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In this pa,per, v('ctor a1gebra is utilised to derive estimates of 

marginal productivity, returns to scal(l and production ela.c:;tic­

it)' without paramc-trk specific-alion or f:\stirnation of production 

fUHctions. TIl(' approach d('velo}>ed here dO(~}i not requir<> any but 

th(' assumption of cost minimisation. Applications of the pro­

posed fram(lwork to Ow US and .Japanes(l manufact.uring data 

yidd f(lSUlt& which a.r(' ('onsistent with normal ('xpcrta.tions. 

'Pap(>r prepared far the 37th annual couft'fcllct, af t.llt' Australian Agric:ultllral Ee,,· 

nomiC!! Sacicl.y, 9)] February J993. Univcrsit.v of Sydney. Sydney, Australia. 



Non·ParametricEstimatiQnof Marginal Productivity, Returns to 
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In this pn.per, vector algebra is utilised to derive estimates of 

marginal pfodudivity, fQturns to scale and production elastic­

ity without paramctl'icspecification 0 eFti,vtation of production 

functions, Tlw a.pproach d{>veloped here docs not require any but 

the assumption of cost minimisation. AppUcatious of tl!Q pro­

Jlosed framework to the US and \1apanese manufacturing data, 

yield results which are consistent. wit}) normal expectations. 

1 Introduction 

Estimating marginal product, rr~tll;JlS to scale and production (~JastkH,y is 

important in (>mpirical studies of production th(·ory. Spedfical1Yt isolat­

ing s{"al.e ef[(let is crucial in order to obtain unbiased estimates of technical 

chanf!;(' (Stigler 1961, \Van and lJia 1992). How<,vpr, JlHU'ginal product. scal<) 

and production «:"lastiritj(>s havl' ('ollvenlionaJ1y been obta.ined pia sppdfka­

lion and f'stimalion of a paranwtl"i<: production function. Apart from tlw 

matl~· uRual problemb of p('onometrir model specification and estimation, 

the estimat<·s obtained ttr(l function-dependent and thus sensitivp to the hy­

pot h('SCb maintahlPd in the particular production function being postulated. 

'flu' jUt'aJ approach is to obtain thE-se estimates without imposing llny 

assumptions on the llUdm'lying tf'chnoiogy (e.g .• homotlwtidty, constant 

marginal ratp of t(l('hnical substitution). This is exactly what th('l pn'sent 

not('l ih aimed at. Both tIl(' approach uS(ld and the caklliations involved in 
this pappr are simple. 

tpaJlN prepared for tllt' 37th annual conference of the Australian Agricultural l':co­

nomics SOciety, 9 ~J 1 Fc·bruarv 1993, University of Sydney, Sydu('y. Australia, 
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2 Non-Paranletric Estima"'"ion 

Defining the fonowing notations: Xt ;:: (xu, ~t2, • • " XtN) denotes tIle ob­

s(,t'vtld lnpltt vector in period t with corresponding prkes Pt :::. (lin, 1)t2, ••. ,l)tn); 

l'i ::: tI1C observed output in pcriodt; f = the true bnt uuknownproduction 

function transforming Xl into 1'1 .• trims, l~ = J(Xt ) and }'t+l ::: !(Xt+1). 

Now~ considC'T two input. vectors, say X t and Xt+l, in the N-dimensional 

input space and let AX, ::: Xt+l - Xt with its direction being represented 

by I. By definition, the directional derivative of the llndc.dying production 

function at Xt along the dir<'ction lis 

81 
In 

{l} 

wlwfP {'os (}. == ~:rh/I~Xtl is tlw ,i·th directional rosiof' of the Vt.1cfor AXt • 

Gh:(l1I ()bsPrvations on }'f, )'tH •• Y, and X t+], the deriviitht(~ raIl b(~ Hvalu­
at('d a.-:-

l'l d;j 
81 

lim I(XI+1 ) - I(Xd 
IAXtl-O I~Xtl 

Y'+l - Yt 

I~Xtl 
~l't 

/.:lX,I' (2) == 

wiwrf' ~}~ :::: }~+J - l't. ender cost minimisatioJl (an a.f3f)UmptioJl ('olJullo1l1y 

mad!:', partkuJarly in duality theory and in thf' studies of {('clInical ("hang(~), 
th(l fol.lowing i~ true: 

OJ/OX,. 1'" 
{jI/lJxtJ == 1),) , 

where P,.,. is th~ roth input price pnivaiHllg at limp t. 

By definition, the gradl(,JJt Vf'ctor of J at Xt, denoted by V'I, consists of 

partial derivatives 8! /8Xh as its (l/E,'ments, thus using (:1), it is easy to show 

2 



I 

tllat 
fJ J l()xti .pu 

I v It ;:: ·VEr=lpri' 
so, 

Of -IV!I Pli 

(~3;ti - Jr/!=t pt . 
Combining equa.tions (1)) (2) and (5), we have 

That is. 

81 
tJl 

Suhstitlltillg th(' abov~ into (5) yields 

I)l _ ~}iptl 
-{) - N 

;Ch LJ=11}tJ~:rtJ 

(4) 

(5) 

(6) 

TIl(> (,lbovp formula can be used for (:akulating marginal productivities. It 

is inter(~sting to not(l that jf th(l assumption that fadors \\'(:~re paid tlwir 
ma.rginal f()V("lP1('S (that is ('(luival(lnt to assuming U1H'oustrain~d profit max­
imisation) is mad(l, marginal productivity of til{> ,-th input h(lcoJ))(·s (Ali -

Ej't.. PtJ/pyAXt,}/AXt" whk), dNtrly msemhl(ls the two·factor (K .1.) (:oun· 

t(lrpart propOS(1d by S(Jllin' and Van d(lr 1(tJ\ ( 1975, p. Ill). As ('an h{' 6('('11 

from th(' ('ontl2'xt. the m('nsure d~\'eloped hNt' is snp(lrior as it is applkabl(l 

to tll" cases with more than two inpnts Rnd Uw morC' I'('btrictive assumption 

of llnrmlstraitH'd profit maximisation Is not llP(,ded. 

Givl;ln (6), th£l production elasticity ill perind 1 with r~spect t.O I Itt> i·th 

input, {t •• ran be estimatNl by 

1·" A YtPti Xt. 
~tl =: ~--. -7' 

L,::;dJtJD-XtJ } t 
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a.nd the scalc£lJastidty A l>etwee.nproductionperiods t and t + 1 can be 
estimated by 

N 
(t.t+l = 1: l~ti 

i=l 

6. l't Ef!l Pt,3ftt = }~E~l PUAXti ,. 

3 Validating tbe Scale Measure 

(8) 

In this s(!.rt:ion, how pr('cise the proposed estimate of scal~ elasticity is wIll 

h(\ (lxamhwd. assuming a homogeneous production functioll and cost min .. 

imisn.t ion. Th(- r(lason for focusing on sc.alf.' elasticity is attributable to the 

ill1portau r(~ of its m{laSllrem('nt (Solow 196 L p. 67). Also, by dO doing, it 

would lwlp vaUdat(l th() (Jth<lf nwasures d<.sveJoped in thf.' last section as the 
formula for sea'! .. elasticity wa,~ 'bunt f on those :M~aSur(ls. 

D<moting tIl£' (h'grN:' of homogmlity of f by ,\ and 1('1 X,+) = J()L1t then 
}'t :::.; .nXd and }i+l :::: j(KXd = J(>'Yt (,~Ul be obtained. TJw true sra]e 

rmramPh'f A, 8c('()r(Hn~ to (H)~ can lw (lstimat(ld by 

1\' \ It - 1", ,\ Yt 
(t,HI ::: ---- t. I' 

l~ K Xlt - .n t 
/(.~ - 1 

.~ ""]f:T (9) 

(-\ -1 )..\{J( - 1) 
= ,\ + 2 

( .. \ - 2)(,,\ - l)..\(/i - lr~ -t. 03[Ji' _ II (10) t (j .. \ ., 
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where t}lelast equalit)' isobtallled by applying 1'aylor .serlescxpan$iou a.t 
I( :::. 1. Clearly, (i) if A ;:; 1, f == A ::: l;(ii) 'as A ....;. It ( ~..., A;aJHl (m) as 
J( -..+ 1 (i.e~, X,+l ~ ,.lYt),( -+ A. 

'Ib show Ill,ltllerically how well the scaieest;imateapprox.imates its trtle 
value, equation (9) is \150d to tale\11at(~ tS for givell.As and }(8, It is.ullUkely 
that ,), firm would tha:nge its inIHlts by moretltau 35% between tOl\s..tcutive 

prod.uction periods under normal drc~tllstil.uces, so I( is confined to be 
betweenO.G5 and l.35. Th(~ results are presented ill Table 1. It call be seen 
dial for (~adl A,the HNeriJge estimation error is almost nil (tIte maxhnunl 
being (t005 fOJ A:::. 1.5). 

Plotting the error or estimation bias ,.\ - t: and f: against A~ FigUf(> 1 
shows that 0) in th(l ('nSQfl of contraction with dm;.reasing returns to scale 
or ('xpansion with inrreasing nlturns to sra)e, the scal(~ elasticity will be 

slightly ()vel'-('htinu~t(ld; t.he fountrary .is also frup-. Viewing the Jlre"~lleu(."(l 
of hushwss ('y('l<~1 t 1J(1 nwan of th(l estinul,t('s of scal(' (llastidty is {'xpN'ted 
to 1)(1 v(»ry ('losp~ J not Nl'mt, to th(l tnw {dasticity; (ii) as long as lh(l 

t rtW scal{~ dastifil v is not ~rN .. i('~ tbtUl l.3, th(' biils in tli(' (lstimates is 

minhna.l; and (iii) .... long •. \8 tl·.f' chang(ls in inputs is not greater t.han 15% 

(contraction or (lxpansion), th~ bia",11 in tlw estimates is of Jittl{l significa.nc(l. 
It is titus .('onclu<i(ld that th(l Phtimat{ls propolwd in this pel-per can provide) 

good approximation to the true prodtH tion and scale el(lstidti(~5. 

4 A.pplications: Production and Scale Elastici­

ties in tbe US and Japanese Manufacturing 

III two important u.:rtid('s, Norsworthy and Malm<luist (i !)!-l:l) and ChaV"ds 

and Cox (l990) ()sthnat~cl productivity cJUiug(~S in t}w US and .1apa,IlPs(· 

manurn.cturing. Like llmuy other studit1S on t(l('hnical Jlfogr('ss, their (tHaI· 

ySQS W(lf() ba .. wd on the assumption of ronslant returns to s(':al(l a.nd cost 



mittimisatiQn. Olearly,un1essco.ustantreturns to 4 ~ale(Ud. ,prevail • .tlHJlr 
estimates would be bIased. 'I'o t~ttl}e "nUdity ·cf thj$~Qmu~Qnly-usedas." 
Slltnptioll,. data (rom NOl'sworthyand M«:ilmquist (l9S3)arCllscd tocHlculatc 
sC~lle and prodllctlon(!lasticltics:~ccordlligtoequa.tll)n$ (7)alld {8}. Fout 
illVuts are cOl\sidc.'!red t 'they 'are capital (K), lahour (L), euergy .(E) and 
materials (M). 

Tho results arc pr<!sented 1n Ta.bles 2 and 3. Production elasticities witll 
respect to th'JGC blrH.ltsaf(~ prcsc:mtcd, in COIUllllls2·5and, the far-tight column 
shows the 8c~leelastitity. According to tIle scalc(!stimates, t.hemat\llfac,. 
turing sector experienced increasing rett,lfns to scale In 16 out. of 19 years 
for the US and in 7 out of l:i year.s for ~lapant meanwhile de.creasing TQ­

turns to scale pre""ailed in tbe re.rnaining yea.'s, In ottlcr words, disregatcUng 

5tatistkal signjficau('p, constant returns to scale did 1,lot appear 3:t aU. 

[Tablt!s 2 & 3 h~reJ 

How('ver, tIl(' fiatylpl(~ IllNUl of tht:' se'ale estimates for Japan is 1.013 and 

tlw sampil.' standard error is 0.271. Assuming t.hat tlu.' sca"lv parameter 
follows a normal dist.ribution, it may be ,'onriudf.ld that f(~t,urns to scale ar(~ 

constant for .Japan at any c.Qm'Hfltjonal significance level. I'hr the {TS, the 

sampll' UH'; <1 is 1.297 ami .:Iw sample stan<htrd ('fror is 0.506. 1t is thUb easy 
to ronrJudt:' 1.hat ;It 1 ppr ('(mt signific(lllC(\ l('v(~lt t}w US ,n<Uluf;u,'turhtg sector 

displayed inC'rNl..Ging f(·turns to scale during the pCl'iod 1958~ 70. Gjycnthese 

results, technical progress in tlw US manufacturing sector must have lWCll 

oV('Ire$timated by those who nssutlH!d away scale df()cts. 

To (,Olnm<'Jlt on the production cJa .. c;ticities bricfi.y, 1.11('1 f('lsults in<iicatp 

that output&af(> .most T(.lsponsiv(l to mate,rial input.s and IN}"st r(>spousiv(> t.o 

('l\prgy input in both Ute US and ,Japan. This explains why in rcnmt, years 

so much importau('(> hus b(~cn placed on matf'l'inJ inputs (S("(] ~Jorg('lllsou (.It 

at 19R7). \Vh.ile in .Japan output is mono scns.itiv(· to rhang(\s in rapitnJ 

ratll(~r than lalwu.r input~ tlw opposite is true for tIl<'. US. Th.is justifies t;}l(~ 

finding that .Japan cxp(lriencC'd milch faster growth in capital inpnt t.han th(' 

US did (Norsworthy a,nd Malmquist 1983). 
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5 Summary 

N()Il"pararnctdc cstbuat~so! l>rQductiQllelastieityandretutns to scate arQ 

derived llltbis paper" TJ16 prectsiotl of theest.imates is examined under a 
homog~neolls ftUlction. \Vh.en .aI)pUed to tho US and.Japanescmanufactur,. 
lng dat~h it is found that increasing returns to scaleprc'Vailed in the tlSand 
constant returns to scale existed In Japan. 
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Tabl~ 1 Scale ElasUcity and lts Esthna~e for HomO~eneQllSFunctlot:ls 

A I( ( A,.,.,i A J( ( A-..e 
0.1 0,65 0.12 .. 0,02 '0.9 1.05 0.90 0,00 
0.1 0.75 0.11 ·0.01 0.9 1.15 0.89 0.01 
0.1 0.85 0.11 ·0.01 0,9 1.25 0.89 0.01 
0.1 0.05 0.10 0,00 0.9 1.35 0.89 0,01 
0.1 1.0& 0.10 0.00 1.1 0.65 1.08 0.02 
0.1 1. Hi 0.09 0.01 1.1 0.75 L09 0.01 
0.1 1.25 0,09 0.01 1.1 0.85 1.09 0.01 
0.1 1.~15 0.09 0.01 1.1 0.n5 1.10 0.00 
0.3 0.65 0.35 .. 0.05 l.J 1.05 1.10 0.00 
O.ZJ 0.75 0.33 -0.0:1 1.1 1.15 1.11 -0.01 
0.3 0.86 0.32 -0.02 1 1 1.25 1.11 -0.01 
0.3 0.05 0.31 .0.01 1.1 I.:15 1.12 .. 0.02 
OJ 1.05 0.29 0.01 1.3 0.6& 1.23 0.07 
03 1.15 0.2U 0.01 l.~l 0.75 1.25 0.05 
03 125 0.28 0.02 1.3 () 85 1.27 v.03 
0.3 1.35 0.27 0.03 1.3 n.oo 1.20 0,01 
OJ) 0.65 O.Sf} -0.05 1.3 1.05 L31 ·0.01 
05 0.75 O.M ·0,{)4 1.3 1.15 L33 -o.oa 
05 0.85 0.52 -0.02 l.:i 1.25 L35 -0.05 
0.5 OJJ5 0.51 -0.01 1!1 1 ~l5 1.36 -0.06 
05 )05 nAn 001 Lfi 065 1.36 O.l'i 
05 J 15 0.48 002 1.5 0.75 lAO 0.10 
0', 1.25 OAi 0.0: 1.5 0.85 t 44 D.Ot) 
U ;) 1 35 nAn 0.04 Lo OU5 lAH 002 
07 {j.65 o 74 ·{UN 1 5 1.05 1.52 -002 
U.7 O.7f) 0.7:1 ~ooa 15 1.15 1.55 -0.05 
07 0.85 0.72 ·0.02 1.5 1.25 1.59 -o.on 
07 0.95 071 ·0.01 1.5 1.:35 1.62 ·0.12 
0.7 I.OS 0.60 (J.U} 1 i 0.65 tA" O.2~ 

0.7 1.15 0.69 0.01 1.7 0.75 1.55 0.15 
0.7 1.25 0.68 0.02 1 7 O.S5 1.61 0.00 
0.7 1.!l5 067 o.oa 1.7 0.95 I .. 67 0.03 
0.9 0.65 0.92 ·0.02 1 i 1.05 1.73 ~OO:1 

00 0.15 001 -0.01 1.7 1..15 1.79 -O.OH 
0.9 0.85 0.91 -0.01 1.7 1.25 l.85 ~0.15 

0.9 0.95 0,90 0.00 17 1.:15 1.90 ~O.20 



l\lble 2 Production and Scale El, dtidties in the US .Manufa.ctul'hlg 

Production Elasticity w.r.t. Scale 
Year Capital tabour Energy Material Elasticity 
1!l58 n 134 0.362 0.021 0.818 1.3:J4 
1959 0.090 0.2:32 0.013 0.515 0.850 
1!J61 O.l4R 0.387 0.022 0.R53 1.410 
1062 0.204 0.509 0.029 1.111 1.852 
196:J 0.172 0.405 0.023 0.893 1.493 

19utj 0.1'11 O.32:i G.(1l8 0.709 1.191 
1065 O.lao 0.292 0.015 0.649 1.001 

lOO() 0.082 0.187 OJ)OB 0.4]2 o.emo 
1967 0.139 O.afl!) 0.017 0.755 1.256 

106H 0.11 !l 0.2RH 0.014 0.620 1.0:37 

1969 0.120 0.339 0.010 0.727 ] .201 

I{} 70 0.242 0.790 0.0111 1.(W4 2.7:15 

1U71 0.128 O.a77 0.021 0.821 1.:l47 

1072 0.112 0.:320 O.OI8 0.72.1 1.171 

W7:J 0.027 0.08:3 0.005 0.106 O.:H2 
1974 0.1:13 0.52() 0.040 1.295 1.988 

lU75 0.002 0.a12 0.028 0.H38 ] .270 

lH70 O.(HN 0.205 0.02H 0.788 1.206 



TabJe 3 Production and Scale Elasticities in ;Ja)anese Manufacturing 

Production J~lastidty w.r.i. Scale 
Year Cap·tal Labour Energy Material glasiicity 

1965 O>~~74 0.123 0.036 0.726 l.U)8 
1966 0.293 0.128 0.035 0.759 1.215 

1967 O.:H5 O.J24 0.0:33 0.756 1.228 

196H 0.288 0.115 0.029 0.687 1.118 

IH09 0.26,' 0.104 0.024 0.605 0.997 

HJ70 0.215 0.085 0.019 0484 0.802 

1971 0.a49 0.147 0.0:32 0.785 1.:114 

IH72 0.179 0.082 0.017 00410 O.(iS7 

1973 0.234 O.JOR 0.022 O.Mi6 0.919 

1974 0.108 0.050 0.015 0.272 0.445 

1975 0.300 0.174 0.058 O.B79 1.411 

1976 0.177 0.106 0.032 0.521 0.836 

1977 0.220 0.131 0.040 0.045 1.042 




