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AGRICULTURAL ECONOMICS RESEARCH 	 Vol. 21, No. 1, JANUARY 1969 • 	
An Empirical Comparison of Simulation and 

Recursive Linear Programming 

Firm Growth Models 
By David A. Lins 

INCREASING EMPHASIS is being given to the 
analysis of the dynamics of firm growth. This has 

resulted from a general dissatisfaction with static equi-
librium models in explaining the movement from one 
equilibrium position to another. Empirical studies 
involving the dynamics of firm growth have generally 
proceeded along two lines, differing primarily in the 
econometric technique employed, i.e., linear program-
ming or simulation. 

Linear programming has been employed in both 
recursive and multiperiod studies of firm growth. Day 
(1)I  has defined recursive linear programming as "opti-
mizing over a limited time horizon on the basis of 
knowledge gained from past experience." This is to say 
that the linear programming model is optimized for a 

Ilrgle time period, updated based on the solution, and 
ptimized again for each succeeding time period. 

Heidhues (2) has used this technique to analyze growth 
of farm firms in northern Germany. Dynamic or 
multiperiod linear programming may be defined as the 
linking through transfer vectors of single period decision 
models into a single matrix which may be solved 
simultaneously for all time periods. Johnson (.) and 
Martin (Z) have conducted firm growth studies using this 
technique. 

Simulation has been described as the use of models 
for the study of the dynamics of existing or hypothe-
sized systems. The decision process or strategy of 
operation is formulated by the programmer; the simula-
tion model merely calculates the results of the decision 
rules specified. Hutton (a) has stated that simulation 
models are nonoptimizing; that is, they do not guarantee 
an optimal solution. Frequently a simulation model 
which can handle multiple goals and indivisible inputs is 
desired. Patrick (8) has developed a simulation model to 
study the impact of management ability and capital 
structure on farm firm growth. 

1 Underscored numbers in parentheses refer to items in the 
Literature Cited, p. 12. 

Difference in Simulation and 
Linear Programming 

At least three basic differences are inherent in the use 
of simulation compared with linear programming. For 
one, linear programming requires an assumption of 
complete divisibility of all inputs whereas simulation 
does not.2  Frequently an assumption of complete 
divisibility does not reflect reality for purchased inputs, 
especially land and buildings. Second, the simplex 
method used in linear programming generates a "mathe-
matically optimal" solution. Third, the simultaneous 
solution of the LP matrix is in essence an assumption of 
perfect knowledge; for one time period in recursive 
linear programming, and for all time periods in multi-
period programming. Simulation models, however, 
typically provide a sequential rather than a simul-
taneous solution and, therefore, do not guarantee a 
"mathematically optimal" solution. Likewise, a se-
quential decision process does not imply perfect knowl-
edge. 

Research workers conducting empirical studies of 
firm growth need to decide when to use linear program-
ming and when simulation may be more appropriate. 
Irwin (4) has suggested that simulation is appropriate 
when the decision process involves (1) multiple goals, (2) 
indivisibilities, and (3) sequential suboptimizing deci-
sions. However, little emphasis has been given to 
empirical comparisons of the two techniques. What are 
the magnitudes of the differences in solution values 
when simulation and linear programming are applied to 
the same set of data? If differences arise, are they 
significant? Is the optimal expansion strategy indicated 
by linear programming identical to the best strategy as 
determined by simulation? 

2  Linear programming models which use an integer program 
do not require an assumption of complete divisibility. However, 
little use has been made of this type of model. 
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Comparison of Land Investment Models 

A simulation model and a recursive linear program-
ming model, both constructed to analyze long-term land 
investment strategies on Midwest cash-grain farms, offer 
a unique opportunity to explore the above questions (6). 
Details of the models are not discussed here. Identical 
costs, prices, interest rates, debt limits, etc., were used in 
both models. Both models represent 1-year planning 
periods. Evidence to show that solution values are not 
significantly affected by numerical differences in the 
models is given later. 

The recursive LP and simulation models were used to 
test six alternative land investment strategies, which may 
be summarized as follows: 

1. Fixed land investment 
2. Conventional mortgage contract; no refinancing of 

equity capital allowed 
3. Conventional mortgage contract; refinancing of 

equity capital is allowed 
4. Cash rent or conventional mortgage contract 
5. Land contract 
6. Cash rent only 
Strategy 1: Table 1 presents the outcome of strategy 

1 for both the recursive LP and the simulation model. 
Strategy 1 represents a nonexpansionary land investment 
policy which allows for prepayment of land debt and for 
investment in nonfarm assets when land debt is reduced 
to zero. No further purchases of land will be made since 
the goal is 100 percent equity of owned resources. Since 

no indivisibilities exist, differences in the two solutions 
can be attributed to a simultaneous solution compare 
with a sequential solution, or to numerical differences 
the models. Notice in table 1 that interest expense in 
year 1 is $164 lower for the LP solution. This resulted 
because of the simultaneous solution of the LP model 
which prepaid land debt at the start of the year on the 
basis of perfect knowledge of income for that year. In 
contrast, the simulation model generated the income, 
and then prepaid land debt at the end of the year. The 
differences in net operating income, net taxable income, 
net worth, and consumption are a direct result of 
interest expense which in turn is the result of the 
difference between a simultaneous versus a sequential 
decision process. Numerical differences in the models are 
negligible .3  

The linear programming solution indicates a cumula-
tive net worth of $189,901 for strategy 1 after 10 years 
of growth. The simulation solution indicates a cumula-
tive net worth of $188,535 after 10 years. The relative 
difference between the two solutions is of minor 
importance. The implication is that if all indivisibilities 

3  By subtracting the $164 difference in interest expense from 
the net operating income in the LP solution a value of $10,748 is 
determined. Compare this with $10,742 net operating income 
for the simulation solution. Thus, the difference between the 
two solutions is explainable with the exception of a smal 
rounding error. Differences in net worth, net taxable incom 
and consumption can be traced directly to the difference in ne 
operating income. 

Table 1.-Growth of net worth, net operating income, and consumption on a specified base 
farm, simulation and recursive linear programming solutions, strategy 1a  

Consump-
tion 

Recursive linear programming solution 

Year Net 
Worth 

Net 
operating 

income 

Interest 
expense 

Dollars 

1 	  84,580 10,912 2,816 
2 	  94,018 11,472 2,523 
3 	  103,975 12,052 2,210 
4 	  114,474 12,668 1,875 
5 	  125,518 13,305 1,520 
6 	  137,133 13,978 1,143 
7 	  149,337 14,670 743 
8 	  162,159 15,403 319 
9 	  175,685 16,254 0 

10 	  189,901 17,091 0 

Simulation solution 

Net 
worth 

Net 
operating 

income 

Interest 
expense 

Net 
taxable 

income 

Consump-
tion 

Dollars 	 

84,460 10,742 2,980 6,139 4,074 
93,785 11,304 2,698 6,674 4,130 

103,625 11,883 2,403 7,225 4,188 
114,006 12,495 2,080 7,809 4,249 
124,938 13,133 1,735 8,418 4,313 
136,437 13,799 1,368 9,055 4,380 
148,525 14,493 978 9,719 4,449 
161,225 15,216 563 10,411 4,522 
174,561 15,968 124 11,133 4,597 
188,535 16,718 0 11,851 4,672 

Net 
taxable 
income 

a The objective function maximized in the recursive linear programming solution is the annual increase in net worth, subject to 
consumption and debt limit restraints. Strategy 1 represents a nonexpansionary land investment strategy which allows for prepayment 
of land debt and investment in nonfarm assets when land debt is reduced to zero. 
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Recursive linear 
programming 

solution 
Net 

worth 

Acres 	Dollars 

185 	84,580 
222 	95,304 
239 	107,222 
254 	120,353 
269 	134,971 
283 	150,436 
299 	167,274 
316 	186,355 
334 	206,716 
353 	228,893 

Year 

	

1 	 

	

2 	 

	

3 	 

	

4 	 

	

5 	 

	

6 	 

	

7 	 

	

8 	 

	

9 	 

	

10 	 

Simulation solutions 

Minimum purchase 40 acres Minimum purchase 80 acres Minimum purchase 160 acres 

Acres 
owned 

Net 
worth 

Acren 
owned 

Net 
worth 

Acres 
owned 

Net 
worth 

Acres Dollars Acres Dollars Acres Dollars 

185 84,460 185 84,460 185 84,460 
225 95,171 185 93,773 185 93,773 
225 106,489 185 103,589 185 103,589 
225 118,458 185 113,931 185 113,931 
225 131,062 185 124,810 185 124,810 
265 145,913 265 139,475 185 136,238 
265 161,520 265 154,845 185 148,237 
265 177,931 265 171,048 185 160,828 
305 196,838 265 188,022 185 174,033 
305 216,653 265 205,808 185 187,875 

can be removed, the choice between recursive 12 and 

Oliulation depends upon whether the researcher desires 
simultaneous or sequential decision process, and upon 

which process can be most easily implemented. In any 
event the difference between the outcomes is not likely 
to be great in such a situation. 

Strategies 2 through 6: Strategies 2 through 6 
represent alternative methods of expansion of crop 
acres, through purchase or renting or both. These 
strategies have one common feature-they all allow for 
the acquisition of land, a "lumpy" input. Only strategy 
2 is discussed in detail with the realization that many of 
the comparisons made between the recursive LP and 
simulation models will hold for all strategies. 

Table 2 presents the results of strategy 2 for both 
models of analysis. Strategy 2 represents an alternative 
for expansion of land acreage through a conventional 
mortgage contract with no refinancing of equity capital 
allowed. This represents a very restricted source of real 
estate credit. Units of purchase of 40, 80, and 160 acres 
are computed for the simulation solution. This repre-
sents an increasingly indivisible land input. The recursive 
LP model assumes purchases of any size are possible. 
Both models provide a nonfarm investment alternative 
for surplus cash. This alternative is used by the simula-
tion model to accumulate assets in anticipation of future 

iourchases of land. 
The recursive LP solution indicates 353 crop acres 

owned with a net worth of 228,893 after 10 years. The 
simulation solutions indicate substantially lower acreage  

and net worth at all size levels tested. As the indivisi-
bility of the land input increases, the acres owned and 
net worth decline substantially. However, the decline in 
net worth as indivisibility increases is closely related to 
the rate of return on nonfarm assets. If one assumes that 
an equal return could be achieved on nonfarm assets, 
and on investment in the farm firm, then the indivisi-
bility factor is of minor importance. 

The accumulated net worth after 10 years is over 
$41,000 higher for the recursive LP solution than for the 
simulation solution at size 160. Land purchases in the 
cash-grain area of the Midwest average close to 160 
acres.4  Therefore, the "optimal" solution generated by 
the recursive LP model may be unrealistically high. 

The outcome of the simulation solutions could have 
been roughly estimated by a close inspection of the 
growth pattern of land acreage in the recursive LP 
solution. Acres purchased in the recursive LP solution 
ranged from a high of 37 acres in year 2 to a low of 15 
acres in years 3 and 4. Since these acreages are 
substantially less than those tested in the simulation 
model, one would expect less net worth in the simula-
tion solutions.' 

4Farm Real Estate Market Developments, Econ. Res. Serv., 
U.S. Dept. Agr., p. 16, April 1968. 

5This assumes nonfarm assets are less profitable than farm 
investments. When the spread between returns on nonfarm assets 
and farm investments is known, a rough approximation of the 
simulation outcome can be made on the basis of LP results. 

Table 2.-Growth of net worth and acres owned, simulation and recursive linear 
programming solutions, strategy 2a 

a  The objective function maximized in the recursive linear programming solution is the annual increase in net worth, subject to 
consumption and debt limit restraints. Strategy 2 represents an alternative for expansion of crop acres through a conventional mortage 
contract with no refinancing of equity capital allowed. 
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Figure 1 

In general, the results of strategies 3 through 6 were 
comparable to strategy 2. In all cases the recursive LP 
model indicated substantially higher accumulated net 
worth than the simulation solutions. In all strategies net 
worth declined as the degree of indivisibility was 
increased. In strategies where an assumed maximum 
acreage was achieved, it was reached from 2 to 5 years 
sooner in the recursive LP solution. 

Annual Increase in Net Worth 

Figure 1 presents a diagram of the annual increase in 
net worth for each of the six land investment strategies. 

With minor exceptions, the recursive LP solution 
achieved an increase in net worth equal to or exceed") 
that of the simulation solutions. 

For strategy 1, the difference in annual increases in 
net worth is negligible for the two models. Size of 
purchase is irrelevant since purchases of land are not 
allowed in either model. Accumulated net worth after 
10 years is only slightly higher for the recursive LP 
solution. 

For strategies 2 through 6 the annual increase in net 
worth declines as the degree of indivisibility is increased. 
The variability of annual increases in net worth becomes 
more pronounced as the degree of indivisibility is 

• 

• 
10 



4t
increased. Exceptions to this occur in strategies 2 and 5 

sizes 160 and 320 respectively. In these cases the 
nual increase is linear since land expansion was not 

achieved. 

Comparisons Between "Optimal" Strategies 

An important concern is whether the optimal strategy 
suggested by recursive LP is the strategy which yields the 
best solution in simulation. Table 3 summarizes the 
outcome of each strategy for the recursive LP solution 
and for four simulation solutions. Each solution is 
ranked on the basis of accumulated net worth after 10 
years. 

On the basis of net worth in the recursive LP 
solution, strategy 5 ranks highest, followed by strategies 
3, 4, 6, 2, and 1 respectively. This is exactly the same 
ranking that occurs for the simulation solution at size 
40. At size 80, the simulation solution indicates strategy 
3 is ranked fourth, a drop from the ranking of second at 
size 40. Strategies 4 and 6 each moved up one position 
to second and third respectively. This implies that 
indivisible land inputs are more restrictive to purchasing 
through a conventional mortgage contract than to cash 
renting . 

At size 160 the simulation solution indicates that 

mrategy 5 ranks highest in accumulated new worth. 
rategy 5 has the same rank in the LP solution and in 

simulation solutions at sizes 40 and 80. Strategies 6 and 
4 rank second and third respectively, but are practically 
equal. 

At size 320 the highest accumulated net worth is 
achieved by strategy 6, followed closely by strategy 4. 
Notice that strategy 5, considered the "optimal" 
strategy for the recursive LP model, is tied with 
strategies 2 and 3 for being the poorest strategy in the 
simulation solution at size 320. 

Conclusions and Implications 

Simulation and recursive linear programming have 
two inherent differences: sequential versus simultaneous 
solutions, and divisible versus indivisible inputs. An 
understanding of the relative importance of these differ-
ences is essential in evaluating the outcome of the 
particular model constructed. 

Strategy 1 provided an opportunity to measure a 
simultaneous versus a sequential decision process. For 
this analysis the difference between the two solution 
values was of minor importance. The magnitude of the 
difference is, however, a function of the type of decision 
process set up and is likely to vary from study to study. 
The important point here is that the difference does 
exist and that some attempt should be made to measure 
it. 

Strategies 2 through 6 offer alternative land invest-
ment policies. These strategies provided an opportunity 
to compare the results of a model which assumes 
complete divisibility of the land input with one that 
accounts for "lumpy" land inputs. In all cases the 
recursive LP model generated a substantially higher net 
worth than the corresponding simulation model. Only a 

Table 3.—Relative ranking of land investment strategies on the basis of accumulated net worth, recursive 

linear programming and simulation solutions 

Strategy 

Recursive linear 
programming 

solution 
Simulation solutions 

Net 
worth 

Rank 

Minimum purchase 
40 acres 

Minimum purchase 
80 acres 

Minimum purchase 
160 acres 

Minimum purchase 
320 acres 

Net 
worth 

Rank Net 
worth 

Rank Net 
worth 

Rank Net 
worth 

Rank 

Dollars Dollars 	 Dollars 	 Dollars 	 Dollars 

1 (fixed land investment) 	. . • 189,901 	6 188,535 	6 	188,535 	6 	188,535 	5 	188,535 	3 
2 (conventional mortgage 

contract, no refinancing) . • 228,893 	5 216,653 	5 	205,808 	5 	187,875 	6 	187,875 	4 
3 (conventional mortgage 

contract, refinancing 
allowed) 	  263,576 	2 245,720 	2 	218,809 	4 	211,417 	4 	187,875 	4 

4 (conventional mortgage 
contract or cash rent) . . . 	 251,018 	3 231,390 	3 	227,547 	2 	215,456 	3 	197,496 	2 

5 (land contract) 	 267,242 	1 258,080 	1 	251,615 	1 	223,323 	1 	187,875 	4 
6 (renting only) 	  233,497 	4 224,001 	4 	223,288 	3 	215,568 	2 	197,518 	1 

11 



small part of the difference can be attributed to a 
sequential versus a simultaneous decision process. 

Although the results of the recursive LP model may 
be unachievably high, there is no great misconception 
unless the "optimal" strategy changes as indivisibilities 
are considered. For this analysis, the optimal strategy 
suggested by the LP model did not agree with the best 
strategy of the simulation solution at the 320-acre size. 
Implications are that under certain circumstances the 
linear programming solution can give a "false" optimum, 
i.e., an assumption of divisible inputs may lead to the 
wrong conclusion, if in fact inputs are indivisible. 

Research workers conducting firm growth studies 
need to give careful consideration to the implications of 
choosing a linear programming model over a simulation 
model or vice versa. Evidence was given to show that a 
"mathematically optimal" solution generated by the 
linear programming model was in fact not a "logical 
optimum" if indivisibility of land was placed at 320 
acres. Clearly, an evaluation of alternative methods of 
analysis is needed in discussing the results of a particular 
econometric model. 
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