers,

I'he vesults, which may give the reader o conception of the reliability
ol the method, are shown in the &—¥, graph of figure 1), The curve
of that graph is the sime as those in figures 9 and 10, which are given
for comparison. A large number of points are coneentrated near the
curve whereas others sealter rather widely.  In judging this scalter
one must retnember that eael point represents only one sicve-size of

Froure LT, —¥,~dy, graph for individual grain sizes of flume experiments.
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one experiment. Many such grain sizes arc searce; either i, 4 or 47
may be only o few percent. As a considerable ssmpling error eannot
be avoided in the determination of the s-values, all points were omitted
where one of the i-values was 1 percent or less,

As the ®,—¥, curve of equation 57, as given n figures 8, 10 and 11,
is not used for the caleulation of the individunl &, and ¥, values, this
graph provides additienal proof that the approach which leads to
equetion 57 is basically cerrect.

SAMPLE CALCULATION OF A RIVER REACH

The greatest diffievity u|])plying the differend equations and
graphs to a natural river channel is the basically irregular flow in such
a channcl.  Each cross section is different, from all ether ¢ross sections.
Every vertical in & cross section is different from every other vertical,
To the writer's knowledee no usable theory exists that will permit the
rediction of the flow patterns in the mdividual verticals. But these
ocal flow distributions determine the local sediment motion. The
next best approach would be a statistical descripiion of the different
local flow patterns, but not even that is possible with our present state
of knowledge. We may be able to determine the statistical disiribu-
tion of the water depths, at least for existing river reaches, but the
statistical distribution of the shear, the ul-values, which enter both
the bed-load and the suspended-load equations, are stiil unknown,

Several ruthors (72, 14, 18) have prepesed that 4 should be con-
sidered to be proportionnl to the depth . This is equivalent to
assuming that the local slope of the enerey gradient is the same for all
points of a channel. Even though the cnergy slope may have a
tendency under certain eenditions to be more constant than, for
instance, the depth or the velocity, this assumption leads te results
which are not at all substantinted by observation. If 8, were assumed
to be constant, it would be immediately apparcnt from equation (6)
that ;2 must be proportional to the local R’. Since the transport of
bed load is increasing wilth inereasing ), the deepest points of the
channel should slways have a maximum transpert. But observations
of both flume flows and river models show distinetly that the transport
in the points of decpest scour is usually very small or even zere and
that the most iniense éransport occurs in the medium depths and on
the top of sediment bars. 'This may seem to contradiet a previous
statement that the energy slope has been found to be very constant
along bed-lead-moving flume-flows. Actually, there is no con-
tradiction.

Although the distribution of the iransport can be deseribed at the
different parts of a sand bar, it scems to be impossible to measure the
energy slope locally at the different parts of any individual bar. A
significant change of the energy level is found only between sections
which are at least one or several bars apart. The two obscrvations
thus pertain to variations of & differen$ order of magnitude. _

River observations, on the other hand, reveal that in ailluvial chan-
nels with meandering thalwoeg, the bars with shallow water depth
often show o much larger transpert than the deopest parts of the chan-
nel. This can be expleined only by an irregular distribuiion of the
energy slope, both in the cross section and along the flow lines. For
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want of better infornation about the distribution of the shenr siress
over the entire bed area, therefore, it is proposed to use the average
flow conditions in the description of the channel hehavior. ~ Exceps
in extremely wide and flat channels, such as on deliwis cones, this
method seems to give reasonubly good resulls.

CHolce oF a4 Biver Reacu

In practical caleulations of thic bed-lond funetion for a particular
river veach, the lenglh of the reach must be sufficient te perini ade-
quate definition of the over-ull slope of the chiannel. The channel
itself should bLe sufliciently uniform in shape, sediment composition,
siope and outside effects such as vegeiation on the hanks and over-
banks, that it can be trested as a vaiform ehannel characterized by an
over-all slope and by an avernge representutive erass seclion. Sueh
a section can be deseribed by 1wo eurves in which the cross-sectional
area and the hydraulic radius arve ploited againsi the singo.

Descrrrion ofF A Riven Reacu

One probiem is thab of determining how o number of ¢ross sections
can best be averaged.  As the viver veach is te be treated as o uniferm
channel with censtant cross section and slope, in which only uniferm
flows are studied, a representabive or average slope must be found,
together with the average scetion.  If a sufhcicntly long and regular
profile exists for the river under consideraiion, the gencral slope of the
reach should be taken from it. In the absenee of such o prefile the
slope must be derived from the cross sections themsclves.  Under all
conditions, the cross sections muslk be sied fogether by a {raverse
which gives their relative clevations and the distance between them
along the stream axis, Then the wetted perimeter and the wetied
aren are ealculated for various water surface elevations. These are
plotéed in terms of the water surface clevation for cach cross section.

1t is fairly commen nsage to construct the siream profile from the
lowest points of lhe seclions. This procedure is satisfactory for a
long profile. If the reach is short, however, the use of a lew-water
surfaee is more satisfactory as the influence of insignificant local scour-
holes is excluded.  If such a low-waler profile is not recorded when the
sections are surveyed, a profile found from {he area-curves may be
substituted. A characteristic low-water discharge may be seleeted
for the streams.  The average velocity for such a flow can be estimnated
roughly. By division of the two one may find the corresponding
low-water area of the cross sections. 1f the water-surface points
which give this nrea ab the different sections are connected, an approxi-
mate low-water surface is defined which represents a profile that is
more regular and more representative than the prefile of the low points
of the bed.

After the representative slope is selected by fitting 2 straight line
through the profilc points, this slope may be used in averaging the
cross sections. This can be done by sliding all the scctions along this
average slope line together into, for instance, the lowest section.
With the sections described as two curves, namely (1) of the area, and
(2) of the wetted perimoter, both in terms of water-surface clevation
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and all reduced into one plane, the arcas and the welted perimeters
for each elevation may then be averaged direcily. By this means,
averages are obtained for areas and wetted perimeters which corre-
spond to a water-surface line inclined aceording to the vepresentative
slope. This makes the procedure consistent with the assumption of
uniform flow.

The averaged arca and perimeter curves allow the direet calealaiion
of the hydraulic radius & in terms of the siage. The average flow
velocity is then calculated for these £ values and the discharge is
obtained by multiplication with the area. Each R value is thus
assumed to be representative for a discharge over the entire reach,

ArpnicaTion oF Procepurg o e Saxp Creex, Miss.

The procedure as outlined so far has beern applied to o reach of
Big Sand Creek, a neborious sedivtent earvier near Greenwood, Miss.
This stream has a characteristic fine-sanel alluvial bed although it
drains only about 100 square miles.

Hydraulic calewlations for chonnels in general

Step 1: The location of the reach was determined hy the location
of the only existing gaging station on Big Sand Creek. The leneth
selectoed, about 3 miles, was based upon the following eonsiderations:
The reach must be treated as o uniform channel with uniform flow;
it must he possible, therefore, to negleet any changes of the velacily
head /2y affected by the total cnergy drop in 1he reach. At high
waler, the flow velocity is 10 to 11 fect por second, for which valoe
the velocity head is about 2 feet. A 30-pereent variation of e
velacity head, or nhout 0.6 feet, may be expected 10 ocenr within 1he
reach.  The total encrgy drop in the reach with a length of 3 miles
and a slope of 0.001 is 15 fect.  The ancertainty of the effective slope
is thus 0.6/15=0.04 or 4 pereent, deemsed to be Lolerable.

Step 2: Cross sections, well distributed over the 3-mile reach, were
surveyed and plotted (fig. 12).  The distances between sections are
shown in the profile (fig. 13). The clovations plotied af all sections
of figure 13 refer to fhe low-water lovel with a wetted area of 50 sequare
feet.  The valne 50 was chiosen as it is representadive of o low-water
flow in this stream,  The elevations themselves are taken from figure
14, which gives for all cross sections the wetied arca in terms of water-
surface clevation.  These values may be derived from the cross see-
tions of figure 12.  Similarly, from the same cross sections, a graph
may be derived which gives the wetlid perimeter in torms of water-
surface elevaiion. In the casc of this wide and shallow channel, the
wetied perimetor was assumed to equal the surface width.

Step 3: The most probable straight line was then laid through the
50-squarc-foot poinis of ihe profile shown in figure 13 by the method
of least squares. The slope of this line was determined to be 5.54
fect per mile or 0.00105. This represents. the slope of the uniform
channel which will be used in the determination of the bed-load
function.

Step 4: The average or representative cross section was determined
by shding all cross sections down the channel along the siope
§=10.00105 into the plane of the section at the tower end of the reach
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Fioone 12.—Cross sections of Big Sasd Creeck, Miss., in their actual position,

Elavatian [leat]

Distenca along L of tha chonnpel ELOGD frat}
Ficure 13.—Prefilc of Big Sand Creek, Miss., showing elevations of water

surface i eross seciione 40 to 31 for which the wetted area is 50 squure feel.
Straight-line profile obiained by method of least squares, .
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Fiaure 14.—Aren stage curves for scelions 40 io 51 of Big Sand Creek, Miss.,
in their actual position,

(fig. 15). This was accomplished by lowering each curve of figure 14
by the disiance 0.00105 I, in which L, is the distance of the cross
secion from the downstream end of the reach measured along the
stremn axis.  Figure 15 gives these transposed sections and the aver-
age section for all stages. The henvy curve connects the nverages
and represenis the ares curve of the average or representative cross
section.  In a similar way the curve of the average wetted perimeter
in terms of styge was determined and combined with the area curve
(fig. 16). Division of corresponding vulues from the iwo curves
makes it possible Lo determine, point by point, the curve of the
hydraulic radius against the stage (fig. 16).

It i1s usually impossible to construct a cross scction which satisfies
both the curves of arew against stage and of hydruulic radius rainst
stage.  The procedure ilfustrated in figure 16 is fully sadisfactory,
however, as it develops the most representative average section with
respect 1o iis hydisulic behavior. Where no outside  roughness
such as islands, submerged rocks, or rough banks exist in the channel,
these two curves are snfficient to define the shape and slope characier-
istics of the chanmel. _

Step 5: The grain-size composition of the bed is determined by
sampling. A bed which appears to be very uniform, such as that of
Big Sand Creck, may be described by three to five samples.  Each
of the four samples listed in table 5 was a composite of three or four
cores, taken in the same cross section at evenly spaced points over the
total width of the chamncel. The individual samples were obtained
by meaus of an auger or a pipe-sampler and were taken down to
8 depth of about 2 feel, the estimated depth of scour or active bed
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FicuRe 15.—Area stage curves for sections 40 to 51 moved (t:) the plane of section 40 and construction of average curve, Big Sand
‘ Jreek, Miss. ;
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Fiaure i6,— Idesenipiion of the average eross section, Big Sand ('reek, Miss.
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Ficurs 17.—Average-grain-size analysis of the bed, Big S8and Creek, Miss,
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movement. The four samples rolerred to 1 table 4 (hus represent
the average grain-size composition al four cross geetions which them-
selves are w oll disiributed over the fongtl of the reach under consider-
ation.  From figure 17, which is o logntithmie- probability plot of
1h{- anafyses of the data shown iu lnhlv 3, the charsetoriziic grin
sizes of the hed may be read.  The size whieh enters the equations
of frunsooet 13 Dgr=0.20 millimeters== 000004 Teet (45 pereent of The
mixivre is finery; and e size chiameieristic for Mrietion g 14D
millimelers =0.00115 feel (65 pereent of the mixwure s finer),

For (he deseription of more betevogencous heds, more and larger-
gized anmples are vequired. Foeo g avel- enrrving beds G0 may be
necessary Lo analyze smuples of severnd hundred peunds, cspeeislly
if the spread of eenin gines s large.

TavLy o, Fhedeibution of grain sizes in g bed samples, Big Sand
Creele, Miss,

Cirain size in CRmmple Swmple ! Saaople | Swaple
: ( 2 . 3 -4 )
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Step 60 As the sedimenl beansport will be eafeulated for the grain
sizes botween D388 illimeterz and 00147 millimeters, which cover
95.8 percent of e bed material, the ealenlation will be mude Tor indi-
vidual sieve fraclions psing as vepresentative the sverage aain sizes
of 0405, 0.351, 0.248 and 1.175 millimeters or 000162, 0.00115,
G.00080 amd 0.00057 Teed, respectively.
ydraulic calewlations for channd without bank friction

Step 70 An analvsis of (he equntions shows that The sosi direcd
approach iz obl: tinv(I if values of tie hvdeulie padins with respect.
to the grain, Ky, are assamed (eolumn 1, iakle 63,

Step 8: ilzom Ry e cevresponding {riction velocity e’ s cal-
sulated using equaiion {6Y, page 4.

Step 9: The thickness of the lnminar sublayer § is obtained, in feet,
from equation (i), page 8. The I-:invmmw viseosity »oid d“:“}ll“i(‘d m
have the value (077 T3 fsec. - winrl; s corroet o a temperacaree of 75°
B, The friction velocity g’ is iaken feorn column 2, table &

Step 10: With by=Dg=0.00115 feet, the values ol £y 8 (colunin 4,
table 6Y are calculaied. :

tRquation ) as well as all oilier eaualions in this publication are dimen-
sionally correel so (hat mny consislond sel of vniid way be used, 1o table § and
all followime tabiles, the r‘n«mcnuu;, svalom of le-wmnzl ;}uund unils ig a=ed.
The value of 4y thw- [ ()l!lmnml it foer per sevond (foseeld, §f N, s intipdueed as
a tangesnt (N,=-0.00105), Ay 1o fegr, and g= 32.2 fusce?



http:rl.'s('(~J,.if
http:I�('locil.lr
http:gl'll.in
http:Da:.""'O.20

TasLe 6. —Hydraulic caleulation for Big Sand Creek, Miss:!

Stage| j Q Stage i Q

13 16 18 21

Feet z . Cubic ] Cibic
| per |Square feet per feet per
Feet d second | Feet | Feet | second i Feet:
0.00072] 2.92] 2. .17 J36] 150. 400¢ 5.26] 150.2 0 409! 1.30
S00079] 4.44] ). . « 1,065] 9.80; 151.0 1, 110: 1.92
L0000} -6.63] . - 2. 2,820[18.0 §.152.9 31 3,710} 3.06
000071 8.40] 50} 874 . X §,380125.6 1 155. 4 9, 160: 4,404
L00102] 9,920 37 15000 .07} .14} 4. 9,620,33.0 | 158.4] 34 19,8500 5.73} .
LOO104¢ 110304 7 3 . 07 7 1,465 16, 550,40 0 § 161.0 35,500; 7.04
AO0107] 12,58} . 03] L0l 400 30, 2201?47.0
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) Explzmniion of symbols in Appendix, p. 60,
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Step 11: The correction x for the brnnsition from smooth to rough
bounduries may be read from the graph of figure 4 (column 5, table 6).

Step 12: The values of the apparent roughuess A=4,/r are cnleu-
lated in fect {column 6, table 6).

Step 13: Now, the average flow velocity @ is caleulated from
equation (9}, puge 10 in feet per second (column 7, tablae 6),

Step 14: Next, lor the determination of the frictional contribution
of the channel irregularities, the parameter ¥ is enleulnted nccording
to equation (11}, page 10 {column 8, table 6).  The parameter ¥ s
dimensionless, as is the rutio of the densities, which may be determined
as follows for Big Sand Creck:

=8,—1=2.65—1=1.65
S

in which §, is the specific gravily of §lic solids and has a value between
2.65 and 2.68 for mest natural sediments, Dy oand £, must be
entered in the same units, for instance in feet (D5, =0.00094 feet), and
the slope 8, of the energy gradient as an absolute figure (8,2=0.00105
for Big Sand Creek). ) )
_]}*;:L;g 5:5: ’[11 :;P']] 13, :‘Iigm-v 1 ghond be changed to “tiguree 5.7
FUBL JUr ubeae W VEIGUS,

Step 16: w,” is calculated in feet per seeond {eolumu 10, table 6),

Step 17: Equation (6), page 9, in the form

wble 6) are

» o)

¢ St T

allows the calculation of £,” {column i1, table 6) in feet from w,”
(column 10, Lable 6), S,=0.00105 and g=232.2 ft./sce.%

Step 18: The two components ;' and £,” are usually the only
componcnts of the hydraulic radius £, pertaining to the bed and may

be added dircetly
Rb'—-"' Rnr ‘+‘.I?o” (64)

as is done in eolumn 12, table 6. All R values are measured in feet.

Step 19: Where no additiona] friction such as hat from banks or
vegetation musé be mtroduced, R, represents the total B of the
section. In this case, the total cross-scetional aren Ay in square feet
{column 14, 1able 6) and the channel width (wetted perimeter) p, in
feet {columm 13, table 6) are read directly {rom figure 16 for each
R value.

Step 20: The flow discharge @ in cubic fect per second (column 16,
table 6) is calculied as

Q=Ar-T - ©65)

Step 21: The rating curve of figure 18 for the a\_’crn%e section, as

shown in figure 16, is obtained by plotling the discharge ¢ (column 16,
table 6) against thoe sitage {column 13, table 8), which itself 13 read
directly from figure 16 as a [uncuion of K. As the entire discharge
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rating curve is needed, it is not too important which points arc
actually caleulsted.  The choice of the points may be made, therefore,
according to Lhe grentest easc of crleulniion.

152

i

s
With pank triction ﬁ//-wnnuui tork frigtion

Stage - elevation (feat}

I T T A | P S N A

1,000 10,000 100,000

Bischorge {cubic fest par second)

Frouee 18— Raling eurve of {he nverage eross seetion, Big Sand Creek, Miss,

Hydraulic colevlations for channel with baak: friction

Whenever a chaunel has wetled boundary areas which consist, of
maderial different from the movable bed material, or if some wetled
houndary aress are covered with permanent vegetation, these areas
represent whad bave been called “hank surfaces™ and must be intro-

duced separalely m the caleulalion. Whether a given small percent-
age of “bank surface” has an appreciable flnence, or nof, can be
determined only by a tria] ealoulation.

The calculation with bank {richion is usually somewhat complicated
by the fact thal this additional hank friction must be considered in
terms of the siage and not in terms of e bhed Driction By or B, A
tral-and-crvor method must therefore be used for its sointion. Up
to and including the determination of K, by cquation (64) (step 18),
this ealeulation is identical te thal witheul, bank friction; but with
bank {riction, &, is not cqual to the total hydsaulic radius R of the
section, Instcad of this simple equality, the procedure previously
outlined by the suthor (8) must be used.” The banks are assigned. a
sepavate part A, of the total cross scction Ay, a wetted perimeter p,
of the bank surface and a hydraulic radius R, defined by equation (66).

Av=Ry Dy . (686)
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If A, is that part of the cross-sectional area perleining o the bed and
if no frietion acts on the flow except that on the bed and that on the
banks, the following equation holds:

AT‘:Ag‘l'Aw (67}

in which A, is the totad area of the cross scetion. The partial areas
may be expressed by the hydranlic rudii

A?"—_"Pb Rb“'.?)w -Haa (GS)

The hydraulic radius of the bed R, is enlculated in teems of B, {(column
12, table 6) while R, may be caleulated for each R, value and the
corresponding avernge veloeily w {rom equation (69) .

- U My 372
R“’=(T.TS_G_- S'_“) (©9)

for any chosen rougimess of the banks n,. 'This asswmes that the
average flow velocity in all parts of the cross seclion is the sane as
that of the fotal section and that the proper fiiction formula may be
applied to each part of the cross section according to its frictional
surfaee independent of the friction condifions in the remainder of the
cross section. Choosiug, for instance, o velue of n,=0.050 for the
banks and using the average encegy stope S=0.00105 and the average
velocitivs of columa 7, table 6, the £, values of column 17 vesult, also
in function of i, .

The p valaes of cquation (68) are nob determined in function of 2,
however, but in terms of the singe of figure 16. The eurve of p, has
been adequately deseribed. The curve for p, is assumed arbitrarily
s a straight line defining p,, as bwice the hoight of the water surface
above clevation 150.0 feet. The Big Sand Creck cross sections do not
give infornméion on the bank roughness, bui photographs and some
noles mide by o fickd inspection gave a basis {or developiug this curve,
as well as the assumed value for 2,=0.050.

Alternate step 18: With p, and p, {unctions of the stage, which
itself 1s related in figure 16 to the total area A,, with R, and B, a func-
tion of £," as the flow velovity, and with equation (68) tying them fo
Ay and the p values, only a trinl-and-crror method ray be used to
find solutions.  Figure 19 shows hew thisis done.  The A, stage-curve
of figure 16 is mlersecked by short curves, the points of which are
obtamed by caleulnting A, values according to cquution (68), assuming
for ench such curve the £2, and B, values according to one of the cal-
culated £," values, with p, and @, varying according to the stage,
Plotting the caleulated (p, B,4-p, R.) valucs against the assumed
stages, il is clear that the actual Ay points are found for the caleulated
By values ab the indeirsechion pomts with the Ay curve.

Alternate step 19: The clevations of intersection are given in fgure
19 and used in columnn 18 of table 6 to determine p, (column 19, table
6) and Ar (column 20, table 6).

Alternate step 20: The discharge @ (column 21, table 6} is calculated,
using equation (65), page 33.
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Froors 19.—Trisi-and-error determination of the rating curve with bank frietion
Big 8and Creek, Miss,

Alternate step 21: The result is plotted in figure 18 together with the
curve for the same section neglecting bank friction. It is interestin
to notc that the discharge for a given R, changes very distinetly wibﬁ
the introduetion of bank friction, but that the rating curve is not
ﬁrent.iy affected. The values of By, which must be used as the average

epth in the caleulation of A for the suspension-integrals, are defined
arbitrerily by

B, -'=A'r)’ Py (70)

and are given in ecolumn 22, table 6. This completes the purely
hydraulic ealeulations of the river reach with bank frietion.

Sediment-rate calculation

The sediment transport is calculated for the individual grain-size
fractions of the bed and for the entire range of discharges. In this
connection, it i8 advantageous to distinguish in a separate table the
steps which are common to all grain sizes from those which must be
performed separately for each grain size, As the calculation of trans-

ort rates is performed for the flow rates given in table 6, these calcu-
ations are added to that table us columns 23 to 27. 'The transport
calculations for the channel without bank friction are shown in tuble
7, and those with bank {riction appear in table 8,

These two caleulations are not significantly different; e, g, for the
determination of A without bank friction the hydraulic radius R, is
used {table 7), whereas R; is used when bank friction is & factor
(table 8). As comparison of the two tables will show, the only
important differences between the two calculations are in the strictly
hvﬁm‘iﬁc relationships, as in the variation of p, and of @ for equal

» values,




TaBLe 7.—Sediment traﬁsportatz'on calculated for Big Sahd Creek, Miss. No bank friction considered !
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TasLe 8.—Sediment transportation calculated for Big Sand Creek, Miss. Bank friction considered ‘ 
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T Explanation of svinbols ine Appendix, p. 69,
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The sequence of operations and the application of formulas for the
caleulation of tables 7 and 8 are as follows:

Step 22: The representative grain sizes are chosen at the geometric
memtll o)f the two size limits of each sieve fraction (column 1, tables
7and 8§

Step 23: The fraction 4, of the bed material for the same sieve
fraclion is determined as an aver uge of all bed samples available for
the river reach in quesiion (column 2, tables 7 and 8),

Step 24: The same R, values are used as in table 6 (column 3,
tables 7 and 8).

Step 25: Next, ¥ is calenlated using equation (49) page 36 and

s—’s—s’=Sy—1, as demonstrated previously (columun 4, tables 7 aud 8).
S:m-p 26 'I'be characteristic distance X is derived according to Lhe
relationships (45), page 35, in feet, with A and & given in columus 6
and 3 of table 6, respectively (column 23, table 8).

Step 27: The ratio /X is calculated from D in column 1 and X in
column 23, both from table 6 (column 3, tables 7 and 8).

Step 28: 'T'he £ vilues me luul from figure 7 i terms of 24X (column
6, tables 7 and 8).

Step 259: 'The ¥ values wre coud from figure 8 in terms of £,/8, which
is found in column 4 of table 6 (column 24, table 6).

Step 30: By is calenlated from equation (49), page 36, with X given
in column 23 and A in colutnn 6, both from table 6 {columan 25, table 6),

Step 31: B=log,,(10.6)==! 025 is divided by 8x of column 25 and
the roanlt ia e rndd fealiman 26, table /Y
on
8;

.P.u.*.e 54: i step 32, “eolwinn 4, {nble 7 should be changed to “volumn 4,

tables 7 and 87 ; and “enlutnn 2, 1ables 7 and 87 shouwid be changed to “column
23, table 8", 6

Step 33 From figure 10, @, is read in function of ¥, {column §,
tables 7 and 8).

Step 34: The bed-load rite, 140, 15 caleulated from b, using
cquetion (41) and (42), page 34 in the form

Taga="Ds G5 ngm (&, -—1)

whuu

¢, is given in column 8, tables 7 and 8;

tp in column 2, tables 7 "and 8;

5, 18 from the mechanical unalysis, but may usually be assumed
to be 2.67-1.93=5.17 slugs/f1.?;

g=32.2 [t fscc.?;

D) is from column 1, tables 7 and 8; and

(8, —1)% is 1.29 (column 9, tables 7 and 8).

Step 35: A is calculated as A——-ED/RD in table 7 and as A=2/}/k,
in table 8 (column 10, tabies 7 and 8).

Step 36: The u\poncnt. is caleulated aceording to equation (27),
page 17, where v, may be vead from figure 6 for various grain sizes.
These eurves apply to average-shaped quariz graing at a temperature
of 20°C. For other materials and temperatures the settling velocitios
may be mensured or calculuted from Rubey’s formula (1?’) The
constant 0.40 seems to be a usable average (19), while «,” is givenin
eclumn 2, table 6 (colummn 11, tables 7 and 8).
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Step 37: The integral [, is read from the dingram in figure 1 for
the various values of 4 and = (column 12, tables 7 and 8).

Step 38: The integral . is read from the diagram in figure 2 for
various values of A and z (column 13, tables 7 and 8).

Step 39: The cocflicient P of I, is calculated according to equation
(62), page 40, where:

z is from column 5, table 6;
ko= De=—0.00115 feet; and
d equals Ry in table 7 and Ry in table 8 (column 27, table 6).

Step 40: The cexpression (P/,4-I:-4-1) is ealculated according to
cquation 63, page 40, (column 14, tables 7 and $).

Step 41: The total transport vate per unit widih and time for the
individual size fraction 70gr 15 calculated according to equation 63,
poge 40, in Lbs./ft. -sec., (column 15, tables 7 and 8).

tep 42: The same total transport rate reduced to 4,=1, whicb is
helpful in judging the behavior of the different grain sizes of a bed
mixlure 30grfiy, is calculated in column 16, tables 7 and 8.

Step 43: The total sediment transport rate for the entire section
is calculated for mdividual size [ractions in tons per day from the
equation

ir(dr=(irgr) 43.1 py

where 104 appears in column 15, tables 7 and 8; and p, in column 15
of table 6 if bank friction is neglecied, and in column 19, table 6 if
bank friction is introduced (colummn 17, tables 7 and 8).

Step 44: Fially, the total transport rates are added for all sedi-
ment sizes coarser than any size 12, m tons per day {column 18, tables
7 and 8). 'This represents the final form in which the bed-load func-
tion is presented (sve figs. 22 and 23). '

Discussion 0oF CALCULATIONS

The behavior of the individual grain sizes within the sediment
mixture is best charncterized by the curves of figure 20 for Big Sand
Creck. 'They give the values 14»?-: ir sgrainst grain size for various

b
stnges.  Each curve thus refers to one discharge and gives the rate
at which the individual grain sizes would move if they covered indi-
vidusally the entire bed area. The size range has been extended far
beyond the range thaé is actually important in Big Sand Creck in
order to show the characteristic parts of these curves,

Figure 21 gives comparitive curves for the Missouri River. The
graphs for both streams are caleulated without bank frietion. It is
apparcnt thiat both scts of curves have a very similar character
although ihe curves themseives are distinetly different; viz, the
both show one well-defined maximum and & tendency toward a second.
Beenuse of their rather clhuracteristic shape such curves have been
called camel-back curves (¢. b, ¢.).

[t appears that only few grain sizes, D, must be ealeulated to define
these entire curves, from which intermediate points may then be
interpolated.
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Ficurs 20.—Curves of

Regardless of whether or not the enbire rangc of sizes has practical
importance, it 15 useful to cvaluate the significance of the different
parts of the curves. At the maximum valucs (about 0.1 millimeter)
the material moves almost exclusively i suspension.  The values of
ir qrfis gp arc far above 1,000 for the higher stages for which this
maximum is espeeinlly pronounced.  The drop to the left of this maxi-
mum becomes very steep and is caused by the relatively fast increase
of £ and with it of ¥, with decreasing I2. This sudden drop of the
transport occurs after ¥, increases above 20 as shown n figure 10,
A similarly steep drop eecurs at the right end of the curves: above
D=10 millimeters for Big Sand Creck and around 100 millimeters
for the Missouri River at lood stages.

The reason for this drop is the incresse of ¥, above 20 due to growing
D velues. The transport curve thus is limited at both ends of the
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D range by inerensed W, values. But the reason for this inerenso
al the two ends is different. At laree diameters, the weight, of the
particles beeomes too groat for the Lt forves, wherens at small dinmo-
ters the effeciive velocities of flow and turbulence are reduced as the
graing bogin to hide—that is, come to rest hevoud (he influgnee of
turbulence between lnrger wrains or in the laminar sublayer,

The usually very steep incrense of Urfrfty from D==1 millimeter
down to 0.1 millimeter, vspecialiy at higher singes, is enused by an
important. shift. from surface ereep to suspension. his transliion
occurs with a change of the exponeni 2 from about 2 to 0.2. There
remains only (o expliin the decrense of fpg007, botween o size of abaout
10 millimeters (see Missouri River eurve, figrure 21) down to about
Lmillimeter.  The tendeney to deercase in Uhis ra nge is again espe-
cially pronounced at flood stages,  This reduction is still in The XTTTLCE
where suspension is unimportant. 10 musl be explained by hed-load
motion only. It results from (e condition whoere he frequency @
of ingdividual motions of particles inereases more slowly with deerens-
ing L2 than the volume of the individual particles and ihe lengih of
Vheir jump is reduced.  In other words, lvreer numibers of the smadler
particies move but the rate of (heir movement v weight remains
smaller beeause the cdividusd particle weleht decreases very ripidty
with L. Commounly, for instance, for all curves of Big Sand Creck
and for the low stages of the Missowri River, this intermedinte mini-
mum or dip in the camel-back curve is not pronounced hocause the
beginning of increasing suspension overlaps with the decrease of bod-
load vales due (o decreasing particle size.  Thus, the detail shape of
the eamel-bacic curves varies considorably as well as the location of
MAaXima.

How may the rather large rates of transport in (he silt and cliy
sizes of many streams be explained in the light of this analysis? ‘Il
camel-back curves for many streams decling just as sharply near 0.01
millimerer as do the iwo examples.  This becotnes more daedorsiand-
able #s one vecalls that the mechod of calealating sediment londs
presented in this publication fends to give minimiun rites, as did
the experiments Teonn which the method T3 derived.  "T'his is reflocted
in the ¢ curve, which illustiates the faet that the small hed-particles
alwiys do Lheir utmost to hide behind larger grains or in the laminar
sublayer. Thus, it 1 casy (o visunlize that a rather small amount of
similar particles in more prominent positions of the bed could suppotrt
a very large additional transport of these particles without increasing
elfectively” their over-all coneenkration i in the bed as a whole,
This might explain the existence of wash. load on the same bed which
sustains a bed-load Tunction. No quantitative information is yet
availible on this condiiion, however.

From the camel-back curves, or direetly from the sediment, Joad
cilculations, the netual fransportaiion rates iy (¢ of the cntire cross
sections may be determined for the ealeulated flows. These velues
tp (r are coleukaied for individual size fractions which themselves are
chosen arbirrarily.  Asin the ease of mechanical analvses, the use of
cumulative ¢urves is more general than that of distribution curves.
The information shown in columus 17 and 18, therefore, is given in
figures 22 and 23 as the sum of the transport of all Zrain Sizes coarser
than & given limit in terms of the discharge Q. Each curve corre-
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sponds, therefore, to an individual point. of a cumulative curve.  The
up of curves gives, then, the full description of the bed-load
unction.

The fact that the curves, especially the curves for the total trans-
port of all particles coarser than 0.147 millimeters, are much flatter
than 45° indicntes that the sediment concentration increases with
rising stage. Calculating the load in parts per million (p. p. m.), the
channel without bank friction gives, for instance, at 400 cubic feet
per second, a concentration ¢ of

870 10°- 2000
=390 . 62.4 - 3600 2%

=609 p.p.m,

The corresponding conceniration ai a flood stage of 30,000 cubic feet
per second is 23,900 paris per million. Each cubic foot of water at
highest flood siage is, therefore, about 40 times as effective in movin
segimeut. 88 it is at a rather low stage of 400 cubic feet per second.
In order to predict the load that will be moved by a stream, it is thus
necessary to know not only how much flow will oceur but the duration
of each rate of Aow. Fortunately, the sequence in which the varous
flows oceur is. not important as loug ns an cquilibrium condition is
assumed for all flows. The mosi advantageous description of the
flow-conditions is in this case the well known flow«duration curve.
More work needs to be done in the development and publication of
flow-duration curves for both larger and smaller rivers. Little is
known, in particular, about the relationship between the flow-duration
curves for tributaries of different size in the same watershed, between
those of different sections of the same river and scctions with different-
sized contributing watershed areas: nor about the characteristics of
the curves in different paris of the country. There is a great need for
further development in {his nlmost untoucherd aspeet of hydrology (4).
Because most existing {low records are given as dally averages,
tons per day was chosen as the unit in colutmns 17 and 18 of tables
7 and 8. &'ew and. perhaps better methods of integrating the bed-
load [unction with flow data for application to dilferent types of
channels may be apparent to the practicing engineer after he has

acquainted himself with the basic concepts presented in this publication.
LIMITATIONS OF THE METHOD

Not only the possibilities for application, but also the limitations
and cautions Lo be observed in applying any newly developed engineer-
ing method should be presenied as objectively as possible by the
author of that method. Computation of the bed-load function, as
presented in this publication, undoubtedly can be and will be improved
and its application extended as the results of additional basic research
become available and as the method is applied to a greater range
of practical field problems. It scems desirnble here, however, to
point out certain limitations that can now be recognized and which
may serve as a stimulus Lo further research and field trials needed
Lo remove these limitations.

In an effort to devise a unificd method of calculating the transport
of bed sediment for immediate practical application, it was necessary
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to develop several strictly vwpirical velntionships such as the curves
of figures 3, 6. 7, and 8, for which only a verv bmited amount of
substaniialing dafa now exisi. Other, somewhat  difforent bhut
practically equivalent systems could be used in developing ihese
carves and v defining X, Preliminary calewlations indicate that
sich alternate systems give essentially similar resolts when applied
to large river conclivions. Phe avihor has chosen the particnlar
system of curves and parimeters used herein beennse they seem Lo
have a greater signifieance within (he framewark of (o) dynamieg
theory. It is recognized, however, thal a betier sel of corves iy
be,and probably will he developed as more information heeomes avaii-
eble.  Inasmuch as these curves give vesults that appear to be con-
firmed by all the field eheeks thus Tar made, they do nob seom (o be
open Lo critivism so much froin the standpeoint of accuracy as from
Incle of a solid theoretical foundation, sueh as exisis for the niegenly
of suspension, the d—", curve, and the hydraulic eurve of figtire 4.,

The justification Tor this publication, other than the ureent newd
for n usable method of computing hed-load transport, rests, in the
authol’s opinion, on (he bhasic soundness of the (wo major principles.
These nre (1) the restriction of bed-load relationships to the bed layor,
and (2) the method of relating the movemeni of bed maderial in
suspension o (he concentration in the bed fayer. Even though some
of the constanls and approximations used in defining these relation-
ships mayv be subject to later improvement nnd vefinement, the
unificd method us presented appears fo be basieally correct. 1t
has been confirmed in all eases wheve it has been checlkod agninst
the load transported through a river reach and subsequently depositid
in & place where its volumie could be measured.

Lomust be clearty understood that this method does net pernii
the calenlation of the total sedimeni load of a stronm, bui ondy the
lotnl transport in suspension and in the bed laver of bed-malerinl
tond through an aliuvial bed channel. Phat pari of the tatal load
which is not included in the bed-load function eannot be determined
by any analyticn) method now known. It must be swessured hy
suspended-load sampling technigues, which simultanesusly meassure
it pact of the bed material load that is moving in susponsion at
Lhe time of snmpling. The (wo parts of the load MOving in suspen-
sion caun he calenlated separately, however, il size daualyses of the
suspended-loid samples are mnde, The finee fractions of the total
sechment load moving in suspension—ibe wash load o not appear
to be n funciion of the flow, excopt in 2 very vague form.  Their rate
of trunsport is reluicd priwarily to the supply available from water-

shed lands, stream banks, ¢ic. "The streatn’s enpueity for irnnsporting
~the finer fractions of the toial load is nearly alwavs vastly in excess
of Ui supply available to il and iherefore the two cannotl be fune-
tionally related from a practical siandpoing.

Tt might, appear that e method presented herein is too complieated
and Lime-consuming for practical use. 10 is congeded that the ealen-
lations lake more tme and undesstanding than (hose required, feor
example, to compule the wiler discharge of (he streamn. On the
other hand they are no more extensive than the ealenlations generally
required for a single hridge spanning a river, and arc generally less
costly than sampling the suspended load of u tiver at a single eross
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scction for a year., Moreover, the complete sequence of caleulations,
designed for application to all sizes of streams and 1o the complete
range of sediment sizes from gravel through fine sund, may be simpli-
fied considerably for any given stream after it hecomes apparent that
some aspectls of the problem do not apply.

Lastly, it must be recognized that o certain amount of practical
experience with, or nnderstanding of, river hehavior is highly valuable
in the correet application of this or any other method of sediment-
lond determination.  Sediment movement amd rviver behavior are
inherently complex natural phenomena involving a grent many
variubles. The solution of practical problems cannot be simplified
beyond a certain point.  For exwmple, judgment based on experience
must be applied in choosing river reaches to be ealeulated; in deciding
whether o given reach 13 actually alluvial in character and thus has
a well defined bed-load Funetion; in deciding whether an apparently
alluvial stream beecomes nonalluvial in charucter ab flood stage such
that all of the bed material moves in suspension leaving a clean rvock
bed; in the choice of some constants; ete,

Much of the practical experience needed in any study of river be-
havier ean come ouly from prolonged and careful studly of rivers and
of Llhe data obtained from them in the field.  Preferably such study
should be under the guidance of one of the relatively few expericneed
engineers now engaged in this fiell of activity. It scems likely that
s tore experience is gained by more engineers in the application of
this or other methods, the experience can be systematized into forms
that will facilitate training and understanding. For the next few
years, at least, river problems will continue to tax the ingenuity of
even the most highly versed specialists in this field.

SUMMARY

(1) A anified method of calculuting the part of the sediment load in
an alluvial stream that is responsible for maintaining the channel in
equilibrium, namely, the bed-material load, is set forth.

(2) The relationship between the rate of iransport of bed-material
load, its size composition, and the flow discharge is called the bed-load
function and is explained for the case of & channel in equilibrium.

(3) The first part of the calculation covers the hydraulic description
of the flow for each discharge.

(4) The resulling equilibrium’ transport is divided into two parts:
(2) the suspended load which includes all particles the weight of which
is sup{mrted by the fluid flow; and which has been found Lo inelude all
purticles moving two diameters above the bed or higher; and (b) the
bed load which includes all particles moving in the bed layer, a layer
two dinmeters thick along the bed.  The weight of all particles moving
n the bed layer is supported by the bed as they are volling or sliding
along. On the busis of this definition, the thickness of the bed layer
i3 d;%l‘crcnt for ithe various grain sizes of a sedimené mixture.

(5) The motion of bed-material lond in suspension is described by
the commonly accepted method based on the exchange theory of
turbulent flow., The transport is integrated over a vertical,

(6) The description of the bed-load motion in the bed layer is the
same for fine sand as for cosrse particles which never go into suspen-
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sion. The effcct of varying vatios between the grain size and the lami-
nar sublayer thickness must be allowed for and evaluated, however.

(7) A complete sample celeulation for a reach of Big Sand Creck,
Miss., demonstrates the practical application of the method and of its
formulas and graphs.
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APPENDIX
List o Symnots
The symbols used in this publication, together with the page on

which each symbol is defined and #he crlltmi;ion in which the symbol
is of major importance, are given in the following list,

Equation
No

T'ugo ,
o Thickness of bed layer (28}
A=afd Ratio of bed-layer thickness to water depth {dimen-
sivnless integration limib of suspension) (33)
A, Constant of grain area__ .. .. :
My Constant of grain volume. ... -
Ay Consiang of thue scale {37)
aby Constant of hed-laver concentyation 3 (58}
Ay Constané of bed-laver conconbration (59)
Ay, Cross-sectional area pertaining to bed G5!
A, Cross-seckionnd arces, synonymous with Ap i {67}
Constant of the bed-load unit-step B {38)
Total arce of o eross seetion 5i {67)
Part of the eross sechion pertnining to the banks._____ H {66)
Constant, sole of &y 34 “n
Cross-sechional aren pertaining to the grain_ . .. _.__. %
Crogs-scetional aren pertaining to irregularitios
Constant, sealeof Yo .. L. . . L ceinas
Constant, seale of ¥ .. L. aieiaocaan
Constunt, senle of ¥y
Coneentrabion in dry weighé per unit of velime
Clonecentraiion at distance ¢ from bed .
Lift coefliciend
Concendration aé diskanee y from bed_ o _________
Water depth
Grain size; dinmeter of halls. - _____. . _._____
Grain size of which 35 percoent is finer
Grain size of which 65 pereent is finer
Acecleration due to gravity
Fraction of bed mnterind in o wiven grain size. oo .
Fraction of bed load in a given graln sizve_ . ____ . ____
Fraetion of suspension in & given geain sine. L ___
Fraction of totai lond v n given grain size. oo oo {63)
Intopral value {35}
Integral value {35)
Roughuess dinmeter {2}
A disbunes
Lift foree on hed partiele i {44}
Bisgtance of exchange, mixing lenglh_. .
A distance in direction of the flow__ ..., ...
Frietion factor (Manuing) of the banks bt {6
Probability of a prain to be eroded :
Parameler of total fransport. .. . L. ..__. {62)
Wetted perimeter of the bedo .. L. oL oL ... _ ..
A Lt pressure — {36)
Probability of a grain fe be eroded per sceond '
Wetted periineter of the banks_________._ ... E(i{i)
Flow discharge 653}
Bed-load rate in weight por unik of Ltime and width | _ |
Clorrespoending suspended load tate. . oo . ..o _.. {31}
Corresponding total load rate. ... ... ... _. {63
Total sediment toad in eross scelion i
Vertical exchange discharge per usnit ares
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Equation
Page No.
R Hydraulieradius_ . _._________ . __ . ._.__ 8
R Hydraulie radius with respect to ¢he grain. . _________ 9 {6)
B Hydraulic radius for channel irrecgularities_ . ___.___ 9 (&)
Ry Hydraulie radius with respeet to the bed_. . __ . _______ 53 64)
Ry Hydraulic radius of the totaj seetion.__ ... _________ 56 {70)
R, Hydraulic radius with respect fo the hank____.._.____ 54 (66)
S Blope_ L. . U 46
Sa Bedslope.__._____ . _____. 43
8. Energy slope. . e 8
Se Biope of the water surface. ________________________ 43
8, The speecific gravity of solids__._._.____ .. _________ 53
t Variable of integration___________________________. 37 {56)
[ Exchange time of bed-load particles. .. . _______..__ 33 (37)
u Veloeity in direction of the main flow__ . ___________ 9
i Time nverage of u, averaged over the vertieal________ 10
up Velocity with which bed load moves. __ . ___________
i, Time average of the velocity « at ¥ above the bed___. 17 (30)
e Shear velocity_ . ___ o ____.. 8 {4)
u's Shear velocity with respeet to the grain_____________ 9 (8)
u''y Bhear velocity for channel irregularities. ____________ 9 {8}
uy Velocity at tge edge of the laminar sublayer___.._.__ 11 (14}
v A vertieal veloeity__ . __ .. __. 15
s Settling velocity of a sediment particle.._._____._.___ 15
w* Weipght of sediment particle under water. - ________ 35 (43}
z Parameter for transition smooth-rough._______._____ 8 (3)
X Characteristic grain size of mixture. . _____ . ________ 35 (45)
g{, Distanee above the bed_. ... . _._________ 8
Pressure correction in transition smooth-rough___.___ 38 {51)
th Theoreatical zero-point of turbulent velocity distribu-
b On. e 12 (16)
z Exponent of suspended distribuiion_______________._ 17 (27)
a, &’ Angles_ ..o 4 :
A A togarithmie funetion. ... ______________________ 36 (51)
Bx A logarithmie funetion_ ... ... . ________________ 36 {49)
¥ Anangle_ ... .. 5
5 The thickness of the laminar sublaver_____ ... ______ B {5)
A The apparent roughness diameter_._______________ 8 (3)
Y The laminar sublayer thickness for wg_ .. _____.___ 10 {10}
n Variability factor of Hft. .. __ ... ________________ 36 (46}
no Root-mean-square value of g..____.___.____________ 37
e» measures in g values___ o ____ _______ .. ___ 37
Y ging]c step of bedload measured in dizmeters _______. C 34
v Kinematic viseosity______..______________________. 8
£ '‘Hiding factor” of grains in o mixture______________ 36 (51)
o Density of the fluid_._.___.________________________ 10
s Density of the solids__._.___.______________._.____ 10
r Ashearstress. ... ______________..___._____ 16
T The shear stress at the wall or bed . _________ . ___ 8 (4
Ty Bhear stress at 8 distance y from the wall or bed_ __ __ 16
% Intensity of transport_. ... ______________________ 34 {42)
Py Intensity of transport for individual grain size________ 34 {41}
£ 4 Intensity of shear on particle. _____________________ 36 (49)
¥ Intensity of shear on representative particle. . ____.__ 10 (11}
L A Inteneity of shear for individual grainsize .. ________ 37 (54)




Wong CHanrrs

Fraure 1.—Function [,=0.218 A ‘f (1 J) dY in terms of A
(1—4) Y

for verious values of 2 — —f—
_ 0.4u*

z—i 1 — -
Figune 2.—Function [,=0.216 (1%;5?.[1 log. () (']' 7 ?"') dy in terms
» var \ — 0
of A for various values of 2 0267

Ficure 4.—Correction z in the logarithmic friction formula in terms
of &,/5.

Fiours 5.—Friction %} duc to channel irregularities,

Fiaure 6.—Settling velocity V, for various sizes of quartz grains
acw:dmg to Rubey,

Fiaure 7.-—Pressure reduction in sublayer,
Fiourg 8.—Pressure correction in the transition to a smooth bed,

Ficure 9.—®,~ ¥, curve compared with measured points for uniform
sediment.

Ficure 10.—d -7, curve.

If . GOVERHWENT PRINTING OFFLICE. 1284

-

For snle by the Buperintendent of Doeuments. U B. Gavernment Printlng Ofice
Washlugton 25, D,




298/ wd Sp

IS e s
IS

I e

PR e

PR PP W

+Frd

+
cass

100

10

I

M

PR et )

wradlien

k-
I‘

bbbt

T
T+

+

}

O

‘908743 A

o
!

10

in

grain  size

883375 O - 51 tin pocket}




e et M

T

PR i

g

A + i+ e

e 4 Lebrds e w14

bk “wffire

PRI IE TR

T
iy

flp ph et

1

1

e
Lrgels

'3

MM AR I

T ke

R
LT

13

31T
At

awfrm

v | £ty Jorts]

plry gt

B ot

i
'

L=

i a3

~ -

e

i

HEr

LaTafums:

)

ISR RS Prve

el

e

iy

Ty
Tii

LERY BT TR

LR LT

Wi

Tt

#9337% D - 51 {In pockel}




T T T P T .
: 3 T o
. N R P b I3 P e T
. PR PO T  H -OR EPIY] BTN PR
H [, . -
aleverln e w S [ T N R LY
P 3e fer il o]
" R .1
d : T ]
beviafae o - N
P I i |+
dadaa ot . [T PRP [ |
aren PO wa s | e
P00 P I N = PP
FI PN R B R Y
P o P g4
TIREEE) . ek
Ly i + + e
HRP v - I ETERE
P N R
Lo : ieytlntiyd i v
- -r 13 . R * - - E)
‘e o H Rl S
e P H A ..w.v.
Tt d - sha
T 1 ¥4 T F
. I . i1+ et - T x . ¥
H i . 1 e S P i A S
' - - “ - + ¥ ERCS B I )
I - M b M P ¥+ ok
r ¥ = s R Rapay-y I =
: i i i i1 RS SR, WA
< 1] 1 v i v ;U
B [N H . N L-- el by -
i < H H i - i b
B . : H F T - - HEE Xy T
Lt P H il HE [ PrE 3 R N
o= . H H : T e
PN D P I SR - R R s i ‘L.\: PR 1
FORY IEUUN D A R L B e s e - e PO 1o YO PR
. Sy 1 .
. S R TRl IR I L P - JRPRT R PR HETE o [Re. anen|aian
[T P R I R e S PR .s.-.. PR wpes o U P
TN PP PEEE PR TN R .- P T - u.ﬂ
P P asad . ke h A
caait ey - . HPERE Y PRI
PP B v . =3 P
I o L SRR B PR
[P [ PR [
TP P [ [ ‘e s
HAP I P N P } B3R! e
PRt S M m i P
e ) . 4 + —r ¥
a0 R M 4 ittt L
paa ¥ PR Iy T EE - T oE
rey il ' PR S e M M -
- PR I P N : 1. .x
Loa L ITafais i P
e are T e H "
S U B S a-ar HEEE : w3
ir T ~IERAEER e M
H i T BEE -+
B S =
+ —5
1 I j
: P R Y .
+ . Rl . - H
: PRI S V H
M R H H
i T : i
P
Tt F : H
R EES :

|

-—D/X

893376 O - 51 (in pocket)




¥ H i + ) i 1 R B B E3 A .
H nt.‘llw-—.h-m N T T T ok T T ol ¥ ¥ - T
[ . : NP ; . 1 . ; ; [N SRR R N (EEO) PUOUE R N
H B i k + H - - ‘ . Y N H Cy M .. N
h i N h H : - . . s i H e
I b i i ' H - % R T PO T
4 [ e b oa L i Ba P W " I P— + LR - L iy ko i 2 5. pfgrt. = 7 7o)
. H R B - N : B . . A
w ] .' _ L B _ e
Yo kN s r vioa .
. . . a- N H r § -
wrm R R e ¢ ek s ek e cen . - ” - +* e mamee i O
. R -4 2
. . ; S -
R .- ceow - 3
4 4 i R i
. v ik - R L [P | ST
- sm h
- 1 : s
. . ' 1
' i [ E|
. : ' |
- H L ]
Y S o
: . ¥ JE N - 1
- [ r eem s - i o et ....lw.ql_ ot e e 0
- = v 4 e e i Y ETTS ThYoTn- S .,.m....xw.gi....w..aii
. - . e»
s PR i : e
| e L, oy 1 o
N i ) H . il o
[ E e el aH N . - - P S 2t i
L x : - R ’
: : ¥ B o .
L TS < CAREET EeY LT S T T P IS Y - o £
H H d . B
i Y. & H S A
H .w : s :
Tl - - .‘..H_ -t +o+ T .t *: W - - ¥ cmmn
1w . ¥ : Li
. - @ as beoTibmbecdac e . + P - . e
- . : P
3 I : . a i
t 'y & i v P - FEEEIT R + a4
: H ) vl ) .
: - 4 ] i . !
. . s . . - i
H ) : : . i - . F
R L o L IR [ — . % (ST W -t R .vf.......{..f(rl!.-w.a!:_.— ] 3
N . . 1 g P © : 1
+ . . + v . [ |
= . 3 H - 5 i + - ! u. i
A + ¥ TR .M...‘A.. .-dv..,.v 4
N : : 1 N
- B ! . " .
” ] : ] - “* o ]
. ] . P 1
i . 5 . O S — [T A 1 et L mrr i....uwﬂll,.“:.r;i n‘
. . . i “ : B !
K % + : . . .
i - . . . v f : : B
& B ' . i
: g . " ]
m 3 L I I o R ST T T - » -4, e &, r- 3 -z
3 ; : : M
0 - 1 . L) = i)
i Y : s ¢ TR * :
i . PR i PR H ¥
. ¥ i X §
: oo ¢ : -
. : : ; : 4 3
b ok L 3 . * st i :
b ? ! - 1 . : 3
A el o I;i_ : e R A LTS Lp ISP S T - .M e sl
£w [ : . H H
e B o P 3 H 1 -a
i - i - - " ‘u . -
...1.......].4&,411@ | T L le.“
. m LTS H 1 Cs ¥ : . i 1 .
fowid £ . . 1 ¥ 3 H H
R e A adex. e e B Ml e aw £
\ A imsar ating N N M M 1 * : 8
. § e A " - . . -8 .
. .y s P i H
L et Jo i ne e ket e, 1 ....ut_......»l.m!».;,r L e we b e -
4 - 4 S - . - ST H .
I .- B3 ¥ £
T 1 H

D
35

1.68
R'S

';y‘:

883378 O - 51 ({tn pockaet)




- A B H
x|™7 ]l ' -
[ * . .-
_ D I —
.o H IR R i
O ™Y :
B T T S S
R = | 4

1o

94

Lo

5

v
-~ ow
-

575

fu !
--’

o

Rough- wall
e

P 3

: : FERE wEBIE
B - . . .

. - e e e

+ ™ +

N . [ = SR
[ - S S [ -
. P : P ¥

1

_ . o 3
AR o R LI
i : -— ! i
B O T o
= . et et
' - NN tlE ST !
e ‘ ? [ [
H N - 2. . :
boomrmst e e TR v e - L]
i ST vu.. [ :
s . H S ‘m . i
; A . i
= . :
b * |

e g | O

. o P - -
AN

Tfeie

. a 3 . _-

- - B o F T T
: H T

: :
. i,
: .
: L
- PR S ; m .

+
- - e

b nn o

B I

sram - et i

e

;

- we d e a L
+
. H
e e s e ke
I
t

B
-..&.
B RE RS SERIN SAS SRS
T S T ,.m.. L B
. b SR i~ PR B
. . . . . s i . e ek .
w 1 ﬂ ' .— N
s i [ R + e ey P .
i 3 H i 1 O.

ci

— e

R,

1.4

#93379 O - 51 {ln pocket}




H

FTTTTGI000

1
i

e § g

ialndon

A A ; T
3
$
e
13

1
'
i
1
N
H

+
1
t.--.rv. neas
.
1

B

.. \
e peren s e
1
t
i

o

893379 O - 5t {In pocket}







ary

_ilsr

!

1%

Angeles Publ
jence & Indu

3

Lo

stry Dept

At w fent

PRI R

kb
e

it i ]

PR
gy

Apddes

2‘"_.'

Sc

T
T




L3 -~ I
> 5 S
5 R
o =
~ L
. T :
= +
i i
7
. i
=t
1
Rt §
HT-
! T
o™~
B
b
b
“a
i o
- :
o
Y
T
| Wi
1
H A
b
1
EEl 2
T T
1
T oy
s
:_Uﬁ




N

i it oy sy S S p Y

- g

]

L v

2 dr Pagresa fr

L%

\T

=
» el
[

S s

~

Y™

T

.

‘..{‘"‘.'-

teae

-

"

S




1 1 i . . *
. PR S 5 :
DI SV S S . b e temeat it
H . H B .
’ r + .
+ . o ! )
e heeepe e et o e . P
. e _...q*.: 4 I : \\\\.}
i 2 . ) H f Ol
vt i{.“.,l{.wl.i_l..l.-.m. .o . SO O S U - S ..xu\\\N\\“
S A s
i : ' “
U ‘ B . P oo / .\w.\x\.
| : C AN 2
i b, W \. . -,
o [ B E s ey
' - . e - " it A
, . s A
. - . . .\H\.V\“\\ 18 x\w _\\u
H . : ¥ 4 L
m. : i .
- - I ' . _ _
. Vo _
' | i
3 . - l.»Lm.
I - -
R 1 o1 prreren " ‘m T .I._“....“i.
N R S ]
2 .
LE oA
b —— oL
ot gy
R

BN
.

SN x_’\"‘.'\..\f N
P
hs
NS

\\1..\ N N
SES

N

N

N
~

NS
<

et

. .\.\«w
i A
AT \_\._\x\\
a Ry
i i P /
| : P
b T P .orr
R

IEREE ikl

:"“:‘-1

. .fm.:_._.____..

A
. ' -
. P
' E




N eh
o

+ale

aberfe

deiafennd]apy

JjHin]on
PR P

v

apprfio,
i

FEYE s

P

b
iy

s
1

S gk

.
P

BUIITY O - i




] [ 5+ u big o d - . R - . p .

T . ey gy S TR . r

Y.y

e -4

1,

1
¢

)

[

i

o

i

9

PR TS FETY] PN [ S




TinR

7113
‘Ji L

P
[

i

Tt

H

+
1
i

Saie e e

FEER,

4
-}

B pRTEE [FaiTpTes f T

1
i
»
b
i
|

g _...,..m.. "._.| L.....m.”

rl..i
1
KN

P
tamr |

i P

i p— ¢ be—

£ Industry Dept.

4
P

-

Z1enc

l.os sAazclos Public Library

-2, L
_ O .H...lll..i!.!.i, S
-5

10,

HISETN 1 - 9E 4 g ko)




R

o

5

N

e

N

. '
B N
i i i
bl aoi cebo s .
. O | . .
¥
F o I..n.lllu.ll. nlzw b = A
. . - .
.- o emae e e .
v v
. ' . N
Mt b r A o cmeEaa e b
+ + B
. - .
. “ . .
t
Y IO S
. i -
) i
] H .
. Che e s .
v
1 . '
[} 0 -. L}

. . + -
+ .

'

. i

T |

4 - -

+ . .

i

Ll

+

calensmamare







