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Dpt t)f .\~!l'lCIIIt llf'(' 

nh t·r~il' • •f (Jtll'<'w--land. to7·.: 

Anthony Blor•gch 
S.\' H.C. 

l'uiv<'r,it~· of Qu .. ''TIRiand. ~1072 

·r n·vnr \\ ilko-.; 
Btlf't'illl of S11~iH Fxp•·rinwnt Station'­

BilndaiH'rf.! 

\\'( II"• a n• '' ····•.•llnnwlrt• 111ndr·l nf whol(• pr .. du•·lt~Ht ~~·1:-. to analy~w ttw tnlp:tl'f of 
Hft~:Htoll aud .,,.11 I)J"' "" ~IJ).!.•tr faJw pr•HiurtJ•m 'llw nH•th"d IIM·•i m•Hit-h, a produrlt<lll 
fund tntJ ;:,,:-.. ;' o'liJidlltnllal prohabil!t) deu~ll) fUil<'t IOfl ( 'om<ltlt•rlftp; t.\ JlfOtiUt'liOU funfl!O[l 

frnm tin-.. J~t·r-"J" ··lt\•' ;dlo\\.., tb tn d··nn •'X(Wd••d 1•rolil lUtll yu•lrl funrt ron~-> Wlt.hout 
l-.nn\\'l.-,h1'.•· 1•l tlw frnnll•·r pr .. ·lndtlln furl•'ll•ltl Furlht•r. Wt· an' ahk to (~fH'tHtlv tlw nsk 
:t."-""'''lllt"d \\lth \:trt•HI~ anput ,,.,.+ .. \\'•· r•vtP\~ h.r·rw·llHtS•"d 1-"duuqu~'~' forf'f\iimnt.mp; 

~'"fi.!Htnnal t,r,,Jnl>tltt\ d"ll"tt~ fnndinn.., 

1 Introduction 

Prndul't iun flltl• t inn:- <1n• t radit inuall~ df flllt'd a~ t hP llJaxiru:sl out put at t a..int1blf' with a v;iw•n 
~"' olinpnt;.,. I hi!- dt•fiuitJon pn·rlnd''" tlw ll!-1 of tra(li1ional mr·au ba~Pd f(~l!:rP:-.,.,ion mt•tlwdr­
:-ifl< (' WP itt t u·, 1\' "''i'k to , .... t illlat.-limit i11g v;1hll"· t ;tt hPr than cPnt ral val uP!->. ln!-I<'<HL a mmtla•r 
ttf ad lwr 1111: I t)d" h.rt\(• hP<'fl u~.-d to f•:-tim,.tiP i'wutiN prodn«'lion fuurtion~ [1, .'l. 12. l:!j. For 
i1 fPJ)fP!-<i'Hiati\·,, fPViP\\ '-f>p !hj. 

ThP froutii•r prodtlct inn funo ion w'vJ·r• "· for pr~rti< al JH!rpo~Ph. tN·hnkally itwflidNtt 
dat <1 poiut .... Tht>"'' rbt a Jhlillb rna~ baw au import ant <><·onomk int(•rpr(•ta.Iion. For ('Xampl(', 

•·xpP<tP<i prnurt hit y. pnHiuniou ri'>k. miuimal produrthity a.nd t h(_) prohahiHty of altainih:;!; 
a parlirnl;u 'ltllput fnr a p<utkulrlr lltput. 

ln pnH·tin•. \'.'(' ar•· intPn•!-1('d in t lw probability of adli<'ving a partintln.r l(•w•l of output 
iudPpPtHI,•nt of ,.,lwt lwr or not it i~ dl•ri\'Pd frorn t('chnira.lly <•fliriNll or in<1 ffident produ<'tion. 
llltPrr•-.tin~ly. \\~>ran d••ri\P a quali1ati\'(• nH•a:.ur(• of tlu" di.sll'ihution of PITid<'n<")' by looking, 
at thr· l.l!ldPrlyiug: probability d!•nliit~· funrtion. For (•X<:lmph\ a bimodal dif'tribution would 
iudinJtr> a mixt up• of ~>Hi<H'Il1 <llul iuPflkiNtt prO<hlc<>rh but a unimodal dil,tribut.ion would 
indicatP t !tat prodtH'Pr~ \\('rt' homog(•fl(~ouhly Pflki(')nt. Fnr dPrision making purposPs. this 
tpHt.litati\(• UlPit!--III'P will ll"Ua.lly !->Uflin•. 

In [:~j. two nf the> H\11 hnrs nrgur• l hht. t hf' llsf' of. l h(> ronditiona.l probaJ>ility d(msity function 
(cpdf) of tlu• prodmtion data i~ mor<> usnful for dPd:>ion makinp; tha,n traditional approadtf'~. 



rill') di"'• ll"" hot h, llnw tllf• cpdf nw lw IIM'd lo!-iupport d('cisiou making and model th<• data, 
a11t! ltm\ 'IH h <l rpdf c;u1 IH' ••1-tim<ttPd from a data !Wl. 

lu unh•t to illu:-:t ntt•• tlu• adva.ntagt'l:i of u:.inp, d.-nsity nwthod::. for mod<•lling production 
:-<'t .... Wt' HH~tl)'!->." ~onw ~llj.!;ar rarl<' prmhtrt.ion dat <:1 !17]. Tlw produrtion data cnnsists of 

:..>1:~ d.\ta puints talNl frnn1 farm~ in tlw Fnirym<:>ad r<>gion (Bunclab<'rg) in l!J93. Each data 
:-. ··nt consi:-.11'> nf yiPid pN IH'rlaJ'(', irriJZ;athlll pPr lwrtan• and soil lYJW (l:>in<'<' thP farms a.re 
1 tn•.p 11,11,.-t hN, W<' assunH' ron~ta.nt rainfall). \V<· an' inten'htNl in d<•t<"'rmininp; th<' optimal 
irri)latioll J,•n•l. 

2 Production Functions and 'I'echnical Efficiency: A l)ensity 
Approach 

( \111'-idn llH· l!kPi)' nnnpon•·HI:- of produrt.iou data. Sonw prodtH'N:- will h.-. tPchnira.lJy Pfli­
d<'til and ol hN~ not. Fun hPr. t lw data will ha\'(' a :.tnrhn.t;tk <'l<>m<>nt du.-. lo va.riation in thf• 
.•rorH>mi(' and phy:-.ar<d <'nvirounwnt. In faet. I hc>r(' will hP a distribution of produc<'rs, \Vith 
V.ll'\ iu~ dPgn•.-:-. l)f Plfkic•n<'y, wbkh will hP di{f('r(•nt.ially a.ffc•rl<'d hy .-.xog<>nous C'nvironrrwntaJ 
fa, lilT'~. ror il l!,i\f'!l data !-PI tiW fi'JatiV<' C'OUtribution of tJWSf' faftort. willlw difficUlt if fi()t 

lllipo:-.:--ihh• to d(•t•·rmiltt'. ') raditinnal approarhf•!-> dPriv•• murh of t.h<'ir awkwardn(:ISS from try­
ing to dbtingubh lwtwr•cn pfhriPnt and itwffkiPnt produrPrl->, in t.IH' prPs.-.nc<' of exogPno .... sly 
dn1u·d variation. iu an a priori ntaiWN. TlH•y for<'<' th<• moddlPr to rrtRkP Ull\\'arra.uu~d 

a~,n·. i" .tm~ ~ufh a~ all pr,Hiun·r~ an• ,,fliriPnt or all variability ih mw ~idf•d. 
\ h"' iPf way of modr•linp, t.h<• data ih to vi{•w it as heing drawn from a rondhional prob· 

ahility d(·Hhity fttJII'tion ( rpdf). TIH' rpdf is that funrt.ion which. ghr<>n a.n input set, tellfi 
U~ ttl<' probabiJit~· that a ~j\'('IJ produrtiou h•vd will in• arhiP\'('(1. rsing f'tandard statistical 
l<>thuiqtw~ it b po:-l'>ihl" to <'slirnat<• thi:-. rpdf from a giv<•n data l'i<'t (sN• $(•ction :.l). 

lu pr«H't kP, modP)ing t I!P data. with a rpdf wil.l l.H' ll<'ttN \han traditional approarh<'s 
!->inr•· \., .• , will tHH onl~ lw ahl., to dPt~'rrnin(• thr> maximum po:-.~-.ihl(> produrtion !Pvf'l hut aJso 
~'XJWdl•d production 11•\'f'h. and produrtion rbk. To thb PXt1•nt our approach ran h<~ S('f'H as~ 
g•'liPr;tlit.atiou of •·xi:-tiug <1pproadtPl'-, ttllH'it not a gpn(•raJization of traditional m<>thods (<'.g. 
in our appro<trh. froutif•r produrtion fuurtiOil!-. can lH~ fl(lf'Jl fl.!- (•xtr(•nw p<'rfNltil(• valtws of the' 
rorr('l'>J)(Hldiug nurJul<lliw• pmhability dPnsity function~ (rdf) or mon•usf'fully thP upper tnod<• 
of tltP •pdf). TnHiitionally. WP could only prNlirt tlw maximum atta.inahlP production lPv<..-1 
but u:-.i11g our approach \V<' an• ablf• to pr('(Jkt the probability of ach.i('ving a giv<•n production 
}P\'('1 and a numiH~r of ot lwr par<tnwl.('r:;. 

:\ot(•, Mtmnmry information, hUrh nl' that d<'fi\'(•d front n•gressiou ba.<iNI nt<•thods, provides 
only a part.iaJ model of the produ('tion ::.<•t. For dN·ision making purposes, we a.rc> not only 
intr•rPSt<'d in tlw hull of tlw production sC't but its total structnrP. This loss of informa.tion is 
illust ratNJ hy t.IIP fact 1 hu whil<• it h:; possible to deri\·(' this Rumma.ry information from thf' 
cpdf thP r<>wrsc• i:-. not in g;('tlf'ral. possihl<>. As a.n example of the bcmcfiis of (;'Stima.ting cpdf's 
ovN hulls. f(•rf.'ltt df·velopnwnts in rbk analy5is. ~ud1 as stodutstk efnden<'y tlu.)ory {2, 1 fJ, 9), 
H~quin' knowlPdf.!;P of rdf'5. 

3 Estin1atiug Density Functions 

Sinn• tlwn• is an <'Xl()nsh·c• &tatist kal literatur<• on mmpar<un<;'l ric density estimation we ran 
us(• <•HidPnt a.nd statistically &otmd methods to mod0l the da.ta with a cpdf. !<'or a reprcsen~ 
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tativP l'ttrH'~ of t.hPM' h~rhui{pH•s sP<• jl-t, 11. ·l, 10, lfl]. BPlow, W(\ ronfhl<' oursp]ves l.o th<> 
fundanH'ttt ab of uouparatnPlrir dNtsity egt imation. 

P(•rlH\pl', tiH' mm;t anciPnt and We'll known tllPlhod of estimttting pdf"b is the histogram of 
!~i- Fach har in t lw hi.stogram i.1-1 au e~'<lima.tor for tit{• proba.hilily d<•nsity at itR rentre. Tn a 

ltis1o~ram all nhl'lt-n·atinnl'. in an int<•rval arP giv<>n equaJ W('ight. Often, a lwt.ter estimat<' of 
l hP probability dN1~1t.y at a point. J' ran lw gailwri by W('ighting points with sonH~ other ker~nr>l 
ftmrtum. \\'herNl~ t h(• hi:-tnp;ram 's lt<>ru()l fmH·t.ion is: 

l' . { I if J' - h ::: tl $ ;r + h 
1\ II :::;.. • 

{ ) () ollH'I'WISP 

ol.lwr kNrwl lunrti<HI" (e.~!,. t hP ( ;aussian) typiraJly \\'<'ight ohs<"rvatioru. inv('rso.ly t.o thC'ir 
distalt<'<' from :r. F11ri hPr, if tlH'Sf' kPrtH•I fun\tiou.f> ov<•rlap thNl w<> ran mak(' US(' of mon~ of 
tl1•' data M't and lhm. f!,ain a. lH•ttr~r Pl'timat(• of t.hP pdf. Hather t.han (,stimat(' th(' pdf at all 
point~\\'<' IH'Pd only ('!-itimal<' it at a sNiPs of knot points and inh•rpolatf' b<•lW<'Pll them with 
!-~plitH·~. db.at>lf' Fnuri(•r tmn::.fnrn1S. Ptr. In ('SSPU<'P, kNn(~J basPd Jn('thods diff<'f primarily in 
1l11' ( ho\cf':;, madP fur l'Hch t hinp;l" a • ., knot pointr--. kPrtl('l fun<'tion~ and int(•rpolation mPthods. 

Otlwr Illf'lhod~ PXi~t for P:->timating, pdf'h that :\.ff' not ha-HPd on kf'rnPl functions. vVe do 
not n"d('W thPm lwn- sinn• th<>y ar<' t~·pira.lly morP dilltruh to apply and mHhm>tand (<thhout:?;h 
nfh·n rnnrP (•ffirir>nt). Th~· intPn·~wd rPadPr ih n\fl'rrNl tot lw aho\'fl rf'fPrPnrNI for pointPrs to 
t h1• lit Nat tlf('. 

4 Deriving Thaditional Production Functions 

(~i'·Pn a cpdf /( yj.i) wp ran dPriv<' a rdf Ft yji) J(r /( y!i) dy. ThP frontiElr production 
function il- f!;ivPn by g(f) ::;: limF(y!J't)-t ~~or n1or(~ rNtdably. g(i) ::: limp ...... 1 F-1(i,p) {notC': 
hillf't' F( y\i ,I ih monotonic inrr<:'a.sing: r-t (.f. 7J) alway:- (•xists ). Similarly. for a giv(.ln proha, .. 
hility TJand input BN :1thP<Ib5odat('d production IP\'P] ofg(:f;p)isgivPn by p-Ip!,p). ThC' 
f'XJ.>f'rted product ion lt>\'Pi ftl ;f) i~ givNt by y( .i} z:: Jc~ y /( yli) dy and is a mNlStH<> of tlw 
aw•ragP <~ffkiPnry of prndurtion. Th<> M~rotui monlPJlt of thf' PXp('<'tP<I production h:•v£~1 s(.T) 

b giwn h~ J~,"' ( y -· !J( i) )2 /( u!:t-:) dy and i:; a mf'a.'iUrP of prnduc·tion ri&k du(\ to variations in 
tf't·hniral PflkiNH'Y and otlwr (>Xog<>nou::. factors. 

In ord(•r to s<'pJ.l.r~ltr• variation~ iu t(•rhniral •)flki<'n<·y from otlwr <'Xogenous factors one or 

ot lwr of tlw dist.ributionh would 11f'Pd to l~H· known. \\ir• rould then deconvolve the joint pdf 
to ~iv<' tllt' otlwr di.strihutioH. lloW('VPl'. PX<'<'JH in PXtmntC'ly fortuitous circumstances, such a 
d(•ronvo]ution \Vill nnl tw po~:-;ihl('. 

5 A Case Study: Sugar Cane Production 

In ord(lf' to HlustratP tlw a.dvantagps of using df>n~it.y rn~?thods for modelling production sets, 
WI" analyM• sonH' fiugar ran(' production data [17}. Thf' production data consists of 212 data 
point~ t a.k<'n fmm fanns in th<' Fa.irynwad rc•gion ( Bunda.bNg) in 1993. gach da.ta point 
rtml\ist:- of yi(!ld (CCS and ram•) p('r hP.rta.r(•, irrigation p<'r hN·tarP and soil typ<' (sinct1 the 
farm:-. an• dc>!>fl togt~tlwr. W<1 assurnf' conl'>tant raJnfa.ll}. vVC' arP inter<~sted in determining tb(' 
optima.l irrigation }(•\'Pl. 



Tlw prmlurt inn data b plot tf••.l in H~ur<ls l aud 2. KPnH•l ba.."<'d methods wert' used to 

<'htinwt<• thi' rpdf. ttw <'XJH'rtNl (i.P. nmditional mt•an) yidd n.nd tlw upp<'r ln1ll (i.e. the 
front iN pwdurtion function) of the\ data. 

As \\'{' tall M'(' from figur<• 1 tlw fronti<'t produ<·tion funrtion if> a poor sum1na.ry of t.lw 
dnt a.. lf WP \\'('f<' to UM' it. for d<>dsion nwkin~ purpmws, W<• could Pasily conr.l.ude that the 
totaJ t<HW yh•ld ft~f f(•d \'uka,nir M>ib lh maxima.JIH')IOJH12.5 mep;a.litr<'~jl{::L llowever,as the 
('\.lH•rtc~d yit•ld ntr\'(' hhowh, t lus iJ., wisli•;tding tbP frontier doPs 1wt p;ivP a good picttH'(:• ~>f 

llw prndurtion ~<'t. furt.lwr a fr>w bolnt<•d data poittts ha.v<' hitJ.sN) our (tf:ttima.t.() of th<• fronti(lf, 
This hia~ j.., to ht• (''\lH'<'lt.•d ah ''htiruator" ( kc•nwl has(ld or otbt:•nviM·) for tlw hulls of rpdf's (tf<' 

nntonou~"<ly for vary in~ p,n•atly frmn !'>ampJt~ to sampl<:'. Ev<'n sn, it if<i worth noting that kr~rrwl 
mPthod:-.. ulllihP liHtny traditional mPthmh.. nw h(' usNl to Phlintatt) thr~ frontiPr of nonronVtlX 
prod net inn "•'t!-. 

It i-. ''-'111'1 h ll(llillf.!, that opt ima.l trn~ation l<•vt>lt- hroa{Hy agrt•(• with Bun'a.u of Sup:ar Ex" 
pNimt•ul Statiou:-. t BSF~ I I'Pronmwnd<ll.iou::. lm~(·d on JHtn (•vapuration data. 

I ntt:•r••!-t ingl~. tf pri<·•• and ro!-tl ~ itrf' random varia.hll•s tlwn it is su.llici(mt to work \vith tlu-. 
PXJH't'tNl prin· l't y 1 and ~>XJH'( tc•d ro1>t ( 'l y.ll jaj. Tlw ronditiona.l probaJ.>Uity of incurring 
n ln~ ... ('d.tl t ht•ll tw lound. anaJogou:-.l~. h~· dt•t,•rminiHJl: y &urh that P{1i)i)- ('( fi, i) = 0 <1.nd 
rakul;·tt•· l.t !Iii\. /""' 

11 
!1 yji'). 

In 1igtw· :J WP plot j!.rn~~ margiu dal<:t and ('XJH•ctNi gros~ mar~ins. (~ross margins (O.M) 
Wl'fc nth ulatt•d a ... : 

\'.:h.:>rP p, 1.:-- tlw !'>pot prk(• of ~~~~i:!r. <'<'.'·; i~-> tht> l-IU~ar cmtt(•nt of th(' raur•. C.4/\'f is. th<' 
t.nnna.~Z,•' of ram•, and I i" t II<' irrigation h•vPI in nwgalitn•!>. 

:\ott~: t }w optimal lin tlH• M'nM~ of maxi1nizing <'XJH'<'t<•d profit) irrigation IPVC'Is cc:mfonn 
ltot only l() t l.u~ HSE~ l'f'C'OttlfllPIHlf•d IPwh. but also to tho~<· &ugppst<•d by expN:ted yield. T'ta1 

optimal irrigation lP\'<>l tlUAA<'sted hy t ht) frouli.-r pr<Hfurtion fun('Uons ran bt• €'Xpec:t<>d to diff()r 
ron:-.id1•rahly from tlw profit. maximiz.inv; IP\'PL SPP [::tJ for a proof that, under unn•rt.ajnty. to 
rakulatt' ('Xp(1ctfld prnfit \\'(' nPNi only kno\\· tiH• .-.xp<'c1Nl production function a.nd not the 
frnntiN pnulu<tion fuurtiou. 

!\litu,\ of t lw rnrvP~ plottf•d in Hg;urPh 1 :J show a.bymptotk b<.•haviour. Th<' mo::;t likt"~iy 

rau:-,P of t hi!' ih lod~iug { i.f•. larg;ll rrop~ of sonw vari<)ti<'s of ran<' (olla.ps<> utHlf'r their own 
wPight) !N.tding: to a, dhninitdlin~ f('turns .~ffen. N(Jt<': tb(l CCS l~?vel sN~ms to nmC'h an 
a~ymptotP mtH h fa:.;t<~r t.lu.u1 nuw tonna.g('. 

:\o1w of tlw rtHVP:-. in figun•s 1 ;J go throug,.h th<' origin. ThPr<' ar<' two li!mly caus(~s: 

firht.ly. t h<· <l.pproximatf'ly f>OOmm nf "'fr<•rtivP rajnfall that fell during tlw 199a grmYing scascm 
f. 1 fH(•gaJlt n• is ~~qui val<' 1 to lOOmm of rainfall) and s<:•rondly. ground v::.ttt~r (this i& particularly 
pronouurNi in t h(ll <'HS(' of tlw a.Buvial and humk g:l.:•y soil types). 

Tlw variability within soil tyJWfi i::. most lik<'l,Y to b(\ ("aused by variations in soU fertility, 
nnw variPiy. aud fa.rm pnH·tit-Ps ((l·A· irri~ation ntl:'t,hod: Oood 1 trickle, spray). Note: due to 
l<'rtain. r<•rta.in irrif!,a.tion m<~thods a.r(' mon• likely tO bt• used Oil C(lrtain soil types {(:~.g. flood 
on alluvial). :\oh•: fa.rmh in the ftudy routa.iniug mixed soil t-YIH~S havp bc(m ('a.tcgoriz(~d 
<u.·rording; to tlw dor:ninant soil typP. 

ThP podzolk !'!oils a.r<' st rurt.undly W"fY similar but va.ry in fert.iUty {red is the most fertile 
and p;n•y tlw lf\a~t fNl il<' }. 
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6 Conclusions 

W<· h~tvt~ argll(\d that th<) t•pdf or (li'Od·urliun data )H'UVidllS mur<~ US(>,ful lnform<'l,tion than 
tl.w fronti~r pro,htfl.iun funrtiou. l''nun it both t,h.· PXpi~.\'t(ld yield and frontier production 
funrtions r:an 1:w dt~rivNl. Alsu, W<' haVt' a:rgltt~d :and pn>Vcd ehi<:lwhcn~ [a]) t.hat, in the 
rm'ilNll'(' of unnntztinty, tlu.~ t:.lxpo(·tml yi<,ld h., nHln:: ns<)ful for dorisiou nutking ilHUl tho frontier 
prndurtiotl futH'tion. 

\\.(1 hav(\ di1>eu;~.scd how k(lfncl nwthodl'l nut lw usod tu ~.1st.imatC~ t.h.o cpdf and thus the 
<)XPN'tvd yi<•ld aml front.it~r pmdurtinn funrtimtb as \V(·~U as llW'Mttrns of va,ria.bility. 

\Vr~ Pstimntr• t lw PXJH"rt.<~d yi(•ld a.nd frontt(1f f>rodurtion functions for a. \11trit'tY t)f soil types 
aF> w.-~-H aJ< l~rolii:. nmr~dn!'t. From our ;umlp.~· nf gro:~os tlHtrgins, it appears that rnRny suga;r 
rMtf' fnnm•rs ar<· \UHit:'rtffl.l!,•llinp,: tlwir rroru;,, This TPSUlt a~~I'Pl'S with J'!'(~otnnwndationfl or tb(l 
BSES. ha~t:'d nn pan <~\·apma.t.ion data. 

lt is int<'rf'sting to uott· that, as \Vc• prNHrt. if farnu r& Wl•r<• to uso fr<lntier production 
function& ra.th(•f tlHUl ('XPN'ted yiPid to dt<'<lM tlw nptima1lvv<"l of irrign,tiou then they wnnhl 
ha,v(' a k·;H11' •:•:-qwru•d profit than if thfly had us0d t.lw f•XJWftPCl yinld function. 

nH· l"olodk f.tlil tnw slH)\\iS VNY iut(»iflsting bPhaviour. h \'.'<mld IH) int<?l'('Sting to obtain 
Uh\I'P d;Ha from snlo(:lir ~oil~ in ordpr to <•xaminr• both the• rnlationship bPtW(.~tlii irrigation level 
a.P\1 yi<•hl. cUHl tlw autouut of va.l 1);;!" in yit>ldfl. 

It 1'<\'•·np, lihr,.ly that tlw mt:\th, ·.l. ~ 1 arh~ation lhiPd \ViU ltnv(~ an impnC't on yield. Given 
mor<' data it would hP int(•rt}!-~.linJ.l, l" •~xplon• tlw (lfi(~(·ts of irrigation rnethods on yield and 
pndHahility. 

lhn'l"Uhingly, in risk analyf'i:-., compl<~tC' kmnvh~dgt1 of t.hP dt.)dsion mak(~rs utility (profit) 
funrt.ion it. not asMum~d. lm;tNuL rrit<~ria. Hurh ae1i ht'l'•t and fl(lrond onh)r stm:htt ... ")ti<: dominance, 
wh.ifh ma.kl\ u!lP oft hP nlf of somP ra..ttdom variahl•:~ surh ».$ profit., an~ usod. Unfortunately, 
pnmit h''' d£•nsity <~~'>timator!'.. surh n~ t,h(l' statiotHtry h.ist.op;ram. an~ usNl t.o calculate stochastic 
•~fliriNH'Y· ShH'(#, cakulating stodmst.ir <1fnri(~n<"y rNtuirPs int.l1p;ration and n9ntcgration over a. 
pdf, puor initiu.l <•l"timatf•s of t.l.w pdf can )Ntd to lctrp;1'11' •~rror::. than if a bt1tt<~r Initial <~stlnla.lJ;> 
had b~·Pn Uf>('.rl ( SPf~ for f~x;unph) !2} J. It woul{l lw wnrtbwhilP to invcstigRtQ tho usc of more 
poWf,•rfnl f•!itimaton., sm·h as k<,rnn\ (~stimators, in fakulating storhastir t1ffidency for the 
univariah~ <'atPp;orknJ <'iiB(l, 

In thr• multhariatP mbwd variahl<• casP tiH1 pir.tur<\ bPmmeR more compl<~x. lu univ~Lri· 
at<' storhastir domhH1nt·P theury tlu:. ~:~implifying aft.MHnpUon is mad<~ that all producers n.re 
h('-having optimally. 'Tlntfl inputs, a.JHtrt from t:lw ralPgorit•s undt•r analysis, IH!ed not he con* 
nidt->t'N). It would b(' iut«.•n~~ting to (~xamhtf• thP UHf' of multidinwusional korne.ls in stochastic 
domimtnr(' prohl<>tns. h se('Jllfi, to th() autborh, tbat llw mw of rclf's in tlH"' muliidimc.nsional 
ral'P b not ao fruitful an approadl ns thP ne:.<~ of cpdf"~ a.nd higher order monumts. 
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