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I. Introduction

The purpose of this paper is to present full information maximum likelihood estimates of lin-
ear expenditure systems (LES) and to test for habit formation, autocorrelation and regularity
conditions using the likelihood ratio procedure. Estimators for the model and associated tests
are based on annual Canadian data for the years 1957-1972. The results obtained provide a
basis for helping to clarify concerns with the appropriateness of the LES and an evaluation
of alternative characterizations for persistence in consumption patterns.

The linear expenditure system has been used in many empirical demand studies. Stone
[18], Parks [13], Yoshihara [22], Pollak and Wales [15], Phlips [14], Powell [16] and Deaton
[6] and others have presented estimates of the static and simple habit formation variants of
the linear expenditure system. Lluch and Williams [11], MacKinnon [12], and Green, Has-
san, and Johnson [8] have provided estimates of the LES assuming autoregressive errors.
More recently, Howe, Pollak, and Wales [10] estimated the LES considering simultaneously
effects of autocorrelation and habits. In this paper we extend our earlier work on autocorre-
lation and habit formation by developing results which permit a broader basis for evaluating
the implications of persistence in consumption behavior for the LES.

The plan of the study is as follows. Section II contains a brief review of the LES includ-
ing the introduction of habit effects. Section III discusses the stochastic specification and esti-
mation techniques employed. The data and the commodity classifications are described in

* Giannini Foundation Paper No. 574. Appreciation is expressed to Tim Phipps for computer computation as-
sistance in this research.
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Section IV. Comparisons of the results for various versions of the linear expenditure system
are given in Section V together with an indication of how they relate with those from other
studies. Concluding remarks and suggestions of avenues for future exploration are offered in
Section VI.

If. Model

The linear expenditure system can be derived from the Stone-Geary utility function
U= Y aln(g—b) (1)

where g,= 0, ¥,_," a, = 1, and ¢, — b, = 0.' Maximizing the utility function (1) subject to the
budget constraint Y,_,"p.b. = p yields the system of demand functions

qi=bi+ai/pi[ju_2pkbk];i= L ssgm )]

where the g’s are quantity flows, the p/’s are prices, the bs are interpreted as minimum re-
quired quantities, p is income and the summation index is assumed understood. Multiplying
equation (2) by p; yields the expenditure relations

pgi=pb +alp—Ypbli=1 -, n 3)

It can be shown [7] that the LES globally satisfies the additivity, homogeneity, and sym-
metry restrictions.? That is, for any set of values of the endogenous variables (commodity ex-
penditures) and exogenous variables (prices and total expenditures) the LES satisfies the
above properties. In addition, the substitution matrix is negative semidefinite if the a’s are
positive and income p is greater than ¥ p.b.. This condition means that compensated price
effects must be negative for all pairs of goods and assures that the consumer described is
maximizing rather than minimizing utility.

Stone [18] incorporated changes in tastes in the LES by allowing the @ and b parameters
to vary linearly with time and previous consumption levels, g, ,. Other variants on this essen-
tially ad hoc characterization for persistence in consumption behavior are of course possible.
Habit formation schemes described by the following structure will be considered in the pres-
ent context

b,=b*+ quit—l' (4)

Substituting expression (4) into equation (3) yields a generalized expenditure system (i = 1,

1. For a detailed discussion of the theoretical properties of Stone’s LES, see, e.g., Goldberger [7], Brown and
Deaton [4], or Powell [16].

2. The symmetry condition is not apparent, however, it can be derived by recalling that the Slutsky com-
pensated cross-price effects are given by

ky; = 9q/9p; + q,0q:/dp.
Differentiating ¢, in equation (2) by p; and p and substituting in the above expression yields k; = a,/p{q; — b]. Dif-
fel:entiatic_m of g, by p. and u similarly gives k,, = a,/p g, — b)]. But g, — b, = p — Ep,.b, in the LES, thus after making
this substitution,

k= ag;/ppfp — Zpeby) = aa/pp{p — Zpiby) = k.
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-+, n) of the form,

Pl =[(1 — a)b*p, — 2 (@b*)p; + [(1 — a)Blpuqu-r — 2 (@B)p,q;— + ap, (5)
JEE

Fiall

where time subscripts have been added to distinguish observations for different periods.

III. Estimation Techniques

For specializing the static linear expenditure system to sample data an error term is added to
equation (3), giving the rth observation

P = pib; + alp, — Yp.b] + €, 6)
It is assumed, using vector notation, that
E()=0 and (e€/)= 06,8

where E is the expectation operator for 8, the Kronecker product. That is, the error term has
expectation zero, is temporally uncorrelated, and has a contemporaneous variance-covari-
ance matrix £.

Since the sum of individual expenditures equals the total, it follows that the contempo-
raneous covariance matrix is singular. Barten [1] has shown that maximum likelihood esti-
mates of the parameters can still be obtained by arbitrarily deleting an equation and that
these estimates are invariant to the equation deleted. This result does not hold if autocorre-
lated disturbances are present [3]. If autocorrelation is present, i.e.,

€= Re_, +v, @)

fort =2, .-, T and where v,, -+ , v, are independently, identically distributed normal ran-
dom vectors with mean vector zero and contemporaneous covariance matrix 2, then other
estimation methods must be used. Firstly, the variables in the system can be replaced by
their first-order transforms, i.e., if Z, is the original variable then it is replaced by Z, — pZ,_,
where p is the autocorrelation coefficient. Secondly, from the results of Berndt and Savin [3]
the autocorrelation coefficient must be the same for each equation if it is assumed as for all
the models considered in the present context, that there does not exist autocorrelation across
equations, i.€., R is assumed to be diagonal.

With these stochastic assumptions, a program developed by Hall and Hall [9] and dis-
cussed in Berndt et al. [2] was used to obtain full information maximum likelihood estima-
tors of the parameters of the linear expenditure system.?

IV. Data and Commodities

Annual time series data available from Statistics Canada [17] for the years 1947-1972 were
used to estimate the models used for the various hypotheses tests.* Consumer expenditure

3. The gradient method of Hall and Hall's TSP program was used to obtain maximum likelihood estimates of
the parameters of the various models. In a previous paper [8] we used a program developed by Wegge [20; 21]; how-
ever, for the most general linear habit formulation with autocorrelation we were not able to obtain convergence.
Thus, we decided to use the TSP program with which convergence was attained.

4. For a more detailed discussion of the data, see Green et al. [8].
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data for three aggregate groups were used: durables and semi-durables, nondurables, and
services. The commodity classification was chosen due to the directly additive utility func-
tion associated with the LES and its restrictive conditions, e.g., of not allowing for com-
plements. Furthermore, convergence problems encountered with using full information
maximum likelihood methods prohibited a less aggregated commodity grouping.’

V. Results

The major emphasis of the analysis is the tests of restrictions afforded by the comparisons of
models formulated under alternative habit formation and serial correlation hypotheses. As a
preliminary to the presentation of results for these tests, the structural parameter estimates
and implied elasticities are examined for six models. These models are then compared as a
basis for generating the hypothesis tests concerning habit formation, serial correlation and
the classical consumer demand formulation.

Structural Estimates

The estimates of the structural parameters for the six different versions of the linear ex-
penditure system are presented in Table 1. The marginal budget shares, a, are all positive,
less than one, and sum to one for each of the models. They are significantly different from
zero in every case. The only borderline values are in the linear habit models with and with-
out autocorrelation for the nondurables commodity. The calculated ¢ values are slightly
larger than two for the a; even in these situations.

The coefficients interpreted as minimum required quantities, b,, are all positive except
for the durables and semi-durables and the services groups in the linear habit formation
cases. They are not, however, generally significantly different from zero in the various mod-
els. This may be symptomatic of a multicollinearity problem arising due to misspecification
of persistence relationships and/or insufficient variation in the sample data.® The presence of
lagged consumption is apparently picking-up the minimum required quantities effect since
in Cases V and VI for nondurables and services, the §’s are significant.

For the proportional habit formation systems, Cases III and IV, the s are highly sig-
nificantly different from zero for nondurables and services. The exception occurs in Cases ITT
and IV for the durables and semi-durables group. This suggests that persistence in consump-
tion patterns is present in the Canadian data, a claim that will be subsequently more system-
atically investigated using a test for habit effects based on the likelihood ratio.

Comparisons across models provide several interesting observations. Firstly, consider
Cases I and II, the static LES with and without an autocorrelated error scheme. The autocor-

5. Some of the results similar to those presented have been developed for a four commodity classification. The
estimates for this less aggregated grouping can be obtained from the authors.

6. The maximum likelihood estimation method of Wegge [20; 21] gave somewhat more encouraging results in
this regard for Cases I and II. Specifically, the estimated mean values for ¢, and b;* were approximately the same as
are reported in Table I but the estimated standard errors for the b,*’s were much smaller. In particular, for the du-
rables and semi-durables, nondurables and services commodity groups the values of b.*, with standard errors in pa-
rentheses, were for Case I, 208.63 (93.26), 428.46 (82.54) and 359.91 (223.69) and for Case IT 213.56 (103.88), 384.69

(88.50) and 289.04 (236.73), respectively. As previously indicated, the gradient method of Hall and Hall was em-
ployed for the full sct of results since it would converge for the most general case (VI).
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relation coefficient is significantly different from zero in Case II. The value of p is 0.569 with
an estimated asymptotic standard error of 0.266. Estimated marginal budget shares differ
very little between Cases I and II but the subsistence quantities are appreciably smaller when
the autocorrelation parameter is not constrained to zero.

The habit formation versions of the LES reveal that s are higher for the proportional
structures (Cases III and IV) than for the linear structures (Cases V and VI). When the auto-
correlation parameter is not constrained to zero, it is estimated at 0.319 with a standard error
of 0.304 for the linear habit model and 0.350 with a standard error of 0.314 with the propor-
tional habit formation. In both instances the autocorrelation parameter is not significantly
different from zero. Values of the parameters defining the marginal budget shares are gsimilar
for the two habit formation versions of the LES. The /s are similar for the linear habit
models with and without an autocorrelation, Cases V and VI, and for the proportional habit
models with and without autocorrelation, Cases III and IV.

With respect to the minimum subsistence quantities, the implied values are less than
consumption quantities for every commodity and time period. For the static versions the
minimum quantities are larger than consumption for a few commodities for the first several
observations in the time series. Similar results in this regard were obtained by Pollak and
Wales [15].

Elasticities

Price and income elasticities calculated using the structural parameters and the sample
means are presented in Table II. Comparing the income elasticities for the six cases shows
that for the nondurables group, quite similar results were obtained. For the durables and
semi-durables group, the income elasticity nearly doubled between the static models (Cases I
and II) and the models incorporating a structure for habitual behavior (Cases III-VI). The
reverse was true for the services commodity group.

Except for the durables and semi-durables commodity group, the uncompensated direct
price elasticities were generally larger for the static models than for the models with struc-
tures admitting persistence. The larger variations in the elasticities are for the services group.
The lower price ¢lasticities and lower income elasticities were observed for this group when

the static structure was modified to allow for persistence in consumption behavior, better re-
flecting the secular growth in expenditures for this commodity group. Converse but less pro-

nounced results were obtained from the durables and semi-durables group where inventories
are of obvious importance in influencing expenditure decisions. The most general case (VI)
showed for the durables and semi-durables commodity group a somewhat lower income
clasticity and a higher price elasticity than for other models in which the persistence hypoth-
esis was implemented either on the systematic or error structure of the model.

Tests of Restrictions

To test for habit effects, autocorrelation, and the validity of the restrictions implied by the
models a likelihood ratio test was used where

A =max L/max L. (8)
W w

That is, the statistic in (8) is the ratio of the maximum value of the likelihood function L
subject to restrictions to the maximum value of the likelihood function without restrictions.
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It can be shown that
—2InA=T(n 2, —In|E,) 9)

under the null hypothesis is distributed asymptotically, as chi-square with the number of de-
grees of freedom equal to the number of restrictions to be tested where 2, is the restricted
estimator of the covariance matrix and £,, is the unrestricted estimator [19, 396-97].

The approach employed to conduct the tests was to use the general form of the ex-
penditure function (equation 5) plus autocorrelation (equation 7) or equivalently Case VI
defined in Table I as the general hypothesis. Then the following null hypotheses were tested:

H: fBs=0 (no habit persistence)

Hy: p=0 (no autocorrelation)
H,: Bs=0, p=0 (no habit persistence and autocorrelation).

If H, were rejected then there would be empirical support for habit persistence. The next
step would consist of testing the restrictions from standard consumption theory. Assuming
H,, H,, and H, were all rejected, the appropriate maintained hypothesis for testing the theo-
retical restrictions would again be as specified in equations (5) and (7).

To test for habit persistence, the likelihood ratio test was applied to models as indicated
above. Results of these tests are presented in Table III. The static models are restricted
forms, B, = 0, of the linear habit persistence model specified in equations (5) and (7). The
computed value of —2 In A was 25.03 for Case VI versus Case I, which is larger than the chi-
square value, x°,s; = 7.81. (Note that there are three restrictions and thus three degrees of
freedom.) Similar results, though not reported since the restriction p = 0 was rejected, were
obtained for Case V versus Case I with —2 In A = 98.01. Thus, the null hypothesis was re-
jected and habit persistence was assumed present.

To test which structure for habit formation better fitted the data, the linear habit model
or the proportional habit case, likelihood ratio tests were again performed. Cases III and IV

Table ITI. Computed Values of —2 In A Used in Hypothesis Tests Across the Six LES Models

Hypothesis Tests

Case VI Case VI Case VI Case VI Case VI
Test vs. Vs. VS. vs. vs.
Statistices Case 1 Case 11 Case ITI Case IV Case V
-2 1n A 100.44 25.03 16.89 1416 2.44
2

X.05, Restr. 9.49 7.81 9.49 7.81 3.84
(4 restr.) (3 restr.) (4 restr.) (3 restr.) (1 restr.)

In T_.a —199.96b -162.25 -158.19 -156.82 -150.96

(Case I) (Case II) (Case III) (Case 1IV) (Case V)

* Represents the value, excluding irrelevant constants, of the log likelihood functions for the six demand systems.
The value of In L for Case VI is 149.741.

? In order to obtain —2 In A for each combination of the various hypothesis tests, just take the difference of the In
L’s and multiply by two. Also note that, e.g., Case II is not a “nested” version of Case IV, nor is Case I a “nested”
version of Case III. Hence, the likelihood ratio procedure cannot be used to test these cases.
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are restricted versions of Cases V and VI, respectively where &,* = 0. The value of —2 In A of
14.16 for Case VI versus Case IV is greater than y?,.; = 7.81, thus indicating a rejection of
the null hypothesis, i.c., the linear habit formation model appeared to describe the data bet-
ter than the proportional version. Also, although not reported in Table I11, a value of —2 In A
of 14.45 for Case V versus Case III was greater than x*,,, = 7.81, again indicating the same
result but with p set to zero, i.e., the linear habit model is preferred over the proportional
formulation.

To test whether or not autocorrelation was present, the likelihood ratio was again used
but with one degree of freedom it is equivalent to an asymptotic  test. For the static model
(Case II) the autocorrelation parameter is significantly different from zero. When autocorre-
lation is not constrained to zero in the linear habit model (Case VI) and the proportional
habit model (Case IV) it is not significantly different from zero. As added evidence, the more
general comparison, Case VI versus Case V, is reported in Table Il with —2 In A = 2.44.
Thus, the habit formation structures are apparently accounting for autocorrelation observed
with the static LES within the systematic components of the models.

Finally, two more general tests of the composite habit formation and autocorrelation
formulations are presented for reference in Table III. The comparison of the static model
with no autocorrelation (Case I) with the most general formulation (Case VI), gives a very
large value for the test statistic as would be expected given the foregoing results. A less pro-
nounced difference, although still statistically significant, is obtained by comparing Cases VI
and IIIL

To test for the full set of restrictions implied by each version of the LES, the models
were compared with the unrestricted reduced forms. Degrees of freedom are calculated as
the difference between unrestricted reduced form parameters and those required to specify
the various versions of the LES model. Note that the “restrictions implied by the theory™ are
assumed by the imposition of the LES parameter restrictions. In each case, as indicated by
the values of the likelihood ratio statistics at the bottom of Table I, the restrictions implied
by the theory were not appropriate. These conclusions are not surprising. Many others have
obtained similar results. An implication, however, is that standard applied theory of con-
sumption may be lacking as a guide to the specification of aggregate expenditure models
even when corrected for irregularities in the error term and incorporating simple structures
for reflecting persistence in consumption behavior.

Comparison of Results With Other Studies

These results can be compared with those of several recent studies, MacKinnon [12], Lluch
and Williams [11], Green et al [8] and Howell, Pollak and Wales [10]. In most cases the auto-
correlation coefficient as estimated in these studies had a rather high value. The values were
—0.30 [12], 0.65 [11],'0.85 [8] and 0.99 [10]. Thus, for the static LES, autocorrelation appears
to be present. When habits are introduced into the model structure, the autocorrelation be-
comes insignificant in the present analysis (see Cases IV and VI, Table I). For the Howe et al
[10] model, it was negative and significantly different from zero. Clearly, a more thorough
treatment of habit effects and autocorrelation is needed. Sometimes, for example, the in-
clusion of a time trend works about as well as lagged quantities in describing changes in

tastes [15].

Finally, the income and price ¢lasticities we obtained appear to be consistent with those
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from other studies. For example, for durables and semi-durables, our estimate of the own
uncompensated price elasticity was —0.71 compared to a value of —0.825 found by Lluch
and Williams [11] for durables. Thus, the major source of variation among the studies ap-
pears to be with the characterization of persistence in consumption behavior.

V1. Conclusions

This paper presented some empirical results for several habit variants of the LES. Three gen-
eral conclusions are suggested by this and related work. Firstly, habit persistence appears to
be important for the various versions of the LES based on different data sets, time periods,
and countries. Secondly, the autocorrelation which is present in most of the models likely re-
flects misspecification problems and/or persistence in consumption patterns not adequately
described by simple habit formation structures. In the present analysis these conclusions are
based on the correctly specified autoregressive scheme [3]. Thirdly, theoretical restrictions
consistently appear to be violated. These recurring results may be due to small sample
properties, but a more significant implication is that the direct additivity assumption may be
too restrictive. More flexible demand forms [5] may be required to properly model the aggre-
gate annual data.
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