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Structural Stability and Recursive 
Residuals: Quarterly Demand for Meat 

By Zuhalr A. Hassan and S.R. Johnson* 

Government and pnvate sector 
declslonmakers and analysts com­
monly usc quarterly estimates of 
demand for meat and other agncul­

tural commodities In pohcymakmg 
and forecastmg Models from which 
these estimates are developed arc 
necessarily hIghly simplIfied as to 
demand th~ory and the mstitutlOnal 
specifics of the mdustry Accordmg­
Iy, careful analysts and forecast llsers 
want to be assured of the accuracy 
With whIch these models approxI­
mate the true structure of the sItua­
lion stuilled They often make 
rc-cst!matJOns based on different 
data penods and respeclflCatIons of 
the models to evaluate the approxI­
mations ongmally provIded from the 
models 

Morc formal procedures for con­
tmual evaluatLOn of structural stabtl ­
Ity for model speCifications have 
recently begun to be developed Van­
ous methods, begmnmg Wlth the 
Chow (3) and F tests on vanous 
sample partitions and !,-estcd speCifi­
cations, can now be used to assess 
structural change statistically (7, 4) I 

Two of these With conSiderable 
mtultlve and computational appeal 
have been suggested by Brown, 
DurbIn and rvans (2) These so­
called CUSUM and CU,UMSQ lests 

*The authors are, respeCtlvel}, an 
economlstln [hr'-Poilcy, Plannmg and Eco­
nomic Branch of Agriculture Canada, and 
a professor of eco~om;cs and agricultural 
economiCS at the UmvLrslty of'MlssourI­
Columb~a 

I italicized numbers In pan:.nlhescs 
n;fer to Items In Rcfuen~Ls at the end of 
this arllcle Research supporl for thl~ 
project was proVided Jfl pan by d cooper.. · 
live agreemcnl with the formu Economic 
Research Service, US Department of 
Agnculture 

Methods have been developed recently for 
contmual evaluation of structural stability 
for model speCification CUSUM and 
CUSUMSQ tests suggested by Brown, 
Durbm, and Evans employ recursively ! 

calculated residuals to permit the examl 
nation of structural stebility EaSily devel 
oped plots can be used to gene rate the 
mferences which can be supported by the 
tests ThIS article reports on an application 
of these tests for five quarterly meat 
demand equations for Canada 
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employ recurslvelv calculated reSI 
duals to permit the exammatlon of 
structural stability against qUite com­
plex alternauve~ Castly developed 
plots can be used to generate the 
mferences which can be supported 
by the tests 

We report In thls'artlcle,on an 
applicatlOn of the CUSUM and 
CUSUMSQ tests to five quarterly 
meat demand equatIOns for Canada 
1 he appiIcatlOn demonstrates the 
feaslbiltty of applymg these tests In 

routIne forecastmg,and polley con­
texts Results mwcate the Impor­
tance of mlsspeclficatIon errors 
ImpliCit In these Simple models and 
the sample penods over which the 
apprOXimatIOn can be used With 
relative confidence 

THE RECURSIVE 

RESIDUALS 


ConSider the lmear model of the 
Conn 

Yt=~!~t+Ut 

t = 1, , T. (] ) 

where Yt IS the obse}VatlOn on the 
dependent vanable, ~t IS the column 
vector of observations on the k mde­
pendent vanables, f!.IS a correspond­
mg vector of coefflClents (th~ 

subscnpt, t, unplymg that the (3's 
may not be constant over time) and 
u t IS an additive/disturbance tcnn 
The fust varIable, X It. takes the 
value of umty for all 1 observatIOns 
The remamIng regressors are assumed 
nonstochastlc 1 hus, lagged depend­
ent vanables and autoregressive 

,schemes are excluded from the specI­
fication The error, terms are also 
assumed mdependently and normally 
wstnhuted WIth mean .lero and con­
stant vanance a2 The hypotheSIs to 
be tested is §.] ~ £12, .§.T ~ i 

The ordmarv least squares (OLS) 
estimates based on T observations are 
glVen by 

(2) 

where X IS a r by k~matnx of obser­
vatIOns on the regressors and y IS a 
slmtlarly defined T by 1 vector 'for 
the dependent vanable Now suppose 
that only r observatIOns are used to 
estimate {3 Then for r ~ k, 

r := k+l, ,r. . (3) 

,,:here ~ ~ [~l' . ~l and2'~ ~ 
[y 1, , Y r 1 By In trodUCIng succes­
sIve (for example, new sets) pbserva­
!lons, one can obtaIn T-k+ 1 estimates 
of ~ denoted by l!k.l!,,+], ,kT 
Thelr's may be obtaIned recursively 
(Without repeated matnx mverslOn) 
from the expression 
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We f,t frue demand equations Wh1Ch lmk 
per capita disappearance of beef, pork, 

veal, chtcken, and turkey to pnces 
and consume, mcome 

kr = kr - I + (x;.x,.t I x,.(2'/ 

- x;.h-I) (4) 

(x;.' ")' '(' x,. )-1-1-"'-1 h~ x;.-1 -1 

(See (6) and (1) ) 
Now consider the T-k quantities 

defmed as 

Yr- ~-l 
wr = 

[I ~ x;.(x;.-1 x,._I)-1 x,.]1/2, 

r ='k+1, ,T (5) 

These recursive reSIduals can be 
obtamed If il. IS computed ~ecu~slvely 
by equation (4) Note that the wr IS 

the standardIzed predIctIOn error of 
when predJcted'from ~i, 

&-1 The recursive reSiduals can be 
shown to be mdependent, gIven the 
aforementioned error assumpuons 
They are normally dlstnbuted with 

Yr 

2mean zero and constant vanance a
(2j 

If the coeffiCient ~t IS constant 
up to tune t = to and dIfferent from 
then on, the recurSive reSiduals, w ' r 
will have zero mean up to to and 
nonzero means thereafter These resI­
duals therefore gIve mformatIon 
about the temporal stabthty of the 
estimated coeffiCients Brown, 
Durbm, and Evans suggested two 
tests based on,the recursive reSIduals 
the plot of the cumulative sum of 
recurSIve reSIduals (CUSUM) and the 
plot of the cumulative sum of squares 
recursive reSidual:. (CUSUMSQ) 

The CUSUM Test 

The CUSUM test IS based on plot­
ting the follOWing vanable W, agamst 
tune 

Wr = 

,= k+l, ,T, (6) 

where a IS the esumated standard 
deViation based on all T observations 
The expectatIOn of W, IS E(Wr) equal 
to 0 The plot of W, should be dIS­
tnbuted about thlS mean value, If we 
assume that the {3 's are constant An 
llltultive baSIS for a test for the 
departure of the sample path of Wr 

from Its mean value of zero would 
then be,to flOd a pan of hnes Iymg 
symmetncally above and below the 
hne Wr equals 0, so that the proba 
bthty of crossIng one or both hnes IS 

a, the requtred sIg111ficance 1eve1 2 

When W, departs suffiCiently from 
the mean under the null hypotheslS, 
It would cross'one of these hnes, 
which would mdIcate the presence of 
a structural change, Palrs of hnes 
satlsfymg-the llltUltive baslS'cntena 
are those through the pomts defmed 
by }k ± a(T-k)1/2]. [T ± 3a(T­
k)12} where "a"ls a parameter, 
whose value depends on the level of 
significance Q' At the 5-percent level 
of slgruflcance, a equals 0943 (2, 
P 154) We may reject the hypothe­
SIS of constancy for the coeffiCIents 
~t at the selected slgmCJcance level, 

1 The variances used are calculated 
from the ordmary least squares reSiduals 
AlternatIVe BLUS reSIduals could be 
employed (8) The BLUS reSidual! have 
the same dlstnbutIOn as the structural diS 
turbance'under the null hypothesIS but are 
more difficult to compute 

If the sample path of Wr faBs out­
SIde the, pan of reference lmes 

The CUSUMS_Q Test 

fhe CUSUMSQ test IS based on 
the plot of the values for 

,= k+l, ,T (7) 

Note that the quantity S, hes be­
tween zero and one (Sr = 0 If r < k+ 1 
and S, = 1 ll' =T), and the exp~cta­
tIon of Sr IS E(Sr) = (r-k)/(T-k) 
SigrufIcance tests agam can be per­
formed by drawmg a parr of hnes 
parallel to the mean value lllle The 
reference lmes take the form (r-k)/ 
(T-k) ± C The reqUIred values for 
C, correspondmg to speCific values 
for Q (the Slgruflcance level), appear 
m (2, p 4, table 1) For a gIven value 
of Q, we fmd the value for C by 
entenng the table at n = 1/2(T-k)-
I and l/~a. 

MODELS 

We fit fIVe demand equations 
which lInk per capita dIsappearance of 
beef, pork, veal, chicken, and turkey 
to pnces and consumer mcome (table 
I) Per capita dIsappearance of each 
commowty IS lex pressed as a lmear 
functIon of the own pnce, pnce(s) of 
selected other commodItIes (meats), 
and per capIta disposable mcome 
Thus, the five demand equaUons 
typIfy those used to study consump­
tion behaVIOr In apphed contexts at 
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Table l-Demand equations for meat and poultry, orduUJrv least squares, 
first Quarter 1965-fClUrth Quarter 1976 

Explanatory variables' 

Commodity Constant SUD2 SUD3 SUD4 APBF APRK APVL 

Beef 1993 -04077 -05200 -01477 -00889 00086 00464 
1067861 10,28131 1028691 (0 31511 (0 02461 1000911 1002221 

Pork 1607 -01028 -09172 -1,6179 00373 -00939 
1071701 10 29681 (Q 29931 1030851 (0 00951 1000951 1000751 

Veal 261 -01709 -01710 -02921 00218 -00402 
10,14921 1006871 10 06801 10 06971 (000501 (000421 

Chicken 535 -04552 -01970 08288 
10 29171 101634) 101617) 10 17191 

Turkey 5 01 -3,4800 -31400 -2730 
10 1251) 10 0731) 10 07271 {a 079) 

F-rest 
von fo' 

Neumann hetero 
RPCK APTK APHB PCDY RatiO $kadastlclty R2 

Beef 00083 244 048 092 
(0 00141 

Pork a{lOSl '0 73 '219 082 
10 00121 

Veal 00010 1097 '212 087 
10 00011 

Chicken -00437 00260 00058 1.89 145 090 
(0 00531 1000321 (0 00061 

Turkey 00050 -0 0065 00001 199 108 099 
(0 00331 (0 00361 (0 00031 

'Equation specifications are indicated by tha table SUD, I, =2. ~, 4) ere seasonal dummies lor the second, third. and 
fourth quarters, respeccwely. the retail price indices per pound are. beef (RPBFL pork (RPPLI. veal (APVL). chicken IRPCKI~ 
turkey {RPiK). and hamburger IRPHBI, fmally, PCDY 1s per capita personal disposable Income in current dollars Standard 
erron; are In parentheses 1The von Neumann statistiC mdlcates pOSitive senal correlation al the 5-percent Significance level 
J The F test for heteroskedastlclty IS Significant at the Sopercont slgmflcance level 
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The CUSUM and CUSUMSQ lesls suggest 
some structural rtabllzty In the quarterly 

meat demand functIOns 

dJsaggregated commoruty levels TheIr 
relatIOnshIp to demand theory IS 

hrolted and they have hkely evolved 
through a tnal and error process Wlth 
the avrulable sample data 

THE DATA 

fo estImate the parameters, we 
used quarterly observatIOns for 
Canada on per capita meat and poul 
try dIsappearance, consumer pnce 
mdexes (1971 = 100). and per capIta 
personal rusposable Income for the 
penod, fust quarter 1965 to fourth 
quarter 1976 The data sources were 
Pnces and Pnce Indexes, Statistics 
Canada (Catalogue No 62-002)' 
NatIonal Income and Expendtture 
Accounts, Statlsllcs Canada (Cata. 
logue No 13-201). and fIles of the 
Livestock DIVISIOn, StatistIcs Canada 
Newly available quarterly Canaruan 
data were used There was a questIon 
as to whether the speclflcatlons 
evolved In the annual Canawan data 
would prove appropnate and stable 
In the quarterly time frame 

RESULTS 

Estimates of the fIve demand 
equations for the full sample penod 
dIe presented In table I, and plots of 
the forward and backward CUSUM 
and CUSUMSQ tests are shown m 
figures 1-5 J The backward tests are 
conducted usmg the same procedure 
as the forward test descnbed m the 
section on recurSIVe residuals The 
wfference IS that the observation 
mdex IS reversed, the first bemg the 
last, and so on In thiS case the base 

3 These figures appear at the end of thiS 
art1c1e, Just before the References 

observatIons used to begm the test sample (up to observatIon 24) and 
procedure are from the most recent then overpredlct The backward 
k penods The confidence hnes shown CUSUM plot also shows a tcndency 
ill the fIgures are for 0:' level 0 05 for overpredlclIOn (fig I (C)), and 

The estimated relatIOnships m the backward CUSUMSQ plot mdt· 
table 1 conform generally With cates a structural change at observa­
results of prevIous applied work All tIon 29 (or 20 forward) 
the estimated coefficients have the A correspondmg senes of F and 
an ttclpated Signs Most of the esti­ Chow tests suggest that the demand 
mates are more than tWice the corre­ equation for beef underwent struc­
spondmg standard errors The pork tural change around observation 20 5 

and veal equatIOns show some eVI The subsample regreSSIOns In table 2 
dence of posluve autocorrelation and show the vanatlOn m thc estimated 
of mcreasmg variance over time at coeffiCients between the two penods 
the 5-percent Slgmflcance level 4 The estImated coeffICients for the 

FIgure 1 (A-D) shows the full sample penod are more SImIlar 
CUSUM and CUSUMSQ plots for to those m the second subsample 
beef Observe that the forward (observation 22-48)" except for the 
CUSUM plot gives the appearance of dummy varIables CoeffiCIents of de­
structural stablhty The forward termmatlOn did not differ mdIkedly 
CUSUMSQ statistic deVIates from from that for the combmed sample 
the mean value lme, and lends to The forward and backward 
underprewct In the early part of the CUSUM plots for pork (fIg 2 (A-D)) 

4ThIS means that the hypotheSIS of 5The process for makmg Chow .ind 
senal mdependence of the structural diS­ F tests IS famllt.u and ~o II .... !II not bt. 
turbance terms may be Violated, which discussed 1 he Chow tc~ts applu.d were 
makes the Interpretation of the recurSive based on the ont. additional nt.w observa 
residuals tests somewhat difficult John lion 1 hL r slatlstlC~ wert. calculatul 
SOn and Bradshaw have shown that tht. (where pOSSible) by partllJonmg the sam 
CUSUM and CUSUMSQ tests are nol pIc at the P0ll11 at which thL ru.ur!>IVL 
robust m thiS situation (5) reSidual WdS bo:=mg calculatLd 

Table 2-Estlmated demand equations for beef dunng two sample 
subpenods 

Vanable' Observations (1 21)<: ObservatIons (22-481'l 

Constant 2376 (9971 195400 (19991 
SUD2 -133 (3 151 02545 (067) 
SUD3 -1 2400 (3 451 00271 (007) 
SUD4 -04500 (0 501 01873 (046) 
RP8F -0 2223 (3 851 --0 0767 (2 861 
RPPK 00284 (1 701 00043 (038) 
RPVL 01234 (1 631 00356 (1 401 
PCDY 00078 (0 681 0008915111 

I 'See table 1 for defmltlons of venables 'l "t" statIstiCS are 10 parentheses 
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Along with the plots, these evaluatlOns 
mdlcate sample pcrlOds over whIch 
the structure can be taken as stable 

deViate from the mean value hnes, 
although these and the eUSUMSQ 
statistics he wlthm the confidence 
bounds The oackward CUSUM tends 
to overpreruct up to observatlon 28 
and then underpredlct The forward 
and backward eUSUMSQ plots have 
the tendency of bemg below the 
mean value Imes We expected thiS 
for forward CUSUI\1SQ (when hetero· 
skedastlclty IS present) but not for 
the backward plot (7) Computed 
sequential F tests confmned the 
mstabllIty of the structure m the 
early part of the sample penod The 
Chow test for backward recursion 
milicated a structural change at 
observatIon 29 (or 20 forward) 

The veal equation In table 1 
showed both autocorrelatIOn and 
heteroskedastlclty [he CUSUM and 
eUSUMSQ plots for veal appear m 
figure 3 (A-D) The forward eUSUM 
statistic begms to deViate (over· 
prewct) from the mean value around 
observatIon 29 The backward 
CUS UM also diverges from the mean 
value as early as the seconi:l observa· 
tIOn These deViatIOns In the forward 
and backwar~ plots, however, are not 
SignIfICant at the 5-percent level 
Both the forward and backward 
eUSUMSQ plots tend to be below 
the mean values but, agam, not at 
statIstically sIgmfIcant levels The F 
and Chow tests computed at each 
IteraUon mdIcate structural mstabtl· 
lty at observatlOn 29 Users should 
lllterpret these conclUSIOns WIth 
cautIOn because of the autocorrela· 
tlon and heterosledastlCIty present 

The forward and backward 
eUSUMSQ plots (fIg 4 (B and D)) 
for chlclen appear more structural­
ly stable than the forward and back­
wardeUSUMplats (fIg 4 (A and C)) 

The CUSUM plots tend to dIverge 
from the mean value After observa· 
tJon 27, the forward CUSUM under· 
prewets while the backward eUSUM 
overpreructs None of these plots, 
however, crosses the confJdence 
bounds The senes of F and Chow 
tests are not consistent In milicatmg 
a change In structure 

FmaJly, the forward and back­
ward eUSUM plots for turkey (fIg 5 
(A and C)) show strong tendenclCs to 
underpredlct early ill the sample 
penod and contlnue to do so through· 
ou t The deViatIons from the mean 
values, however, are not Slgmflcant 
The forward and backward 
eUSUMSQ plots (fIg 5 (B and D)) 
gwe the appearance of structural 
stablhty, as confmned by the 
sequence of F and Chow tests 

CONCLUSIONS 

The eus UM and eUSUMSQ tests 
suggest some structural stability 10 

the quarterly me,at demand functIOns 
Apphed as a part of routIne estIma­
tIon proc:edures, these recurSIve res I· 
dual analyses can be used to select 
appropriate sample penods and 
model speCificatIOns The major Imll­
tatlOn IS that the power of these tests 

I
IS erratic and may be low agaInst 
alternatlve,hypotheses (4) In addI­
tIOn, these tests are'sensItlve to pOSSJ­
ble errors In the speCIficatIOn for the 
rustnbutlon of the dlsturbanccs, 
specifically, senaJ correlatIOn and 
heteroskedas tICI ty 

From a practical vIewpomt, these 
tests Simply add structure to a pro· 
cedure WIdely used m applIed work 
for examlmng the appropnateness of 
estimated equatIOns. Lhat of compar­
109 calculated reSiduals The dIffer­

ence IS that, by usmg the CUSUM 
and CUSUMSQ methods, statistIcal 
evaluatIOns of these differences can 
be obtaIned Along WIth the plots, 
these evaluations millcdte sample 
penods over which the structure can 
be taken as stable The recurSive estI· 
matlOn procedure makes the tests 
pOSSible With only mmor addItlOnai 
computatIOnal burden Major sources 
of preructlve errors for simple models 
of the type pres en ted are associated 
With changes In structure Thus, the 
tests provIde a valuable addItion to 
the stock of diagnostic techmques 
avaIlable to the careful analyst 
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Figure 1A Beef, CUSUM of Recursive ReSiduals. Forward Recursion Figure 1B 8eef,CUSUMSOof RecurSIVe ResJduals, Forward Recurtlon 
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Figure 1C Beef, CUSUM of Recursive Residuals, Backwerd RecurSion Figure 10 Beef, CUSUMSO of Recursive Residuals, Backward RecurSion 
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Figure 3A 
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Figure 3C 
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Veal, CUSUM of RecursIVe Residuals, Forward RecurSion 
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Figure 3B Veal, CUSUMSa of Recursive ReSiduals, Forward RecursiDn 
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F.gure 3D Veal, CUSUMSQ of Recursive Residuals, Bade-ward RecurSion 
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Figure 4A 
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Figure 4C 
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Chicken, CUSUM of RecurSive ReSIduals, Forward RecurSion 
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• r3 ­
2 ~ 

•,, 	 o • 
• 	 9 • •
•• ,•.• 
.., ·­, 	 5 • 
•, 	 , l
•- 3 r
• 2 : c 
~ 
>
"•" u - , I . 

f , , 

Figure 40 
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Figure SA Turkev. CUSUM of RecurSive ReSIduals, Forward Recursion Figure 58 Turkey. CUSUMSO of RecurSIve RElSlduals, Forward Recursion 
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FlOurs SC Turkev, CUSUM of RecurSive ReSIduals, Backward R8<:ul'$lon Figure 50 Turkey, CUSUMSO of RecurSIve ReSiduals, Backward RecurSIon 
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