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DYNAMICDECISION$ UNDER .RISK: 

AppIcaUon.o' Ito ItcchuUOControllftAgriouttln 

The.1t of~UlI. tbe anohlrlltia •• ~ SomstI~trM:t.iUtym.tbe.tu.~at 
rcalUm. RaeJrQm i. flt~u'umt~rtoeco~N4 pral C(O~ 1m'e',lthCk4 
favorable bu,.. •. by atQ:plfa, dM: --fS'dOM lnd ••• , * ~Ul~l powet'ot'k)~o4&UJC __ fC'Jl. 
Appe~t COllalRS a ~of$iG U'tlfItl1re. ~~oftlliianldc arc '0 tl4i1tUUMtmJ4lte 
'Jlcmurc·oalso coatm,lftlO I: JIO","" if.maafl<l2).pt 110 _.tnlI0adyuafc ttteofJot 
.If~ll ... hl d!edlto. ,adetrisk. 

!A IgkulU.nI e<:OcwMkl. ~I .tu4la of dyalmk~io. ~rf4 .M\'Cbee. ~.ptrIQI <_ 
AppeMi11).lt(t ,"lel.de COItm' b •. 1001 for cnMn'Ud,tIl.u.o'JKotyIO almpJe ... · .. _plrkaJ 
fClul'" All aaatoIYmJptbc ",oopsbul a.taltOlwlt __ t·rUk. Applka\_Ut_lw;4"'~­
.ime by mi~UQ1 PfOpm.wI, or~ PfOITI •• la, ttull~ thcoJy is _ .. Uy<lcvdope4 ia 
COItiftUO.lime usialopUmalconunL WiltA·rt4t a,pna.,~ ••• bc$Oh'ed hld~" ff. b7~ 
prolllmmi'll but thclkor.ywillab'acld ... ,.bc~'1()~k)p fa coS\Uauous ,_ •• ,ltccoatml. 
A more ~It b\lll$ tflttable anl'O\ldl co lNoly ""epla dlR'CtJyOYCr .... MltlOa deMU., ~ 
aad differea,lata the fnlepb iO ftfld opUaIIi'J COI.4itio.·~Blwac 4"1 all. Ito ~tJOl.pWIeI 
t'k$.~k:'tNautOt}f .te~l.u ~op'i_lbyt:OMlttoM .,asl~tle~l ... , .... 
~(.'d. tatlUJy to be muffftbaS om' t",~,o mulUplcud torrdan:<J··dtb. '~o~UOI iJ~t 
in tiuma:, .~raJ ccoaomksu4111QW "*lQrtc «oaomb b«aue UUIe ccc:momk rca!q "*'.~ 
fOt a 'at~ pta 1. au1)1iQl power. 

In ebb aJ'tido lite __ pUOMl)ehltKIlto 'locWtle pr~ arcapWue4aad st.odlu.ccablU$IH 
OpUI\Ul.\ coauolmctbodl are praeftled. 1kn a ~Ifs dcvek)pc4 ~a4Ipts,l~coltrolto U\e 
i.~.meru. mukettA", prodUdioRand JJ.ouscfM)!d Cll,MUIQptto.~. ofa riR..mncfatmet.No 
sinBle model CIa (Q'YCf' the ,fDA)' topkswiUUa l.bo'ubjectof.~lturll <kdsloes·-* rWt.Bul", 
modt,l$wiU 'Uvo tl\c basit$tl'UCtulO 4criv¢tA tad m.trated·here. Otber taeardM:rfCl1\~kt OIlhii 
£UlIeturt, adapt It to tltel, own mode" lid cIertvo lheorelkai ,aula dfdt romplaaelt wtr _ptrkd 
l'(.'3ull5. 

State varbbk$, SOMCU.ftl($ aIlle4 q_l"fiJ;e4 fKlors,4bdapbh a ~k mo4cl·froIn allaUcolC. StI\t 
" .. rtables Q1Urot a4j"'l iUiAlltalCOU$ly. IC.I;'PYlriabSc faaon. but they do cuap. aUke ftud(adOtL 
WealCh Ii at $tltevariablc common to all furaen. Ie dtaap O"IU llmcwflli else reteatiOaolcamblp ffOlQ 
net ll(Omc. Othef ltate VI.riahlc:s may mdude .ft~n~ of.KhIAetY ud Ilvt$todt. s~OCb of.fOU 
fnolsture lad soU fenUiay. water tibia. mJKnls or pflees. 

A fannef ma_ dtdIlo~.' tho bc;aal.nloJ ach l1bctetcl_ "teML AdcdJiolk tit. If Z ,tate 
uriable dlaftJU u~edty Ot«."e the dedskm is·m3de. nus the cUl'.\lC lea tbe $lIteVlriablc 1$ 
d,C5(ribcd by latoclwde dUfercQQ'! equation.. 

Sf'''5, -1(t.8t.Ct.E,)(" .. t). 

S is a Itlte variable; c. • a vector of.conuul WfiabJa; ~ is. vector ~UC ~ of dimclWons aXl; t 
aDd l' areeum,,' IUldfulurc:· tirnea;.acs ,-t b IbelePJlb of ead\ tlIMlateM!. TbreclUumptioas tonvert 
tbe differcl\Ce equ:.tioninto an .uo1liffClCfitIJI equatwa. 

Assumpti<m I: MarI«w Proptny. TM eun'Cacltltelummari7.a aU rekvant informalioft. The pr0b3bUity 
ofmlki:ll. transl\wQ <:onditloned upon put lnd P''*''t SUlCI or 1M ')'Stem or ... t al\4p«:scnl 
stodutst.lc'Mau equablbe probabfUty of IUkiP, a lranslUea C:OHitioDCd upGo just tbe tunent stale. 
The past.ad the future arc $tltisliadly iiKkpendeat. 



A.numptiofs 2: ContiMous Time. The difference. eqUlUoa .IPFoximated by a dlffcrcallaJ t:qUltkllllln 
matiADOus time. 

Asmmptimt 3: Rapid Evenu. S(ocbstl~ events occur -... Pwt'. For aamp1c. weatherl~ prk:es can be 
dlfJkul110 predk:l from one puwinl 1QIOl'l to tbe DCXI.' 

'I'hae tbree auumpllou bave scvcrallmplkatknu. Tbe Markov property and CO'rllmUOUS time toptbcr 
imply that tile .pproximatinl ditrereatill equatloa is UaearlR ... stodmatii; procca (Horstbemkc and 
Le(ever. p. 97; Arnold. Chpt 9). 

S,. . St - (I (t.s.~Ct) + a (t$t.cdfcil,.-t) + o(, .. t). 
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The expected chan. In the state per wait of time II &. no studanhlt1l1atioa, a, is.a vedorrun,~kJD of 
d!~loft IXD. It can be a functioa of Ole amtrot 9t\ 'Clte\'\l.dAbJaor II Q1l be kt~lic u. 
function ot time. Special aw::.s 1ndu4c I<:abwl ftItwa. aad muiUpUcaIM aad additive risb (Manget. p. 
33. AnlOId. p .. 205; Ftaninl and RShe •• p.I35~ Kel'ldridt. a.,... S'ac4 6). ~ orckf fUactlo •• 0\, .. 1). Is a 
remalnderwbkh IOCS to zero wter lUD time Interval., .. t .pp~ dl tnlhe limit of coat!nuous Ifmc. 

Contin!lOU! ttae II Illmpkuwumptioa ia a dettrmltUstk model. By tile fun4ameillll dIcorem of 
calculus, a differ(;.'ace equation collvcrl=' fa the lln!it to II Ynique dlfIercntlal equua.. 'J'ben) Is only one 
calculus (or deterministic equations. But tbe limit of a ,toct.tic dlffetenoc equatloafs Mlunique. IIlhe 
s~ocbut6c cllfferellCe ~rJatlon is evaluated AlfM midpoint of~ time int~1 it collVerp to a 
SIRtonovidl clltfercnt~J equation (Woaaan::l Zakal). lUt tsC'IIJuate4at tke beal.nuJs of~b time 
',ncM), it corwcrp to an bo cliffcteutbl equUoa (Mar •• ). TMl dlffercnt J'~iCcak:uU result 
from the two approximations (SetIU ad ~ Honlkmke aDdLefCYef. p.l01; Sell.". 93). The 
StratoftO'Vidt c:alallus bas ttic same rub a OrdilUfY cala\lus (SU'ltDlKWk:b). UafonlA'ltdy lllcMa,ktv 
property is destroyed. Tllc Slate of tile $)'$leMa' the bealnma, of. tlme inteml doa ftOt nmuuri1.c aU 
tbe Infomutic:a ~ for .pproximatlnl at tbemk!pomL n.e lto calculus hal C:UlfertDtrula of 
intepation aDd dift'erecliatkla1 but it preserves lbe Markov property by .pproximal!"llt lbe beJinnio, of 
eadllimefatCMI (110, 1944, 19S1a.1931b). 

The $.lodwtlc prOCAtSiCS mUll be i4..,lkaUyu4 iAdepeDdeaUydlsuibuted al .eadapointia time. If 
atocha»tlc prote.UCI were act tDdepea4elt but ."tocorrd&ted. plSt events would COt\tlfDktforI:'QtCon JK)t 
summarbed by tile c:ummt ltateand me Markov pmpenywouW be vio1Ited. For naPS M." tbe 611t 
twO momeGts become lufftdezll statistics (Pdler. p. 335; AmoJ4. pp. 39 and 156; MalUarls ail4Brock..p. 
99; HOl1themkc nd Lefever. p. 72). TIac ant. second aDd Ililber aotaeIltl of tlee dwI~ Ilibes.atc 
variable arc 

B{S,-Sc I s.-s.} - &(t,SltCt)I'''~J + 0(,·1); 

(1) E{IS,"Sc)21 St-s,) - a(t.St.tt)Qa'(t.StA)(, .. t) + ot,-t); 

B{{S,..s.)2ffI I StOlJ$t} - 0(,-1). 

n is the contemporaneous correlation matm 31ld uCla'is thecovaria.-e; CI isa posiliYe parall.lC1er and 
expcdt'.Uoasare colldilioRedon I bows QIf1'eot $todt.lt~ M,.t approaches dtiR t~ lim.lt. lhe onJcr 
terms vardsh. tbefiJ'5tmomeol bf,(ol'le$ tbedrift term, 6'dt. the second moment becomea tbe diffusion 
term,c,1)a'4t. lad klpcr moments JO to zero, rcprdlea of the undei1ying probability dbtribution. 

Finally, the ordirwysIocbudc PI'OCaI, (. must be replKe4 by WlUt.el101sc, ( (Hof$tbemke an4Lclcvcr, 
p. 59). ne ordiury stochastic proc:eu bas a finite variaACe wbkb prevails over each 4iscretcrtime 
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tntem!. ~ lime jl divided into shoner and shoner intervals in tbe passase to continuous time, this finite: 
variance would be parceUed out and tbe variance in each sbon interval would &0 to zero. Forthe 
diffefential equaUon to remainstochut£c, the vamru:e m1lSt increuc to Infinity as time becomes 
continuous. An infinite variance. an expected value of zero and no autooo~lation is a de&aiption of 
white noise'. 

{
a 1(1'-1) JOC$ to .. as r-t goes to dt; 

Eht(',.} == 
oror ,,"'.t. 

To see how white noise replaces an ordinary stochastic process in Ute passage to continuous time, 
consider a special kind of state variable. Z, which has a drift of zero, a standard devhUfon of "nit)' and a 
nortrultly distributed stochastic Frocess. 

Zr - Zc =: etl,.-t] + o(,.-t). 

By equation (1), the first moment is o(,.-t) and the second moment is o{,.-t] + 0{1'-t). Thus, ef must 
equal a I [,. .. tJ anCi the change in Z (.'Onvergcs in distribution to white noise as time becomes continuous. 

(2) dZ - (dt. 

Z is ca!led Brownian motion Of a Weiner process. Its differential over time is normaUy-distributed white 
noise. 

Finally, an Ito differential equation is defined by taking tbe limit of tbe difference equation for state 
variable S as ,.·t becomes dt and ordinary stochastic process, e t becomes white noise, lit then replacing 
white noise over time by the differential oUhe Weiner process'. 

(3) dS = 6 (t,S"Ct)dt + a (t,Shc,)dZ 

The Ito differential equation retains the essential character of the original difference equation. Time is 
asymmetric. Decisions are made at the beginning of each infinitely-shon time interval based on 
information summarized by the current stat~ The state variable is not differentiable with respect to time 
in the ordinary sense. It evolves stochastically and is differenUable only by stochastic calculus. 

Ito Stochastic Calculus Ind Control 

Like ordinary calculus, Ito stochastic calculus includes integration anti dllTerentialion. Integration is 
useful (Arnold, Chpts 1 and 8) but differentiation is essential. Let variable X be a function oCbotb time 
and the stochastic state variable. or X == f(t,S), and take the Taylor expansion. 

x, • Xl = ft[,-t) + fs[S,.-Sa] + ~lflt[,. .. t]2 + 2ftS[,,-t](S,-StJ + fss[s,..StJ2J 

+ 0([" .. 1)3) + 0([S,.-8413). 

%Wbite nolae can baWl different probabiliry diltribuUona indudln, normal and Poi.uQn (Gcl'raml and Vi~nk1n). Normal 
distribqllonl reault in Weiner procaacs arid Poiuon distributions nsult in Poislon proceue$ and model rapicllnd nrc evcnll, 
I'CSpectlVely. 

lRare evcutJ could be indudedbyaddinJ the term adP when: t1 is a standanl devil,lon and dP is tbe differential of. Pol$&Ol1 proc:cA 
(MenoD. 1971; MaIliaria and BroCk, p. lZlj Maned. p. 22). 



frt 1$, fit, ItS and f'ss are partial derivatives and the tefm$ 0([. )3) arc onter functlonJ whicb c:on\<-er&e to 
nonzero constants. 
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Ito's lemma (leo, 1951a, 1951b) simp1ll1a the Taylor expansion. UkcdUferentiation byominarycalculus, 
only flrst-order terms mlLSt be retained in the ~Ie to c:.oniin~us time. Terms with r, .. tI2and (,..-,](S,... 
St) are or seoond onte: and vanish in the Umit. However, the &e4.'Ond ~ment, ts,..-$a]1. i$actua'~ of first 
oroer in ,..·t acamUna to equatfoa (1). The Urn't of the Taylor ~Q ls the $tOC!tutic differential 
equation for X which. with the aid of equation (3), can be wrlttea in either of two fOrms.. 

dX =: 'tdt + fsdS + WssdS2 
(4) 

• (ft + f56(t,8.<:) + ~(~C)Dcl(l;SJc:)JdC + fst1(tAe)4Z. 

Three simple rulC$ oonvert tbe secon(l moment of the state variable, d$l, inuHhc dlfi\J!ion term, aQa'dt. 

(5) dt2 - 0; dtdZ #a 0; dZdZ'. oat 
WJben differential equation (3) is squared, aU lenna with 4t2 Ie: 10 zero, incJudin, dCc!Z wlieJa equais (elI2• 
Although dZdZ' equals ((tdt2, it is flot zero because f t' equall n I cit 

The trademark of an Ito derivative is the diffmion for S inserted uno the drift CQr X. 1-or example. if X -
f(t,S) were concave, variance laS would beexpccted to @~ X. 'I1Uitt.l4emaf~ rcsul .. 'fom tlle 
Markov property in whichexpectatlool arc forme4lt tit() bq!nm31 ot each s~lJ t(mc;llltervaJ. Examples 
of Ito differentiation ClIl be fouQd in Kamiea and Schwanz (Chpt21) .ad Ma~ and B~ (P~. 89 .n4 
220). Appendix 2 contains. the diflcmltiatiOn fonnula forwhen Sis avedOr ofstatc equations. 

Uke determini.4itic optimal control. Ito control mmm~ an o\)jective fundioluu~Jecl to di(ferentlal 
equalions for the $tate variable1. ne objec:tlve (unction of 8 firmer wJw wilJtes to muim~ze bfs cxpcCfcd 
utility a 

(6) 

Maximization is ~bject to the :Jlod\utic evolution of the alate ~bt~ ia eqqtioa(3). n" fanner" 
control and state variablCt are ~ audS; his direct utility ful\Ctiopi are U Ind V; his indi~ utiliI)' after 
optimization is J; JUs rau: of time pnkrente is Pt· In4 his pbtnninl horboR is T. Itl. typiql mo4el. tlte 
tanner would maximize the expetted utili" of cunent t(nuumptmn Qdterminal wcallhbutmlnynlher 
control and state variab~ Me pouiblc. 

Either dynamic proll1umntng or a stodUu!tfc l'lUI1i$um priadp~ can optimize equatb_ (4) (ManiJds ,ad 
Brock. pp. 108. 112 and US). DynamJc proarammin, Is marc comma. and:opdmallty amditfo11$ are 
derived from the Ito version afthe s.mUlou-Jacobi·Bellmm (fDB) eqUltio~ 

(1) 0 - Jt + ~. {e-PtU(S,C) + Js6(t,$.c:l + \iJssa(t;S,c)Otr'(~)h 

J .. J8 and J§ are partial4erivatives aad the R1B eqUlUO~ •• ' partial dUferentlllt.qUJliaa In t •• 4 a n 
bascndCOndlUoAJ(T,Srr)-c-PTV(Sr)' ~~a.lft~UlOb\lunuimiz1:4i1I~ft1ic 
""ailuy equivalall denominated in_till. Its ftl'it ~rm'. C'UlWllt dlrec& "tills,; its ~H te111lifthe 
dylaam'C:Q'Jft @f anexpcctcdcb~F ia the "l~ 114 its !binf term' II ~dyaanW: JUkp~fu •• 

Bcc:ause t~HlB ~uatlQll is d~rived by Ito f.lUt=ntilUoa itCDltaiDs tlu;c:ovuia~ of'~$ ... c~riabJc 
i1,illrisk premium.. Thf$Iiws,f1O c:oruJOlatt tbe·pPWCrof~va~ a~ wiU)oultkrcstrictlvc 
IIIO$pd01l$.. 1'beonJywumplio."'1uire4 ucrapid~nalaty _tbeMarkov WOpertY In· 
c:ontinuoUilime.. The firsttwo momc:Ilts beco~suft1cieD.ntati$tiQ a~ tbeutilhy fQnaiona Qll ~ ot.qy 



{onn, allowing aU types of risk prefercnte$. TIle setOnd partl~ldcrivaliye,Jss.is zero or nep,Uveror' 
risk .. neutral or a risk-averse farmer and dlangC$ endogenously wUb tlletevel of thesUlce. 

Control variables. C, arc chosen by differentiating the WB equation. 

(8) 0 = e-P1Uc: + Js6c + JssuQq'c. 

Uc: is marginal direct utility, Ie: bthe partiAll derivativeofthe cxpeete4 CbJlnge amI aQa'(l1$ one-h.Utbc 
parth.l dcrivaCive of the covariance where q' e: is an nx! vectPf or.,.nb1l dcrivativC$QI the $Utn~rd 
deviation V«tor. To make his dec1si(Uh a farmer compares dlscoun.~rnarginal \ltility '0 'h~ nt_ratnal 
dynamJc costs of an expected Ch;lOJ(\ in tnc state and a marginalrlskprcJDi.\lm. 
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Another optimality C()ndition desaibes tile sbadowpricc. or cos~tc, Js. Just as the statc variable chanp 
stoctuutlcally over tim~ so docs the r.(l$tate, Its differentialcqu~lion fs presented in Appe1l4fx 2-

A Model for Agriculture 

A fanner races many riSks from productlou, (rom prices and (rom investlnents. NO$lpglcmQ4e' cal\ 
include them all. But weI)' model must oonsider .ne farmel's bQttom line. rlsky income which makes the 
uccumulation of wealth stochastic. A risk-averse farmer may wisb to mwmize his ·eqlCCte4~'ility subJett 
&0 his stochastic cbange in wealth. 

(9) J(Wo) II: Mat E{ f: e-PlU{q)dt + -:-PTy(WT) f Wo=woh 
q,c 

subject to: 

(10) dW II: (6\O'W + t(61" 6w)PiAi,. tpilj(A,C) + 11' - pqq]dt + tpiAiO'idZi. tpjSj(4\C)4Z; + dft'. 

U and V arc direct utility of consumption and terminal wealth; J i$ indirect utility of wealth; q is 
oonsumption at price pqi c Is a vCC!..ar of production decisions to be defined i~ later CXt4l1lplC$; p is tbe 
rarmer~i ra-ce of time preference; W is wealth whj~ can be inVC$ted off.farm at thedsk-fiee rate 6w;Ai is 
the inventory of an agricultural asset valued at price Pi and expecte4 to fCCCivepremil4m 6.,,6., above the 
risk-free rate; Ii is the ph)'Sical rate of desradatJon ot an invcnloay; '" is the rCVCllue fromproductipn 
above variable costs. or gross margin; 0'1 and Si are ~tandarddeviations ohetufQs to assets and of pb}'$ical 
degradation; chI, and dZt are Weiner processes; andd,.. is UlC stochastic cbangein the &ross marlin. 

The stochastic change in wealth, equatlon(lO). is derived in Appendix 3. It is a general cqutJllOn wbf~h 
must be specialized for a particular topiC in risk. Investment in financialassets wlUUcat ,beteon (6t-
6w)p.At as real capital gains. Investment in depredating assets such. as machfnerymaytreat this same 
term as fIXed costs. Neg.cative Ii is a rate of depreciation and 6w is tbe rate of interC$t on lnves.ment. The 
term PiA~u;dZi is risk from capilal gains or depredation. Investment in degradable~ts, sucbas soil 
which erodes and livestock which dies, will treat the term Pill as a user~t or qUl$i·f1X~ cost. The 
amount of tbe asset used, gi. will cost Pi to replace. Degradation is riskybecaU$C of Ule teJll1p~i42:i. Most 
importantly. however. gross margin,1f. and its stochastic change. dft. musl be specified. Gl'OS$margin 
could include many combinations ofstocbasdc yields and prices. A few oomblnalions are U!ustralte4 In the 
following examples. 

Example I: Farmland Investment 

The capitalization approacb to (armlan4 val~lion has &:en investigated by many authors includ.ng Burt, 
Alston, and Featberstone and Baker. Using Ito control. this 2pproach can be generaUzed to include risk 
and risk pre(eren~. 



As$ume the fanner's only IS$et is lI:nd. L, valued at price Poe lAd expected to appreciate at raneeS J. 
M$ume the land does not degrade physically. Also USllDlC tbe JfO'$ Illlulta is nonstocbasUc .nd ~~ 
the &r06S margin per hectare times the number ofheaart1 of.land. 
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Y is yield per bectareas a function ofvanable i9put x; py and Px arc pnces for 'yield and tbe variable Utput. 
With these assumptions, the change in wealth, equation (10), becomes 

dW::: {6wW + (6.f" 6w)p.fL + (pyY. Pl~)L· pqqJdt + PJw.fdzl' 

Optimal farmland investment will be derived from the Hamilton.Jatobl·)kUnUlD (HJB) equaUon (7). 
The state variable denoted by S in tbe HJB equation correspondl to ~th. The QlutrolvectOf. c.. 
contains the variable input and hectares ofland. The drift term. 6dt, is tbe rUit moment, E{dW}.and the 
diffusion term, C1Oo'dt, equals tbe second moment, E{dWZ}. 

6dl= 16wW ... (6.1. - 6w)p lL + (Py Y .. »x'l)L. pqqldt; 

"Oo'dt ::: &2dt2 + 2&PlLoldtdzl + {P1Lo,e)2dzi 

::: (p 1l.o .t>2dt. 

According co tbe rules in (5), dz i is a first-order lermequal toume increment cll. B \It 41% and dtdz J are 
second-order terms which vanish in the limit of wntinuous time. 

From equation (8), the optimality condition for land equals Jw time5 the derivative of drift plus Jww 
times one-half tbe derivative of dilTusion. 

o == Jw(6 R •• 6w)p R + po,. y . PIX] + JwwL(p 1U .e>2. 

This can be solved for the demand for farmland. 

The numerator is the groiS margin per hectare minus the oppununity cost of investment after ~e4 
capital gains. The denominator L the variance of land prices weigbted by t~e farmer's coefficient 01 
absolute risk aversion, -Jww I Jw. A risk-averse (armer bas neptive Jww and invests in farmlnnd if the 
gross margin exceeds the expected opp-0rlunity cost The greater his risk aversion the lower a rarmer's 
demand for land. 

Furtber insight comes from solving (or tbe price of farmland. 

To calculate the maximum price he would be willing to bid •• rislc .. nC\ltral farmer dividc& the gross margin 
by the real Plte of interest after expected a.pftal pins. An up.ring farmer who OOcin't yet own rarml~nd 
has no risk exposure. He may be risk averse but would initially bid Ii though he w,ererisk neutral. Iu he 
accumulal.~ farmland his risk exposure increases and he lowef$ his bid. If the gross margin were risky he 
would be even more conservative. 



This stochastic price equation implies that farmers who are very averse to r1sk migbt be willing to 
purchase snme land but farmers who are less averse wiU purchase more. In addition to economies-of­
scate, degrees of risk aversaon may influence farm size. 

Example 2: Fonvard Selling 

7 

Many authors have investigated fOlWard selling through forward contracts or futures markets. KahI. Bond 
ea al., Thompson and Bond, and Robison and Barry (Chpt 10) used mean-variance analysis to determine 
the optimal proportion of yields to hedge. Using Stein's theorem, Grant extended the results to an 
expected utility model with bivariate, normally distributed risks. Using Ito control, the results can be 
extended even further to a dynamic expected utility model with multiple sources of correlated risks. 

Assume the farmer has a fIXed land area which does not appreciate in value. All his financial Investmenu 
are risk~free. The gross margin, however, is now stochastic and bas a term fOI hedging income. 

Jf = py Y(x) - Pxx • (pc - pelF. 

The farmer hedges quantity F by either a forward or futures contract and receives cont;,&tt priCe p~ With 
a forward contract he must deliver at harvest time or, equivalently, sell all his yield and purchase eoougb 
at future price pc to make the promised delivery. With a futures contract, he purchases an ofCscUlng 
contract before the oliginal contract matures. Future price. pc. equals spot price, 17. for a rorwar4 
contract. The future price should converge to the spot price for a futures contract but may be Subject to .. 
different stochastic influence leading to basis risk. Because of spot and futures price risks, the gross 
margin has an Ito derivative as defined by equatlor. (A4) in Appendix 2. 

dJf = dpy Y • dpcF. 

In the finance literature. it is typical to assume price expectations that are log-normal. In o'herwords. a 
farmer expects prio;i to be nonnegative and their percentage change to be normally distributed. 

dpylpy = (6'1 + oyfy)4t = 6ydt + oydZy; 

dpr/pf = (Be + Offddt ::: Jldt + otUzt. 

Expected rates of change, 6'1 and Of are forecast witb errors 0'1''1 and Utf!, where the o's are standard 
deviations and the E '5 aTe normally distributed white noise. By equation (2), Edt is the change In a Weiner 
process, dz. The Weiner processes for the spot and futures prices may be highly correlated, 

Alter substituting in the gross margin, its Ito derivative and price expectations. the change in wealth. 
equation (10). becomes 

dW I: (6wW + PY(1 + 6y)Y - ~". (pt{l + 6e) - PelF - pqqldt + FyYoydz,-pcFo((iZ(. 

As in the previous e>:.1mple, the drift term, 6dt, is the expected change in wealth. In this example, 
howeveft there are two sources of risk and the diffusion term, oQc'dt, L!'\ the product of matrices. 

aOa'dl = [py Y ")It -ptFod [dZy] [d~; dzt] [py. :y oy] 
dZ{ -PCFOf 

= (Py Y Oy; ·pcFerfJ r 1 wyt] [Py Yay] dt. 
l"'Yf 1 "ptFerr 



Using the rules in (5). lhe product of Weiner increments, d¥zt, equal$ Wyttlt where Wyf is 'he correlation 
mefficicnt. 

Optimality condition (8) is applied ~y dirrerendatinl drilt with respect to F .nd multiplying by Jw. 'fo 
this is added the derivative of (I' premu1tipU"d by JwwoQ. 

0== ·Jw(pr(l + 6t) .. pc) + Jww(F(pcor)2 .. YpyPlayaCWyf). 

The demand (or futures is found by solving for F. 
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The first term on the rigbt .. band side t\ the demand for futures as a hedge. The scq)nd term is speculative 
demand. Suppose the futurc:s contract is for a completely different commodity than the one produced and 
the spot and futures prices are uncorrelate4. A rislhl"i\!rse farmer may still speculate if ;hc contract price 
exceeds the expected futures price. 11le more risk..averse a farmer the less will be bis speculative ~~mand. 
Positively correlated spot and (utmes prices increase the demand forfulures as a hedge. Prices may never 
be perfectly c:orrelated because of buls risk and the farmer will hedge only a parlion of Ids yletd. A 
forward contract, however. is a spedal CISC in which spot and futures prices are Identical. Price risk is 
eliminated. The farmer hedges all ~is yield and uses contrrct price pc to calculate the marginal value 
product in m~ldng his production decisions. If yields were stochastic, the decisions ot a dsk-averse farmer 
would be more complex and be might not hedge all of his yield. 

Example 3: Production from Nutrient Stocks 

Typically, studies of production under risk consider only variable inputs. This is true for $tudJC$ of 
fenitizer applications, as an example (Rosecrant Iud Roumwet; SriRamannnam et at.). Most nutrients. 
however, are quasi .. flXed stocks wbich Qrryover from onc year to the next (Lanzer arad Paris). The ral(: of 
canyover is stochastic, depending upon rainfall. Yields are a stochastic function of thC51~ nutrient stocks 
and othc;r variables beyond the farmers control sucb as soil moisture, temperature and pest attacks. Thus 
the gross margin is stochastic b«au.sc of yield. 

'R := py Y{N.x) .. Pxx; 

d7l' == pydY. 

Yield has many stochastic infilJences and evolves according to a complex differential equation, But the 
drift and deviation terms of this equation can be summarized as functions of nutrient stocks, N. 

elY 111: 6y(N)dt of uy(N)dZy. 

'The change In yields is linear in the stochastic process. This imparts tbe same desirable propenles 
postulated by Just and Pope (1978, 1979) for stochastic yields in a sUltic model. 

The assumptions about nutrient degradation, gross margins and yield transform tbe change in wealth. 
equation (10), into 

dWa (6wW -} (On - 6w)PnN .. Png(N) + py(Y(N.x) <- 6v(N» .. J>aX· pqqJdl 

+ PnN{~!CldzQ - pnSN'lZN + pytIv(N)dZy. 
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The drift term now contains investment and degradation costs for nutrients. Expectations mu:n be (c;med 
about the price of nutrients. the degradalion of nutrients and about yield. Degradation and yield both 
depend on the we~1ther and may be highly colTclated in the diff\lSlon lerm. 

The derivatives of drift and diffmion are substituted into equation (8) to find the optimalitl! condition for 
nutrients which is then rearranged. 

(13) Py(aY/oN + aoylaN) = pn(6w + ag;aN - on) 

+ N{-Jww I JW)(Pnun)2 + (-Jww I JW]{(Pyay)2 - PI1I¥NUywNy)(auy/aN) lay. 

The farmer compares the expected marginal-value product on the leCt-hancJ sicJe to the marginal 
in'vestment cost and marginal risk premiums on the dght-hand side. The marginal inv~,ment cost 
depends on an effective rate of rc!um on investment. This rate equals the interest rate plus the marginal 
rate of degrada!ion minus the expected rate of change in the nutrient price. An easily leached nutrient 
such a\ nitrogen i!;. almost a variable input because the marginal rate of degradation is nearly one. A 
slow'; eached nutrient is almosa a fiXed cost because the marginal rate of degradation is nearly zero. If he 
cxpecl , its price to increase, the farmer will apply more nutrient to cany into the future. 

A risk-neutral farmer sets the marginal risk premiums to zero but his decisions may appear to be risk 
averse (Just). Stochastic nutrients modify the expected marginal value product through the term Oy. 
With no risk, the farmer would expect the marginal value product to be PyaY/aN. But with risky nutrients 
the expected marginal value product may increase jf a & y/8N is positive. The farmer would demand more. 
A risk·averse farmer wilJ behave the same as a risk-neutral farmer if fertilizer prices are certain and the 
nutrient neither increases nor decreases yield risk. He will demand less than a risk-neutral farmer ffthe 
nutrient price is risky and he will demand more if the nutrient decreases yield risk with (8uy/CJN)iay 
negative. Nutrient availability ana yields may have a negative covariance in the marginal risk premium. 
Unexpected rainfall may cause r3pid degradation and lower yields. Costs would ~ unexpectedly high and 
returns unexpectedly low, increasing the varian.:c of ldcome and the incentive of i!i risk-averse farmer to 
apply extra nutrients. 

Example 4: Household Demand 

In Example 1. the farmer chose whether to invest his wealth at a risk·free rate or buy farmland. But there 
1,\ a third choice, consume rather than i west. n'le farmer equates the discounted marginal ulUity of 
consumption with the marginal utility of wealth multiplied by th·l: price of the consumption good. 

e-p'aU/aq ::: JWPq' 

Using equation (A9) from Appendix 2, it can be shown that the farmer expects the marginal utility of 
wealth to decline at the risk·free rdte of interest Of, in other words, to be constant in real terms. Suppose 
the farmer's marginal utility of wealth is constant and his rate of time preference equals the rate of 
interest. Then. perhaps, demand could be estimated as if it were static. 

A more rigourous but less flt."Xible approach would estimaie a closed·form demand r.quation. A closed­
form equation can be integrated analytically to find indirect utility. Merton (1971) proved that a closed· 
form is linear if and only if the direct utility function belongs to the hyperbolic absolute risk aversion 
(HARA) class of functions. This class includes mBny popular utility functions such as the Stone-Geary 
function. 
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To find closed·form demand, first U is differentiated and substituted into the optimality condition. l'h~n 
the optimality is solved for q. 

q ;: (pqePlJ\ / ap), I(Q·!) + 'Y' 

Next, q and the demand for land, L, from Equation (11) are substituted into the HJB equation which is 
simplified. 

The ooefficient m is the gross margin per hectare of land above interest on investment, standardized for 
risk. 

The HJB equation is a partial differential equation in wealth and time. Assuming ~ zero utility of 
terminal wealth, Merton (1973b) integrated to find indirect utility. 

Rat~ r is the farmer's rate of time preference above a risk-adjusted interest rate. 

r = P • a(cSw + Vlm2 / (1-0)). 

Finally indirect utility, J, is differentiated with respect to wealth and substituted into the optimality 
condition for q to get a dynamic linear-cxpcnditure equation. 

This dynamic demand equation differs from its static counterparts in having wealth as an argument 
instead of income and depending explicitly on the farmer's time horizon. rate of lime preference, rate of 
INerest and exposure to risk. Because demand is a closed·form solution, movements in commodity 
prt~·es or reductions in risk translate exactly into the change in utUity. There is no need to calculate 
chaht~,es in consumer's surplus as a proxy. Finally, morc genera' utility functions including utility of 
terminal wealth, more sources of risk and multiple commodities are possible in a dynamic linear­
expenditure system. 

Conclusions 

In agricultural economics, most studies of dynamic decisions under risk are empirical. Fewer studies are 
theoretical, perhaps because the models arc difficult to analyze. Ito stochastic control is an ideal tool Cor 
theoretital analysis. The crucial assumptions arc the Markov property and continuous time. The Markov 
property is na:ural for economic models because decisions are made althe beginning of each time 
interval. The limit of continuous lime is no moce restrictive than in deterministic models. With these and 
an added assumption of rapid stochastic events, the first and second moments of a stochastic process 
become sufficient statistics. Ito control has the power of mean-variance analysiS without objectionable 
assumptions about probability distributions or utility {unctions. 

110 Slochamc Control/or Agkutrurc 
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Appendix 1: Synopsis of the W.Fltur. 

110 stochastIc procc.ues arc the f(lUooaUon of t'n()ft modem matKmllb Ulc.ralure Oil .1odwlic canuot. 
Mathematics texts arc usually l.nacteaibk to ec;onombts.ElcepdoMlfC Arnold. HOflthemte and 
Lefever. Flemlnland Rbhel, Schuu, Karlin and Tlylor and Petltr (1.968.1911). In tbc~lOmlC$ 
literature. Ito proc.csses were Orst used to "u4y finance. Famous eumpleiarc Black arul Sdtota option 
prietn, formula amJ Menon', (1971, 19731) ponrouo rules;M apital4lJ$¢t prfdnl modeL Merton 
(197S) was amonlthe firs, to usc Ito connol in the 5&Udy of powth theal)' under ,.Ie and wu followed by 
others, incimlh.,t Olanl. Pindy('k (1980,1981. 1984). in particular, fntroduc:cd Ito wntJo' inlatbe ltItural 
raoun:es liV'lIldrc. Pindyck (1982.) also introduced Ito conlrolinto tbe adjustment conUterature and 
WI! followed by Abellnd by Stefaoou. Review ankles by Smith .(1976, 1984) and Mam~ris five an 
overvicwof Ito control in finance. Anderson and Sucfntn review tbe literature for marine economics. 
Cbow reviews the lit~ralurc for finance and natural rcwurC'C$. The book by Malliarisand Brock ban in .. 
deplh survey of stochastic canno) in finanr.e and general ea:snomic:s. The bOOk by Manlcl c::onlaiM 
original work in natural rcsource5. And the book by Merton (1990) 5ummari1.C5lbework nf pioneeD In 
finanCt\ 

In flSrlcultural C('.Onomia, dynamicdedsions under riSk have bcenstudied byvarious mClhu!1S. Bun CIa!., 
Taytorand Burtf Zacbarias and Grube and McOuddn et at either $Olvedstoclwtic dynamk 
programmAn, problems In discrete lime or approximated the solutions. KJlrp and Popc$Olved a stochastic 
dynamic programmin& problem by Unear proarammlng. Tayklr andTarpa~ applk4 cenairny-equivalcncc 
rules. Karp as wcll as Dixon and Howitt solved Unear-qua4ratlc"Jluuhln control pw"'lems. So-QlUcd 
dual OJ adaptive control in whicb estimates of lbe mo4clare updated as deeL,iolU are nut.1ewas 
inlroduced into tbe alria.altural economics litera lure byRausscr an4 applied by Taylor and C'hIvu and by 
Zavalela et II .. Antle and Hatchett estimated a sequential dcdsionpt'OCC$S. And the. ,book by Kennedy 
applies dynamic programming t() ;sgriculturaland natural resource e«lnoml~. 

Appendix 2: Victor DIH,rMUation and Control 

ho differentiation and control with a vector ofslatc variable.,arc no different In Interpretation but much 
more detailed. 
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Vector Di/fll1tl1liafitm. l.t:t tbe oimenslons of S be mxl.6 be mxl t a be mxnand dZ be llX I. The~or 
formula corresponding to equation (4) differentialea the ~Iar X with lC$pect 10 the vector S, where X -
f(I.S). 

(A4) 
In CD m m 

-= If, + f ISl(S). + Yaf f. fslSj(DOu t )O)4t +f fSl(adZ)I. 
1-1 r-l~l r-l 

Sj is the ith element arthe S vector and Csi Ind fSiSj are flrst and second panial derivatives offwitb respect 
to elements of tbe S vector. The notadon (6)1 denotes the ilk element of the 6 vector, (~t)UdenQtea 
the lJrh element of the mxm covariance matrix; and (adZ)i denotes the jU, element of the mxl !locbulle 
vector. 

Ve('lor Contr()l. The Hamilton-Jacobi .. Bellman equation for a vector of sUlte variables c:orrcsponds to 
equation (7). 

(A7) 

JSi and JSiSj are partial derivatives of J with respect to elemcnts of the S vector. 

Optimality tonditiol\$ wben there is a vector of state variables are no, widely available in the Uteraune. 
The proof is tedious but U can be shown that the optimality condition for the controls is 

m m m m 
(AS) 0 a e-rrUc + E JSI(Sc}i + r (1. JSISj(UO)jl; ••• ;}: JSiSj(UO)jn](atc:)l. 

t-l r.l faJ j-l 

Uc: is the partial derivative of 1,ltility with respect to control, .,; and (6 e)i is the partial derivaUve of the itlt 
element of S. The term in square brackets is a lxn veaorwriuen out explicitly. Thenataliom (oO)jIIOd 
(Un)jn denote the j lit and the jnth elements of thc mxn aD matrix. (0' c:)i 1$ the partial derivative of tbe ilb 
column of tbe nxm matrix. a', 

nle marginal utility of a state is the shadow price or costate variable. Qlstates can be important In 
analyzing a tbeory. particularly wben there is a vector of states and, hen~. a vector of.costatc variables. tt 
can be shown tbat tbe Ito differential equation for costa It' dJSk, corresponding to state Skt k -= I., •. ,m, is 

(A9) 

USk. 6s" and aSk are derivatives wilh respect to Sk. 

Setting m equal to one in equations (A7). (AS) and (A9) gives tbe scalar case discussed in equations (1) 
and (8). 

Appendix 3: Stochaltic Wealth 

A farmer will have inventories of risl:)' assecs, At, valued at prices, Pi, and, perbaps, a risk·frec bona. B. 
valued at Pw. Uabilities are negative assets. A famu.~r·s wealCh is the value of 1SSCl$ and liabiUtlC$ 
summed. 

w -= tpiAi + PwB. 

Wealth U st~hastfc bcaluse assets and prices are. Decisions are made at time t and the outcomes are 
revealed at time t+dt. Ito difftrentiate wealtb using equation (A4) (n Appendix 2. 
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dW = tdPiAt + dPwB + ~(Pi + dpl)dAt + [Pw + dPw]dB. 

The first two terms are capital gains on beginning inventories. 111e JISt two terms are additions to 
inventories valued at ending prices. At the beginning of each time period. tbe farmer forms expectations 
about ending prices. It is typical in the finance literature to assume price expectations are IQ,-normaUy 
distributed. 

6 denotes an expected rate of appreciation or depreciation, a is the standard deviation of the forecast, ( Is 
normally distributed white noise and dz is a Weiner process. Price expectations may becorreJated across 
risky ISSCts. Given these expectations, the farmer chooses a ppftrolio. Once the Ai's are known. B is 
determined by the wealth constraint. 

B = (W - tpiAt]/Pw' 

In addition to appreciating or depreciating in value, inventories may be a~uired or be degraded. 

Acquisitions are ai. The rate of degradation, !.I. is predicted with error Sieh where $ is a standard deviation, 
e is while noise and dZ is a Weiner process. Stochastic degradation may be correlated across inventoriel 
but assume there is no correlation with prices. By definition, acquisitions of risky assets and purcbl$C$ of 
risk-free bonds must be financed from production income abovevariablc costs, ~ned JfOS$ marlin ••• 
after consumption expenditures. Pqq, have been subtracted. The portion, w. ofwealt'bat<:umulated (rom 
the gross margin above consumption expenditures is a stochzutic integral over time. 

w(t.n) =- fo (1l''' pqq)ds. 

Ito differeni!ite this contribution to wealth using equation (4) and equate the result to th~ value of risky 
asset acquisitions plus rlsk·free bond purchases. 

tlPi + dpJ}aidt + (Pw + dPw1dB == ndt + dft' .. pqqdt. 

Finally. substitute price expectations. the wealth constraint for risk·free bonds, inventoO' expectations and 
the financing of assets and bonds into the change in wealth. 

dW.: (5wW + t(6 i " 6w)piAi· tpi8i(A,C) + 11'. pqq)dt + ~Oidli" tpiSi(A.c)dZt + dft'. 

This is Equation (10). Mwmizing ~t~ utility SUbject to lbis sinate equation is equivalent 10 
maximiljng expectcdutility subjca lornuitiple equations forweaUll.assctsand prices. In a model with 
multiple equations. tbe asset and prite equations areas givcnprevioQSlyand the wea1th equation would 
be 



Vcrifyina thlat the two models ,weihe sarneanswcr rO<l\lI"" .,.ticncc. vector control te,chn~UC$ from 
Appcndix2 and tbeidentitles,JAi. Jw[8W/8At). Jwpi1ndJpi - Jw(8WI8pJ) == JwJ:\i. 
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