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High-grading is the practice of discarding low priced fish while ar seq in order
to raise the average value of a ratch. The non-reporting of catch con have
seriows conseguences for fisheries that are managed using individual catch
quotas set to prevent over fishing. In this paper, a simple model is used to give
necessaryand sufficientconditions for high-grading to take place. The impact
of price changes and changes to the size of the catch quota on the level of
high-grading is also analysed. Finally, the model is applied to the Australian
Northern Prawn fishery to determine the extent of possible high-grading if
individual catch quotas are introduced.
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One way toreduce the problemof over fishing in acommon property fishery is wintroduce

individual catch quatas that limit the total weight of fish thut may be caught in a season
by each operatort, In Australia, the Southern Bluefin Tuna fishery and the south east
fishery are Commonswealth fisheries managed using individual transferable quotas, In
addition, several state managed figheries operate under ITQ systems.

The effectiveness of catch quotas depends on the ability of authorities to monitor
individual catch levels. However, difficulties in measuring true catch levels arise because
cateh is usually weighed on shore?, This gives operators the opportunity to under report
their catch by discarding some pari of it while undetected at sea. In particular, itmay profit
some operators 10 increase the average unit price of their catch by discarding low priced
fish over the course of a season. The non-reporting of the discarded fish allows anpemmrs
to catch above quota during the season but sull meet quota requirements as measured on
shore. This practice is known as high-grading.

Non-reporting of true catch levels because of high-grading has a number of serious
implications for the management of a fishery {Baulch and Pascoe 1992). Forexample, the
understanding of stock dynamics for most species is based, in part, on the interpretation
of catch and effort data. Incorrect data, resulting from the under reporting of catch. may
Jead to overestimation of sustainable harvest levels, depending on the stock assessment
technique being used. In turn, the total catch quota, set in order to meet the economic and
biological objectives of a fishery’s manageme:ni program, may be too high. This can fead
to a rapid and more than optimal depletion of fish stocks. One further implication of high-
grading is that it gives operators some flexibility in adjusting catch levels, even whencatch
quotas are 1 place. As a result, catch levels could change following shifts in economic
variables. This means, for example, that price changes may need to be taken into account
when setting catch quotas to meet biological objectives.

Issues relating to the enforcement of regulations in fisheries have been considered i some
detail {see Anderson 1987 and Anderson 1989 for a survey of the issues). However, the
specific question of high-grading does not appear to have been addressed in the modelling

1 The porentead protiem of eserficheng s common propeny Tishenes s investigated by Pitcher and Hare 119821 The poeniat
snprovements i etficiengy founthe inrodutton of cach quotas tind pmeudary rnsferable quotas) are discussed by Camphelt
(2128

2 Andesson 49893 notes thatshe costs associated with monuonng eatel fevals at sea can be signficanily Bigher thas thowe
assognatedt wiih montonpg o share.
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yquotas and

The paper is organised as follows. In the next section a simple model of fishing behaviour
when high-grading is a possibility is developed. In section 3, the necessary and sulficient

conditions for higl -ant di:;g to take place are derived and marginal conditions that give
the optimal level of high-grading are obtained. In sections 4 and 5 these marginal

conditions are used to obtain formulae that give the responsiveness of catch to changes in

fish prices and the catch quota. In section 6. formulae that give the level of an operator’s

profit from fishing in the presence of high-grading are provided. An em, piﬁéatsapgﬁtcmim

- i the results is presented in section 7. In the final section, implications of the restrictive

assumptions of the model are outlined and implications of the results for fisheries

management are copsidered.

The mode] presented here is based on a number of simplifying assumptions that abstract
from issuesthat may havean impacton levels of high-grading. Twoimportantassumptions
in this research are that operators catch a single species and that they are unable to target
different proportions of grades of fish once the season begins. Also, behaviouris modelled
as if all fishing and high-grading takes place over a single period. However, this
assumption can be relaxed to incorporate multiple fishing trips and changes to the
composition of fish grades in total catch over time.

A more significant simplification is that operators face full certainty about future prices
and changes to the fish population and catch over the course of the season. Possible
implications of this assumption are considered briefly in section 7.

Prices and grade
The market price of fish is denoted by the real valued varioble P, By definition, it is taken
that higher grades of fish attract higher values of P.

Fishing technology
A representative profit maximising fisherman owns a fishing technology. assumed (o be
fixed at the start of the season, The technology is described fully by:

3
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Catch constraints | ‘ ‘ arn,

) dual queta is allocuted preventing the operator from bringing more than g

tonnes of fish to shore during the season, The type of quota considered here applies
indiscriminately across all grades. Separate quotas for different types or grades of fish are
not considered here. Further, it is assumed that additional quota cannot be purchased and
by implication quota overruns are not permitted, |

While the catch quota might be imposed in order to constrain the true total eateh 9, in
practice it can {imit only the observed or reported cateh (Q.F( Py, The true total cateh
exceeds the reported eatch, except when there is no high-grading ( #= 2, ).

The weight of the total stock of fish is fixed at O. Total catch during the season cannot
exceed this biological limit. It is assumed that @0,

Profit maximisation problem

The operator’s problem involves choosing the total catch (Q) and the critical price , P,
below which fish are to be discarded, in order to maximise profit. The operator assumes
that his or her actions have a negligible effect on the market prices of inputs and outputs
and the distribution of fish grades in any period. Formally, the maximisation problem is
as follows:

P’ﬂ”
MAXTI=Q. [ PA(P)IP-C(Q)
Q.p b

subject to the constraints that:

{1a) 2 z20
) 020
(1ey g 2 QRP )

{1dy P 2P
{1e) P 2p

S




associated with catchin
set of input prices:

+ adistribution function, F(P)= [f(P) dP, that givesthe proportion of fish with prices
: n P
above or equal to P in a catch of any given weight; and
~« aprice Py, equal to the lowest price of fish in the catch (50 F(P,,)=1).

{1 is assumed: that operating costs ars inereasing at non-decreasing rate as caich rises {so
CHO) >0 and C(Q) = 0; and that the density function 1P} is continuous on the closed
fnterval [P0 P ‘

Given this technology the operator is able to target fish with prices in the range P to
P,.., However, the distribution of grades within the catch cannot be altered, for example,
by changing inputs or targeting practices. This means that, in the model presented here,
discarding low prized fish at sea, or high-grading, is the only means available to increase
the average unit price of a catch. It is also implied that all fish caught are worth bringing
to market including any damaged fish.

High-grading
When high-grading, the operator discards all fish with prices below some ¢ritical level
denoted by P . Given this, the reported catch is equal to Q.F( Py.

The cost of grading fish according to price is incorporated in the cost function C{Q). The
implication here is that fish must always be graded, even when there is no high-grading.
The direct cost associated with throwing low priced fish overboard is assumed to be
negligible. However, by high-grading, the operator is likely to increase the average cost
of harvesting the catch that is actually landed on shore.

Implicitly, it is assumed that the operator is able to discern the grade of each fish while at

sea and to discard low priced fish while out of the view of fishing authorities, If there was

a probability of being caught and subsequently fined, then this could impact significantly

on the expeeted costs of high-grading. Hence the level of high-grading that actually occurs

may also be affected. Such costs are ignored. Also. high-grading is assumed tobe the only
4
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vbluas of p zmd Q resyccuwz}y These musx 5ﬂmfy m; aiiawing first order cqndnmns |
ian:: | ;j(zn- PP - CHg) = Ay +‘1ﬁ; =0

@b 07 [Py = PRy 22y =0

e [6-07po=0

{2d} Q*24,=0

(2e) [@-erFpojp =0

@9 [Bus = PP =0

(Eg} [P =Py JAs =0

where Ag.4p, 4044, A4 are non-negative Lagrangé ultipliers.

To ~.incxaiég"tha ease with which results can be interpreted some assumptions about the
solution to the operators maximisation problem are made. First it is assumed that actual
cateh Q* is strictly positive. This implies that it never pays todiscard the entire catch when
high-grading. Second, it is assumed that it is not sufficiently profitable tocatch the entire

stock in a single season and thercfore the biological constraint (1a) is non-binding. The
implications of these assumptions are outlined in the appendix.
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fonit todetermine conditions
g \ ch hxghwraémg mi ght mke placa and the pmpomon of fi thatare likely 1o be
dlﬁf:‘ﬂrded : o

Fu'st from equations (2b), (2¢) and (2g) it follows that P* > Poiqonly if @ = Q*F(P*).
Therefore, in years when the catch quota is non-binding, for example because of poor
seasonal conditions, the operator will not discard any marketable fish. This highlights the
link between the imposition of a quota restriction and :thmcrgcnm of } 1gh-grading.

W’hﬁnbighwgmdmg does take place, the critical price Jevel below which fish are discarded
is given by the unigue solution to the following equality (see the appendix for a proof):

* prpeye 8
3) | j Bf(P)dP - P* F(P*) c:( T P*)) =0

According to expression {3)the operator sets P* toequate the nvemge price ofthereported
catch,

j PriP)dP
Pe
to the marginal cost of fishing. This is made up oft

m) as well as

+ the operating cost of catching the marginal unit of fish, € F(i*)

: P‘@F{P*) which is equal to the cost, in terms of revenue, associated with discarding
additional fish of a marginally lower price than P*.

Based on (3), the following condition is both necessary and sufficient for an incentive to
high-grade to exist (see the appendix for a proof):

o o
(4 JPAPYP = Py > C(@)
Pmm

Fone
' i the price of the lowest quality fish grade in the population and [ Pf(P)dP
is the average price of fish in an ungraded catch. oo

where P,




RE CONFERENCE PAPER 94.4

high, thereby

Inequality (4) might be used in empirical work to indicate whether high-grading might
take place in o fishery il catch quotas were imposed. It is important o note, however, that
‘ifoperatorsean alter their fishing technology following the introduction of the catch quota,
in order tc 1arget higher grades of fish, then using the pre-quota density function, f(P), in
condition (4) could give misleading results.

4, The impact of price changes on the catch size

High-grading allows operators to alter their catch in response to a change in the price of

fish. This observation is imponant from the perspective of fisheries management because

it means that, even with catch quotas in place, the sustainability of stocks depends on

changing market factors. As aresult, price changes from yearto year may need to be taken
into account when determining the total catch quota that meets the economic and

biological objectives of the fishery’s management program.

It is important to be able to consider price shocks that affect different grades of fish at
differing rates. To model these types of changes assume that the price shock results in an
increase in the price of fish, from P to

(5) P+{w-1]g(P)

The function [w ~ 1]g(P) is assumed to be differentiable in P and w is a real valued
parameter, set equal to 1 prior to the price change. It is important to assume that the price
shock leaves the ranking of grades unaltered so that if P, > P, then P, + [@~ 1]g(P,) >
Py +{w~ 1]g(P,). This is equivalent to assuming that

(6) [w~1]g (P)>~ 1.

Modelling price changes according to (5) offers a great deal of flexibility. For example,
if the function {w ~ 1]g(P) is increasing in P, the absolute increase in the prices of high
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P open. 1
constrained according to (6)
The following formula gives the percentage change in output following shifts in the prices
of all qualities of fish resulting from & marginal increase of de in the parameter @ (see
appendix). :

':d’m[ Tetp)r(pyp »gcwmm} '

@

"R C( 0\ 2
Py LR ) FPY)

where dw [g(P)f(P)P is the change inthe average price of the reported catch following
Pi

the price shock.

Given non-decreasing marginal costs, the denominator of the price elasticity in (7) is
positive. Therefore, the direction of output change following a price shift depends on the
sign of the numerator (given (6) the numerator may be either positive or negative). In
particular, output rises (falls) if a marginal increase in all prices leaves the average change
in the price of the reported catch greater {less) than the change in the price of the lowest
quality fish retained in the catch (weighted by F(P*)). Also, note that the elasticity is well
defined even when marginal costs are constant,

l}l
To explain the result in (7) note that dw[ 3}(!’) f(P)dP~ g(P*‘)F(P‘)} is the marginal
Lee

change in revenue following the price change. Consider a reduction in this revenue
resulting from a greater increase in the price of lower quality fish relative to high quality

P
fish, so that dm[ falP) f(P)dP-,g(P*‘)F(P*)] is negative. Following this reduction,
P ;

marginal operating cost exceeds marginal revenue and a loss is being made on the last
units of catch. Therefore catch must decline.
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on) JFP

 The elasticity in (8) is strictly positive meaning that a uniform percentage increase in the
price of all qualities of fish leads to an increase in tatal catch and by implication an inerease
- in the proportion of fish that are discarded.

This result can be explained by noting that an equal percentage increase in the prices of
all fish leads to greater absolute increases in the prices of higher grade fish relative lower
grade fish. As a result the opportunity cost associated with retaining lower grades of fish
increases. Therefore, the level of discarding increases and true catch levels rise so that
reported catch can meet the catch quota.

5. The impact of changes to the catch quota on catch size

One method employed in some fisheries to reduce the amount of excess catch resulting
from high-grading is to reduce the size of the catch quota. To illustrate the impact of such
a policy on total catch, the following formula gives the percentage reduction in catch
resulting from a marginal reduction in the catch quota (see appendix). It is assumed that
the change in quota has no effect on market prices g,en.erall'y.‘

©) dg[}lv
a0 |07

where
e Q
;,M._,_f..‘_ffﬁ&iﬂw
(10 o Fy

‘an‘.d Ogvc ]

The result shows that when marginal operating costs are an increasing function of cateh,
a reduction in the quota leads o a less than proportionate reduction in the amount caught.




To see the reasoning behind thj,5«~;tes'u1t«,~ considera | per cent reduction in the catch quota.

 In order to meet this new quota, the operator could reduce catch by | per cent, increase
the proportion-of fish that are discarded, or combine both strategies. When marginal costs
are increasing, a | per cent reduction in cateh, would lead to a decline in marginal cost

- relative to marginal revenue and as a result profit could be mcreaseci with a greater catch,
Therefore, the least cost way to meet the new constraint, would be to lower catch by less 5
than | pemﬁnt\and to discard a refatively higher proportion of this reduced catch, On the
other hand, when (C” = 0), changes to output have no effect on masginal operating cost.
Therefore, the least cost way to satisfy the reduced catch quota constraint is to redvce total
catch by 1 per cent without changing the proportion of fish that are discarded.

From a fisheries management perspective, if marginal costs are known 1o be constant and
it is observed (or estimated) that x per cent of fish are discarded, then the total catch quota
could be set at (100 - x) per cent of the estimated seasonal catch level estimated to meet
the economic and biological objectives of the fishery. If, on the other hand marginal costs
are known to increase, then the quota would need to be set at less than (100~ x) of the
estimated optimal catch level and according to an estimate of in expression 10.

6. Measuring profit in the presence of high-grading
Estimating profit Ievels in fisheries affected by high-grading is problematic. Forexample,
when modelling the potential profits associated with the introduction of catch quotas, if
the average future prices and costs are estimated using observed: prc»quota prices and costs,
profit could be underestimated,

Based on the model deseribed in section 2, when marginal cost is constant and in the
presence of high-grading, profit (excluding fixed costs) is given by expression 11 (see
appendix).

(1 M=pP*Q

where P* is the price of the lowest priced fish in the reported catch. The expression is
easy to calculate as it does not depend on the distribution of prices over grades, the
distribution of the fish population over grades, or the level of fishing costs.

Rt




increases output by an equi-proportionate amount (see previous section) carning an

additional profit of ;!)Pf (PP WC’(WF(F&)) on the marginal unit of quota. At the margin;
| e .

however, this level of profit must equal the marginal benefit associated with discarding

fewer units of fish from expression 3. This benefit is equal fo P* from expression 3.

" If marginal cost is increasing, the right hand side of expression 11 places an upper limit
on fisheries rent. In this case a more accurate expression for profitability in the presence
of high-grading is given by:

ta M=p+g -[C(@*)-AvC(@]e*

s

where AVC(Q*) is the average variable unit cost of catching Q%= —ﬁ%;; The more that
marginal costs increase relative to average costs, the greater is the difference between

—
¥

actual economic profit and P* @

7. Example using data from the Australian northern prawn
fishery

At present, catch levels in the northern prawn fishery are managed using a set of input
controls that limit gear units and boat numbers®, A number of alternative long term
management options have been considered by industry and government (NORMAC
Working Group on Fisheries Management Arrangements, 1992) including the
introduction of individual transferable catch quotas, current ABARE research, study of
alternative management systems for the northern prawn fishery, has shown that it may be
profitable for fishermen to discard some grades of prawns, if individual transferable catch
quotas are introduced.

3 The northiern prawi fishery is Jocated in Commonwealth-waters in the Australian Fishing Zone between Cape Londonderry and
Cripe York. 1t covers abour 1-million suare kilomerres of water, making 1t-onic.of Australia’s largest fishenes by area.

. k];gw :



Assumphons : i
Average prices of Tiger prawns by gmfic for the years 1990 to 1992 and the average
proportions of the different grades in total cateh are shown in tabie L

It is assumed from current ABARF research that interest, deprcmmmm repair and
insurance costs associated with ca ptml are fixed in aay given season and the marginal cost
-of fishing is set ar a constant $4.80/kg of tiger prawns.

A4000tonne total catch quota is assumed to apply fortiger prawns, This level is consistent

 with the maximum sustainable annuat yield for tiger prawns in the northern prawn fishery
as estimated by Somers (1992). Such a quota is likely to have been binding in 1991 but

_not in 1990 and 1992 when harvcm levels were well below normal because of ndverse
seasonal conditions.

The optimal level of high-grading
Using expression {4), and assuming that the distribution of prawn grades within the catch
would mw:: remained the same 1( r:atch quoms had been in plam the: mnde.t mﬁmnms thm

Tnbie 1 Av;:rage prace of ugcr prawns

‘ Mmin:‘smé‘ice | Proportioncaughta
Grade weight Weight SRS o :
{prawns perpound} perprawn 1990 1991 1992

(gras} (S’kg)  (Skg)y  (Shp) (% of weight)
< 10 » 45 19.68 16.61 13.88 53
1010 ¥5 30~ 45 14.56 096 1340 ped
161020 B2 1387 9406 12.30
211030 15-22 1050 677 960 ‘ 3

% ﬁmd m mmut 4!::4:1 mm mmxm

13



1o have bean binding.

This result is consistent with studies at ABARE which found that fishermen would have
pﬁéﬁmﬂ from discarding al} prawns sbove the 15 pei‘ pound grade in 1991. However, it
was noted that some operators may ruti into time constraints when trying to replace the
- discarded prawns.

This analysis may be difficult to apply prior to the start of any panticular season due to
-~ uncenainty surrounding future prices and the size distribution of the stock for that year
{which may also impact on the setting of the total allowable cateh in the first place).
However, the analysis may be able to be applied once the scason has begun based on
estimates of distribution of eatch and price from early season landings. The model may
also be useful in a post season analysis of the extent of high-grading, particularly if this
has an impact upon the level of the total allowable catch in the following year.

The responsiveness of output to price changes

As marginal costs are assumed to be constant at $4.80/kg, the percentage change in output
following an 1 per cent increase in the prices of all grades of prawn is given by equation
expression 13,

(13) , W SBREA

=Ry
The formula is applicable only for 1991 when high-grading could have been expected.
Based on the data in table 1, 9.06) is approximately equal to 0.035 and F(9.06) is 0.90;
that is, 10 per cent of prawns would have been discarded. Therefore, if prices had been 1
per cent price higher in 1991, catch would have been about 0.21 per cent higher.

Profitability

Expression 11 can be used to estimate the annual profit, excluding fixed costs associated
with capital, that would have been generated from the tiger prawn component of the
northern prawn fishery with the introduction of catch quotas in 1991 (the formula is not
applicable to 1990 and 1992).

v > ‘



BARE, CONFERENCE PAPER 94.4

Caveats ‘ \

“The estiniaes obtained abnve should be regarded with some caution as there are fuctors
in the northern prawn fishery that may not be consistent with the underlying assumptions
~ outlined in section 2. In particular, there is some evidence from ABARE research that
operators in the northern prawn fishery target larger prawns if they wish to. This means
that fishermen could increase the average value of their catch with less high-grading than
implied by the model presented here |

7. Extensions and conclusions

The model developed in section 3 is based on a number of restrictive assumptions.
However, the model ¢an be extended in @ number of directions without losing the basic
results obrained here.

+ It has been assumed that there is a single species (or altemnatively that the catch quota
applies to the whole catch and not to individual species). This restriction can be relaxed
10 consider fisheries with a number of species and where quotas for different species
may be transferred between operators.

* The model encapsulates decisions taken over a whole season as if they were taking
placein asingle period. The model can be extended to take account of the way in which
the factors affecting high-grading might change over time within a season,

+ High-grading in fisheres managed vning input controls could be investigated. For
example, a constraint that limits the quantity of fish that can be stored on board would
have similar implications for high-grading to those from the catch quota. On the other
hand, restrictions that just increase marginal costs would not be expeeted tocause high-
grading.

One important feature, not considered here, is the problem of uncertainty relating to fish
prices and population distributions. For example, if there is uncertainty abour the grades
of fish that might be obtained following the discarding of low priced fish. risk averse
operators may discard fewer fish than would be predicted using the model presented here,

I



The results obtained hm mdmaze :hat }uuhwmding m,xy be a éxgmf‘mm problem in
ﬁSh@!mﬁ that are mannaed usmg cmch qnmm In thxs yaper i‘mnulm arc pmvadad m

that mig,tw be dis&md&d ,c:&xpmssm 435; Smh -indi@mims ;pmxﬁm: information that may be
- useful when setting catch quotas and measuring population trends. The usefulness of this
model in stock assessment may depend on the cost and ability of obtaining discard
estimates through alternative means, such as fishery surveys, and on the stock assessment
technique being employed. Itis unlikely that detailed length and age data, needed for some
stock assessments, would be forthcoming from this model.

With high-grading it is evident that catch levels may be sensitive to price, It is therefore
important to account for economic as well as biological factors when estimating
population trends, even in fisheries that are managed using catch quotas. In particular it
is shown that output may decline if the average price of the reported component of the
catch rises less than the price of the lowest quality fish in the gatch. Formulas that give
the change in total output resulting from given changes in the prices of different qualities
Jf fishare prwiﬂcd in expressions (7) and {8).

In fisherics where high-grading is a problem, catch can be reduced by lowering the catch
quota. It is shown that when marginal cost is constant, reductions in the quota lead to
proportionate reductions in catch. However, if, marginal costs are increasing, the reduction
in quota could lead to an increase in the proportion of discarded fish. This means that a
reduction in the quota would lead to a smaller reduction in catch, indicating that the rate
at which-costs change as catch increases could be an important determinant in setting catch quotas.

Finally, it is shown that models which do not account for high-grading could tend to
underestimate potential shortterm profitability following the introduction of catch gquotas,
To help overcome these problems, expressions (11 and (12) give formulae that allow the
anoual profit (excluding fixed costs) in fisheries affected by high-grading 10 be calculated
in a relatively simple manner.
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;f,__;;;z.*u;,aésmx‘s’az;

It Ganbe ﬁhnwn whan § is sufficiently large, that (1a) Q* <0
Proof:
Since @=0.if 2=0 itfollows that %m Fepy. It asse, rovenye o sbing
g B | i |
is given by “““‘““"‘F(;,) | #7UP)AP , This expression increases as P rises and L"Hopital's
rule can be used to show that it is bounded above by £,,,8 . On the other hand, since
C(Q)20.0perating cost is unbounded above as § rises. Therefore, for sufficiently

large valuesof @,ITis negative. Since IT=0 is feasible, it follows that 0*< .
Expression 3
In the presence of high-grading P* is given by the unique solution to {3).
Proof;

Assume there is high-grading. From (2gy it follows that &, = 0. From (Zb) it follows

that &, = P* and therefore, 0 = Q*F(N*). Atan optimum, therefore,

Fip
concave in P, the Kuhn Tucker theorem cannot be applied to show that the solution

P
f:Vf{;V)dN - P* PPy ﬁ*’{mg-,-;}ﬂ 0.AsTTand QF( P )(from constraint 1) are not
PQ

to 3 is indeed the maximiser. Instead, consider the following derivation.

oy
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pect. to P* is

¥

which is strict

o

y negative and continuous.

~ :f{pﬂpgdpy P*F(P¥)~C' - is negative as P* approaches P, ... Also, it is
p o L R

‘shown in the ;pmﬁf’ifbr expression 4 that when P=P, and when there is high-grading,

it follows that f N (N)AN = pryig > C'(Q) Tbcrefcre, 2 unique solunon forP*canbe

Pa‘»m

found. s‘zince,' this solution s uniqg urc’:,»it must be a maximiser.

Expression 4

Poce
j?\if (N)AN = Py > CAD)  is necessary and suff‘ cient for an incentive to high-grade to
Brin

exist
-Proof:

| Sz;fﬁaigency
Assume there is no high-grading; that is P =P, . It follows from (2f} that A, 20.

Pmu
Substituting for A, from(2b) into (2a) itfollowsthat [ Nf(N)dN ~ Py, = C(Q*) 0. Noting

P

0> 20* and C"((Q)20 it follows that ij(N)dN Py $C1Q) ., Therefore, if, (3) holds,
p

e

Pt P, Sincea maximum exists it follows that P*> P, and there is high-grading
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At an optimum,

- Expression 7

Proof:
First note that a more general expression for (3) is given by

J{N“ﬁ'[l*ﬁm}g(ﬁ)] (N)df\f [1’*+[l m}g(F*}]F{P*) ol Q )MQ,szfamnnanng‘

F(P*)
thxs expression toml! y with respect to P* and o gives,
I &) f(N)dﬁwg(F*)F(P‘)}
‘d'p*‘" e 21T
F('P'H"C”( FP) Ry
dao* O _SPY rna victds the rec
Noting that & = oF Q*F(P*)‘ dP* yields the resull.
Expression 8
E )
R o
PURPY ( 2 )2
Jies) F(P) ) F(PH)

19
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1P and (3) yields the result,

Expressions 9.and 10

where

2 rep

Obtained by totally differentiating (3) with respect to P* and w to obtain

',‘n a
dP_, — (, ) — and noting that _.__.dQ o QﬁP g5l
do - o2y QNP a0~ F(Pv) F(P*)z ¥
2 C‘F( 5 FPy

yields the result,

Expression I1
‘When marginal cost is constantand in the presence of high-grading, rent {economic profit
excluding fixed costs) is given by the following expression

T=P*Q

Proof:
Obtained by multiplying (3) through by Q* and by noting that @ = Q*F(P*).
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M=P*3 -CIQY-AVEQNO*

ined by muluply?ng (3) through by 0%, by noting that é‘ = O*F(P* and that
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