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The Calculation of Research Benefits with Linear and
'Non-linear Specifications of Demand and Supply Func-
tions

Introduction

'Nlar,ket models have been used extensively for measuring the level and the distribution of
benefits from R&D-induced supply shifts. In those models the supply and demand schedules
were assumed to be either linear or non-linear with constant elasticity (NLCE), and the
R&D-induced supply shifts were assumed to be either parallel or non-parallel (convergent
or pivotal shifts). Comy'arisoxts of research benefits oceurring with linear parallel and linear
non-parallel shifts in supply were provided by Lindner and Jarrett (1978), Rose (1980), Wise
and Fell (1980), and Norton et al (1981). Comparisons of research benefits for linear and
non-linear spevifications of the demand and supply curves have not been provided. The main
aim in this paper is to provide such comparisons,

Both the linear and the NLCE frame works have frequently been used in empirical work
on evaluation of research benefits. The NLCE pivotal supply shift framework, for instance,
Las been adopted by Peterson (1967), Ayer and Schuh (1972), Akino and Hayami (1975),
Flores-Moya et al. (1978), Nagy and Furtan (1978), Wise (1981) and Zentner and Peterson
(1984). The linear pivotal supply shift framework can be found for instance in Lindner
and Jarrett (1978), Rose (1980), Mclean (1982), Wise (1984) and Norton et al. (1987).
Comparison of research benefits for linear and NLOE frameworks provides an understanding

of the differences in results caused by model specification. This understanding is important



in choosing between frameworks for estimating economic benefits from research, and in
interpreting results. The key point is that if a particular model specification is a better
description of reality, thenuse of the alternative model specification can cause overestimation
(or underestimation) of returns to research.

Comparison of economic benefits from research with linear and NLCE supply curves
requires specification of the type of supply shift resulting from research. This is not a
straightforward task. The problem is that there is no NLCE counterpart for some specifi-
cations of shifts in linear supply curves. The best example of this is the parallel shift in a
linear supply curve, a specification used by several researchers (e.g. Rose, 1980; Edwards
and Freebairn, 1984). Researchers using NLCE supply curves, on the other hand, appear
not to have used parallel shifts in supply due to research. This may be due to an absence of
analytical techniques for accurately specifying a parallel shift of the NLCE supply curve and
the function of the new supply curve since a NLCE supply curve normally passes through
the origin.

Since our aim is to compare estimated research benefits with linear and NLCE supply
curves, it is important to set the analysis up so that other factors affecting the size of
research benefits, including the nature of the supply shift, are identical for the linear and
NLCE supply curves. In order to do this, the approach we have taken is to confine the
comparison to estimates of research benefits resulting from corresponding pivotal shifts in
linear and NLCE supply curves.

In the following sections, we outline the approach and then present an illustration com-
paring research benefits using linear and NLCE specifications of the demand and supply

curves.
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A comparison of research benefits for linear and non-linear pivotal
supply shift frameworks

* In this section, we outline the procedures used for comparing the level and the distribution of
research benefits using linear and non-linear constant elasticity specifications of the demand
and supply curves. For the purpose of comparison, we fix the following conditions: the
supply shifts are pivotal for both cases; shifts in supply due to research, measured vertically
as cost reductions at the initial equilibriums, are identical for the two cases; price is identical
for the two cases at the intial equilibrium, as is quantity; and price elasticities of demand
are identical for the two cases at the initial equilibrium, as are price elasticities of supply.

The linear inverse demand curve is represented by P = a —aQ. Note that a = &:2? . Where
7 denotes the own price elasticity of demand at the initial equilibrium, The linear inverse
supply curve in the absence of research is represented by P = b+ 3Q. Again, 3 = :;%, where
€ is the own price elasticity of supply at the initial equilibrium. The lineat supply curve
with research is denoted by P’ == b+ 8'Q" where g = f.(_%‘:‘_’.‘l and where k represents the
proportionate vertical shift in the supply curve (1) « k « 1). The constant elasticity demand
curve is represented by P == AQ "7 where o represents the price flexibility of demand. The
constant elasticity supply curve without research is P = BQ” (v is the price flexibility of
supply) and the constant clasticity supply curve with research is P’ = (1 - k)BQ*. The
equilibrium price and quantity withou the supply shift are P and @, and the equilibrium
price and quantity with the supply shift are P and Q"

Comparison of the gross annual research benefits (GARB) is performed for area OB

(or area O'AC)" in Figure I{a) and area OEF in Figure 1(b). The distribution of research



benefits between producers and consumiers with the linear and NLCE specifications is also
‘compared.
Four combinations of the Jinear and NLCE demand and supply curves are identified.
These are set out as follows:
 case 1: linear demand and supply curves (D555),
o case 2: NLOE demand and linear supply curves (DnSt),
o case 3: linear demand and NLCE supply curves (DrSn),
o case 4: NLCE demand and supply curves (DnSn).
Let T'S be the change in total economic surplus, C§ be the change in consumer surplus,
PS be the change in producer surplus, and subscripts 1, 2, 3 and 4 denote cases 1, 2,3, and

4 respectively. The formula for calculating the level and the distribution of research benefits

for case 1 (Figure 1a) is expressed as:

TS, = 1/2kPQ + 1:2kP(Q" ~ Q), (1)
cs = 12AP - PAQ+Q), (2)
PS8, ~ TS, - 'Sy (3)

The *with research’ equilibrium point for case 1 can be determined using the alternative
formulae developed in the appendix®:
' ke y
PP @
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The formula for calculating researci benefits with NLCE demand and supply (case 4) is

~expressed as:

. 0 Q . ! , '

rs,= [*s(4@) - [ sa@y+ [ D@ - [ 5@) Q
¢s, = [, D), I
PSy =TSy~ C5y, (8)

tngd~k)

where ' = exp™ =++ and P’ = Q).
Similarly, changes in research benefits for the intermediate cases (i.e. case 2 and 3) can

be calculated using the above approaches.

Results

For illustrative purposes, the initial equilibrium prices and quantities were set at wnity, k
was set at 0.1 (so the absolute shift is 1.1P), and a range of demand and supply elasticities
was used for comparison. The results for these four cases are tabulated in Table 1.

For supply elasticities less than about unity, the values of GARB calculated for case
1 (DySy) are higher than those calculated for case 4 (DySn)- For elasticities of supply
greater than about unity, however, the values of GARB are larger for case 4 than case 1
The magnitudes of the differences in GARB [or these two polar cases are larger the smaller

the values for the supply elasticities (e.g. & difference of about 142% for e - 0.25 and ahout



16% for € = 0.75) (see Table 2). The differences in GARB are very small when the price
elasticity of supply approaches unity. The values of GARB for case 2 { Dy Sy) are similar to
those for case | (D51) for each combination of 7 -ud e, while the values of GARB for case
3 (DS) correspond closely to those for case 4 ( Dy Sy).

For each of the four cases, the values of GARB are insensitive to the value of the price
elasticity of demand. The values of GARB calculated using the D5y and DySr, speci-
fications (cases 1 and 2) are not sensitive to the choice of supply elasticity (see footnote
1 for explanation). However, the values of (. ARB calculated using the DSy and DnSn
specifications (cases 3 and 4) are extremely sensitive to changes in supply elasticity. The
explanation for this is as follows: for e « 1, the NLGE supply curves slope upwards at an
increasing rate (convex supply curves) whereas for € > 1, the NLCE supply curves slope
upwards but at a decreasing rate (concave supply curves). Given an identical size of cost
reduction at the initial equilibrium, the ‘with research’ and the ‘without research’ supply
curves for e < 1 lie closer together (i.e. the mean vertical distance between the two supply
curves is smaller), resulting in smaller values of (SARB relative to the linear supply curves
(see Figure 2{a)). The *with research® and the “without research’ for ¢ .+ 1 lie further from
each other (i.e the mean vertical distance between the two supply curves is greater) resulting
in larger values of GARB relative to the linear supply curves (see Figure 2(b)).

Consumers' benefits from research are similar for each of the four cases. The significant
differences in GARB between cases | and 2 on the one hand and cases 3 and 4 on the other
ceflect differences in benefits to producers. Producers can lose for each of the four cases when
the demand for a commodity is price inelastic® {i.e. Inf = 1), and with nonlinear supply (cases

3 and 4) producers gain from research only when [nj » L. This contrasts with a linear parallel
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~ shift in supply when producers always gain (unless demand is perfectly inelastic). For each
of the four cases producers’ gain from research increase (ot losses decrease) with increases

in 7 and fall with increases in e.

Conclusions

The major finding reported in this note is that the values of GARB calculated using the linear
pivotal supply shift model (cases 1 and 2) are substantially larger than those calculated using
the constant elasticity pivotal supply shift miodel (cases 3 and 4) when the price elasticity of
supply for the commuodity is significantly lower than unity. However, when the elasticity of
commodity supply is greater than one, the values of GARB calculated using the linear supply
shift framework are considerably smallet than those calculated using the constant elasticity
supply shift mmemk, An important implication of this finding is as follows* 3 the eonstant
elasticity specification is a better description of reality, the linear pivotal supply shift model
for evaluating research benefits leads to marked overestimation of research benefits when the
commodity supply is inelastic, but to considerable underestimation when supply is elastic.
It is debatable whether the real world situation corresponds more closely to constant
elasticity or to constant slope. In our view, commodity supply curves in agriculture are
more likely to take the constaat elasticity form because the marginal costs of production tend
to be forced up at an increasing rate with increases in production. Longrun diseconomies
of scale and limitations in resources are pssible reasons for this. Furthermore, both the
shortrun and the longrun supply for many rural commodities have often been reported to
be in the inelastic range (less than unity) {e.g. Vincent et al., 1082; Tweeten, 1970). With

inelastic supply at the initial equilibrium, a linear supply curve passes through the negative
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, negative fourth quadrant f(i';ef. praduction of the commodity at undefined ‘negative’ prices)

: is gunrealisj‘tin‘ This problem is avoided by the nuse of constant elasticity supply curves; these
 curves pass through the origin. Qur analysis, therefore, Jeads us to the view that the use of
' a non-linear, constant elasticity specification of the supply cutve and a pivotal shift due to

research is usually preferable to use of a linear supply curve with pivotal shift.



FOOTNOTES

1. Fot e « 1, the gross annual research benefit equals area O'AC and for e > 1, the
gross annual research benefit equals area QA B. For identical cost reductions, however,
the values of the gross annual research benefits are unaffected by changes in supply
elasticity notwithstanding that, fore < 1, the supply curve passes through the fourth

quadrant negative euclidean space.

9. Past models used the equations of Pinstrup-Andersen, Ruiz de Londofio and Hoover
(1076) {where P’ = P[1 - 2jand Q' = QL+ ie2]) for deriving the post-innovation
{or ‘Sw'ith research’) equilibrium point (i.e. point B or € in Figure 1(a)), but these
equations, as pointed out by Rose (1980), are strictly correct only if the supply shift is

 parallel. For the lineat pivotal supply shift model, the actuat equations for determining
the *with research’ equilibriixm point have been developed in this paper (i.e. equations
4 and 5). When research benefits calenlated using the past approach were recalculated
using the actual approach, using the assumed parameter values set out in this :ndta,
the ivalues: of GARB were observed to be only marginally higher (see Table 3 in the
Appendix). The difference was found to he approximately 0-3% with demand and
supply elasticities in the range (1.1 and 5.0. A larger difference, however, is found in
the caleulated distributions of research benefits. For instance, recalculations showed
that consumers’ share of research benefits calculated from the past approach is smaller
than those caiculated from the actual approach by 10-30% with larger values of 7 and

¢ (see Table 3 in Appendix).

3. Our results are consistent with the major finding reported in Miller et al. (1988).



That paper focussed ou the effects of supply shifts on producers’ surplus. For supply
and demand curves that are linear or power functions, a small downward pivot of the
supply curve ingreased pmducm’ surplus only if the equilibrium point was far enough
into the elastic region of the demand curve, and any downward pivot of the supply
cutve decreased producers’ surplus if the equilibrium point was in the inelastic region

of the demand curve.
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APPENDIX

Derivation of Equations 4 and 5 in text

Prior to the supply shift, the inverse demand and supply curves can be specified as

P-a a@

P b+p3Q.

With the pivotal linear supply shift, the new demand and supply schedules become

P oo aQ

PobrdQ

. PlLe e ISR TR T ¥ " . ES
where g' = P(‘g’)"‘b = 'F{,‘Q‘, k) Phe initial equilibrium quantity is @ = 2 *2’, and the new

equilibrium quantity is Q' - 24 thus,

Q' 0= a b a~-b
”Rﬁ‘w,‘,*‘~‘ +a a+d

Given that a = P(1 + 1), b = P(1 - Mas o087

substitution and simplification,

[ ke
Q Qi+ ]

o hin)
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Using similar approach P’ can be derived and is expressed as follow,
pp
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Table J: Comparison of the level and the distribution of research benefits for the 4 combi-
nations of demand and supply curves
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Negative (-) indicates a loss in surplus.



Table2: Differences in values of GARB® calculated using the linear {case 1) and the NLCE
(case 4) specifications

it s S T A S

- g eyt -
e ot R, 0 L H MG s |5 I L 5 e £ 170, S DA

Supply  Linear demand NLCE demand Difference
Elasticity Linear supply ~ NLCE supply in GARB

$ $ %

R T W T S SN

0.01 0.05005 (.00104 AT00
0.25 0.05102 002107 142
0.50 0.05172 003512 AT
0.75 1005224 104515 16
1.00 (1.05264 0.05268 0
1.25 0.05294 1).05853 -11
1.50 105319 (1.06322 19
2,00 105357 07024 -3
5.00 0.05455 1L.O8TBU <Gl

TMajor Anding from Table I, using n = 1.



Table 3: Comparisons of the differences in the values of the level and the distributions of
research benefits calculated using the past and the alernative lincar pivotal supply shift
frameworks

e

Gain to Consumers Gain to Producers Aggregate Gain
. e PA(S) AA(S) Dil*(%) PA(S) AA(S) Difl* (%) PA(S) AA(8) DIl (%)
0.01 00500 00500 o0 hoo00 00 0.0 D.000  0.0500 .00
001 N5 00981 0.0982 0,10 L0480 <0481 (120 00501 0.0501 {100
200 0.0996 0.0097  -0.10 -0.0495 -0.0496  +0.20 0.0501 D.0501 0.00
001 0.0039  0.0039 0.00  0.0462  0.0462 0.00 0.0501 0.050 0.00
025 050 0.0672 00684  -L75 -D.0164 -0.0L75  +5.15 0.0509 0.0509 0.00
200 0.0899 00019  -2.18 -0.0387 00408 4515 00511 0.0511 0.00
001 n.0005 00005 0.0 0.0a96  0.0496 500 00501 00501 0.00
200 0.50 00200 00213  -423 00316 -0.0308  +2.60 0.0520 0.0521 n.19

200 10.0525 100586 041 00025 -00dlL +2.60  0.0530  0.0556 -1.08




0.01 00000 0.0000  0.00 0.0500 0.0500  0.00 0.0501 0.0501  0.00
20.00 050 0.0095 0.002 -3.85 00409 0.0499 0.00 00524 00525 0.19

2.00 0.0009 0.012¢ -20.16 0.0491 0.0488 +0.61 0.0591 0.0611 -3.27

4 4 means the past approach (PA) yields larger values than the actual approach {A\).
- means PA yields lower values than AA,

In this paper, alternative formulae are developed for calculating the ‘with research’ price
and quantity equilibrium for the linear and pivotal supply shift framework used for assessing
cesearch benefits. Differences in results obtained using the past and the present approaches

(see footnote 3 for details) are shown in Table 3.



Figure 1(a) Effect of research with linear demand and supply curves.
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Figure 1(b). Effect of research with non-linear constant elasticity demand and supply curves.
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to the linear supply curves

(a). The behaviour of the NLCE supply curves relative

Figure 2

for e < 1.
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Figure 2(b). The behaviour of the NLCE supply curves relative to the linear supply curves

fore > 1.



