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Models of product ton under uncertainty are central to ·nodet'neeonomlc theory. Resh:.ic-s 

it$ obvious relev~nce to the theory of the firm facing uncert.ainty (Agner Sandrm)} and the 

lltet·~turc on price stabilization (Oa\'ld M.G. :-Jewbery at1dJosepn Stiglitz). prQduct1\:)n under 

uncertajnt~r is also central to the ince:ntive$. cc:tu·C/.c1.in8. and principal-ager)t Jitertlturcs 

Pr.incjpal"'agcmt models, in particlJar. are increasingiy be.ing .appJied to problems In aU 

areas of economics. ..\0 incomplete !.df~.pi~ng wO'Jld include protllemsas diverse as insurance 

Snpplngton}. and optimal risk $!t&rh,g m the face of mor&1 hazard (Mark Pauly; Dengt 

Holmstrom) 

WitHe state-contingent conl'ntlditles. productlon. ~nd markets playa central J'ole in 

gcne::r'a!-equiHbrium ttnccr·tahuy mcd~ls (Kcr~ncth Arro' ... ·; Gerard Pcbr~u; Roy kadncs», the thee": 

of ;>rodt.:cHon under un.certa:ntyfSandrr.o, Hayt.c l.eJand; Richard Hal·trn~n. "l.'asUnOt'l btl!i; 

Cershon reden and t\ewbery and Stiglitz) m\\kes little usc or these concepts. Broadly 

s;:>eaking f prod~cer$ ere tnet-e Vh::VlCd as choosing an l:lJ)\.,lt vector or· scalar Qutput prior' to 

the realization of a continuous random \'ar'il'lbl~ (either' a random price. a random demand. Q~ i! 

random production input) to maxHnlzc expected utBh.y, Th~ combination of' the input "cctor' 

a'ld the realization of tte rando:n \'ariab~c tmiquely determines. the producer's ex past :'ctu:u 

Suppose. for example. the random variable J t'pl'esents I'ClfnfalL Then for a given inpLl 

vector. the outpt,lt for each rainfat: Je\'el is uniquely determined. Once producers select 

theit' inp\Jt bundle, they have no control O1,'cr the output they receIve. If the r~ndom 

va.riable only ~ssumes t:wo values {"no rain" (iI1d "rain"), the tl·,ms~ ormation 'I~unction bctwt't"\ 

·'no .. ro,in" o\.ltputand "raJn" o!J\.p.:t fs neccs!.arH~ (explained below) of the fixed eoeffk.ie::lt 

farm illustrated In Figure 1. 

Th.c problem of production under uncertaInty is; thereby. tl'iviaJized because produc:ers 

are assumcd to be .incapabl<:! of ~l'r~ytng theIr av~:t11able resources to prepar~: for different 



l'his paper suggests an ahcwnativc appt'oach to pr'oducer decis;ionmaking under unccl'laHlty 

that is simultaneously more realistic. mOl'e gencral. and (perhaps most importantly for 

economists) more analyt.ieally tractable than the traditional appr·oach. Moreovcl". the 

approach is con~wuent with th.e modern ax!r.mlltic approach to nonstochastic production tU'i"lp.:~ 

(Rolf Fare: RonaJd Shephard), the stMe-contingentaPPf'oach of Arrow and Debreu. and the 

modern ap;:>roach to dec~siCihS uw:1CI' uncertainty. in which actions are rflpre!;em.eci at, mapl,"nE,'!> 

from a state space to a spat.:e cf oute-omes Thcs. our~ approach offers a natl,;ral bndgF> 

betwecn these apparently related (but previously dbpa.:!·atc) literatures 

The central idea is thr..t pr'o:~hlCCr$ choose no: only an input vector' bU~8 stat~ .. 

contingent output vectol' a9 wel! rcr any .~npt.t b;,.u.d:~, a lar'ge set ofstate-colltluge-nt 

output vectors maj be fca.siblc. In the rClmfallexnmpte. producers can allocate capital and 

labor In a way which pl'otects t:'em a2clmst 10· .... rainfall. Alternatively. thc}' may allocate 

the same capital and labor e:1~~"" u.PI:l J~I a I.'.:a)' whh.h yields high re-turns when rainfall is 

high, and low or negativeret'.PI!\ \\!.(m rai~1t'&!1 Is low. 

In what foHows. we fJr'~l !!t:'\'eloJ) a t;:;U(.:n of a state-cvntingent product.ion technology 

Thestate-continSjent te(.l.~n"!C'?) 15 S!~(j\\'l~ to gcnc:'aHze all existing models of product:o:u 

tmder bo'!.h price and production w\ccrtah~ty The technology .15 then used to analyze the 

production decision~ of a rIsk-averse plodu(.ct' ul~del' ~ very general B.c. more ge.ne.rel th"'~1 

is usua)Jy cons.tdereu} version of the expected uU:ity model The (Jrs.tslep Is. the 

developmcnt and characterization of a!. errllr \ -c CJ';t. (unctIon having properties in statc.'· 

contingent revenues that ar'e erath-ely analOFous to properties usually possessed by mU)l!J,le .. 

output cost functions (e.g. nonr:egiiti\p and iOCf efic.!ne marginal cost), The effort-cost 

funotionis then used to character'ize the prcd'Jction dedsions of a risk-averse. cxpccttd .. 
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utiUtyrnaxlmi,ing producer .In terms of two eXl~ected"'litility functiolls:0ne (the 1t-dxpect.ed 

utiuty function) mapsprobabiHty s.pace into ex J)05! ,'cturns. the other (the p"'.expeGted 

utility function) mapssta~e-col1tlnEetl\. price sctl~du!os int.o ex post returns. 

The effort-cost function tsobser \'aticn~l1y equivalent to a partlalo.rderif'lg that 

eva.luates uncertain revenue alternatb,t:<. exac:lyas a riskavcrter would. In the equal 

probability case. this latter result i:!1~:~e:s tLat the effort.,cost function is always 

obsen~atiotlally equivalent to an S-cor.c.n~e function. 

Aher chal'acterizing the Of'ho¥101 c,f ric;i-:-aycrse pl·oducers. the power of our .app~·on.rh :!l 

iHU5\rated O}' applying it to th~ sp~C • .i:' i case of t.~lC. addlti\'ely separtlble utHity struct.ut e 

'.>tucied .extensivelY by David ~ewvcl'Y tin<:i Jo!tc;:.l. Stigjitz. Our first result the' e ostab1iS!le~ 

a duality between the effort-cost function and ~he n .. fn.:iirect expected utilitY fUnction. The 

I~emamc:!cr of the Hlustratioll devdops ccn.J/at'&':ive sHitict"esults (Ol' the additjveJy 

separable case that both ge!'f::l aLze a;,;~ extcz-:d eXlc;ting results for this model. The final 

r;f ~UI' model to problems !nvol"H1t: d~ds:q.:nakiOe under uncenainty: moral ha:!a~·d. nd\.<cr!.e 

~elcclinn. lnsurance, futu;--es mt3:-ke.t a:lalysesa:-e but a few examples. 

1. A St.te-Contingef\t Technology 

The standard tpproach '10 p:odut.titiO cncef'tainty spec.lfics a product.Ion function thHt 

input that indexes. the state of nature Jr that moce.!, output price uncertain\Y is 

c::'i\li"al~l:t to having the ranciom i:·lPU: sr.tft 1.'tO production function mulUpUcatively. 

LI':tt.ir,& x e 01'" denote the phy~ical inp-a-s, .0 e ~ denote the nmdom Input, and f ~ 8
0 

.. 
1 

-i ~ .. . " 

deno~e the production functioll, randOfIi CUlp;;t ,(Q) is then defined by 

,(9) = ftx.S) 

Our approach follows At'row and Oebl'Cl! by <it-aling in sratc"contingent commodiUE'!i. 

{There is no requIrement. howevcl\ that a ('omplete set of cont.ingent markets exist.) 
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FollowIng Debreu. assume that 'I~a\ure" makes a. c:loice from among a finites.et of 

ah.Cl'l'latives. Each of thcsc alternatives is ~allcd a "state" and is indexed by a finite set 

of the fonn n- U.2.3 ..... ,S}. s. thus. denotes tht: .lltlmbcr of diffcl'cnt states of nature. 

Once thc index 1s given. all possible factors del~r'lI)ining production conditions (weather'. 

etc.) al'e known. 

Production relations ar'e govel'ned by a technoJogy sct T ~ C·t )( (RcmXS) defined by 
• 

{ n mxS 
T;,; (x.?): x can produce z, x E tR., 2 E R.. }. 

Here x i.s an Input vector committed prior to the realization of the index of the state of 

OM I.:.r, .. and z is a ll\atrix of state-contingent CUtputs with typical element z H=l .... ,ml 
lj 

(j.s}. .... S} corres;:>onding. ex ante, to the amoUI~t of the Jth output that would be produced if 

{rIC jth state of nature occurs ~i'.Jltiplc outputs atc explicitly allowed. Notice, howcverl 

that if m :: 1 (a s~,ngle output} the technology. ex antc t 15 formally identical 1.0 the 

s":andard case of multiple-outr.lt pf'oduction under' certainty where n inputs ay'e used to 

pI'oduC'e S outputs. The only dlfference is thot the outputs .are nOW state-contingent. f !H:~. 

on!y one output level actually occnl's ex pos.t. In the morc general ca.se, for each state 

thcl'e 1S a distinct outpet Ycc~cr \\'it~1 In separate entr Ic:s each corresponding to a dis!.inct 

output 

In line with the traditional apPT'oa(:h. an inputs aJ'C .assumed to be chosen prior- to 

the resolution of uncertainty. However. it is easy to generalize T to cover the rr.ore 

rea!i~tic case of s;equent}al resolution of \mcertain~y by redefining z to include negCltl\'C 

entries corresponding to inputs committed Hfte.r the resolution of uncertainty. Simllarl). h 

is a!C:;CJ possible to extend T to cover the cas~ W!lC:'C' some outputs are produced under 

conditions of certainty by redefill!ng x to inc!:):!e negative entdes corresponding to O\ltputs 

p:-oduccd under certainty. 

ToreJate T to the mOJ'e traditional app:-oach, consider the output con"espondence Z: ~h ~ 

::t~xs that maps an input bundle into subsets Z(x} ~ IRf~l(S ofst.ate .. contingent outputs: 
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ZCxl *' { Z: (X.Z) E T}. 

In words, Z(x). the statc-contlngcmt .output set, represents all feasible combinations of 

sta'\..c"contlngent outputs for inplltcommittaJ, x. Z(x) is easiest visualized by considering 

thctradJ1..lonalcase of a scalar output ieneJ~ated by the production function [(XI 0) when e 

can only aSsume two dJsercte values (1 and 2). Thcn. 

Z(x) l!l! (z E ~z ! f(X,l) l: Z 4lnci nx.2} ~ z }. 
+ 1 Z 

Z(xJ. in this case. 15 depicted grapl.icaUy by the shadedat'ea in Figur.e L The outer 

boundar')' of Z{x), fOI'mally the cfficierltsubsctof Z(.'Io:). might be heuristicallY thought of a!. 

the transformation function betw~enstate-l and !.tate-2 contingent ou1pUlS The state-

contingent output set in Figure 1 corresponds to what would be cledvcd ftom a fixed-

coefficient transformation function (c.g. Robt:rt C!~alllber~, p. 2.66). 

In the traditional model. only H.c Vertex of Z(x) in Ffgul'c 1 can ever be observed. This 

happens because the standard modol explicit:y fOlces the Inequalities in the definition of 

Z{x) to be equalities. Once inputs are dlo!.cn trle rtUlge of OU!P:.Jts available I~ffectivc:ly 

degcner;:,tes to a single point 10 ~:xs. Even if ('Ie pl'oducer w!sr.cd to op.erate at a pojnt 

like A ia Figure 1, it is precluded by assumption. This rcstrktion, which departs rmtf'kedly 

from most modern representations of techno)ozy. necessarily circumscribes the analytlch.1 

results that emerge by Imposing an overly narrow lIotion of tech!lical effici~ncy. 

Thc.single-output. fixed-coefficient nature of tnis s,tate-contingcJ1t output set 

illustrates the principal shortcomings of the prccllt:tion function apr)I~onch. onc'l pr(ld'Jc~rs 

have seiected the input bundle they have no con~I'ol over the single outpUt they ulthnatc]y 

receive. After the input bundle is chosen ~hct'c 15 no substitutability between state .. 

contingent outputs. This is entirely unrealistic in mo~~ cases tecause it impHes prodJ;cers 

cannotol"giinize their inputs in Ci manner that prepares differentially for different 

contingent outcomes. A more genel"al and realistic approach allows pt'oducersthis 

flexibHity. Pictorially. this implies allowing the tJ'aJl!oformation functionJn Figure l to 

5 

• 1=I.2S 
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atsume something other than a f, ~pr.l-coefricfellt fOl"m. Taffords this flexibility. 

To develop analytical results, it 1s convenient to consider the natul'al inverse ofZ(x) 

the, J', nput correspondence V.' ?f.J1)<S --1 ,,/01,,) th t th 4 t t' t t . t ~'" -,~" ".a maps e sloa e-con Ingen outpu, array mo 

tiiUbsetSi VCz) 'Rn of inputs 
• 

V(~) :: {x: (x, z) E T}. 

V(z}. the input setl gives the input cc:nbinations that can produce thestate-contingFm 

output array .z. Returning to the pr-odt:ction-ft;uction J'epresentation v-here a can o:lly assumt> 

two values then 

v{z} = { X : fex.ll ~ 7. and f(x.2} !: z }. 
1 2 

Thus. V(z) is the intersection {)f the uppel' C()uto'.w sets (in x) of theproducrion function 

evaluated at a ;; 1 and a :: 2. 

Developing analytical results J'equi!'es sPC'dfying propertfesof T (axioms). {).J:- t'l,Xip::-;c; 

al'C: 

Properties of the Input Set (V): 

1. V(z) is non empty: 

2. IlV(z') ... (1- IJ) V(ZD) , V(I1Z' .,. (t-,IIZt'): ~nd 

3. for z' 2:. z. V(z') S; V(?), 

Property V.I requires that z be pr'odu6bJe. Property V. 2. implies tht:lt T I!. a co:./vcx 

set (see Rolf Fare). In a static procuc:i.cn .Ul",dc!. cCt!~\'cxtty cf l' is equivalent to COlicant}' 

,of the scalar production function in inputs. COllca.vi,ty in input.s is typically imposed :1) the 

standard IOodel of production uncertainty. Prc;:-c;-ty V.3 requires the input set to cxh:bit 

free disposabiHty of output. Inwards. \'.3 s;;lysthot if an input bundle can be u~ed to 

produce z that same input bundle .is capabJe ,cf lwodudllg anysmallf:t' output arl'ay. t;}t"1't' 1(, 

no congestion among outputs. Pictoria;ly V.3 a;;OW5 for' points like A in FJgUf e 1. 

Before proceedin2. ,se\'eral commc.entsshould he made about proper'ties V. Perhaps mos:. 

obviously. V contains no analogue of positive mt'lrginal proauct.ivlties of inputs, Although 

6 
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intuitive and unh'ersally imposed,such an assumpt;on i!i unnecessary to what follows. Second" 

aU of 1.heaxiomsare not necessary for all cf the results that follow. F'orexampie, the 

main role of V.3 1s to gual"antee mOllotonic:ty (pn!-;tlvc marginal costs) of the erfor"t-cost 

function developed below. While lntuitivejand graphically com,'cnient, effort-cost 

monotonicity (and hence V.3) is required only 10 p:'o\·ide C1 lower bound for the indirect 

expected uti!i\.Y functions. V.2. on the Otl~f'I> hat.c. is crit.ical and represents a central 

assumption in what follows. 

Often it IS desireable to \ .... odc ill term:; of mOllc~cwy returns fl'om the technology. All 

existing models of producer ccdsionmakinE! uadc:" unce'r!.ainty can be repre!>entcdby a 

canonical version of the cUl'rcnt model expres.s.cd in terms of state-contingent revenues Fot 

the case ·of pI'oduction uncertainty only. thl!. :'cq ,tirec; introducing a vectOt' p e~m of outJ1llt .. 
p~iccs and a fixed payment (cost, asset) a _ r-.:. Because there ex iSIS no price unct!rtainty. 

f,lnresarc nc: differ.entiated acco:-ding to llic .5tntt" of nature that OCCUr's. V(z) indt.:ces r. 

rcpre-sentation of the techno!ogy in terms of ~tQt,=-ccntir.&ent {'evcnues. fQrrnaUy. 

Vpa(y) = { x : y ;; a + pz (i:: 1 ..... S) a:"!d(x,z) eT}. 
I .1 

HCI~C Z E Rtr. is the i-state-ccnt~:lgcl:': ot:tru~ \I~(":O{·. The- notation Vpa(y) re-minds 1 he , . 
f'cader that this l'epresent~tJon of !tIe te.c!ir.o!ogy is for fixed p and.a. 

~111 In tIle case of pure price~nt.·e;J'tainty {:·Jor.ro~uc!,:O:l uncertainty}, I.e .. Z E \, ..... there 

• .,.t\')X'$ • r ~ 
eXIsts a ccr."p!cte set of statc-cor::in.cent pr :CC$ ? E .'<.... A representatlono blC 

techno]oey in terms of statc .. continli!e:lt reu:rr.s is 

\,paCy) co { X : y = a"'p z ano (x.z}e T. x ~ v<~. z e R:'}. 
) .1 

n:laHy. in the case of joiut p:'odcction ond r';~.:l·act I,ln('~rlainty2 there exists a set of 

state-contioge:lt fi.xed payments (assets. t'O<.;' ..... a E R~ elr.d a set of state-cont.lngcm output 

prices P E ~~~s.. A rcpresentat {cm of the tcchno.Jngyin tea-rns of statc .. contir.gent r.evenuc~ 15 

given by 

7 
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In .an abuse ·of terminology and notation. t.he ~;ime notation is used for each of the .tiwee 

different types of uncertainty. and Vfi.(y) is l"eferrcd to as the .input set. This is done for 

two reasons: to reInforce the notlon that Vp~(y) is a canonical technology; and forgiven p 

and a, Vpa{yllseasily shown to satisfy propertie~ V when z·s arercpla.ced by y·s. (A 

demonstration ·of this. fact is .left to theintcr.csted reader.) 

3,. Producer Preferences 

The producet'fs information and or peHef=. ab!:lu~ the reia!ive Hkelihood ·of Natut'e 

picking a particular state i$ 5.cmma:-ized by 1t E :; ~ R!) where 

!:. 

iJ ::: { iT • 11 £: .~~ aLd [nt P 

!\o state occurs wit!l zero j)rOb3bHity, '311(: ptest:nt paper only restricts hselfto 

accomodated Pl~oducc!' p='~re;-ences ever stc.it.'-(.or:..io£e:lt returns and inputs. therefor'e. at'C 

captured by W; RS 
y ::<trnxsl .1' ?n ~ R 

~ 

W{y.x)= I Tljw(y.- xl 

1;;:1 

where the elementary (ex post) utility function W: a >'R~-+ .~ satisfies 

w(v ~xJ = F(y. g(xll. 
"1 J 

Here F:t=? )o.~ ~R is contin:JDus. !ttJ'ictly jncre-ns:nga:l:! concave in ~: • and n01'llncrea!dH(, and s 

conC3YC in g while g.: ~~ .-+ tR .. is nO:ldCcl'C:!f.!;i:.L• CO::U O.lJOl! 5 , and epnv~x. Fsatisfics tile 

\'O:l-t'\eumann-Morgenstern postulates. Spedaicascs of f include the expected utUityof net 

return model 

f(y
t
, g{xl}; Fey} - g!x)) 

with F -strictly increasin2and !.\rictly -conc~\'c ana the ~epi:lr.able utility model 

fey}, g{x))=u(y
t
) .. g(X) 

withu strIctly lnereasingand concave 
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The function 2 mc·asures t.he producer"s di!Ou1ility of .committing the input bundle x to 

the unc~rta.jn .production process. Special cas~s of e(x)inc:lude 

g{x}- C(wx) 

with ·G:IR ~ G( is .strictly incf'caslng ol1d str.ictlyctmvcx and we (Rn a vector of input . . .. 
p,ric:f!s The cffort-,C'ost function. c: lR: -) .IR. is defined by 

c(y) c Min {p(X):XE VilA.(y)). 

Result 1: The effort-cost funct.jon~ c{y3w satisfies; 

L cry') l!c(yl l! c(O) for y# 2: ,; .. 
o <fJ. < 

3 for y restricted to the coma in R~ •• cCy) 15 ,continuous. 

Theerfoz~t-cost f,unctlon rr.easures inutiH!Y unit~ the cost t1 producing a given .state-

cO:ltinge.nt TCVe'nue \fector. cly) ha5f'S~entiClH)' the same properties as are usually iU~pC5t'd 

or; :n:ultip!e-output cost functJol:5: Ma:-gina.l cost fo!"' each state-contingent revenue 15 

nOnIlc£at'ive (property Hand m:mdccl'easillg {pr,opcrty ;'.). Moreover, if g(x) : wx. the cffol-'-

cost fU!1=tlOTl hasalt the properties. traditionallyas~odated with cost functions 

ihoffiogcneityand concavity in wand Shephard's Lemma) (Shepl~ard: Rolf Fare). 

The effort-cost function der:h'ed her·e jsb(l~ed on the canonical reprcsentatiol. 'Of the 

tcclmo.togy. VPfl(y). and thus ho1dc; for f:Xf"c! ,jiCl::ld .a!5uppr.essed notational1y). One CtUl a!.E.c 

define an erfort-:cost functionm&pping the pr-!u!i:'ivt"s.Lc .• the state-.co!1tingent.ou1 P'Jts. 

inlOeff(wtunits. TJle properties of suchan cffo .• t-cost func1Jon, apart from its do:nam. 

are identIcal to those In Result 1 after rep.1adl~g y withz. (The derivation of tbese 

prnpcJ'ties. is left to the re1.\der but the methodcf pro.of is vIrtually iden11cal to the J:·~·C(l: 

of Result 1. An effort-cost ft:ncti(lJ) of this. type iscsed Insection 6.) 

Although pr.opcrties 1.1 - 1.3 arc\'lrtuaHy idcntical to tllo5e of multiple-output cost 

fUnctions under certainty, they now l!a\'ca somewhat different economic meaning. Figure 2 

9 
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d~pic1S the isoeost contour,: 

s HC)- { YE ·tR .. ! c(y) :.: C 1-

fo:"S ~ 2. By Result 1.1, He) j$j :negativelysloped. Result 1.2 implies -that l{C> 1s 

ccmc.avcto the ,or1ginas drawn. For" concre1.~ne~s 'sake. take the t\· .. ,ostatesof nature to be 

";r,aiu" :(measuredalong the vertical axls),uid "'nora1:n" lmcasu:'ed 'alo:ng the horlzontalaxisJ. 

both stat'f!s) for t.'hateost level. The slope of He ) a:' A measures the l~ateat which r'ain-
1 

sta-:e revenue must bes.acrificed in order tocompens~1e ,exactly Un ,effoz"t,-,cost:units) for 

i1~Cl~eases lnl::.o-ra.ill r,evenucs. Assuc:h. It rcpr"csen!s a local measu:"e of tcchnologic:aJly 

induced ",risk" {or~ alternatively. of tlJccost of se1f insuring). S'Jppose lbatboth sta:.cs 

a::'c equll1ly probable. In Figurc ,2. morethano.nc un~t ,of raJl1-state re"eIHJe lUUst be 

sl:1cr.ificed to increase no-raln l'CVCUUC by one ~n:l along He >. Thus, r.lo\·jr.g f1~om the 
1 

,c~rta:i'1lty ,outcome at A tD,. say. ?oint B implies W{y.x) falls. At A the .margmal tliiH:ks 0: 

« 
p.-='2 

more tban no-rain revenues rise. Beca~secos1. isconstat;l, mo~:ing from A 10 B alw3)'s mea~l·.e 

t!tlHty .loss. Hence •. no rls:,c .... avcrs·c ind.h·irlu<11 wculdoperateon Hell belo\" the bist:ctcw. 

By the same reasoning. movlng from B to A always jmpliesa utUity gain. Dut ;.A,. 1U'Oi!VC:S 

'·cor::pletese.lf -insur,ance". 1't.U5. the curvature ·ClfUC} cffcJ's a ,natt:ral me,aS1J!'.e of ttJ..e 

il1<..unance premium associated with po!nts Aar:d J'. 
.. 

figure 2 also Hlustr&tes .anotrier im;-:01·tar.~shortcomingof lhestancr-Sf d :model of ... 
production underuncenalnty. That js..!J~!Hkctl:(:f.;:""e<;tm! mo:!el. it ~does not recognize ll:a: 

v/hcthera parl:JculaJ'stateof naturewocld be c:assedasehhc.:- '''g.oc>c'' or "bad" In SOl!'lC' 

,gencriccontextgeneT~lly depends on the 1ecllnobgy.CoTlsidcrUC
2

l in .Figure 2. As dtal'.:n . 

.:.'! •• ; u]op"'of HC
2
lat thebJsectar just re\erses the siluat.!on at A. Now"norisk-.averse 

individual would ,operate on HC
2
labove tlH:! hiscc:or. Put another way. whereas on UC/,'lhe 

no~rainstate.is the one requiring Inscr:ance .• now the ralTt staterequire.s lnsurance. This 

10 
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might ;occur. forexatnple4 if the input ;bun:!lceOl}slstent wIth llC2) wasdcvot,ed mainly :toward 

dr,ought ~ontrol.0nly f.or 'Very special funct1o:1~l:st:ruct'Ures. for ,example, >C!y) 'homotheHc" 

win :jt 'Ut true that the division bet\",'ccngoodand,bad .stat~s :is lndcpcndentof the ;scaleof 

l()pera:Uon. 

',5. The '1f-lndircctExpected lJtnltyFunction 

The pr.oducerchoosc,s ,astate-continzent Ti~umUC vcctOI~ ':t.o ,solve 

:s 

U{Jd -= Max { I' ,,7tHy. cl)·)}}. 
. j 1 

Y 1:3 

""r'I 

u; 11 ~ :~js t'he:rr-1ndlree·,t ·ex;J)ec:tcd utility fL.·f~r!on. 1':!'iecOfl'\',e,xi!),of dy) and the !:i'!.r1ct 

,i,',hd ,;::: al'Omax{ ~.\ 1r,'Fh:ct_,,·»)}. 
~ c:. L,\ ·1' 

y 
1=1 

Gur 'oextr:esu:l:t ,e,s1ablisbes.:.be PIOPCf'tlt::'Of' Vhr) .and yIn). 

Result 2:: :U(lr)e.nd y(rc)satlsry~ 

l.lJhr) .~ FeO. c (H~sn: 

2.. ~Ul;rt"). U-IJ~t',(i(j) .,z: lJf:J.nT' ,+ (l - '~d n~) 0 < p< 1; 

3,. Uhr) iscontinuous.~ 

5. if y>- yhdthenc(y) :~e(yht):). 
s 

;In the ,s:tatementof the r.esu.itarb .i~,.() iUt:'flc.ad"a 'second-,order stoc'hasticQ~h 
5 

dominat:cs \bgiven :n." 

Re~u1t2.1esta'bllshes ;a ]ower boundf:or the ','11'-indirectexpccted :Ul~mty function. 

;PJ',opert:y '2.2 lsthat the ;1[-lr.dlrect ,.e;)(pec1~d uthlty function is ,coo\',e,x lnn. ;Convcxltynere 
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is a well-known consequence of t]~~pl~oduccr·s objccth'c function being linear in the 

p:'obabllities (i.e' j the expected utWty model>. The economic implIcations o( this result. 

how~ver. ~re somewhat dlfferent thanusuaHy derived from the convexity properties of othel" 

jncilrer.t ob jecU\te functions. Here COllvcx.lty un~lics that the value of .informatlonis 

t:csitfvc Suppose the pl"oducer can observe a sigm;ll which takes the value 0 with pt"obabHity 

pand ! w1th proba.bili.ty O-J1). The producer', s\ibjectiVe probability distributiontglven 

the observance of 11 signal 0(0 (res}') 1) is giver. Dr nO (resp. It.'). Without a signal. the 

isa\Wii)5 beneficial to observe thcsigr.a! 

.Result 2.3 says that U(tt} ha~ no hT·e;$i<.~, Rest.::~ 2': IinpHes tl~a'l. chang~s in th~ 

IJfcbauHi1y vector and changes ::\ the cic;n(:.htar ~ t '.'·,,'Ct~UC utility function. at the optimum. 

are positively l·correlated·1 l:lhlltl\'cly. the: cr"t (;. CtlC expects an increase in a par-tieutat' 

state4s probabW.ty of ocC'Urren:'e to bt' C\ssoc!ated \\lth nn incl".e:1se in the utility ma.ximi1ing 

reveuue for that state Oflce cos~ levels arH (.(.m;,"·fc,a'..ed. It is misleading. however'. toill1 for 

from 2.4 tha.t the rr-ind~rect expected utility func~:o:'l is increasing or nondect'easing it) any 

partic'.;lar probability. The si:nplicia! ~a~u:·(.' of n pre:::lt.ldes any singie probabillty from 

~ha.r.ging in isolation. 

fin~Hy. 2.5 shows tl,at In a nd8hu:)f'~:cod nf 1.he equHibrium. the cffort.-eos\ function 

defines a partial orderir.g o\'el- u:'lt'e!"tain rcvcr,t!C' altel·r.ati\'es that is equivalent to what Cl 

r~$k"'averse individual would chao!.#!, 1'0 undt:t c.:and 2.5r.ote that if y >-s yhr} but c,(y) < 

cCyhrH. then a risk"'a.\'erse f.!l"Odl.tt'r ~htH.:ld l)r t"f~r' )' to y( Tt) \'jolatlng the defh.ltlon of 

~tn). Moreov~r. in the equal p:'obabiHty case, i.e. 11, == lIS Ci ~1 •.. , ,S)' the followin~ 

cOI'oUal'Y follows irnmediatei), f1'om pl'operty 5 in Res;.tlt 2. 

C()r~llar.Y Z.1: lr ttl :: liS U =l •..• S) then c(y) l: c{yhr)) if Y >-m Y(Tt). 

The not.atfon Zl)< b is to be f'ead "I! i.s wajQl'izcd by bl! Ol~mOJ'C simply lib major.izes 
m 

a'" Therefore-. the Corollary implies that in a nei~hh{whood of tt,e cquiltbdum. the effort-
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cost function h; a.lways consistcnt with schur' conC'rtvh.y {abbrevIated as S-concavlty) in the 

equlll probability case. (For the defin!tion and di~cu~s.lon or majoritatiQn, S-concavity. and 

r~lated conc;epts. cotlsult Albert Marshall and Ingram O:kit\, notice. however that ou.' notati()tl 

dlffc,'s slightly from their notation.) lnttutlvcly~ fCl~ y to ma .. ior12e ':I' means that both 

these state contingent revenue vcctors lta\'e the !->ame mean but that y' is "more evenly" 

distributed than y. Or. mOt'C simply, y is riskler than y'. If regions of c(y)'s domain 

exist for which 2 S i.s not satisffcd. a'> experted"lItiUty maximizer wlll never produce in 

6. The p ... tndirect Expected Utility Function 

As notcd ".artict', jlJ$.t a~ one ("an define al1 cffol·t",cOfrt func1.iCHI in terms of revcnue. 

cnc can develop an effort-cost ft!nctio:l jn~c.n·'!. t~f \.h~ p,.irnit,jves. i.e. the state-contingent 

outputs. OCfih~ thl~ efrort .... co5":. f\.ncticn by 

c{z) 1:;: ~Cn ( ~{x} : X E Vtz)). 

The reader can etlsiJJ V:i':'y that CC,;,,} !;o~isfies properties Ll - 1.3 in Result 1 (aptll't 

sta.te ... contmgent vectors a a:1~ }J (:1(( C':\ the 3.Ucc~t fon of state .... contingcnt outputs by the 

producer~The n-indirect expected utHity fcr;ction. which suppresses these veclors.is 

in~;::propriate this case. ThIS s~c\ion ce\'ehps a :~Cpl'cscntation that can be used. To 

co:'tc;erve on notation and to "r.phaSri4e the rele of p and a, we reVert to the equal .. probal:>iHt'; 

case And (orsimplicjty we also conccntra:c era the case ora scalar output (the results 

ea'iib extend to the case of vcctew O • .nPUb) 

Y, a a\ ~ ~\Z, 

Define the p-!nd€rec.t expected t~tttUy function tl:~SX? ... ~ by . 
5 

11fp.a} llit Max S .. 1 \ f{a -t v:z. c(z)). 
/.. 1 t I , .... , 

The strict concavity and mOllotorJicity of FO and the convexity ofC(z) Insure that a lmiq\lC 

13 
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global solution e"lststo this problcm. Denote the (;~timizcr 

$ 

z{p,a) ::: M'gmax S"1 \F(n + p z. C£z». 
L I I I 

Our next resutt develops the propertlC!) of U(p,a} and z{p.a)! 

Result 3: Vlp,a) and zip.IS' sa.t:~ry: 

~ 

'l..Hp.aJ .l: S·J \" F(a. (;(0 0: 
LIs 

I !:OJ 

2 .. U{p.a.) is nondecrea$iug in a; 

J. V{p.aJ Js nondccreesing £n p; 

HB if f is jointly cotweve in pane 2. 'Wp.a} is eoncave in p; 

S. for a resu·lct.,d to?s 1l{i1.a) is COlltlm.:.:ou!. in a; 

s s 

., if a + p2 >- a + p~(P.oJ t.hen C!z: ~ (('(j.J .• G. n. 
rn 

Property 3.1 is the same resu.lt \152.1 fer this formclatJon. Properties 32 an.d 3 ~ 

51.ow that In any state of natl.:l"e the': producer olways. prefel'selthet' a hi&:her h.itial wE:a!th 

or" a higher commodity price. ?rnpert!c!. 3' ! t ) Imd un ape easily Interpreted tn tel":ns of 

randomizatIon of payment schedt:lcs Sl.jlpt,!'4" that 1h~ states or l':atut'e U : 1,2, .S) 

actually refer to w(:ather states If d~;~and e:mditlOu$ ror the commodity depaud upon r dndom 

factors other than weather. returns frum p:'oducinga civenlcveJ of output in state 1 IOky 

themselves be random. To Hlustr~ate. ~up~:)se that If slate! occurs and the produce" 

14 



262 57:1393 

ptoduces z • the producer's ret:;,wtl Is yl lor pI ~. ~ ~ ...... fih probability fJ. and yO.p 0z .~.o 0 
.1 I J 1 1 I \ I 1 

with pt'.ObZlbHlty 1 .. #1. Result 3.4 (I) s~ys. that the pr oducel"nlwaysprefers to receive the 

eXIJ~cted value Of the downpayment Ila~ ... (1 - IJ)ttO tJ :a 1.2, .... 5) fore given p to fHcing 
I I . ·1 

the additional uncertaInty that the ,"andonH:cation of the downpayment introduces. Pf'opeJ'ty 

3.4 tij) giv.es a $uf(fej~nt condition fof' the producer to prefer facing fl.})' ... (1 - ulpQ (fol" 
l I 

given at ) rather than fl'lcing the additional t!nccrt::llOt.y that weather-state conUngcm 

randomtzO'ltiotl of the output price brings. iRandomi2dt:ol~ of rcturnsfs disc~sscd funht"! iH 

the next scctJon, ) Property 3.5 is asrnoott~nfoSS cvl.dltion. Pl'opel'ty 3.6 is essentially the' 

sarr. as J)l'operty2.4 eXc'ept stated In lcr;;-;sC;t( ):-l'iC't.'s and initial wealths. Jo'l'operty 3,7 i() 

another manffestation or 2.5. 

If UCp.a) Is differentiable it also mamfe.s.ts II gelSeraBzation of Hotelling's LemmCi~ 

z. (p,a) ::; 10'U(p.(1)/oPI )/:6·t1~p.o}/llall. 

We now examine the mcnotordcity pro;:;e:-t:c!. (Af z:p.~) ill the statc-co:ltir.gent initiAi 

wealth (fixed payment) and price> vectors. Jr, t.he 3bst.::.ce of risKcnersion. differen~cs In 

Initjal wealth have no impact en output ~lJO~dtJ"1l decis~ons. But d.fferences In illhial 

wealth can arfect output alloca~~on decisior.s fur l"i!..k -averSe pr'oduecrs. In the prcst'ot 

framework. thl: is p~rtlcularly intercSting becau!.e it hnpHcs lhat changes in poth rwic~s 

and the fixed payment mit)' caut:te changeS' In th~ sttt!.c""'contfugent output vector. 

Result 4: If there Js no price unc(:ttn!n!},. r !c; dIfferentiable in y~ and the effort-

cost function. C(z), is symmetrjc; tt.ftn: (0 Z.(l ll d.) > ~J(pla) if and only if a
l 

:s ai aud 

OJ} pz,(p.a) .. a (pz (p,a) ... a if and oaly it 11 < 0 • 
J J. 1 1 1 

Rcsult4 Is pal'tfeularly easy to undcrL~i'mdif r;(~l is symmetric there are in effect no 

technicaUy eood or bad states of natutc bect:.:":I~. at lei1st fnter'ms of costs. stale-

contingent outputs are interchangeaule. Her.~c, the (mly way to encourage hl~hcr output in 

one state over another. given fixedpricas. :s logive the producer a greatet marginal 

lncenUve to Incrca$e state-contingent output. Becau.~e the farmer is risk-averse (marginnl 

15 
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utllity of income is dccreas.:ng). pro\'idillga grf!i'tel" marginal incentlve fc>" a .higher !:- ate-

contingent output for fixed 1> implies decreash,g th~initial wealth of the producer, 

However. as is shown in part 00 of tho result. the extra output. only partiaUy off$ctsthe 

mitiaJ wealth \'ariation. 

Absent riska\'ersion. prodlJccrsequete pI'icc a,.d marginal cost in e~ch state. So. if 

CO$ts are also syuunet.ric. mot'C 15 prc.,uuced in state!. where prices at~e high. Resu1t4 shows 

that this 'substItution effect' between statts mle!.t te offset bya wea!th effect for risk ... 

averse individuals. A $landatd t'csult hI un:el'ta!tlty medels is that the sUbstitution effect 

predominates If the cc~~. icient or rel\)tivc ri!ty. HVel'slon (or if base wealth Is zero. th~ 

coefficient of proportional rIsk a\,ersicn) is .It-c;$ than 1. Tbis result holds her.e. with 

appropriate modIfications. For fixpd C(z). the: C'~~mer~tary utility function f yields H 

function F(y. C(z)) whtehbeha\'es as a von :-':e~·ma:-.n-~1orge.nstel·n utility fUnctio:l in 'J :: .~ .., 

pz.111US. 8 coefficient of partial risk aw:: ~.ion ~~uy be dcfin~d as 

~P{p .. d ., - pz Ful F,. 

AJthot,1gh the response of effott to pI ice diff~re!1:es bow:eenstates is ambiguous in tlw 

absence of information on 11;.P • a simpJc stOt!K~stic CO(Hjnance argument sr.ows that diffa!~ell(":es . 
in .effos't wlllnever completclyorrset the cffer.t~ of price variation so that revenue is 

always higher in hlgh"price state.s 

Result S: If there Is no wealth uncer:a;nty. F:s !wlce differentiable in y.and tbe 

effort-cost function. C(zl, Jssymmetrlc; (j) jf '}:P <: 1 then (Ps - PJ)(t.(p,a) - 2J{p.e)) i!: 

0; and (lOy,(p,a) < YJlp,al If and only jf PI < ;)J 

Results 4 and 5 yIeld information on prcci:lcer's output vectors when pS'ices and wealth 

vary over the set of states of the wodd, that i~ the VC'ctot' p (and al is not equal to sc,mc 

scalar p. nlis J$ different from the notion of !.uPt.J,}' response most commonlyanaJy~t:d :nthe' 

literature on uncertainty ~ndst~bilizadon, whi~h focuses on. upward or downward shifts jn 

the entire trajectory of state-.contingcnt prjees. This issue is addressed in tho next. 

16 
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saction. 

The symmetrIc effort~cost case al~o al;ows au analysis of producer l'lsk ettltude.s In 

terms of S-concavlty. Decallse S-concavit} of 7J in p or .a hliplies t.hat the producer' prefer's 

the relevant varJabJe to be stabilized at tI.e mean, it may be of more interest than concavity 
results presented in Result :t,4. 

Result 6: If 1J(p.a) is c01itinuo\.sly dlfferc:tt fable, and the effof't-C.Ost function. C('z). 

is .symmctric: (1) U(p,a) is Sch'Jr-coflC'C}vc in .a If thc.'e is no pr.ice uncertCiir,tYiilnd (Iil 

U(p.aj is Schur-concavc in p ~f thel'c is no wealth \tncertainty and PI> PJ hnplics 

Re!;ult (, en gIves conditions under wr.!ch elft cr~nces in base wealth across states will 

,-educe welfare. Recause ttlC p:-oducer is f IS;': aversc. differences in wealth acrossst.cstes 

",-,w. cet.eris partbus, rcduce w~lrarc r'elat!\e to the case where the same mean wealth is 

nvailabJe in every state. 

I~esult 6 (jj)gh"~s cOllditiQn~ uncie: which diffc:-~nces in prices across stat.es wiIJ 

reduce wc.!f are. The condition ("e:·taj~lJ\' ho!ds if the same z is produced lneach state. . I 

Thus, the condition is also sa!i~fied for any t~chnolo£ysurficientJy close to this case', 

Thus, the less flexible the technoloey H.e •. the closcr 1.0 fixed proportions), the mOt'e 

lIkely prIce uncertainty is to bewo!farc recuclug. 

f\:ow consider the genet'al case when the ('(1St fUllction is symmetric. By Result S(H, jf 

ttlC producer is very risk-aver.se (~JI is grc",vr tho!! one). z\ will not increase with PI' 

.o\nd. more generally. the more risk .. averse is~l,e indiVidual, the more slowly wHl zi iucrease 
" 

with PI' Also. the more risk-avcrse is the inoividual. the more rapidly ex post marginal 

utility of re\'enue decreases witl, mel'C' f'eW:llJe. J Icm:~. as would be expected. the hfgiH::t· i!o 

the cocfficient of risk aversion, the more d~:ely pr'ice unce1"'tainty is to be welfare 

reducIng. 

17 
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1.. The Special Case or Addlt1vely Scparab,le Utility 

To this poInt, the .auaJysis h;s!; used a very general utility structure. To lUustrate 

the poW('r of the statc-conting(mt production model. H.c utility structut·c h. nowspecialbed 

to the fOl'.m assumed in Newbery and Stiglitz'!> seminal work on price st.abilization and 

produr.tlon under risk, 

f'{Y,tg(xll = \ley
J
} - g{xl. 

Without 105$ of gener~lity ca.'di!1alizc units so that c{O) = O . 

. 4 Dunl Relatio.nship 

Our first rest!:t in this scctinn bc.;ps es:ab!;:!.t. t\ d~ua!H.y betwe~n the erforl-co~t 

function cry) and Uhd. For' a:-bJtrar) Y. th~ dennition of the n-indirect expected utility 

functIon implies that ~lfider additive ~eparabiHty 

Moreover. bccau$e 

Jt follows that 

s 

t:(n) ~ S-l \' Jt u(y } .. dyl. L. I . I 

t=1 

s 

cry) ~ 5-1 \' 1T u(y ) - UenJ. L I 1 

1=1 

s 

C(Y(ll)) ;:: S-J \" n uCy hr» - UhrJ. L 1 1 

s 

max (S-J \ 1'( u(y ) - Uhtl}. 
lT€TT L I I 

1"1 

• has .a well-defined solution given by c(ytn». The dual effort .. cost function, c Cy),is 

defined: 

18 
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s 

¢ -(y) ;; mlix {S .. t \" n U(y} - U(nH. 
neU L. 1 I 

);1 

Dcnoting 

s 

nCy) :l:ilrgmax{ 5-1 [n u(y) - U(nn. 
llG!1 l' 

1=1 

\II 

the properties of c (y) andn(y) al'C sUHlm~.rjzcdin the following result. 

.. 
Result 7: WhenF(Yl. g(x)i;; U(Y

t
} - g(xl~ c (yl and n(y)sa,tisfy: 

• 
C (Os) i!: - Urnl: . .. . 

2. c (y') ~c (y) ~ c (O~) for y' ~ y; 

. ' .". ' J. flC (y ) ... (l -Ill c (y ) ~ c (SlY + (I - Jl) yr» 0 < J! < 1 

s • 4. for y _ ~ ... c (y) is cou1:nuous; 

I c> . ' ,. 0 
S. jf Y >-s Y then c (y ) ~ c (y); 

s 

6. [(rt1(y' J- n.(yO»)[U(Y> - u(y10n ~ 0 

.tot 

• 7. c (y(nH 5 c(yht)}. 

Results 2 ~nd i establish a dUCility between Uhr) atad c(y) for the additive!)' separable casco 

Either is rccapturable fr'om the oH.er' £:lven knowJedge of the other and u(y). Thus. as with 

olher duality results. it Isa matte:-- of indifffo'rence as to whether analysis proceecs if! 

primal terms (that J5 th\; state-col:lingent ,'('venues) or in duaJ terms (that js in tCttnC; of 

the pt·obabilitiesl. 

The proper'ties of c(y) as listcdfn Result J "re a subset. of those listed in Result 7 (J 

• - 6). Unless these additional propcrt:es arc i:::pc1sedupon ely), the function c (yl recaptur"eo 

from the dual program wiHnot be the t1riginal C<y). However • all obvious consequence of 

Result 7 is 

19 
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y 
J=l 

• Reg3rdJe~s of whether c (y) is the orieinal f'"ffol'l-cost fU:lctJon, usin2ft jn the pr~oduccr's 
maximization problem generates the same ecoitomic choices as dy). • Hence. c (y) is 
observationally equivalent toc(y). C()nscqu~ntl}', no gen.el"aHty is lost In imposing 

properties 7.1 - 7.6 upon cry). 

Much as .IndIrect-utility minimization h: C(.;':'l;n~C'!· theory offers an algo;'Jthm fer 

recapturing the relative consumer prices 1h&1 wi~! rationalize au observed vector of com;cme:-
demands. the dual r.elationship bctwee:1 Chd andc!.;) thus offers an aJgodt.hm (or t't!C<1i)t~!"'ir:g 

s"JbjcctIve probal!tfes from tl:f! simplex n that will :"ationali7e any observed set of stalf"-

contingent revenues . 

Additive SeparabULty and 'UCp,a) 

We now turn our attcnth 'U(p.<d, r:cnsit:(-:r' aga!lI the e3.se of sea tar outr~ut whf"'( t~· 

payment schedu.Je satlsfies~ 

y. = aJ • p1zJ 

where p. a t Z E .~. U:; 1,2, ...• S). TMs is Pl'oJ.'i:.r;y i!lten)l'cted as the case v.hereoutpU1 I J J • 

priccs, output. and fixed paymentsCbeginning wealt!1 levcls) arc all state-contingent. For 

the remainder of the paper, assume that b:.th uCy) arJd C'iz) areaL least twjc.e dIfferentiable 

MOTlotontcUy Results 

Om' first result here establishes anot:.c:' suffjde:-:t condition for a monotonic 

reJatio!lshlp between the fixed payment schedule aud~he vector of thesta1.e-eontingcut 

outputs. Earlier it :/a$ e.stablished (Rest.it .:;) th~t '.ymnactry of C(z) was sufflcictlt fer such 

a relationshlp. Howe\'cr. symmetr'Y of the ef;on.-ccst function i.5 a polar case, whCf'e the 

character of the teclmoJogy severely mitigate:. lhe effects of prodUction uncertainty. 

Another polar case is given by the abscnce of effort.,..cost economies of scope across stal~S of 

nature. In thiscaseJo what is done to prepa!'e fCl~ one state of nature Is indcpendcnt of what 
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is done to prepare for other stat~s .of natul'C -,-at least jncffort-eost terms. We f-haJ1 

!'t!fer to this case as exhibIting no effort econC'1ltes of scope. If 1hepl'oducergaim; 

something by prepa.ring for dlstlnetstates jointly, tllen effort economies ,of scopa exist. 

The for.mal requirement for the presence of ~ffort. economies of scope j-; 

}::ffortceonomies 

r; ~ 4, ., .... ceo • ...• 0, z) > C(z). , s 

d.bsent when :the inequality always hOlds as an equality 

implyIng that C(z) can be reprcsi;':jtcd as ha\'inga!l acchfvely separablecoststruetm'c: 

<. 

C(2) ::: \ X (z ) L 1 , 

Where ~/Zl) (j # 1 •...• S) js noncf:creasing. corn'ex. end twice .d!fferentJable. We cClntJJcn 

establish: 

Re.sult 8.! If no effort eCtllomje~or scc;~t:exisl. ant! tl;ereexists.a .reorderingof Q, fl' 

:: ( (H, ... ,ISJi. such thaI I1J ~U~ ImpHes A:t;tlZJ C:~t~l(Z) fcrall Z E ~ .. ' thenz
U1 

~ 

z1;H only jf a1ll ... aU) :!iZm(PJji - pu/ 

Resu1t 8 has the following 1fJ\,erpt'etatlow Give:; the presence ofnatuJ"aUy good and bad 

states, 8. "bad-.state"state"contint;ent output ran be hj~hcl' than a "good-stateHstate-

contingent .outputonly .if the fixed paym~!1t ;n tL~ brad !ttate is set low enough r~lativc 10 

Ule good state fixed payment tocuccura~ecxl!"'£l bad-$tate production. And paI·ticu!nrly. if 

there i~ no price uncc;-tainty: 

Corollary 8.1: Unoer the ccnrlit:ion~ of Rc~ui~ &. if there is no prIce ullcertajn~}'thcn 

aU) - aw !S O. 

Jt is well knowu that many economic c~ .. oicc problems. such .aslabor supply~ may .in\'(~h'c 

backward-belldingsolution~ in wJ]jch the inco':!e eft t":C'tsof highe.r price$ COU!Jtej"act. a~d 

.o.utweigh. substitution effects.Jt has bcenlcSo!i widely obscl"ved that. for the .separ~abl~ 

objectIve function. this backwatd-bendir.g solution ar1!l~s if and only ifthacoefflcient .of 

r~lativc risk aversion is;greater than 1 (John Quiggin 199.1; Newbery and Stig1i17.). To 
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exclude this possibUty. our att-entioll i.s lnitlClliyconflned to the case where uO is ,3 

constant relative rlskaverslorlutiJHy functlon. We begin wIth the case a, :;; O. Y1 "" Pi'" 
Result 9: lfa

s 
11; 0 (j := l.2 ..... S) andu{y) .. AyR (0 < R< 1. A > 0). then 

s 

t' Hp11l-R .. (po)1-R1Hz {p',C:i.)}l-R_ Iz fp(l.aH'-H1 .~ o. t.. 1 1 j j 

Result 9 estabHsheslnat cr.anges hI ea'}l state-contingcnt pI'ice arepositlvely 

cor-I'elated vdth changes in the;r· rcs,pecth'e :S1.d.te-ccmtingent output,This is easily seem by 

setling all prke dlangc5 except c,::letozeJ'o to ettt 

Hp,.>l-R _ (pO)l-RU{z {p" .aDH < _ {~(po.c»l-R) ~O. J J ~ J 

Hence. each state-contingent 5'J?p1y is UpWclJ d sloping in its "own" state-contingent price. 
~n obvious cor.ollary Is 

Cor.olla.ry 9S: Undcr :tr= co::=;ticl1s cfRe5cl~ 9 if all prices increase proportionately. 
Le. p; == #-tP; 1.1 > 1 (j == l~.? ...• S). tht"n 

S 

.
1 ( O,l*R{( (" \)l-~ {I o\)l.n} 0 L. PI J .' ZJp .as - ?'J\p .al c:: ". 

1=1 

If thcstatc"cont'ingent price tra;ectol'yshlfts up pl'oportionately, then on averagc the 

state-contingent supp.l)' r.csponse ,\\·m be positive 'Coronary 9 1 wlleoco:nbined wlth ill!" 

flTst-o;-der conditions for the pr.odt:ccr e5!~b1is}~t"s that a proportional prIce shift leads to 

a.n increase in producel' effort in a2cM:ra1!~ed ~ellr.;e. 

Coronary 9.2: Under the ,t:o:ldillons ()f Rcsclt 9 and Corollary 9.1. 
S .!. 

\' C fZ(pl .a)) fz [p/.a)} c:: r c {7{po"at' (z .{po.aH. l.. J 1 L I '1 
l::;J 1_1 

Formally Corollary 9.2.estabHshes that the effort-cost scale elasticltyaftel" the 

propottio.nalprice change exceed!> thc effol·t-co~1 scale elasticity before theprke change. 
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In the special case ,where there are constant returns to .scale in terms ·ofeffort ,cost. 
CoroUary9 .. 2 implies that effort as mcasl:.1redby effort ,cost jncreases 'With a proportio:lal 
p:-Jcechange. FormaHy.. 

Corollary 9,.3: If C{tz) = tC{z) t :> O..thCll under theconditlonsof Rcsult9aod 
Corolla,y 9 .• 1. C(z{p" ,a) .~ C(z{pO, a It 

Re.sult9 and JtscoroH8orJa~caJ! be ex!cuded 10 the 'caSe of flxedbase wealth slmpjy by 

replacing the eoeffic.ie.ntof relative rlsk aversion with the ,coeffiCient of,pr.oportional ri~k 
8.:\"et'slo.n. lngenel',al. howevcr. ttJt' mOl.e ,1m ercs':Jngcase 1haneltherof the t wostLIdled is 

\\'hcnooth the 'price and tlleflxed Il aYlllent Hnitiaj wcalth)canv8oryecr:ossstates, J~ot 

surprislng'l.y.generally it is hnJ"los~jblc todisenla::,elc1he cffectsofslmultancou,s chiloges 

iu botll pand a because each llas 'an income eff ('ct . .nnd asu'bstitutlon effect. However. :f tl.!:' 

W.do)' in whjch thesechangesoC:Ci.il' jsrestricted, verystrongres.ults arc:avaHable even 

withoutrestr.ictlons JPon the utHltystr'.uctur.c. SpcdficaHy.suj'pose that any pr.,icecha::1g£' 

or fixed payment change must .leave the produoer' belleroffin the sense that 

UJ 

Result 10; Suppose thechclnge Infl and p i~ rcstJ"lCled to the fOJ'm of Ul. then 
s 

.ByResult 10 jf .onlyonc price chauees, the ;COJ'l~~spondjng s1ale ... conthlgent supply re.SpO:lse 

WlU be posi!Jvelycorrclated with that ,chauge. 

1 flcrellscs!n Pdce .a.nd Paymen.t .Risk. 

So far the resu11sof thissectJonha\e 'been ab.out monotonlcity relatlonsh:jps between 

changes {neither lh~ state-contlngcutpricevt'ct,or or t!;efjxed-pa'Ymentv.ector.Buteqt.a;!~ 

important is :tlle issue ·ofhowuncel'talll productlOll rcsp.ondsto,changcs in1'lsk not associated 

'With :the technology. i.e .•. changcsin ,:either pricerJsK,or fjxed-pl1ymeflt risk. Newbcry and 

',Stiglitz Jlavcstudied the effect of jncrc~seslu :mcltIpllc.ative J'isk (eIther prlceo!'" 
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pf"oductIon) upon the oraanlzation of production. In the p"esent model, an obvIous Way to 

study how increasing the l~iskines5 of the fixed-payments and the $tate-contingent price$; 

affects productIon is to recognize that the !.tatc-contlugent ptices and fixed paym~f\tmay 

themselves be randomjzed. As noted In the discussion of Result 3, this is particularly 

sensible' W~"n n IndexesstatC!I of NatureollJYl'~levaut to prodUction (e.g. weather 

conditjon~). and demand conditions depend upon random factors not indexed by n. FormaUy. 

the producer can then be envisioned as racine in each state of nature ~ conditional (on t.he 

state of nature) price and fixed-paymf!nt distrilmtiom if state I occurs then with 

prouabillty 1/ K > O. the stote-contingent price .is p and the state-contingent fixed 
1J 

payment fsal] (1 • J t' ... 5) {j .. 1.< .•• Kl. (The equal-probability case is consldered to 

cons~rvcon Hotatiorl, Th~ results &enerali~e in 3. ~trai&hlfot'\vard fashion.) Our pr.cvious 
~ 

results represent the special C&~e of' this later schema whcJ'e state-contingent price (ane 

-) 
K 

rtxed f,:dyment) is always fixed at the mean of this distl'Jbutioll. c.g. PI == K [pu' So 

J=1 

long as P1J 1t Plk (simHal'ly for the fixed-payment scheme) for some j and k, the randornizad 

rewards scheme maJorizes the reward schem~ that we have been cons!des'ing. Put !.imply, tLt! 

randomi?ed reward scheme is riskier In the sen!.e of Michael Rothschild and Joseph Stlgiitz 

than the ,one we have been conside:-ing. 

Since the elementary utility function Fey, eex» is concave in y_ a Rothschild-Sti,elit7l 

(R..:S) increase in the riskiness of the randomi~ed reward scheme 1n any state will always 

reduce weJfal'c (also see Res.ult 3.4).:' But til<! quc~tion of the supply response to jncrens~rt 

risk remains unsettled for the present mod,,!!. 

TheSe considerations lead us to consider the mope gene:"" 1 question of what happens whe-II 

a prodUcer racing a randomized J'eward scheme is subject to an R-.S increase in J-Jsk. This 

includes the special case of a shu t ff'om the type of state-contingent teward scheme 

considered previously to a randomized payment !;chcme. Our next result covel'S the case when 
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the state-contingent price is non random llnd the riskiness of the state contingent fixed 
payment is increased. 

Re~ultll; Suppose that each state"coJllingent prIce is not randomIzed and the fixed 

payment scheme Is made riskier in the R-S sense. A pt'oducer with nonlncrcaS'ing absolute l'lsk 

aversion increases expected utility by expnnding each state"contingent output beyond the 

leval optlmaJ under the less risky fixed-payment f.chcme. 

Increasing the rJskiness of the fixed payment .in .each state gives the produceI' with 

nonincreasingabsoJute risk aversion tl.e illcer,th'e at the margin to increase output In all 

states of natura. An C" rict Analogue is Hot avnUable fOJ' the state.-contjngent price VCClo)' 

However, we can establish: 

Result 12: Suppose the stC!te-cont.ngc%Jt fixed payment Is not J'andornized arid the slntc-

contingent payment scheme is ntarle riskier by nn R-S increase in the riskiness of the statt:!-

contingent prices: Jf u' (p z + () }p is convex 1n price. the producer .Increases expected 1 I I 

utHity by expanding each state-cc.nti!lge!:t O'Jtpc.t beyond the level optimal under the lc,,~ 

risky scheme. tf u' CPl2:1 '+ a )P
1 

is conCi}VC ;n price the producer lncreasesexpectcd utility 

by reducIn2 each state .. contmgent outpUt l;t'iow t~,c level optimal under the Jess risky scheme 

It foJ1owseaslly (rom Result 12 that: 

Corollary 12.1:.lf tho prOdJCCI" S coefficient of rc!ativcl risk aversion is constaM ami 

smaller than unity, the producer incrcascseY.\)ec..tct\ utHit)' ~'j rtducing each sta\e tcmt\t\t:,.t\\\. 

output below the le\'el optimnl under the lc~s rh.k)' !.r!,CfT e. 

Results U and. 12gencr'ali2e rcs~lt~ oJ·Suina.lIy due to Ncwbcr'Y and Stlglit% in savel"al 

directions: they Jndieate what happens by mCI~using two sorts of payment rIsk (per' unit nnd 

fixed payment): production uncertainty can ue of (,lny gelleral form and not just miJltJPUCn~h'C' 

tmccrtainty as in Newbery and Stiglitz {tniJJtip1!cath:o production uncel"talllty is equfv~knt 

to price uncertainty); and effort no longer need he ascaJarvariable.Eachof these 

generalizations Is an immediate byproduct of the rH,;het~ formulation of the producer pr'obJcm 

2S 



TO: 262 571893 

used lter'c < 

8. Cc:mclusion 

Tbis paper develops .a representation of prOduction uncer'tainty which is $hnu!.taneously 
more realistic. mote general. and more analytically tractabie than the tradltional 
prc..1uction-function approach. Not only is the 31':1~ronch cOllgl'uent wIth the Arrow .. Ocoreu 
state",contlngent model, but it J5 also congruent wit!. modern axiomatic models of 
nonstochastic technologies (Chambers: Rolf !'ar'eL Varjotls indirect representations of thf:' 
technology (effort-cost function,n"'indircct cx;;.ccted c!illty function,and the p-indir'ect 
expected utHity function) have been derJved ~r.d t!,c:it economic properties analyzed. In caC"h 
instance. the repre;entationsgencra1i~e c)\istin.g models of producer behavior. The powcr or 
the new approach has been illustrated bj' a?p!)'i:~!! it to the additlve!y separable utility 
case. Our results th~re include a duaHty bet WCt.J, the effort-cost function .and the tncih·eet 
expected utility functions and g~!~eN\Jj"atlcJ)!:; c,f the centt'al results .on supply respollse if! 
such mo~els 

The additivel), sepaJ'ab!e utility model only ~el'\<es as a stal'ting point fOI' applications 
of the gqnel'al modeL for' example, 'lheeffort-cost fll:,!ction offers a natural method fClr 
freeing existing moral .. hazard models from their r'elia,cc upon scalar "effort" and .scalar 
output models of production unce!"tainty. And by disentangling the uncertain technoloRY in ~ 
simple but infcrmath'e fashion from the producer"s, l:e1i~fs about the Hkelihoodof V;triOlJs 
states of nature oecul"ing. the model at tlie same time promiscs a way to circumvent s.ome of 
the mot'C analytically difficult pt'oblem!t a!.sociatcd with mor.al-hazard tinalyscs fe.g. the' 
first-order problem} as we}] as offering a natu: HJ WHy t<) model differences In opinion About 
tho state of nature. The model also offers .il dear way to ceneralh:.e exist;1j2 models {If 

insurance markets to situations whert produ('tivn activity takes place both in the pJ'csenc(!" of 
moral hazard and the presence of adverse selection. 
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Appendix: Proof of R.esults 

pll ".." Result .1:Becau~e V (yl is noncrnpty thcJ'~ exists an x such tnatx E Vpa(yl. The effort-c('Jst 
minimization problem can now be restated as 

MIn {g(x) : g(x) ~ g(~) and x E VT1-Cy}). 

ThecontJnuity and monot.onidt.y proper'ties of g hI sure that the new feasible set is both 

closed and bounded. Therefore a minimum exists. To pJ'ove pl'oper't)' 1 first denote 

For y' 2: Y property V.3 implies that 

whCl'e 

ely') :: g(x(y'» 

= c(yJ. 

That e{y) ~ e(O ) now follows trJviaJly . • 
Convexity follows by noting that V.2 :mpUes (t ;> J.l ;> 0) 

J.ndy') ... U - JJ)X(yo)E VPIl(J,t),' of> (t - III yO), 

Thus, 

fle{y') ... {I - J,t)c(yo} = IJg(x(y') + (l .. Il)g(x(yo)) 

2:g{J,ndy') + (1 - ,.dx{yOn 

2: min fcCx) : x E V'IlAC",y' + (I - Il)Yo}) 

== ctllY' -t (1 - p}yOl. 

The fkst inequaHty follows from thL" convexity of g. Convex functions defined over fln open 

set, e.g. y e RS 
.t are continuous (Rockafellar, p. 82). The result Is established. .. 

Result .2: By defInition 
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s 

U(n).~ [ 1'f.t(y,, e(y» 

.... J 

set y. Os to obtain pf'ope:-ty 1. Convuxfty is est.nbHshcd by 

S 

Jl t:rn') ... (1 -1l)U(rro) 1:: Il [ rrl FCy (.rr ' l.dy(n' ))) 
1 l , 

l:"l 

s 

( roo .0 + J - loLl I.. 1f. Hy1(rr ). c(y(n Jl) 

''''J' 
$ 

.. .... 

~ ~ [ n~nY!hrl. c(yhdU 
1 

1::.1 

s 

s 

= L {Jilt; + Cl ~ f.L}1C~)f(Yi(~l. c(y(;)}) 

1::1 

° rOl~ rr OF "m' </> (J - IlhTand 0 < p. <1. The Inequality follows by the optimality of yen') ann 

yhrOl for Tt' and nO, respectiv.ely. Continuity fQllows from con\'exfty because n is an opel) 

:set tRockarellarl. By the definition of y(n} 

s S 

[ rr' F(y (n'). c(y(n'))) i: I fl c(yhrO»), 
I 1 

lt~rb}n )t 

1=1 1:1 

S ~ 

IT fey (n ). L 0 0 
I I 

c(yerln> ~ r n~f(Yl(n/). c(y(n' )).). 

1::1 '.1 
Adolfie these inequalities and rea .... anging e!.tahH$Ohes 4. To cstabUsh .5 suppose the 

.¢(,ltltrar,Y, that is. y ""s y(n) and c{y) < c{yhd}. The strict concavity of f in y. and its 

nonincr~asingncss In c(y) thenimpJy 
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s s 

contradicting the' fact that y(1r) Js; an optimizer. 

Corollary 2.1: In theequaJ probability case y >-y(n) and y >- y(n) are .equivalent if l Y s m ~ 1 

~ LI y1Ctr}. 

Result 3: Except for 3.2. - 3.4. the proof of Result :3 is virtuallY identical to Rc~u1.. 2. 

To prove. 3.2 consIder fncreasing any e)emcJ;;tof ~ f.rcnn a. to a'. If the producerchoosc~ 
I 1 

exactly the sarneset of state-contingent. Oi.lt;>l;.ts as before, expected utility fncreases by the 

strict monotonicity of rO. Hence. the optimal t·c!.J.7onse to changing a cannot lead to a f"Jl 

in expected utility. Rcsu11. 3.3 is provedani:llogously. Tbe followjng chain of inequalities 

proves 3.4: 

S 

-I \' U(pl~a + (l - Il)a') i: S L F{lll a," P?l! .". (l - IlHa; +P1z
t
' L 

1-=1 

C(~z .. 0 - Illz')} 

~ 

F(ll(a .. ',') z} +0 - lI)(a' + p z a') 
, 1 I ,., 1 1 ' 

t~l 

IJ,C(z) .. (J - stlC(z'}) 

s 

h:J 

Ilt*(a" p.7 .C(z») -t (l - SJIF(a', .. P z ' .C(z' }) 
I I tIl 

wherc z = z(p.a) and z'= z(p,a'). The first incqu~Hty follows by 'he definition of U(p,o) 

as the maximum, the second inequality f'olJows by the con\'exlty of C(7} and the fact that FO 

is nonincrcasJng in g. The thIrd ~equaUty follows by tho concavity of F In y and g. Th~ 

last equaUtyIs definitional. Result 3.4(H) is proved similarly. 

Result 4: (U The proof is by contl'adiction. llccaur,e there Is no prIce uncertainty, wjthout 
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105s of generality choose units so t1.o.1. the pf·jce equals one, Suppose the effort-cost 

function is s}'mmetr~lc and choose i and j such that in the optimum the: producer chooses (Zl _ 

zJ> > O. Also suppose .contrary to the result that (n - a ) > O. Reallocating z to thc fth 
1 J J 

state and -\ to the: Jth state. respcctively, causes no chnngc in cost if C(z) Is symme1ric. 

nefinc 

v(z .... a ) = f(z + a. C(z}~. 
J I J t 

v(z .. a) is strictly .increa!;jng and strictly concave. Thus reallocating z and z in this 
J t J 1 

manner allows us to operate in terms of v instead of ... bec.aus.e C(z} is unchanged. This 

reallocation changes the producerJs expected utillty by the amount 

D • S~l{v(z + a } .. v(z ... 8) + v(~+ il
j
) - V(7- + a n. 

J I I 1 1 J J 

The strict concavity of vC ) implies 

(a) o > S·l { v, (z + a Hz - z) + v' (7 ... a )( z .. z )} 
J 1 J I I J I J 

and 

(b) D ) s-J ( v'(z .... a Ha ... a ) + v' (z + a Ha - a n. 
J I. J I J J .1 

8ythe presumptJon t.hat in the opt:::1U::t (z - ~) > 0 {a} requires that 
1 J 

Ce) v' (z +a) - v' (z + il ) < 0 
I J .J I 

otherwise the reallocatIon incrcases the producc."r-.expected utility .contradicting the 

presumption that the original allocation was an opt;mum. By the pl'es'Jmption that (at - il
J
) > 

o. (b) requires that 

(d) Vi (z + a ) - Vi (i! - a ) > 0 
1 J J t 

othcl'wi~e the reallocation Increases tfl.e PI'od~lcel-'sexpected utility. But (d) and Cd at e 

contradictory. This completes the proof or 0), 

The proof of 4(H} is also by contradiction. First. werequh'e a technical lemma 

Lemma: If C(z) Js symmetr-ic. a ... Pt'>-m a .. pz(p.a). and z )om z(p,a). theu C(z) :: C(z(p.aH. 

Proof: Jr C(z) .is symmetric then Result 1.2 implies C(z) is Schur-convex (Marshall and 

O.lklnl. Hence, 1fz )-om zep,a) then C(z) ~ c{zep, all. aut if a + pz >-m a ... pz{p.a). Result 
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3.7 implies c{z) .~ C(z(p.&) establishing the lemma. 

To proceed wIth the proof now suppose that 81 <aJ but tnatat the optimum YJ > YI_ In 

st~te i the producerpr'oduceszl- Yl ... al d.ud in !=ttate j the producerproduceszJ :;: YJ - ttl' 

Now consider the alternative production vector giv.en by 7.,- YJ - aland 7.J WI YI - aJ• This 

new production vector (resp. return vcCtOl' )is .maJol~ized by the optimalproductfon vector 

(resp. optimal r~turn vector), Hence, the Lemma implics that jt is equally costly totbe 

optimal. But the strict concavity of FO in y irnpHC!s ex.pected utility is higber with the 

new ,'ector than theoptim~l vcctor ,Yielding a contradiction. 

Result 5: To prove U) we f1r~t show that If? < p it c;annrJt be true thBt z :: Z • 
j I I j 

Suppose- to the contrary that p < p. and 7-2 in theopt.lmum. A shift to.z - <> and z .. 
J J 1 J J l 

<5 I'CSUlts in i1lnew schedule that is m<1jorizcd t>,Y the old schedule. Because c(z) is S-couv~.x 

tsec the proof of the Lemma}, co~t~ cannot inc:"rca~e for the new sc1v::dule. If costsrcmaill 

the same with the new schedule!, the chonge in tLc objective function is given by 

6 [p.F {a + pz. C{z)) - PJt (<1 ... P z. C(zHl 
f1 11 1 JJ 

which fs positive for 6 > O. If tJt.P < 1, Thus. thh. reallocation must result in astt'ictly 

greaterexpcctcd utility (reme!mber cost ca:-mot i:1cre-ase) contradicting the oPtjm~Hty of the 

original allocation. A similar as'gument estab1i~he~ that z can nevcr be strictly greater 
j 

tr.an ',' This establishes (n. 
'! 0 prove Ui) suppose to the eontt'Cu"y ~ hnt p . .: p but that Y

J 
> yin the optimum. 

Jl 1 

The:e always exists at; > Osuch that the r'C:'i.t::.w" vector that results by substituting 

v1 
;t:; y - pc end yf _ Y + pc wtlcre the ot'.iginal pr.oductlon vector rnajorizes the m~w 

.. J j J 1 I 

production vector. Because C(z) is S.,..ccnvcx. ~14e new pr.oduction vector is less costly, Rut. 

~\fen if costs were to rcma!n the ~nme with tLc new production vector instead or decrease, th~ 

new revenue vectorsecond-prd~r stochastically dominates Hie orlginalprodl.!ctJon \'ector and 

henc;e will be preferred to the origin3J by aJ1 "lsk 8\1erters again cQntradicting the 

optlmality of the original vector. 
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RtBult 6: Theorem 3.A.4 in Albert Mal·shall ane Ine,·amOlkln yields the following conditions 

for en arbltr'ary continuouslydifferentiauJe funct:on 41: 1 -+ R to be S-concave: (D rJ> .is 

descendIng order). Assuming C(z) is symmetric. it follows immediately that in thc.abscnce of 

Pf'ice uncertainty U(p.a) is symmetric in .a and if! the absence of we.alth oncertainty U(p,aJ js 

symmetric in p. Hence. we only nu: ,'tovcI'iry that OJ) above holds under the conditions 

stilted in the result. For' "/.Jep.a} continuously cEffe:-entiable. the. envelope theorem in the 

absence of price uncertainty implies 

SimiJady. the envelope theorem in 1.h~ cas~ of a. car'lain fixed payment yields 

Rcarraaging the 8i and the Pi iii dcscc:ndlug or'def as required gives the result after making 

usc of Result 4 (n and (II). 

Result 7. Propertiesl. 3. 4. and 7 are all Ilf'O~.:ed analogously to methods used in Result 2. 

separate p:"oofs are not provided Consider y~ ?; y. Dy the fact tJJ8\ u Is 1I01~decrea!i!ng in 

s 

1I (y) u(y) - t:fn(yH 
1 t 

:S £ 1(l{Y) U(Y~} .. l:(nCy» 

11"1 

s 

:: [ nily'} U(Y~) - Uh'rlyl J) 

1:=1 

• 
;;; C (y') 

which establishes .2. By derInltion 
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s 

c· (yi) 2'; L n
t 
(yO) U(Y~) - Uhr(yO» 

1=1 

Subtracting the definitIon of c· (yo) from the above ylelds 

s s 

tCy') - c· (yo) ~ .\n (yo) u(y') _ \tt (yo)u(yo). 
L 1 ·1 L I ·1 

)=1 J.:.J 

If y' the rjght hand side of this cxprcs~jon is positive thusestabllshingS. 

s 

c(y(.rr»·2: [ lr
t 
u{y.{nJ} - U{;) 

1=1 

for' all n E iT. Thus, c(y(n» is an uppel' bound for' 

s 

L ;.U(Ythrll - U(;) 

1=1 

oves' fI E n. Because 

cCy6dJ .1: [ rr U(yhIJ) - U{n) 
1 1 

1 ... , 

the upper bound is .an achievable least upper' bound overn c; n. where 

s 

c(yhd) :: ~ax r;,Ub)n) - 0(;) 

nEIl 1=1 

• . = c (yen»). 

ResultS: If there are .no effort economIes of scope 

c(z) = r :<' (70 ) LI 1 

1=1 

By the presumptions of the result a re()f'derinn of 0. Q' ,. { U1, .... IS]} •. exists .such lilat. 

[i] .2'; fJ] hnpJics Xl~J(2) ~x(~/?) for all Z E tR., Also suppose that .in the optimumzU1 !: 

? for.some Ii) 2'; Ul. The producer·s first-order conditions l'cquh"c 
(JJ 
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S·lu/ (arll + PItJ2fU) - X'~1(2IlJ) == S"lu/(aW + PUl:?l)}) -~I~tZ{Jl) 
~l 

~ s u' (aIUofPW Zm) ~ ~f~J(Z(U). 

TIle .Inequality follows by the concavity of u and theconvcxlty of .A: and the presumption that 

ZUl~ 'ZUf Hence, 

5"'lU' (8m +Pu}Zm' - Xl~l(Z(JJ) 2: S-Ju , (aut P'J1ZH1) - XI~J{zm)' 
where the la.stincqt:ality follows by the dcfidtlr.n ofn~. The fact thatuO is strictly 

concave then requires that 8UJ • p(Uzlll:S sOt" ::>fJl zof 

Resu.lt 9: Result 9 follows directly by .app:yh~e 3.6 to thIs :Utility structure. 

Result 10; Apply 3.6 to estabHsh that 

~ 

r u(a
o 

• pOzo ... p' (Zl - zo)) - U{ilo ... pOzo + pOl (Z'.I -ZOt» ~ O. L. 1 1'11 1111 

The cxpr.ession jn the result mus,t be larger' than the left-hand side here by thestJ'lct 

concavity of uO.The result lsdemonstt'aterl. 

Result 11: For the inccntfvt" schemc where the f.at'mer receh'es the fixed paymental in s!..a~~ 

L the farmer·s optimum, 2 . .is chal'acterized by 

-1 ~ . • 
Su I (p '2 ... a lp-= C (" ) 

.. 1 J 1 1 

i .. 1.2 ..... S. An R-S increase in risk for' the fixed pd.yrnent .schcdcle canbc repre~~.nted by 

t];eaddition of a random var'.iable c1 to at Sl.iC!: that [(cd at) = 0 (j :; 1. 2 •....• 5). 

If t11C producer exhibits nonincreasing absoluleI'isk a .. ·t:r·sion u' () Is a conV.ex funct.ion. 

Hence. .jt follows immediately thcs1 

-1'" '1" 
S ECu.I(P1ZJ + a.,+ Cl)P1 .fl: S U

/
{P?l "'a

1 
)p

J 

H = 1 ..... 5) wher.e Ec denotes the expcctatio:l ever £1" For each state of nilturc expected 

marginal utility under the riskier rewill-d !Iocl.nnf" exceeds ma:-giual effol·t C.05t at z thus 

establishIng the rcsult. 

Result 12:;01" the incentive scheme whcJ~e the farmer J'cceJv~sa determinIst:,,: paymentP
l 

in 

state i. thefarrner's .optimum, 7. is cha1"acted7ed by 
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1 # , • 

SWU/(p,z ... a )p= C lz} 
1 i t.l 1 

j_ 1~2"H'S.. A R..:S Jncrease'n rlskcan be f'eju',escnted by the intJ'oductionofanotilel' 

random lIarlablec1 ,such that E(ct! Pi)::: O. Now proceed exactly as ,in Result .11 to c~tab1ish 

the result ,under the conditions stated. 

,35 



FROM!u.CF MD. AREC DEPT. 262 571893 MAR: 5 • .1992 4:20PM ::1712 p.36 

Footnotes 

1. The .resultlng choice set is very restricted. Jack Meyer (1987) shows that the choice set 

in the standard firm problem (Sandr'lo; Fect:!r) mny be regarded asa line in mean .. standard 

devlatJonspace. TIlis result .is ge:neraliz!d by Michael Ormiston and John Quigeln (l991). 

2. H~rc it is assumed that .0 Indexes all possibl~ SO~lrccs of uncertainty including both 

product ion and payment uncertaint.y. This assumption i~ relaxf:!d in sections 6&.nd i b~l.ow 

3 By contrast. since producers mi.1Y \'ary U;cir om 1mt across states, the effects of 

diffcl'ences 1n prices between states Is ambiguous. That the producer may prefer some price 

\'~riation across states Is well dccumeuted :rvtn the pdce instability literat~lre {Newbcry 

Stiglitz}. Result 3.4 (ii) yields a !.ufficierlt condition fOJ' the producer 1.0 prefer a fixed 

price p to a state-contingent pl'iceveetol- with menn p. 
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