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Joint Price-Production Distributions under
Non-Normality, Autocorrelation and
Heteroscedasticity: A Tool for Assessing

Risk in Agriculture
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ABSTRACT

This study presents a way to parametrically model and simulate multivariate distributions
under potential non-normality, autocorrelation and heteroscedasticity and illustrates its ap-
plication to agricultural risk analysis. Specifically, the joint probability distribution (pdf)
for West Texas irrigated cotton, corn, sorghum, and wheat production and prices is esti-
mated and applied to evaluate the changes in the risk and returns of agricultural production
in the region resulting from observed and predicted price and production trends. The
estimated pdf allows for time trends on the mean and the variance and varying degrees of
autocorrelation and non-normality (kurtosis and right- or left-skewness) in each of the
price and production variables. It also allows for any possible price-price, production-
production, or price-production correlation.

Key Words: agricultural risk analysis, autocorrelation, heteroscedasticity, multivariate

non-normal simulation, West Texas agriculture.

Expected profitability and risk are two fun-
damental criteria for the evaluation of agri-
cultural policies, trends, and technologies.
These are generally assessed using safety-first
criteria (Roy) or stochastic dominance analysis
(Meyer) if the relevant cumulative distribution
functions (cdf’s) are not normal. In both cases,
precise estimates of the cdf’s are required.
Therefore, reliable simulation techniques are
important for conducting a rigorous agricul-
tural risk analysis.

Octavio Ramirez is an assistant professor in the De-
partment of Agricultural and Applied Economics, Tex-
as Tech University, Lubbock, Texas.

The author acknowledges the helpful comments
and suggestions of Drs. Don Ethridge, Eduardo Segar-
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Yields have been found to be heterosce-
dastic over time and space, and non-normally
distributed with a tendency towards left-skew-
ness because of widespread pest attack or
weather phenomena occasionally causing ab-
normally low production. They have also been
shown to be correlated among each other, even
at aggregate levels, presumably because of un-
favorable weather conditions affecting several
crops simultaneously (Ramirez, Moss and
Boggess).

Commodity prices, on the other hand, tend
to be autocorrelated through time. Yield non-
normality could have implications for the
probability distribution of prices during a giv-
en time period through the market equilibrium
established by supply and demand interac-
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tions. Yield left-skewness (i.e. sporadic unusu-
ally low yields) could cause price right-skew-
ness (i.e., sporadic unusually high prices),
documented by Ramirez and Sosa and Rami-
rez and Somarriba, which implies that price
upswings are relatively more extreme than the
downswings. Also, because of the market link-
ages, macroeconomic cycles, or agricultural
policies, real commodity prices could be cor-
related among each other.

All of these phenomena are critical in ag-
ricultural risk analysis. Therefore, parametric
modeling methods that can be used for a truly
realistic simulation of future price, yield, and
production outcomes have been of interest to
agricultural economists for many years. In the
1970s Clements, Mapp and Eidman and Rich-
ardson and Condra developed a procedure to
model and simulate multivariate, correlated
random processes under the assumption of
normality. In 1974, Anderson stressed the im-
portance of modeling correlation, non-normal-
ity (skewness and kurtosis) and changing var-
iances around time/space trends/locations,
because these are important characteristics of
many stochastic processes in simulation mod-
els.

In the mid 1980s, Gallagher advanced a
univariate procedure to model and simulate
random variables using the Gamma distribu-
tion. Because of the importance of skewness
and changing variance of soybean yields over
time, mainly caused by increased variation in
weather conditions, he attempts to model these
two characteristics of the corresponding prob-
ability distribution. Gallagher recognizes,
however, that the Gamma function assumes
fixed relations between the mean, the variance
and the level of skewness. In addition, these
moments depend on the values taken by two
parameters only. Thus, in order to model and
simulate a changing variance, the correspond-
ing mean and level of skewness also will have
to be allowed to vary over time/space accord-
ing to arbitrary formulae. Taylor was the first
to tackle the problem of multivariate non-nor-
mal simulation. In his work, published in
1990, he uses a cubic polynomial approxi-
mation of a cumulative distribution function
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instead of assuming a specific multivariate
density for empirical analysis.

In 1997, Ramirez developed and applied a
multivariate model of non-normal, heterosce-
dastic, time-trending yields. More recently,
Ramirez and Somarriba addressed the comple-
mentary issue of jointly modeling and simu-
lating sets of autocorrelated, non-normal,
time-trending prices that are correlated to each
other. This study illustrates how these two pro-
cedures can be unified to conduct comprehen-
sive agricultural risk analysis. Specifically, the
joint probability distribution (pdf) for West
Texas! irrigated cotton, corn, sorghum, and
wheat production and real (1998) prices is es-
timated and used to evaluate the changes in
the risk and returns of agricultural production
resulting from observed and predicted price
and production trends?. Time series (1909-
1998 U.S.) price (USDA/NASS) and (1969
1998 West Texas) production (TASS) data are
used to estimate the pdf, which allows for dif-
ferent linear time trends on the mean and the
variance and varying degrees of autocorrela-
tion and non-normality (kurtosis and right- or
left-skewness) in each of the real price and
production variables. It also allows for any
possible price-price, production-production, or
price-production correlation.

The multivariate pdf used in this study in-
cludes different parameters or parametric
functions to separately model each of those
distributional characteristics. This implies
flexibility, in the sense that it can theoretically
account for any possible underlying mean,
variance, autocorrelation, and covariance
structure and a wide variety of kurtosis-skew-
ness combinations. This also means that sta-

! For the purposes of this study, West Texas is de-
fined as the three northern-most crop reporting districts
of Texas. These districts consist of the Northern High
Plains district (District 1-N) located in the Northwest-
ern section of the Texas panhandle, the Southern High
Plains district (District 1-S) located just south of Dis-
trict 1-N, and the Northern Low Plains district (District
2-N) which is adjacent and east of Districts 1-N and
2-N.

2 These four crops are selected for the analysis be-
cause they currently represent the majority of the value
of production from irrigated field crops in West Texas
(TASS).
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tistical tests can be conducted to identify the
appropriate distributional attributes that need
to be considered in the analysis.

The Multivariate PDF Model

This study combines the procedures of Ra-
mirez and Ramirez and Somarriba, which ap-
ply a modified inverse hyperbolic sine (IHS)
transformation to a potentially non-normal de-
pendent variable Y to transform it to normal-
ity. In these models, E[Y] = X, indicating
that the mean of the Y distribution is a linear
function of a matrix of independent variables
(X) and a vector of slope coefficients (B). The
variance of Y is determined by a separate pa-
rameter or parametric function (c¢), while the
third and fourth central moments of Y do not
depend on o or XPB. This means that if o is
allowed to change across observations, the
variance of the Y distribution changes, but its
skewness and kurtosis remain constant. In oth-
er words, the parameters B and o indepen-
dently control the mean and variance of Y,
respectively.

Skewness and/or kurtosis can also be made
variable across observations through two other
model parameters, p and 0, respectively. In
both Ramirez, and Ramirez and Somarriba
models, if ® > 0 and u approaches 0, the Y
distribution becomes symmetric, but it re-
mains kurtotic. Higher values of ® cause in-
creased kurtosis. If ® > 0 anduw > 0, Y has a
kurtotic and right-skewed distribution, while p
< O results in a kurtotic and left-skewed dis-
tribution. This allows for the specifying and
testing of a null hypothesis of symmetric non-
normality versus an alternative hypothesis of
non-symmetric non-normality (Hy: w = 0 vs.
H;: p # 0).

Ramirez and Somarriba also present a kur-
totic but symmetric version of the formerly de-
scribed model, in which the third central mo-
ment of the Y distribution is zero but its fourth
central moment is still determined by ©. They
show that the normal-pdf model is a special
case of this later model specification, which in
turn is nested to the full skewed and kurtotic
pdf model described initially. This implies that
the null hypothesis of normality vs. the alter-
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native of symmetric non-normality can be test-
ed using an asymptotic t-test (Hy: ® = 0 vs.
H,: ® > 0) or a likelihood ratio test of the
normal-pdf model vs. the kurtotic but sym-
metric version of the model. A likelihood ratio
test of the full, skewed and kurtotic model vs.
the normal-pdf model can be used to test a
more general null hypothesis of non-normality
(symmetric or asymmetric) vs. an alternative
hypothesis of pdf normality.

Ramirez and Somarriba’s non-normal time-
series (autocorrelation) results can be com-
bined with Ramirez’s non-normal heterosce-
dastic specification to obtain a more general
model consisting of a set of marginal pdf’s
representing variables that could be non-nor-
mally distributed, heteroscedastic and/or au-
tocorrelated, and correlated among each other.
Consider the j* (n X 1) normally but not in-
dependently and identically distributed (iid)
mean-standardized dependent variable vector
U; =Y, — XB). Let ®, = o7y be the co-
variance matrix of this vector. Let P, be an n
X n matrix such that P/P; = ¢!, Y¥ = PY,
(an n X 1 vector), and X¥* = PX; (ann X k
matrix), where Y; and X, are the vector and
matrix of original dependent and independent
variables. Because of the choice of Pj, the
transformed mean-standardized vector P(Y, -
XB) = (Y, - PX;B) = (Y* — XB)) is iid.

A variety of autocorrelated and/or heter-
oscedastic pdf-models can be specified de-
pending on the choice of P; and/or o7 (Judge
et al., pp. 283-291 and 419-445). Heterosce-
dasticity is modeled by making ¢? systemati-
cally change across observations while auto-
correlation is accounted for by finding a
transforming matrix P; such that P/P, = v\
The likelihood function corresponding to a
marginal, univariate pdf model that can ac-
commodate non-normality (kurtosis and/or
right- or left-skewness) and autocorrelation
and/or heteroscedasticity is given by (Ramirez
and Somarriba):

(1) NNLL; = —0.5 X Infy| + > In(G;)
i=1
- 05> Hj
i=1

where
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G, =F(O,, n)/{sign(u)o;(1 + R3)"};
H; =0 In{R; + (1 + RH} — u;;
R; = (F(B;, n)0,/sign(p)o;)
X (Y3 — X5 B, + sign(u)o;/0;);
F(O), b)) = {e(0.507)} {e@O,u,) — e(—O,p)}
=2

and 1 = 1, ..., n refers to the observations.
When the Y, and, therefore, the mean-stan-
dardized dependent variable vector (Y; — X;B))
is believed to be autocorrelated, a first trans-
formation P)Y; = Y and PX. = X* is used
to obtain a non-autocorrelated vector (Y —
X#B,). This is then converted into a normal
random variable vector through Ramirez and
Somarriba’s transformation. If Y; is only het-
eroscedastic, P; is an n X n identity matrix.
The likelihood function for the multivariate
(joint) non-normal, heteroscedastic/autocorre-
lated pdf model is given by:

(2) MNNLL

- {-—(n/Z) X 1nfE] - 05 % > [In(lu]
j=1

M:

+ > > (Gl — 0.5

i

a

NZE

X [{H?‘(E")}*.Hi]};

]

i=1 j=1
where X is an m X m positive semi-definite
matrix with unit diagonal elements and non-
diagonal elements o, which account for the
covariance between the m variables of interest;
G; is as defined in equation (1) if Y, (and thus
Y#) is not normally distributed or G; = o;! if
Y, is normally distributed; and H;isa 1 X m
row vector with elements H;,g=1,..., m
also defined in equation (1) if Y, is not nor-
mally distributed and H; = (Y# — X#B)/o; if
Y, is normally distributed. The operator * in-
dicates a matrix multiplication and * indicates
an element-by-element matrix multiplication.
The concentrated multivariate log-likelihood
function (equation (2)) links m marginal pdf’s
[equation (1)] through the covariance matrix 2.

When working with three time-series data
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sets of different lengths, as it is the case in this
study, a weighted form of the concentrated
log-likelihood function (equation (2)) has to
be used (Ramirez and Somarriba).

If the j" mean-standardized dependent var-
iable vector (Y, — X;B)) is believed to be au-
tocorrelated, P; and v, must be specified to
make equation (2) operational. In the case of
the first-order autocorrelation process assumed
in this application, for example, the element
on the first row and column of P; is (1 — p?)¥
’, where p; is the correlation coefficient be-
tween (Y; — X;B) and (Y;., — X;_,B;). The
other elements in the principal diagonal of P,
are equal to 1. All elements immediately be-
low the principal diagonal are equal to —p, and
the remaining elements of P, are zero. Also |y|
= |®P/P)~| = 1/(1 — p?). Judge et al. also
derive P; and |l.j| for higher-order autoregres-
sive processes.

Although many types of conditional mean
and variance specifications are conceptually
feasible in this approach, only the possibilities
of quadratic time-trends in the mean and linear
time-trends in the standard deviation of the
price and production pdf’s are considered for
the purposes of this illustration, by letting:

(3)  X;B; =By + tB; + t*B;,
t=1,...,T;j=1,...,m),

4) oty = g + toy,
t=1,...,T;j=1,..., m).

The maximum likelihood estimates for the pa-
rameters By, B, B Tio» 055, O,y and s,
and future realizations/forecasts of the exoge-
nous variables can be used to jointly simulate
the pdf’s for the variables under analysis (Ra-
mirez and Somarriba). First, an N X M matrix
M of correlated normal random vectors (V))
with means p; and covariance matrix X is gen-
erated using standard procedures. Then, N
simulated values for the each of the endoge-
nous variables are obtained by letting V =V,
and applying equation (5) to each of the (N X
1) columns (V;) of M:
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(5) Y; = [{sign(n)o;/O,F(®;, un)}
X sinh(®,V)] + X8,
— sign(p;)o;/0;;
F(O;, u)_ = {e(0.507)} {e@;p;) — e(—0O,,)}
+ 2

where sign(y,) indicates the sign of the param-
eter estimate for p;, sinh(-) denotes the hyper-
bolic sine function, and e(-) denotes the stan-
dard exponential function. If the objective is
to simulate the pdf’s into the immediate future,
the best predictor for the mean of Y; under a
standard first-order autocorrelation process as-
sumption (Yrr,,) replaces X8, in equation
(5) to center the simulated pdf’s. This best pre-
dictor is given by (Ramirez and Somarriba):

6 Yirrey = XigrenBie + {0/ (Y, — XimBie)}

where Y.y, is the predicted value for Y, at
time period T + t, Xy ., is the vector of in-
dependent variable values/forecasts at T + t
for which the prediction/simulation is desired,
Y, is the value taken by the dependent var-
iable during the most recent time period (T),
X, is the vector of values taken by the in-
dependent variables at time period T, and B,
is an estimate from a consistent estimator of

the vector of the mean-controlling parameters

(By-

The Estimated Production and Price PDF
Models

The parameter estimates and related statistics
for the joint production-price pdf model are
presented in Table 1. The statistical non-sig-
nificance of the kurtosis and skewness param-
eters (0 and p) in the case of cotton production
and price indicates that their marginal pdf’s
can not be shown to be non-normal at the 10
percent certainty level. While West Texas cot-
ton production does not appear to be cyclical,
U.S. cotton prices follow temporal cycles (p
= 0.4534). Expected cotton production has
linearly increased at a constant average rate of
9.578 million lbs./year from 577.32 million
Ibs. in 1968 to 864.66 million lbs. in 1998.
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The variability of production as measured by
its standard deviation, however, has increased
at a relatively faster rate of 8.977 million 1bs./
year from 128.12 million Ibs. in 1968 to
397.43 million Ibs. in 1998. In real (1998
U.S.$) terms, the mean of the cotton price dis-
tribution is estimated to have decreased at a
constant rate of 1.8 cents/lb. per decade from
66.8 cents/lb. in 1968 to 61.4 cents/lb. in
1998. The standard deviation of the distribu-
tion has diminished at a relatively faster rate
of about 1.3 cents/lb. per decade from 10
cents/lb. in 1968 to 6.1 cents/lb. in 1998 (Ta-
bles 1 and 2).

In contrast to cotton, the skewness and kur-
tosis parameters of the corn price and of the
production distribution are statistically signif-
icant at the 10 percent level, indicating non-
normality, but the corn production distribution
is considerably more skewed and kurtotic than
the corn price distribution (Tables 1 and 2 and
Figure 1). Its mean has linearly increased from
32.75 million bushels in 1968 to 147.95 mil-
lion bushels in 1998, while its degree of var-
iability, as measured by the standard deviation,
does not appear to be changing through time.
The mean of the corn price distribution has
decreased at a constant rate of 17 cents/bu. per
decade form 2.89 $/bu. in 1968 to 2.38 $/bu.
in 1998. In relative terms, this rate of decline
is substantially higher than that of cotton pric-
es. In relation to the mean of the distributions,
however, the standard deviation of the corn
price distribution has diminished at a faster
rate than the standard deviation of the cotton
price distribution, declining from 48 cents/bu.
in 1968 to 20 cents/bu. in 1998.

The sorghum production and price distri-
butions are also non-normal, exhibiting right-
skewness and kurtosis (Tables 1 and 2 and
Figure 2). In contrast to cotton and corn, sor-
ghum production in West Texas has decreased
substantially, at a non-linear decreasing rate,
from an average of 168.06 million bushels in
1968 to 49.65 million bushels in 1998. The
model also predicts that sorghum production
reached a minimum level in 1990. The vari-
ance of the sorghum production distribution
does not appear to be changing through time,
which implies that production variability has
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Table 1. Parameter Estimates and Related Statistics for the Production/Price PDF Model

PROD. PRICE PROD. PRICE
Crop Param.  Estimate Estimate Crop Param. Estimate Estimate
Cotton 0 N.S. N.S. Sorghum 0 0.6068 0.5472
o, 128.1240 0.1771 oy 17.1647 0.8484
g, 8.9774 —0.0013 o, N.S. —0.0076
" N.S. N.S. M 18.1500 1.1580
p N.S. 0.4534 p 0.3552 0.2733
Bo 577.3200 0.7744 Bo 168.0550 6.4873
B 9.5778 —0.0018 B, —11.6501 —0.0307
B, N.S. N.S. B, 0.25676 N.S.
Corn ] 0.4271 0.3629 Wheat ] 0.7080 0.5443
oy 19.8600 0.2984 oy 11.4508 0.5221
o, N.S. —0.0027 o, N.S. N.S.
T 19.9572 0.8338 n —11.0724 N.S.
p 0.6020 0.3242 p 0.6624 0.5259
Bo 32.7474 3.8990 Bo 26.8532 5.4964
B: 3.8389 —-0.0171 B. N.S. -0.0256
B, N.S. N.S. B, N.S. N.S.
Correlation Matrix
PRODUCTION PRICE
PROD. Cotton Corn Sorghum  Wheat Cotton Corn  Sorghum Wheat
Cotton 1.0000 N.S. —0.3753 N.S. N.S. — — —
Corn N.S. 1.0000 0.0977 N.S. — N.S. — —
Sorghum —0.3753 0.0977 1.0000  0.3856 — N.S. —
Wheat N.S. N.S. 0.3856 1.0000 — — — N.S.
PRICE
Cotton N.S. — — — 1.0000 0.3325 0.1619 0.2569
Corn — N.S — — 0.3325 1.0000 0.7537 0.5525
Sorghum — — N.S. — 0.1619 0.7537 1.0000 0.3791
Wheat — — — N.S. 0.2569 0.5525 0.3791 1.0000

Note: N.S. indicates not significant at the 10 percent level, according to a single-parameter likelihood ratio test. All
other parameters are statistically significant at the 10 percent level, according to single-parameter likelihood ratio tests.
These tests are conducted by re-estimating the model setting the corresponding parameter equal to zero and calculating
the test statistic x%,;, = 2*(maximum value reached by the unrestricted log-likelihood function-maximum value reached
by the restricted log-likelihood function), which under the null hypothesis of parameter non-significance is distributed
as a chi-square random variable with one degree of freedom (Judge, et al.).

increased substantially in relation to the ex-
pected production level.

The mean of the sorghum price distribution
has decreased at a constant rate of 30 cents/
cwt per decade from 4.67 $/cwt in 1968 to
3.76 $/cwt in 1998. In relative (percentage)
terms, this rate of decline is similar to that of
corn prices. The standard deviation of the sor-
ghum price distribution has also diminished at
a relative rate comparable to that of the stan-
dard deviation of the corn price distribution

from 72 cents/cwt in 1968 to 32 cents/cwt in
1998.

The wheat production and price distribu-
tions are non-normal as well (Table 1). The
non-significance of the skewness parameter
(p) in the price distribution, however, indicates
that it is kurtotic but symmetric, while the neg-
ative parameter estimate for w in the produc-
tion distribution implies left-skewness. Figure
3 illustrates the substantial degrees of kurtosis
and left-skewness that characterize the esti-
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Table 2. Mean, Standard Deviation, Skewness and Kurtosis Coefficients of the Estimated/
Simulated 1968, 1978, 1988 and 1998 Cotton, Corn, Sorghum and Wheat Production and Price

Distributions
Production Price

1998 Cotton Corn Sorghum Wheat Cotton Corn Sorghum Wheat
Mean 860.4836 148.1411 49.7985 26.9496 0.6139 2.3790 3.7597 32187
Std. Dev. 396.9422 21.189%4 19.4255 13.1868 0.0614 0.1995 0.3225 0.6084
Skew. 0.0068 1.5305 24158 —-3.0926 —0.0084 0.3848 1.4360 —0.0134
Kurt. 0.0141 4.5981 11.3139 18.3661 —0.0233 0.9631 6.4425 1.7303

1988 Cotton Corn Sorghum Wheat Cotton Corn Sorghum Wheat
Mean 768.7502 109.5518 37.6177 26.7363 0.6328 2.5483 4.0627 3.4797
Std. Dev. 310.2508 20.6890 18.7163 13.1347 0.0742 0.2928 0.4567 0.6141
Skew. —-0.0031 1.3991 2.1936 —2.7203 -0.0467 0.3605 1.1510 —-0.0742
Kurt. 0.0555 3.6390 8.4625 13.0405 —0.0042 0.7811 3.4494 1.9972

1978 Cotton Corn Sorghum  Wheat Cotton Corn Sorghum Wheat
Mean 673.0545 71.1480  77.3027 26.7715 0.6496 2.7202 4.3741 3.7334
Std. Dev. 218.6591 20.8419 18.9542 13.2701 0.0875 0.3833 0.5974 0.6114
Skew. —-0.0193 1.4284 2.3898 —3.1962 -—0.0016 0.4048 1.2389 0.0035
Kurt. —0.0325 3.6150 12.4136 21.3548 —0.0054 0.9457 4.4810 2.3961

1968 Cotton Corn Sorghum Wheat Cotton Corn Sorghum Wheat
Mean 577.7613  32.5976 167.9965 26.9448 0.6685 2.8928 4.6742 3.9923
Std. Dev. 128.5369 20.7576 18.4563 12.8619 0.1000 0.4787 0.7249 0.6096
Skew. 0.0021 1.4354 2.0832 -—2.8985 —0.0069 0.4065 1.1221 0.0095
Kurt. —0.0129 3.7203 7.7587 18.2239 —0.0663 0.9661 3.2100 2.3127

Note: The mean, standard deviations, skewness and kurtosis coefficients were calculated from 20,000 draws simulated
from each of the estimated PDF’s, using the pre-programmed functions in Microsoft Excel (Office 97).

mated wheat production distribution. In con-
trast to the other three crops, wheat production
in West Texas has remained stable during the
last 30 years, averaging 26.85 million bu./year,
with a similarly constant standard deviation of
11.45 million bu./year. The mean of the wheat
price distribution has decreased at a linear rate
of 26 cents/bu. per decade from $3.99/bu. in
1968 to $3.22/bu. in 1998. In relative terms,
this rate of decline is surprisingly similar to
those of corn and sorghum prices. The stan-
dard deviation of the wheat price distribution
appears to have remained constant during the
last 90 years at 61 cents/bu.

The model also estimates statistically sig-
nificant, positive bivariate correlation coeffi-
cients between all crop prices (Table 1), as
strong as 0.754 between corn and sorghum
and 0.552 between corn and wheat to as weak
as 0.162 between cotton and sorghum prices.
A moderate but statistically significant nega-

tive correlation between annual cotton and
sorghum production was also found. This is
explained by the fact that sorghum is often
planted as an alternative crop in areas where
cotton has been damaged by unfavorable
weather. Moderate to weak positive correlation
coefficients between wheat and sorghum
(0.386) and between sorghum and corn pro-
duction (0.098) are predicted as well.

Risk and Returns of Irrigated
Agricultural Production in West Texas

Revenues from agricultural production are
critical to the West Texas economy. The prob-
ability distribution of the gross revenues gen-
erated can be useful to assess the risk and re-
turns of irrigated crop production from the
perspective of its contribution to the regional
economic activity. Alternatively, the probabil-
ity distribution of the net revenues generated
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Simulated PDF of 1998 irrigated Corn Production
for West Texas
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Figure 1.

is more pertinent to evaluate the risk and re-
turns from the producers’ perspective. In
1968, the expected gross revenues from irri-
gated (cotton, corn, sorghum and wheat) crop
production were $1028 million with a standard
deviation of $170 million. The probability dis-
tribution of 1968 gross revenues was moder-
ately right-skewed and kurtotic (Figure 4 and
Table 3). This kind of departure from normal-
ity could be desirable (ceteris paribus) since
it implies that a higher proportion of the prob-
ability distribution’s variability is upward var-
iability.

The previously discussed trends in the
mean price and production levels and in their
degree of variability have resulted in gross
revenue probability distributions with moder-
ately higher expected values, but substantially
increased variances in more recent years. The
distributions are also becoming more normal.
The 1998 distribution, for instance, has a mean
of $1072 million and a standard deviation of

19 2122 24 25 27 28 30 3.1 33 34 35 3.7 38 4.0 4.1
Corn Prices ($/bushel)

$260 million. Its skewness and kurtosis coef-
ficients are reduced to 0.16 and 0.20, respec-
tively (Table 3 and Figure 4), implying that a
higher variability is now almost evenly dis-
tributed among both tails of the distribution
representing both downward and upward var-
iability in nearly equal proportions. As a re-
sult, for example, gross revenues under $800
million/year, which was a one-in-13-years
event in 1968, has become a one-every-seven-
year event in 1998. The probability of a gross
revenue occurrence below $950 million/year
was lower in 1968 than it is today. Despite its
higher mean, the 1998 distribution fails to sto-
chastically dominate the 1968 distribution.

In terms of production, cotton is the main
crop in West Texas, followed by corn and
wheat. Different gross revenue distribution
scenarios for 1998 can be constructed by re-
alizing that the aggregate crop production dis-
tributions are proportional to the planted acre-
age distributions:
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Figure 2.

(1) GR, = CTPR,CTP, + COPR,COP,
+ SPR,SP, + WPR, WP,
= CTPA,CTY,CTP,
+ COPA,COY,COP, + SPA SY,SP,
+ WPA WTY,WTP,

where CTPR, COPR, SPR, WPR, CTP, COP,
SP, WP, CTPA, COPA, SPA, WPA, CTY,
COY, SY and WY denote 1998 cotton, corn,
sorghum and wheat production, price, plant-
ed acres and yields (measured in relation to
planted acres), respectively, and the sub-
script s denotes a realization or simulated
value of each of these random variables. In
other words, the estimated/simulated aggre-
gate production distribution for any of the
crops can be viewed as estimating/simulat-
ing the product of the planted acres distri-
bution times the yield distribution for that
crop. It follows that a percent change in the

planted acreage or in the yield distribution
of a given crop would result in the same per-
cent change in the aggregate production dis-
tribution for that crop.

Several scenarios involving shifts in the
probability distributions of planted acres of
cotton, corn, sorghum, and wheat in West Tex-
as can be analyzed using the previous result.
The most recent data (TASS) indicates that, of
the four million acres of irrigated crops plant-
ed in West Texas in 1998, 1.82 million (44.6
percent) were cotton, 976 thousand (23.9 per-
cent) where corn, 840 thousand (20.6 percent)
were wheat, and 443 thousand (10.9 percent)
were sorghum. These crop acreage figures are
unbiased estimators for the means and for the
mean percentage shares of the 1998 acreage
distributions. Therefore, the 1998 gross reve-
nue distribution under a change in the mean
percentage acreage-share can be estimated/
simulated as:
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Figure 3.
(8) GR, = (MPSCA/44.6) X (CTPA,CTY,CTP,)
+ (MPSCOA/23.9)
X (COPA,COY,COP,)
+ (MPSSA/10.9) X (SPA,SY,SP,)
+ (MPSWA/20.6)
X (WPAWTY,WTP,)
= (MPSCA/44.6) X (CTPR,CTP,)
+ (MPSCOA/23.9) X (COPR,COP,)
+ (MPSSA/10.9) X (SPR,SP,)
+ (MPSWA/20.6) X (WPR,WTP,)

where MPSCA, MPSCOA, MPSSA and
MPSWA are the assumed (new) mean per-
centage shares of cotton, corn, sorghum and
wheat acreage, respectively. If the mean per-
centage share of cotton acreage increases to
50 percent at the expense of a reduction in the
sorghum share to 5.5 percent, for example,
equation (8) shifts the entire cotton acreage

and thus the cotton production distribution by
50/44.6 = 1.12, and the sorghum production
distribution by 5.5/10.9 = 0.50.

As discussed earlier, gross revenue distri-
butions are suitable for evaluating the risk and
return implications of West Texas irrigated
crop production and price trends/shifts on the
overall economic activity in the region, since
they are closely related to agricultural produc-
tion expenditures. The financial wellbeing of
the farm sector, however, is more closely
linked to net revenue distributions. The 1998
net revenue distributions under alternative
mean percentage shares of cotton, corn, sor-
ghum and wheat acreage can be approximated
from the previously discussed gross revenue
distributions by assuming a fixed average cost
of production for each of the crops in the anal-
ysis.

Specifically, the total cost of production
subtracted from each of the 20,000 simulated
gross revenue realizations is obtained by mul-
tiplying the 1998 average (per unit) costs of
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Figure 4. Simulated 1968 and 1998 Cumulative Gross Revenue Distributions

Table 3. Mean, Standard Deviation, Skewness and Kurtosis Coefficients of the Estimated/
Simulated 1998 Probability Distributions of Gross and Net Revenues from Irrigated West Texas
Crops Under Different Acreage Shift Scenarios, and Their Implied Probabilities of Gross Rev-
enues Below $800 and $1000 Million/Year and Net Revenues Below $0 and $30 Million/Year,

Respectively.
Gross Revenue Distributions
Acreage Shifts Mean S.D. Skew. Kurt. P<800 P<<1000
1968 1028 170 0.36 0.74 0.075 0.455
1998 Baseline 1072 260 0.16 0.20 0.146 0.394
Cotton to Sorghum (10%)! 1050 212 0.17 0.22 0.117 0412
Sorghum to Cotton (10%)' 1095 319 0.15 0.18 0.177 0.388
All Corn and Sorghum to Cotton? 1027 450 0.14 0.18 0.307 0.484
Net Revenue Distributions

Acreage Shifts Mean S.D. Skew. Kurt. P<0 P<30
1998 Baseline 53.9 87.7 0.35 1.00 0.261 0.405
Cotton to Sorghum (10%)! 35.7 82.5 0.33 1.01 0.335 0.490
Sorghum to Cotton (10%)! 72.0 95.2 0.36 1.20 0.208 0.327
All Corn and Sorghum to Cotton? 55.0 111.5 0.45 1.90 0.293 0.436

Notes: ! Ten percent of the total 1998 acreage is shifted from one crop to the other, assuming one-to-one acre shifts.
? Assuming one-to-one acre shifts from corn and sorghum to cotton.
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Figure 5. Simulated Cumulative Net Revenue Distributions under the 1998 Baseline and

Alternative Acreage Shift Scenarios

production reported in the Texas A&M crop
budgets for irrigated cotton, corn, sorghum,
and wheat in the South Plains times the cor-
responding 20,000 X 4 simulated crop pro-
duction values. The average costs used to sim-
ulate the net revenue distributions ($0.579/1b.
for cotton, $2.145/bu. for corn, $2.354/bu. for
sorghum and 3.163/bu. for wheat) were cal-
culated without considering the cost of the
land.

The current (baseline) 1998 net revenue
distribution has a mean of $53.9 million and
a standard deviation of $87.7 million. It is
slightly right-skewed and moderately kurtotic.
It implies a 0.261 probability of negative net
revenues and a 0.405 probability of net reve-
nues below $30 million, which might be prob-
lematic for agricultural producers in the region
(Table 3 and Figure 5).

Cotton and sorghum have similar irrigation
water requirements and acreage shifts from
one crop to the other are relatively easy. Thus,

the following evaluation will focus on this
more feasible acreage shift scenarios. The cur-
rent 1998 net revenue distribution stochasti-
cally dominates the distribution resulting from
the hypothetical alternative of shifting 10 per-
cent of the total 1998 acreage from cotton to
sorghum (Figure 5). The alternative exhibits
much lower average net revenues of 35.7 mil-
lion/year with an only marginally reduced
standard deviation. As a result, the probabili-
ties of net revenues below $0 and $30 million/
year swell to 0.335 and 0.490, respectively.
This cotton-to-sorghum alternative also re-
duces expected gross revenues by $22 million
to $1050 million/year, decreases the standard
deviation of the gross revenue distribution by
$48 million to $212 million, and causes mar-
ginal increases in its right-skewness and kur-
tosis. The gross revenue distribution under this
scenario can be considered less risky than the
current 1998 distribution up to $925 million/
year (Figure 6). Both distributions exhibit a
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Figure 6. Simulated Cumulative Gross Revenue Distributions under the 1998 Baseline and

Alternative Acreage Shift Scenarios

32-percent probability of gross revenue occur-
rences below that level.

The opposite scenario of a 10-percent acre-
age shift from sorghum to cotton substantially
increases expected net revenues by 33.6 per-
cent to $72 million/year, at the cost of a mod-
estly higher standard deviation and kurtosis.
This alternative distribution stochastically
dominates the current 1998 distribution (Fig-
ure 5) with noticeably lower probabilities of
net revenues below $0 and $30 million (Table
3). The former suggests that an alternative in-
volving more cotton and less sorghum could
be desirable from the net revenue, i.e. from
the agricultural sector’s welfare perspective.

Although this shifting of acreage from sor-
ghum to cotton results in higher expected
gross revenues ($1095 vs. $1072 million/
year), it also induces a substantial increase in
the standard deviation of the gross revenue
distribution (from $260 to $319 million). The
probability of annual gross revenues below

$800 million increases from 14.6 percent to
17.7. However, the probability of annual gross
revenues below 3$1000 million remains the
same (Figure 6 and Table 3).

The next scenario evaluates the impact of
a likely more reduced irrigation water avail-
ability in West Texas, which could make it im-
possible to grow irrigated corn. This scenario
involves the shifting of all irrigated corn and
sorghum acreage into irrigated cotton on a
one-to-one acre basis. This does not substan-
tially change expected net revenues in relation
to the 1998 baseline, but increases the stan-
dard deviation, right-skewness, and kurtosis of
the net revenue distribution to 111.5, 0.45, and
1.50, respectively. The somewhat higher prob-
abilities of net revenues below $0 and $30
million/year only indicate a modest increase in
the level of risk to be faced by agricultural
producers as a whole. The net revenue distri-
bution under this limited water alternative,
however, is substantially inferior to the pre-
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viously discussed sorghum-to-cotton scenario
that maintains 23.9 percent of the irrigated
acreage in corn production (Table 3).

The implications of this reduced water
availability alternative for the gross revenue
distribution, which is more relevant to evalu-
ate the impact of irrigated crop production on
the overall economic activity of West Texas,
are of greater concern. Expected gross reve-
nues fall by $45 million while their standard
deviation nearly doubles to $450 million, re-
sulting in much higher probabilities of gross
revenues below $800 and $1000 million/year.
This stresses the importance of water conser-
vation and of a more rational, economically
efficient use of water in West Texas.

Conclusions and Recommendations

The procedure used in this study provides an
estimate of the joint probability distribution of
U.S. cotton, corn, sorghum, and wheat price
and West Texas irrigated cotton, corn, sor-
ghum, and wheat production. In general, both
the mean and the variance of the marginal dis-
tributions of crop production and prices are
found to be shifting over time. All but the
marginal distribution of cotton production ex-
hibit positive first-order autocorrelation. Sev-
eral marginal distributions are kurtotic and
right-skewed. The marginal distribution of
wheat production is highly kurtotic and left-
skewed. All of the marginal price distributions
are correlated with each other. The marginal
probability distribution of sorghum production
is also correlated with the cotton, corn, and
wheat production distributions.

Using a procedure capable of modeling and
simulating a multivariate probability distribu-
tion that presents such a complex combination
of key statistical attributes enhanced the reli-
ability of the subsequent risk analysis. In this
and in many other potential applications using
alternatives that ignore some of those critical
distributional characteristics or that follow a
piecemeal approach to their modeling and
simulation would be inferior from the statis-
tical standpoint and, therefore, increase the
likelihood of incorrect conclusions.

Time trends were detected in the marginal
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distributions of real crop prices, indicating de-
creasing means and standard deviations, ex-
cept for the standard deviation of the wheat
price distribution which has remained con-
stant. Also, with the exception of wheat, the
decrease in the standard deviations of the price
distributions has been higher in relative terms
than the reduction in their means. Real cotton,
corn, and sorghum prices have come down
during the last 90 years, but they have also
become substantially less volatile. This con-
clusion, however, is likely affected by the farm
policies of the 1980s and might not hold in
the absence of those policies.

On average, irrigated cotton production in
West Texas has increased by about 50 percent
during the last 30 years, while the mean of the
corn production distribution is now nearly four
times higher than in 1968. Despite a fourfold
increase in its mean, the standard deviation of
the corn production distribution has remained
stable, which implies a substantially lower rel-
ative variability. Average sorghum production
has decreased almost four-fold since 1968,
while its standard deviation has remained un-
changed. In terms of average production and
production variability, corn in 1968 was very
similar to sorghum in 1998, while corn in
1998 resembles sorghum in 1968; i.e., the risk
implications of the changes in the corn and
sorghum production distributions through time
could be offsetting each other. The wheat pro-
duction distribution has remained stable.

Estimated/simulated net revenue distribu-
tions are used to evaluate risk and returns from
the perspective of West Texas agricultural pro-
ducers, while gross revenue distributions are
used to assess the risk and return implications
of irrigated crop production from the stand-
point of the region’s economic activity. On av-
erage, gross revenues are estimated to have in-
creased by about 5 percent since 1968, while
their variability, as measured by the standard
deviation of the gross revenue distribution, has
increased by more than 50 percent. The actual
1998 net revenue distribution is centered at
$53.9 million/year with 26 percent of its mass
below zero and 40 percent of its mass below
$30 million.

An alternative to improve the net revenue
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situation given the estimate of the joint 1998
crop price-production distribution obtained in
this study is to shift 10 percent of the total
irrigated acreage from sorghum to cotton. This
increases expected net revenues to $72 million
and reduces the probability of net losses to 21
percent. However, it also increases the stan-
dard deviation of the gross revenue distribu-
tion and the probability of low gross revenue
realizations substantially. Higher gross reve-
nue variability implies more risk from the per-
spective of the region’s economic activity.

Finally, the model estimated in this study
is used to assess the potential impact of a more
reduced irrigation water availability on the
West Texas agricultural and regional economy.
It is concluded that net revenue risk could in-
crease slightly, mainly due to a higher net rev-
enue variability. Gross revenue risk, however,
could grow substantially due to moderately
lower expected gross revenues with a much
higher degree of volatility.
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