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Functional forms used in CGE 
models: Modelling production and 

commodity flows1 

Abstract 

Various well-known functional forms, such as the Cobb-Douglas function, the 
Leontief function and the Constant Elasticity of Substitution (CES) function, are 
used frequently in economic modelling. Traditionally these functional forms have 
been used to model the production side (isoquants) or consumption side 
(indifference curves) of microeconomic models. The standard approach in CGE 
modelling has been to adapt the single-level value-added type production 
structure to a multi-level production structure, thereby including value-added as 
well as intermediate inputs. This is typically referred to as ‘nested’ production 
structures, and often makes use of combinations of Cobb-Douglas/CES and 
Leontief functions. In open-economy CGE models CES functions and the related 
Constant Elasticity of Transformation (CET) functions have been used to model 
consumers’ and producers’ decision-making process regarding consumption of 
production of traded goods (imports or exports) and domestic goods. The various 
applications of these functional forms are discussed in this paper, with a specific 
focus on the production side and commodity flows.  

                                                 
1 The main author of this paper is Kalie Pauw, Senior Researcher of the PROVIDE Project. This version was 

revised in December 2004. 
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1. Introduction 

Various functional forms can be used to model production and consumption in a CGE model. 
The most frequently used functional forms include the Cobb-Douglas function, the Leontief 
input-output function, and the Constant Elasticity of Substitution (CES) function. However, 
these functions are not only used to model consumption and production. CES functions and 
the related Constant Elasticity of Transformation (CET) functions have also been used as 
aggregation and transformation functions. Their application in open-economy models that 
incorporate international trade was an important development in the CGE literature. The 
incorporation of trade makes it necessary to model producers’ decisions about how they 
allocate production to the domestic and foreign markets (CET function). Similarly, 
consumers’ choices regarding the mix of imported versus domestically produced commodities 
should also be modelled (CES functions).  

This note provides a theoretical background to the Cobb-Douglas function, the Leontief 
input-output function, and the CES function, and focuses particularly on their application in 
modelling production in a CGE model such as the Basic 2*2*2*2 and standard 
IFPRI/PROVIDE CGE models. Before looking at the functional forms and their 
characteristics in section 2, some important concepts are reviewed in sections 1.1 and 1.2. 
Section 3 looks at the application of these functions in the modelling of production in CGE 
models. Section 4 discusses the use of CES and CET functions in modelling trade flows.  

1.1. Linear homogeneity and Euler’s Theorem 

A function ( )nxxfy ,...,1=  is said to be homogenous of degree r if multiplication of each of 
its independent variables by a positive constant λ changes the value of the function by a 
proportion λr (Chiang, 1984: 410). The degree of homogeneity can be determined by 
factoring out the term λr. Thus, the function ( )nxxfy ,...1=  is said to be homogenous of 
degree r if 

( ) ( )n
r

n xxfxxf ,...,.,..., 11 λλλ =  [1.1] 

The degree of homogeneity is important in microeconomic production theory because it 
determines whether a function exhibits decreasing, constant or increasing returns to scale. A 
production function that is homogenous of degree one (or linearly homogenous) exhibits 
constant returns to scale. Thus, if all factors are doubled (say) outputs will also double. This 
can be verified for r = 1 and λ = 2 in equation 1.1.  
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A further important feature of linearly homogenous functions is that they satisfy Euler’s 
Theorem. For a linearly homogenous function ),...,( 1 nxxfy =  Euler’s Theorem will yield 
the following identity: 

∑
=

≡
n

i
ii yfx

1

 where 
i

n

i
i x

xxf
x
yf

∂
∂

=
∂
∂

=
),...,( 1  [1.2] 

A basic proof is provided here.2 By definition homogeneity of degree one implies that 
).()(. xfxf λλ =  where x  denotes an n-dimensional vector ),...,( 1 nxxx =  and λ is a scalar. 

Differentiating both sides with respect to xi and using the chain rule, we see that: 

i

i

ii x
x

x
xf

x
xf

xf
xf

∂
∂

∂
∂

=
∂

∂
∂

∂ ).(
).(
).()(

)(
)(. λ

λ
λλ   [1.3] 

Since λλ =∂∂ )()(. xfxf  and λλ =∂∂ ii xx ).(  the equation above becomes 

).(
).()(

ii x
xf

x
xf

λ
λ

∂
∂

=
∂

∂  [1.4] 

Now, both sides of the original expression ).()(. xfxf λλ =  are differentiated with respect 
to λ, yielding the following: 

λ
λ

λ
λ

λ
λ

∂
∂

∂
∂

=
∂

∂ ∑
=

).(
).(
).()(.

1

i
n

i i

x
x
xfxf  [1.5] 

Since )()(. xfxf =∂∂ λλ  and ii xx =∂∂ λλ ).(  for all i = 1,…,n the expression above 
reduces to: 

∑
= ∂

∂
=

n

i i
i x

xfxxf
1 ).(

).()(
λ
λ  [1.6] 

Using the equality in equation 1.4 we can substitute ixxf ∂∂ )(  for ).().( ixxf λλ ∂∂ , thus 
proving that Euler’s Theorem holds (equation 1.2). A corollary to Euler’s Theorem is that the 
first order derivatives )(xfi  (i = 1,…,n) of the linearly homogenous function )(xf  are 
homogenous of degree zero.3 The implication of this for CGE models is important in the 
understanding of how CGE models work. Many of the price equations in a CGE model are 

                                                 
2 See http://cepa.newschool.edu/het/essays/math/euler.htm. An alternative proof is provided in Chiang (1984: 

412-414) for a production function of the form ( )LKfQ ,= in two inputs. Chiang’s proof can, with some 
difficulty, be extended to the case of n independent variables (inputs). The proof here proves Euler’s 
Theorem directly for the n-input case.  

3 In general if the function )(xf  is homogenous of degree k the first derivatives )(xfi are themselves 
homogenous of degree k-1. A proof for this corollary is not provided here (see footnote 2 for a reference). 
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first order differentials of the quantity equations that are linearly homogenous.4 Thus, CGE 
models are typically homogenous of degree zero in prices. A doubling of all prices will have 
no impact on quantities. Despite the restrictions that linear homogeneity imposes on 
production functions, they are frequently used due to this and various other “nice 
mathematical properties” (Chiang, 1984: 414) that they possess.  

A further important implication of Euler’s Theorem is the product exhaustion theorem 
(see Chiang, 1984: 414). If the production function is linearly homogenous, i.e. exhibits 
constant returns to scale, and each factor (F) is paid a wage (WF) equal to the value of that 
factor’s marginal revenue product (MRPF), the shares (of output) paid to the factors will 
exhaust the value of total output. To show this result, consider a production function 

( )nxxfQ ,...,1=  where the xi’s represent the n factors of production and Q the output. The 
MRPF of a factor is defined as the marginal physical product (MPPF) of that factor multiplied 
by the price of the goods produced by the factor: 

PMPPMRP FF .=  where 
F

F x
QMPP

∂
∂

=  [1.7] 

Under conditions of perfect competition the employer will hire additional units of a factor 
as long the additional factor cost (wage) is less than the additional revenue generated by that 
factor. The firm will continue to do so until FF MRPW =  for all factors. Suppose the 
production function in two inputs ( )LKfQ ,=  is linearly homogenous. Applying Euler’s 
Theorem yields 

LK MPPLMPPK
L
QL

K
QKQ

.. +=
∂
∂

+
∂
∂

≡
 [1.8] 

The MPPF in each term on the right-hand side of equation 1.8 can now be replaced by the 
expression in equation 1.7. Thus, when FF MRPW =  in equilibrium (profit-maximising 
condition), the following holds: 

LK

LK

WLWKQP
P

MRP
L

P
MRP

KQ

... +=∴

+≡
 [1.9] 

This result shows that the shares of total product paid to the factors capital and labour 
respectively, i.e. the wage times the employment level, exhaust the total product if WF equals 

                                                 
4 Some of the price equations are accounting definitions. 
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the MRPF. It only applies in the long run (equilibrium) and under conditions of perfectly 
competitive product and factor markets, i.e. zero economic profits are made.5  

1.2. Elasticity of substitution and transformation (EOS/EOT) 

The EOS and the EOT, denoted by σ and Ω respectively, determine the degree of 
substitutability or ‘transformability’ between inputs. Consider a standard convex production 
function in two inputs ),( LKfQ = . For a given isoquant representing some constant level of 
output, say Q , the firm can substitute labour for capital, thus moving along the isoquant 
without sacrificing or gaining output. The marginal rate of technical substitution of labour for 
capital (MRTSLK) is defined as dLdK− . It shows the rate at which labour can be substituted 
for capital while holding output constant (i.e. along the isoquant). In equilibrium the MRTSLK 
is equal to the ratio of prices (factor costs), (WL/WK). Any rational profit-maximising firm will 
alter its capital-labour ratio in response to a change in the price ratio. The EOS measures the 
proportionate change in the capital-labour ratio (K/L) relative to a proportionate change in the 
ratio of prices ( LKKL MRTSWW = ) (Nicholson, 1992: 308). Thus,  

( ) ( )
( ) ( )LK

MRTS
MRTSd

LKd
MRTS

LK LK

LKLK /
/

%
/%

=
∆
∆

=σ  [1.10] 

Note that the capital-labour ratio declines as labour is substituted for capital, i.e. labour is 
increased and capital is decreased. At the same time the slope of the isoquant (MRTSLK) also 
declines, provided the production function is convex with respect to the origin. The EOS is 
thus a ratio of the rate of decline of the capital-labour ratio and the rate of decline of the 
MRTSLK. Most mathematical production and consumption functions used in economics are 
set-up in such a way that the EOS is constant, i.e. the rate of decline of the capital-labour ratio 
is equal to the rate of decline of the slope of the isoquant as labour is substituted for capital.6 
Note that the EOT refers to the same concept relating to transformation functions, i.e. 
functions that are concave with respect to the origin. 

                                                 
5 This result can easily be extended to production functions in multiple inputs.  For the linearly homogenous 

production function ( )nxxfQ ,...,1=  Euler’s Theorem yields the following identity: 

∑
=

=

+++≡
n

i
ii

nn

MPPx

MPPxMPPxMPPxQ

1

2211 ...
      [1.8a] 

Substituting the expression for MPPi yields  

∑∑

∑

==

=

==∴

≡

n

i
ii

n

i
ii

n

i

i
i

WxMRPxQP

P
MRPxQ

11

1

.

       [1.9a] 

6 The EOS along a consumer’s indifference curve can be calculated in the same fashion.  
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Below three functional forms are considered, each with different (constant) elasticities of 
substitution. The same principle applies throughout to concave functions and the EOT. It is 
shown that the larger the value of σ, the easier factors can be substituted. The comparison 
presented here should illustrate clearly that the EOS is effectively a measure of the curvature 
of an isoquant. 

Firstly, consider a linear isoquant of the form LbKaQ .. += , which is characterised by 
perfect substitutability between the factors. For a given level of output Q  the absolute value 
of the slope of this function is given by LKMRTSabdLdK == . Since the slope is constant 
for all possible combinations of K and L, the change in the MRTSLK will always be zero. 
Consequently σ is undefined or “infinite” due to division by zero. Thus, for linear production 
functions characterised by perfect substitutability between factors, the EOS is infinite.  

At the other extreme the Leontief input-output function is characterised by zero 
substitutability because inputs are used in fixed proportions to the level of output. Any profit-
maximising firm will always produce at the corner point of this L-shaped function. Thus, as 
the ratio of factor prices change, the capital-labour ratio will remain unchanged. The 
percentage change in the capital-labour ratio is therefore always zero along a given Leontief 
input-output isoquant, and as a consequence the EOS is also zero for functions with zero 
substitutability between factors.  

The linear and Leontief production functions represent the two extremes for convex 
production functions, and hence the upper and lower boundaries of the EOS are defined by 
the expression 0 ≤ σ ≤ ∞. Next we consider the Cobb-Douglas function, which is 
characterised by imperfect substitutability. The expectation is that the EOS should be 
somewhere between these two extremities. In fact, the EOS of a standard Cobb-Douglas 
function is one (1) (see worked example below). Figure 1 below shows these results 
graphically. 
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Figure 1: Three production functions and their associated EOS 

K KK

L L L
σ = ∞ σ = 0σ = 1

Linear production function Cobb-Douglas function Leontief function

 

The EOS of any linearly homogenous production of the form ),( LKfQ =  can be 
calculated using a formula derived by Allen (see Nicholson, 1992: 309): 

KLQQ
KQLQ

∂∂∂
∂∂∂∂

= 2.
*σ  [1.11] 

This formula can be used to calculate the EOS of the linearly homogenous Cobb-Douglas 
function, αα −= 1. LKAQ . It is fairly easy to see that σ = 1 and constant at any point along the 
isoquant. 

[ ] [ ]
[ ]

1.
.)1(

..)1(

1

1

11

==

−

−
=

−

−−

−−−

Q
LKA

LKAQ

LKALKA

αα

αα

αααα

αα

αα
σ

 [1.12] 

The calculation of the EOS for a production function in more than two inputs “raises 
several complications” (Nicholson, 1992: 309). In the real world a change in the ratio of two 
inputs is likely to have an effect on the level of other inputs as well due to interdependencies 
between various factors. Most factors are complements or substitutes of each other, but these 
relationships are not necessarily stable when changing different combinations of factors.  

2. Functional forms used to model production 

2.1. The Cobb-Douglas function 

The Cobb-Douglas function is without doubt the most widely used function in general 
economics (Heathfield and Wibe, 1987: 76). It owes part of its name to Paul Douglas who 



PROVIDE Project Background Paper 2003:5 August 2003 

7 

used US manufacturing data for the period 1899 - 1922 to infer its properties. His colleague 
Cobb, a mathematician, suggested the functional form. Although the function was initially 
based on manufacturing data and two inputs (capital stock and labour), it can be extended to 
include multiple inputs. It can also be used to model consumption (utility functions). The two-
input Cobb-Douglas production function has the following form: 

βα LKAQ .=  [2.1] 

The parameter A (A > 0) is known as a shift or efficiency parameter. The parameters α 
and β (0 ≤ α ≤ ∞, 0 ≤ β ≤ ∞) are the function exponents. The function exponents determine 
the degree of homogeneity. If each factor is increased by a factor λ total output will increase 
by λα+β. 

QLKALKAQ βαβαβαβα λλλλ ++ ===′ .).().(  [2.2] 

The Cobb-Douglas function will exhibit constant returns to scale if the function exponents 
are restricted to sum to unity. If α +  β = 1, β can be replaced by the expression β = 1 - α, and 
hence we can rewrite the Cobb-Douglas function as αα −= 1. LKAQ . To illustrate an important 
characteristic of the Cobb-Douglas function, the MPP of each factor is calculated below: 

ααα αα =⇒== −−

Q
MPPK

K
QLKMPP K

K
..11   [2.3a] 

)1(
..)1( ααα αα −=⇒=−= −

Q
MPPL

L
QLKMPP L

L  [2.3b] 

The result in 2.3 shows that, for a linearly homogenous Cobb-Douglas function, the 
function exponent of each factor represents the relative share (contribution) of that factor in 
total output. Furthermore, if each factor is paid the value of its MPP, i.e. 
WF = MRPF = MPPF.P, the equilibrium wage will be a fixed share of the average revenue 
product (ARPF) of that factor, where the ARPF is defined as the average product 
( FQAPF = ) multiplied by price P: 

KK
K ARP

K
QPW

QP
MRPK

...
.

.
ααα ==⇒=  [2.4a] 

LL
L ARP

L
QPW

QP
MRPL

)1(.)1()1(
.

.
ααα −=

−
=⇒−=  [2.4b] 

The equations in 2.4 are typically used as the first order conditions for profit 
maximisation, also known as the factor demand equations. The result can also be obtained by 
directly applying Euler’s Theorem (equation 1.9). The factor demand equations satisfy the 
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optimal input-ratio, which is derived using the standard approach to profit maximisation. 
Consider the linearly homogenous Cobb-Douglas function αα −= 1. LKAQ  in two inputs. If the 
firm wishes to maximise profits a profit function (Π) needs to be defined as the total revenue 
(TR) minus total cost (TC); thus: 

LWKWLKAP

LWKWQP
TCTR

LK

LK

−−=

−−=
−=Π

−αα 1..

.  [2.5] 

Differentiation with respect to K and L gives the following two equations, both of which 
should be simultaneously set equal to zero: 

0... 11 =−=
∂
Π∂ −−

KWLKAP
K

ααα  [2.6] 

( ) 0..1 =−−=
∂
Π∂ −

LWLKAP
L

ααα  [2.7] 

This gives the optimal ratio of employment in equilibrium. It can be verified that the result 
obtained in equation 2.4 satisfies this equilibrium condition: 

α
α
−

=
1K

L

W
W

L
K  [2.8] 

Next, factor demand equations for K and L can be derived by substituting the above 
expression into the Cobb-Douglas production function. This will yield factor demand 
equations of the form ( )*,, QWWKK LK=  and ( )*,, QWWLL LK= , where Q* is the profit-
maximising level of output. The problem with this approach is that the derivation of the factor 
demand equations becomes complicated when dealing with functions in more than two 
inputs, since first order condition equations need to be solved simultaneously for every factor. 
As a result the “Euler approach” is preferred when dealing with multiple-input Cobb-Douglas 
production functions.  

The n-input Cobb-Douglas function will take on the following form: 

∏
=

=

=
n

i
i

n

i

n

xA

xxxAQ

1

21 .... 21

α

ααα

 [2.9] 

The first-order condition for profit maximisation for this function is derived below. As 
before (see equation 2.2) multiplication of each factor xF by a factor λ will cause output to 
increase by a factor nααλ ++...1 . Thus, if 1...1 =++ nαα , the function is linearly homogenous. 
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The parameter αF represents, as before, the share of total product accruing to each factor, as 
is shown for factor F below: 

F
nFknFFFFF

Q
xxxA

Q
xxxAx

Q
MPPx nFnF

α
αα αααααα

===
− .............. 11

1
1

1  [2.10] 

Since FF MPPPMRP .=  and FF MRPW =  in equilibrium the following equilibrium 
condition can be derived (the first-order condition for profit maximisation):7 

F

F
F x

QP
W

.α
=  [2.11] 

2.2. The CES function 

Although widely used, the Cobb-Douglas function has one large drawback: the EOS always 
takes on a value of one (see section 1.2). The CES function, first developed by Arrow, 
Chenery, Minhas and Solow (see Nicholson, 1992: 313), allows for greater flexibility in that 
the modeller can choose the value of the EOS. This function takes on the following form in 
the two-input case: 

[ ] ρ
ε

ρρ δδ
−

−− −+= LKAQ )1(  [2.12] 

The parameter A (A > 0) is, as in the Cobb-Douglas function, an efficiency or shift 
parameter. The parameter δ (0 ≤ δ ≤ 1) is a distribution or share parameter. It permits the 
relative importance of the inputs to vary, thus operating in much the same way as the function 
exponents of the Cobb-Douglas production function. The parameter ρ (-1 ≤ ρ ≤ ∞, ρ ≠ 0) is 
the substitution parameter or function exponent. The relationship between this parameter and 
the EOS is explained below. Finally, ε (0 ≤ ε ≤ ∞) determines the degree of homogeneity of 
the function. The function can exhibit increasing, decreasing or constant returns to scale, 

                                                 
7 The commodity demand equations for consumers are similar. Consider a Cobb-Douglas utility function 

αα −= 1
21 xxU . Suppose the consumer wishes to maximise utility subject to a budget constraint 

2211 xPxPY += , where Y is the consumer’s income, and P1 and P2 are the prices of commodities x1 and 
x2 respectively. Solving the resulting Lagrangian function yields consumer demand equations: 

1
1 P

Yx α
=  and 

2
2

)1(
P

Yx α−
=  

Thus, consumers allocate fixed proportions of their income to each commodity. In a Cobb-Douglas utility 
function in n commodities, n

nxxU αα ...1
1=  will yield the following utility maximising commodity demand 

equation for commodity C:  

C

C
C P

Y
x

α
=  
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depending on the value of ε. Multiplying each factor by a constant λ changes the level of 
output as follows: 

[ ]

[ ]
Q

LKA

LKAQ

.
)1(..

).)(1().(

ε

ρρε

ρρ

λ

δδλ

λδλδ

ρ
ε

ρ
ε

=

−+=

−+=′
−

−

−−

−−

 [2.13] 

Thus, if ε < 1, the function exhibits decreasing returns to scale, if ε = 1 there are constant 
returns to scale and if ε > 1 there are increasing returns to scale. For reasons discussed before 
only linearly homogenous production functions are used in CGE models. Using the formula 
in equation 1.11 the relationship between the EOS of a linearly homogenous CES function 
and the function exponent can be shown to be the following: 8 

ρ
σ

+
=

1
1 , 0 ≤ σ ≤ ∞ [2.14] 

The range of the function exponent was given as -1 ≤ ρ ≤ ∞, ρ ≠ 0. The CES function is 
not defined for ρ = 0 due to division by zero. However, using L’Hôpital’s Rule it can be 
shown that as ρ → 0, the linearly homogenous CES production function approaches the 
linearly homogenous Cobb-Douglas function (see Chiang, 1984: 429-430). In a way the CES 
encompasses all of the functional forms shown in Figure 1, i.e. the linear production function, 
Cobb-Douglas production function and Leontief production function can be regarded as 
special cases of the generliased CES function. The flexibility of the CES function has 
contributed to its popularity in CGE modelling. 

The first-order condition for profit-maximisation can be derived directly by substituting 
the profit maximising condition (WF = MRPF) into the equation for the MPPF: 

 
[ ] [ ]

[ ] [ ]1

1

.)1(.

)()1(.1

1
1

1
1
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−−

−+=
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ρρρ

ρρρ

δδδ

ρδδδ
ρ

ρ

ρ

KLKA
P

MRP

KLKAMPP

K

K

 [2.15] 

[ ] [ ]1.)1(..
1

1

−−−−
−−

−+=∴ ρρρ δδδ
ρ

KLKAPWK  [2.16] 

                                                 

8 Some textbooks formulate the CES function as [ ]ρ
ε

ρρ δδ LKAQ )1(. −+=  and then define the range of the 
function exponent as (-∞ ≤ ρ ≤ 1, ρ ≠ 0). This will cause equation 2.14 to change to ( )ρσ −= 11 , with 
the range of the EOS remaining the same. The formulation in equation 2.12 will be used throughout this 
paper.  
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The equilibrium factor demand equation for L can be derived in similar fashion.  

[ ] [ ]1)1()1(..
1

1

−−−− −−+=∴
−−

ρρρ δδδ
ρ

LLKAPWL  [2.17] 

It is easy to show that these equations satisfy the first-order condition for profit 
maximisation that can be derived by defining a profit function (Π) as TR minus TC: 

[ ] LWKWLKAP LK −−−+=Π
−

−−
ρ

ρρ δδ
1

)1(..  [2.18] 

Taking the first order partial differentials of the profit function with respect to K and L 
respectively and solving these simultaneously yields the following profit equilibrium 
condition: 

L
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δ
δ  [2.19] 

The CES function is easily extended to include multiple inputs. The generalised multiple-
input CES function ( )nxxfQ ,...,1=  takes on the following form: 
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 [2.20] 

As before (see equation 2.13) multiplication of each of the factor xF by a factor λ will 
increase output by a factor λε. Thus, this function will be linearly homogenous for ε = 1. The 
first order condition for profit maximisation looks similar those derived for the two-input 
function (equations 2.16 and 2.17): 9 
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 [2.21] 

Related to the CES function is the Constant Elasticity of Transformation (CET) function. 
A CET function has a similar functional form, but is concave with respect to the origin (in the 

                                                 
9 CES functions are seldom used to model consumer utility. The Cobb-Douglas function is more suited for this 

since the abstract concept of “utility” can be avoided by assuming that consumers allocate a fixed 
proportion of their disposable income to each commodity. The CES function does not have this 
characteristic – in fact, this was exactly the reason why the CES function was developed – and 
consequently “utility” enters as a variable in the first-order conditions for utility maximisation.  
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two-dimensional case). The only difference in the mathematical statement is that the negative 
sign in front of the function exponent disappears. The range of the function exponent remains 
(-1 ≤ ρ ≤ ∞, ρ ≠ 0). Section 4 provides an example of how the CET function may be used in a 
CGE model with international trade.  

3. Application in CGE models 

3.1. Basic model with no intermediate inputs 

In the basic model with no intermediate inputs production is modelled as a simple value-
added type Cobb-Douglas function (see Löfgren, 1999: 4-10). Thus, the output of each 
activity (QXa) is a function of the primary inputs or factors of production (FDf,a). Note that 
the function is indexed over activities a (compare equations 2.1 and 2.9):10  

∏
∈

=
Ff

af
x
aa

afFDadQX ,
,

α   [3.1] 

The values of the αf,a’s are restricted to sum to unity, and hence we can use Euler’s 
Theorem to derive the first order condition for profit maximisation, or the factor demand 
equation. This function is indexed over factors f (compare equation 2.11): 

af

aaaf
f FD

QXPX
WF

,

,α
=  [3.2] 

Alternatively a CES production function may be used. This function appears below 
(compare equation 2.21): 

x
a

x
a

f
af

x
af

x
aa FDadQX

ρ
ρδ

/1

,,

−

−








= ∑  [3.3] 

The first-order condition for profit maximisation can either be calculated by 
differentiating the profit function with respect to each factor. Alternatively, the MPPF can be 
calculated directly by differentiating QXa with respect to FDf,a.  
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f
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a FDFDad
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QX ρ

ρ
ρ δδ  [3.4] 

As before, the MPPF can be replaced by the expression af PXWF , the condition for profit 
maximisation. Thus,  

                                                 
10 Notation used here complies as far as possible with the PROVIDE Project CGE model notation rather than 

that used by Löfgren (see PROVIDE, 2003).  
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xx
aaf FDFDadQXPXWF ρρ δδ  [3.5b] 

The first formulation of the factor demand equation in 3.5a is similar to the equation 
derived in 2.21. In equation 3.5b QXa is factored out. Mathematically these two formulations 
are identical. However, the formulation selected depends on the closure rules of the model. 
Equation 3.5a should be used when the profit maximising level of output QXa and the levels 
of factor demand FDf,a are determined simultaneously. However, if a closure rule is selected 
whereby QXa is fixed, equation 3.5b should be used. 

Although the price system in the basic model is very simple, it is useful to look at the flow 
diagram representation in Figure 2. The identity between the commodity price (PXCc) and the 
activity price (PXa) reflects the assumption that each activity only produces a single 
commodity. The dashed line between PXa and the factor price (WFf) indicates that factor 
prices are dependent on activity prices (see equation 3.2). The flow of quantities can also be 
represented by a flow diagram. In this simple model labour (LAB) and capital (CAP) are 
allocated across activities to produce output. The activity output determines commodity 
supply (QXCc), which is allocated to final demand by households (QCDc). 
 

Figure 2: Price and quantity system for a closed 2*2*2*2 model with no intermediate inputs 

PXCc = 1 PXa = 1

WFf

FDf,a

LAB CAP

QXa

QXCc

QCDc

identity

identity

 
Source: McDonald (2002a)  
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3.2. Introducing intermediate inputs - nested production structures 

The introduction of intermediate inputs into the production technology (see Löfgren, 1999:12) 
requires that activity output be defined a function of both (aggregate) intermediate inputs 
(QINTa) and primary factors (FDf,a). In order to ensure that the degree of substitutability may 
vary between different inputs a nested production structure may be used. Typically in CGE 
modelling a two-stage production structure is used. At the top-level final output (QXa) is a 
function of two ‘aggregate inputs’, namely ‘value added’, an aggregated primary factor 
component, and ‘aggregate intermediate inputs’, which is an aggregation of the various 
individual intermediate inputs (commodities) that a given activity uses in its production 
process. The aggregated inputs are themselves defined by production functions that are nested 
within the top-level function. Figure 3 gives a graphical representation of what such a 
production structure may look like.  

Figure 3: Nested production structures 

Activity output
QXa

Value added
QVAa

Intermediate
Inputs QINTa

Capital Labour Int1 Int2

σqa

σva σint

Etc… Etc…

FDf,a QINTDc,a

CES/Leontief

LeontiefCES/Cobb-Douglas

 

The activity output level (top-level) is often defined either as a Leontief function, in which 
case QVAa and QINTa are used in fixed proportions, or as a CES function. In case of the latter 
the modeller sets the EOS exogenously. At the second level of the nest value added is a 
function of the primary inputs. This function may either be a CES or a Cobb-Douglas 
function, and is similar to the functions described in equations 3.1 and 3.3. However, a new 
“price of value added” variable needs to be defined (PVAa) as the activity price net of the 
price of intermediate inputs (valued at commodity prices, PXCc). This new price is used in the 
first order condition or factor demand equation.  

Also at the second level aggregate intermediate input demand is usually defined as a 
Leontief function of the various individual intermediate inputs (commodities), i.e. it is 
assumed that firms use different intermediate inputs in fixed proportions. Thus, individual 
inputs are simply increased in fixed proportions as the demand for QINTa increases. It may be 
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necessary to define a new aggregate intermediate price variable (PINTa) if the top-level 
function is not a Leontief function. This will become clear in the discussion that follows. 
PINTa is essentially a weighted aggregation of the individual input prices (commodity prices). 
The model statement for two alternatives (CES or Leontief top-level) is discussed below, 
drawing on Löfgren et al. (2001), Löfgren (1999) and McDonald (2002a). The notation is 
similar to that used in the PROVIDE CGE model (see PROVIDE 2003).  

3.2.1. CES top-level function 

If the top-level production function is a CES function in two inputs, QVAa and QINTa the 
following equation is used 

( ) x
a

x
a

x
a

a
x
aa

x
a

x
aa QINTQVAadQX ρρρ δδ

1

)1(
−−− −+=  [3.6] 

The profit maximising input mix is derived by taking the first order differential of the 
profit equation (Π) with respect to the inputs. Thus,  

aaaaaaa QINTPINTQVAPVAQXPX −−=Π  [3.7] 

This yields the following profit-maximising condition (compare equations 2.18 and 2.19): 

x
a

x
a

x
a

a

a

a

a

PV
PINT

QINT
QVA ρ

δ
δ +









−

=
1

1

1
 [3.8] 

3.2.2. Leontief top-level function 

If the top-level function is a Leontief function both inputs (QVAa and QINTa) are fixed 
proportions of activity output (QXa).  

aaa QXivaQVA =  and aaa QXintaQINT =  [3.9] 

3.2.3. Second level value added and intermediate input functions 

The value added production function (QVAa) and its relevant factor demand equation is 
similar to equations 3.1/3.2 and 3.3/3.5 for the Cobb-Douglas and CES formulations 
respectively. The only difference is that value added is valued at the price PVAa rather than 
PXa, while QVAa replaces QXa. Thus, the Cobb-Douglas production function and is related 
factor demand equation is given by 3.10 and 3.11 respectively: 

∏
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afFDadQVA ,

,
α  [3.10] 
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=  [3.11] 

Similarly, the CES value added function and its related factor demand equation (two 
alternatives) are given below (3.12 and 3.13): 
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The second-level Leontief aggregation function combines intermediate inputs (defined 
over c) in fixed proportions to form aggregate intermediate inputs (defined over a): 

 a
Aa

acc QINTcomactcoQINTD ∑
∈

= ,  [3.14] 

3.2.4. Simplification of the model structure 

In the 2*2*2*2 model the top-level function is a Leontief function, while at the second level 
the value added function is a Cobb-Douglas function. Also at the second level aggregate 
intermediate inputs is a Leontief function of intermediate inputs. Thus, all the functions along 
the right-hand side “leg” of the nest are Leontief functions. When this is the case it is possible 
to “collapse” the entire leg. The individual intermediate inputs (QINTDc) are aggregated in 
fixed proportions and the aggregate intermediate inputs (QINTa) are then used in fixed 
proportions in the top-level function. This simply implies that QINTDc are used in fixed 
proportions in the production of QXa and therefore the aggregation equation (3.9, right-hand 
side) can be left out, thus jumping directly to the following: 

∑
∈

=
Aa

aacc QXcomactcoQINTD ,  [3.15] 

Equations 3.9 (left-hand side) and 3.10 give the top-level and second level formulations 
for QAa and QVAa respectively. From these two equations the top-level function can be 
written as 
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where aaa ivaadad =* . Equations 3.15 and 3.16 thus represent the entire nested 
production structure of the 2*2*2*2 model with intermediate inputs of Exercise 2. The model 
statement is a simplification of the expanded structure represented by equations 3.9 (top-level 
Leontief activity output), 3.12 (value added Cobb-Douglas function) and 3.14 (Leontief 
aggregate intermediate inputs). The price and quantity system of the model is represented in 
Figure 4. 

Figure 4: Price and quantity system for a closed 2*2*2*2 model with intermediate inputs 

PXCc = 1 PXa = 1
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Source: McDonald (2002a)  

The price and quantity system is not much different from before, except that the inclusion 
of intermediate inputs has necessitated the construction of a value added price 

∑−=
c

cacaa PXicaPXPV , , i.e. the activity price net of the cost of intermediate inputs valued 

at commodity (consumer) prices, weighted according to the relative share of each 
intermediate commodity in aggregate intermediates.  

4. Armington (CES/CET) functions – commodity flows in open economy models 

The preceding chapters highlighted the use of CES production functions (inter alia) in the 
modelling of production in CGE models. However, these functions’ use is not limited to the 
modelling of production (or consumption). CES and CET functions may also be used to 
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model the flow of commodities in the economy. Specifically, they are employed as 
aggregation and transformation functions in models that incorporate international trade flows.  

When a closed economy model is expanded to include a foreign sector local consumers 
have a choice between imported and domestically produced goods, while local producers can 
choose whether they wish to export their production or supply it to the local markets. 
Invariably consumers choose a mix of imported and domestic goods, while producers often 
supply to both domestic and foreign markets. It is therefore necessary to make certain 
assumptions regarding the substitutability between imports/domestic goods (consumers) and 
exports/domestic goods (producers). The standard neoclassical trade model assumes that all 
goods are tradable and that all goods are perfect substitutes (see McDonald, 2002b). Under 
these assumptions domestic prices are ultimately determined by world prices. The Salter-
Swan or Australian model relaxed the assumption that all goods are traded by introducing a 
dichotomy between ‘tradeables’ and ‘non-tradeables’. However, the problem of finding 
‘corner solutions’ (denoting complete specialisation) or large fluctuations in relative prices 
still remained for traded goods. The so-called ‘Armington assumption’ provided the solution 
to this problem. Armington (1969) suggested the assumption that imports/domestic demand 
and exports/domestic supply are imperfect substitutes. Since then the CGE literature has 
“virtually without exception” adopted the Armington assumption (McDonald, 2002b: 1).  

One of the simplest models that incorporate trade is the so-called 123-Model, which has 
one country, two production sectors (exports or domestic supply) and three goods (imported 
goods, exported goods and domestically produced goods).11 This model is useful to explain 
how CES and CET functions are used in the modelling of trade flows under the Armington 
assumption. Consider the four-quadrant diagram in Figure 5. All dimensions in this diagram 
are positive. The production possibility frontier (PPF) in the fourth quadrant (IV) is used to 
allocate domestic production (QX) to the export market (QE) or the domestic market (QDS) 
depending on the relative prices of these goods. This PPF or transformation curve is concave 
with respect to the origin and usually takes on the functional form of the CET function. Profit 
is maximised at the point of tangency where the slope of the PPF equals the price ratio.  

The balance of trade can be represented by a 45o line through the origin (quadrant I) based 
on the assumption of that export prices (PE) and import prices (PM) are equal and that the 
balance of trade is zero. Similarly the transformation of domestic supply (QDS) to domestic 
demand (QDD) is a one-to-one mapping. The information in quadrants I, III and IV can now 
be used to construct a consumption possibility frontier (CPF), which is concave with respect 
to the origin (quadrant II). Consumers maximise utility and hence consume a composite good 
(QQ), which is a combination of imported goods (QM) and domestically produced goods 

                                                 
11 For simplicity reasons the notation used here does not include subscripts.  
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(QDD) at the tangency between the indifference curve (convex with respect to the origin) and 
the line that represents the price ratio of domestic goods (PDD) relative to imported goods 
(PM). The utility level is of course subject to the CPF, the ‘budget constraint’ of the 
consumers.  

Figure 5: A Basic 123 Model 
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Source: McDonald (2002b) 

A similar approach to this is adopted in most other open-economy CGE models, including 
the single country GTAP model (McDonald, 2003), the IFPRI standard CGE model (Löfgren 
et al, 2001) and the PROVIDE CGE model (PROVIDE, 2003). Figure 6 shows how the 
IFPRI model makes use of a variety of substitution mechanisms to model the flow of 
marketed commodities. A CES aggregation function is used to aggregate domestic production 
into a single commodity (QX) 12, which is then allocated to the domestic (QDS) and export 
(QE) markets via a constant elasticity of transformation (CET) function (the PPF). A CES 
aggregation function (the CPF) is used to create a composite commodity (QQ) made up of 
domestic sales (QDD) and imported goods (QM). The composite commodity represents total 
domestic supply. One of the macroeconomic constraints imposed in the model ensures that 
domestic supply equals domestic consumption (the sum of household and government 
consumption) plus investment demand and intermediate input demand.  
 

                                                 
12 Note that some CGE models allow for industries to produce more than one type of commodity. Thus, this 

aggregation function simply adds up similar commodity types across all industries. If each industry only 
produces a single commodity (such as is the case in Exercises 1 and 2 in Löfgren (1999)), commodity 
output QXC can be directly mapped to activity output QX.  
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Figure 6: Flows of marketed commodities in the IFPRI standard model 
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Source: Löfgren et al. (2001) 

The model statement of the CES aggregation function and CET transformation function is 
provided below. Commodity output QX is allocated to the export (QE) and domestic (QDS) 
markets according to the CET function below:  

( ) ttt QDSQEatQX ρρρ γγ
1

)1( −+=  [4.1] 

The optimal allocation depends on the ratio of export to domestic prices, given by the 
following first-order condition: 
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Similarly, the CES aggregation function and its first order condition is given by equations 
4.3 and 4.4 below: 
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5. Concluding remarks 

In order to draw informed conclusions of CGE model results it is imperative that a proper 
understanding of the functional forms used in CGE models to model production, consumption 
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and commodity flows, is developed. The basic principles discussed in this paper should be a 
good start to understand the more complex CGE models, most of which are built on the same 
principles as the ones discussed in this paper. This paper focused on production and 
commodity flows, explaining the use of various well-known functional forms used in CGE 
models.   

Some important related topics that fell beyond the scope of this particular paper, but are 
useful to mention include, firstly, explorations of multiple-level nested production functions. 
This paper only discussed the two-stage production structure. A multiple-level structure 
would allow for greater flexibility in the setting of substitution elasticities, for example, if 
labour is further disaggregated into skilled and unskilled labour using a third level of 
aggregation functions. Secondly, the price system relationships of the simple models 
described here as well as the more complex models need to be explored in more detail. 
Thirdly, the current version of the paper focuses mainly on the production side. The 
consumption side is just as important and various demand systems, especially the Stone-
Geary system and the ‘almost ideal demand system’ should be explored for a better 
understanding of how the CGE model operates. Finally, a functional form that was not 
discussed in this paper is the translog production function. This function is a single-level 
function that can be used to estimate a nested production technology. It is also easier to 
extend a translog function than adding further nests in a nested production technology. Thus, 
if more detail is required the translog function may be preferable.  
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