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In this paper, vector algebra is mtilised to derive estimates of
marginal productivity, returns to scale and production elastic-
ity without parametric specification or estimation of production
functions. The approach developed here does not require any but
the assumption of cost minimisation. Applications of the pro-
posed framework to the US and Japanese manufacturing data

vield results which are consistent with normal expertations.
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Non-Parametric Estimation of Marginal Productivity, Returns to
Scale and Production Elasticity!

Guang If, Wan
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In this paper, vector algebra is utilised to derive estimates of
marginal productivity, returns to scale and production elastic-
ity without parametric specification ¢ estimation of production
functions, The approach developed here does not require any but
the assumption of cost minimisation. Applications of the pro-
posed framework to the US and Japanese manufacturing data
vield results which are consistent with normal expectations.

1 Introduction

Estimating marginal product, retn:ns to scale and production elasticity is
important in empirical studies of production theory. Specifically, isolat-
ing scale effect is crucial in order to obtain unbiased estimates of technical
change (Stigler 1961, Wan and Jia 1992). However, marginal product, scale
and production elasticities have conventionally heen obtained via specifica-
tion and estimation of a parametric production function. Apart from the
many usual problems of econometrir model specification and estimation,
the estimates obtained are function-dependent and thus sensitive to the hy-
potheses maintained in the particular production function being postulated.

The ideal approach is to obtain these estimates without imposing any
assumptions on the underlying technology (e.g., homotheticity, constant
marginal rate of technical substitution). This is exactly what the present
note is aimed at. Both the approach used and the calculations involved in
this paper are simple,

'Paper prepared for the 37th annnal conference of the Australian Agricultural Eco-
nomics Society, 9-11 February 1993, University of Sydney, Sydney, Australia.



2 Non-Parametric Estima*ien

Defining the following notations: X; = (z41,%2,+++,Zv) denotes the ob-
served input vector in period ¢ with corresponding prices P; = (py, pra, -+, Ptn);
Y: = the observed output in period #; f = the true but unknown production
function transforming Xy into ¥, Thus, ¥; = f(X)) and Yy = f(Xega).
Now, consider two input vectors, say X¢ and Xy, in the N-dimensional
input space and let AXy = Xy4q — Xy with its direction being represented

E by I. By definition, the directional derivative of the underlying producuon
‘ function at X, along the direction / is
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where cosa, = Ary, /]JAXy| is the i-th directional cosine of the vector AX;.
Given observations on Yy, Yy43. Xy and Xyyq, the derivative can be evalu-
ated as
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where AY; = Y45 =Y. Under cost minimisation (an assumption commonly
made, particularly in duality theory and in the studies of technical change),
the following is true:
affoxy, _Pu 3)
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where pyy is the r-th input price prevailing at time (.
By definition, the gradient vector of f at X, denoted by VS, consists of
partial derivatives 87 /8xy, as its elements, thus using (3), it is casy to show




that v

1a 0f [0z _ __pu (4)
VAT AL |

50,

_QL_ V i Pts

= = |V [l 5
am; /): = th ( )

Combining equations (1), (2) and (5), we have
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Substituting the above into (5) yields
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The above formula can be used for calculating marginal productivities. It

(6)

is interesting to note that if the assumption that factors were paid their
marginal revenues (that is equivalent to assuming unconstrained profit max-
imisation) is made, marginal productivity of the z-th input becomes (AY; —
Z;_;, Pty PyAxey )/ Ay, which clearly resembles the two-factor (K ‘L) coun-
terpart proposed by Squire and Van der Tak (1975, p. 111). As can be seen
from the context, the measure developed here is superior as it is applicable
to the cases with more than two inputs and the more restrictive assumption
of unconstrained profit maximisation is not needed.

Given (6), the production elasticity in period ¢ with respect to the i-th
input, &,. can be estimated by
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and the scale elasticity A between production periods ¢ and ¢ 4 1 can be
estimated by
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3 Validating the Scale Measure

In this section, how precise the proposed estimate of scale elasticity is will
be examined, assuming a homogeneous production function and cost min-
imisation. The reason for focusing on scale elasticity is attributable to the
importance of its measurement (Solow 1961, p. 67). Also, by so doing, it
would help validate the uther measures developed in the last section as the
formaula for scale elasticity was ‘built’ on those nmeasures,

Denoting the degree of homogenity of f by A and let Xyyy = KX, then
Yo= (X)) and Yy = S(KX,) = K'Y, can be obtained. The true scale
parameter A, according to (8), can he estimated by
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Taking advantage of Euler's theorem, it is easy to show that
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where the last equality is obtained by applying Taylor series expansion at
K =1 Clearly, () if A= 1, e= A= 1;(i) as A = 1, € = A; and (iii) as
K 1 (e, Xepg = Xe)ye = A,

To show numerically how well the scale estimate approximates its true
value, equation (9) is used to calculate s for given As and K's, It is unlikely
that a firm would change its inputs by more than 35% hetween consveutive
production periods under normal circumstances, so K is confined to be
between 0.65 and 1.35. The results are presented in Table 1. It can be seen
that for each A, the average estimation error is almost nil (the maximum
being 0.005 for A = 1.5).

[Table 1 here]

Plotting the error or estimation bias A — ¢ and ¢ against A, Figure 1
shows that (i) in the cases of contraction with decreasing returns to scale
or expansion with increasing returns to scale, the scale clasticity will be
slightly over-estimated: the countrary is also true. Viewing the prevalence
of business cycle, tue mean of the estimates of scale elasticity is expected
to be very close, { not equal, to the true elasticity; (ii) as long as the
true scale elastichiy is not grvmu} than 1.3, the bias in the estimates is
minimal; and (iii) .« long as tke changes in inputs is not greater than 15%
{contraction or expansion), the bias in the estimates is of little significance,
It is thus concluded that the estimates proposed in this paper can provide
good approximation to the true production and scale elasticities.

[Figure 1 here)

4 Applications: Production and Scale Elastici-
ties in the US and Japanese Manufacturing

In two important articles, Norsworthy and Malmquist (1983) and Chavas
and Cox (1990) estimated productivity changes in the US and Japanese
manufacturing. Like many other studies on technical progress, their anal-
yses were based on the assumption of constant returns to scale and cost
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minimisation, Clearly, unless constant returns to « cale did prevail, their
estimates would be biased. To test the validity of this commonly-used as-
sumption, data from Norsworthy and Malmquist (1983) are nsed to calculate
scale and production clasticities according to equations (7) and (8). Four
iuputs are considered, They are capital (K), labour (L), energy (E) and
materials (M). '

The results are presented in Tables 2 and 3, Production elasticities with
respect to these inputs are presented in columns 2-5-and the far-right column
shows the scale elasticity. According to the scale estimates, the manufac-
turing sector experienced increasing returns to scale in 16 out of 19 years
for the US and in 7 out of 13 years for Japan; meanwhile decreasing re-
turns to scale prevailed in the remaining yeats. In other words, disregarding
statistical significance, constant returns to scale did not appear at all.

[Tables 2 & 3 here)

However, the sample mean of the scale estimates for Japan is 1.013 and
the sample standard error is 0.271. Assuming that the scale parameter
follows a normal distribution, it may be concluded that returns to scale are
constant for Japan at any conventioual significance level. For the US, the
sample me: 1 s 1.297 and the sample standard error is 0.506. 1t is thus easy
to ronclude that at 1 per cent significance level, the US manufacturing sector
displayed increasing returns to scale during the period 1958- 76. Given these
results, technical progress in the US manufacturing sector must have been
overestimated by those who assumed away scale effects.

To comment on the production clasticities briefly, the results indicate
that outputs are most responsive to material inputs and least responsive to
energy input in both the US and Japan. This explains why in recent years
so much importance kas been placed on material inputs (see Jorgenson ot
al. 1987). While in Japan output is more sensitive to changes in capital
rather than labour input, the opposite is true for the US. This justifies the
finding that Japan experienced much faster growth in capital input than the
US did (Norsworthy and Malmquist 1983).




5 Summary

Non-parametric estimates of production elasticity and returns to scale are
derived in this paper. The precision of the estimates is examined under a
homogeneous function. When applied to the US and Japanese manufactur-
ing data, it is found that increasing returns to scale prevailed in the US and
constant returns to scale existed in Japan,
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Figure 1. Scale Elasticity and lts Estimate




Table 1 Scale Elasticity and Its Estimate for Hofnogeneous Functions

A K e A-¢ A K ¢ A=e¢
0.1 065 012 -0.02 09 105 090 0.00
0.1 0% 011 -0.01 09 116 089 001
0.1 085 011 -0.01 09 125 089 001
0.r 095 0.0 000 069 135 089 001
0.1 105 010 000 L1 065 108 0.02
0 LI15 0.09 0601 L1 075 109 0.01
01 126 009 001 L1 085 109 0.1
g1 135 009 001 11 095 LI0 0.0
0.3 0656 035 006 L1 106 110 000
0.3 075 033 -003 11 LIH L1 -0.01
0.3 085 032 002 11 125 L11 -0.01
6.3 095 031 001 L1 136 112 -0.02
03 105 029 001 13 065 123 0.7
03 L1 029 001 13 075 125 0.05
03 126 028 002 13 08 127 603
03 135 027 003 1.3 095 120 0.0]
0.5 0.65 056 -0.06 L3 105 131 -0.01
05 075 054 004 13 115 133 -0.03
0.5 085 052 .0.02 13 1.26 136 -0.05
0.5 095 wvhl 001 13 135 136 -0.08
08 106 049 001 15 065 136 0.4
05 115 048 002 15 075 140 010
0. 125 047 00° 0.85 144 0.06
03 130 048 Q.04 095 148 002

— —
[SL ]

07 666 074 004 15 105 152 -002
07 075 073 003 15 115 155 -0.05
07 085 072 002 15 12 150 -0.09
07 095 071 -001 15 135 162 -0.12
0.7 105 060 001 17 065 148 022
07 115 069 001 LT 075 155 0.15
07 125 068 002 1.7 085 161 009
: 07 135 067 0863 17 095 167 003
09 0656 092 -0.02 LT 105 173 -003
: 09 075 091 -0.00 L7 L15 L79 -0.09
0.9 085 091 -001 17 125 185 -0.1p
09 095 090 000 17 135 190 -0.20




Table 2 Production and Scale Eu. sticities in the US Manufacturing

Production Elasticity w.r.t. Scale
Year Capital Labour Energy Material Elasticity
1958 0134 0362 0021 0818  1.334
1959 0.090 0.232  0.013 (.5615 0.850
1961 0.148 0.387  0.022 0.853 1.410
1962 0.204 0.509  0.029 .11 1.852
1963 0.172 0405  0.023 .893 1.493

: 1964 0.141 0323 0018  0.709 1.191
\ 1965 0.135 0202 0015 0640 1001
1966 0.082  0.187  0.009  0.412 0.690
* 1967 0139 0345 0017 0.755 1.256

1968 0.115 0.288  0.014 0.620 1.037
1969 0.320 0339 0.016 0.727 1,201
W70 0.242 0.790  0.041 1.664 2.735
1971 0.128 0.377  0.021 0.821 1347
1972 0.112 0.320  0.018 0.721 1171
18973 0.027 0.083  0.005 0.196 0.312
1974 0.133 0.520  0.040 1,295 1.988
1975 0.092 0.312  0.028 0.838 1.270
1876 0.084 0.285  0.028 0.788 1.206




Table 3 Production and Seale Elasticities in Japanese Manufacturing

Production Elasticity w.r.i. Scale

Year Cap-tal Labour Energy Material FElasticity
1965 0474 0123 0.036 0726 1.158
1966 (.293 0.128  0.035 0.759 1.215
1967 0.315 0.124 0.033 0.756 1.228
1968 0.288 0.115 0.029 0.687 1.118
1969 0.264 0.104 0.024 0.605 0.997
1970 0.215 0.085 0.019 0 484 0.802
1971 0.349 0.147 0.032 0.785 1.314
1972 0,179 0.082 0.017 0.410 0.687
1973 0.234 0.108 0.022 0.556 0.919
1974 0.108 0.050 0.015 0.272 0.445
1975 0.300 0.174 0.058 0.879 1411
3 1976 0.177 0.106 0.032 0.521 0.836
1977 0226 0131 0040  0.645  1.042






