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OPtIMIZATION OVER TIe PORAGRICULTlmE AHD R£SOURCE IWfAGU!tn' 

Ke~hQ~P. Vishwakara. 

ABSTPAtT 

Thhl )laper deals wUh deteralnat fon of opUaal dedsion. 

that reach aver a tlrae horizon. Four case studJe.s taken froll the 

literature are re-exa.Sned. One is concerned wJth -ockerel 

fishlne jn European sea water", It eaploys a dyna.ic nonUnear 

age cobort .,ode). A ·further coapl tcating aspect ls that the 

chanaes tD fJlhlnit effort frOM year t,., year are restricted to be 

withJn 20 per cent of previous year's Jevel. In tbe Htera'ture it 

Js _enttoned that aore than five and a balf hours of eOMputer tiae 

were needed to find the opU.us. In contrast. our calculatJons 

take only about seven MJnutes to reach the saae optiaUM. Clearly 

DD effective procedure can save tiae and effort In such 

coaplicated situutions. Tbe second study exaaines the econoaf~s 

of cartelJzatJon of a couodJty by producers. A DodeJ WftS 

reported whJch slaulates cartels for petrcleull oj J. baux! te and 

copper. We discuss soae of it fa cor..pJexH lea and obtain o:,t '.a) 

deciSions. In the case of Od our reauJts are practtcalJy the 

salle as reported in the ) J terature. But. for COppel' we f 10.1 ·,n 

optiau. which is nearly a third better. J .e. 8 considerabls1 

superJor optiam. r,a"l ~lf> achieved. The last JJluRtraUon JnvoJves 

a Ilodel built to Jnvestlgate the econollll,~s .. f !o;,)f I conservation. 

We eaploy it to high] Ight the care needed In constructJng such 

exercises. We point out that the obJectlve funr.tJoll tn thh case 

Js not scmdt Ive to wick variations in the dechi10n variable. 

Soae ro •• ents are then Included about control theory which also 

deaJs with declslon.aking over ti.e. 
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1. IJl'J'RODUCTIOI 

Malh~.f:lUc.) opU.j~atJon is frequently "Ilployed for 

analyzing agriculture and resource aanuge.ent sltuatfohS. Labys 

and Pollak (1984) give I) survey of dJ fferenta::odeJe constructe~ to 

tbhs end. In pmrtfcular. the techniques of Uneer and quadrane 

progra •• ln2 have found nWierous appUcaUona. Their I!dvantage is 

that robust and reliable procedures ex,t.t for obtafnlnc the opU.ai 

decldons. TMs fs berause welJ constructed Unear and quadratic 

pr02ra.alng aod- h have unique opUaua. In contrast. nonlinear 

opUaJzatJon i5 Q\IIO~H3UveJy quite dJfferent. Such 

Ilodels are characterfl~u by the presen~e or aultlpJe optJaa. 

ll~ter.jnJne' opU.a In DonlJnear cases Js rar Itore dJfficult. 

However. .any practical 

nonHnear optJlIJzatJon. 

the recent literature. 

declslon-aaking situetJons require 

1Ms Js being reported Jncl'easlngly In 

Th~ object lve of tMs art jcle Js· t(l hleh) Ight so~e of the 

coapJexttles associated with nonlinear optJeJzutJon. As well, It 

deaJs with the claRs of sit uaUons tha1 Involve declsion-aakJng 

over tille. That ts, declsfons aade during dJfferent tJae periods 

are interrelated. For JJ)us1raUon four caRe studJes reported .n 
the Jiterature are re-exaaJned. One relates to the harvesting of 

Western 8ackereJ thh found in Euro(Jt!an sea shelf'. To deteraJne 

the ~l U.a) fishing .)atterll) over a 40 year horizon. It is 

.enUoned in the literature that aore than 5% hours of rolftputer 

tJ.e were needed. In contrast. we present a sUghtly better 

pattern but which takes onJy abuut s~ven minutes for calculations. 
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This it "}stratesthe wide varSaUou in the effectiveness of 

different COMputation procedures. The next two exaMples deal with 

tbe eeono.Jea of cartelization of co •• ndJttes. Tn one cese our 

results are close to those described In the literature. Out tn 

the other we obtafn an 0pUMUII for which the gain 18 nearly a 

third higher. As weH. our opUMaJ declstons show D qual UaUve 

dJfferent pattern. TMs Js also very lIuch posslbJe in nonUnear 

analysla. Our last Ulustrathm involves ft lIodel built to exaatlne 

soU conservation econoaJes. It helps to explain soae other 

difficulties that 8ay arise 1n nonltnear optlaization. 

These illustrations are presented In SecUons 2 through 

5. stnce control theory alao deals with der.Js.J.on-lIakJng over 

Ulle. we briefly d1scuss Its scope In Section 6. Soae eoncJudJne 

coa.ents are Included In Section 7. 

2. A IULTlCOBORT 'ISDRY NOOEL 

We condder the fhhery ClodeJ reported In Horwood (1987). 

It analyses harvesting of Mackere) found along the west coasts of 

France. IreJand and the U.K. 

The fJsh stock is assulled to consJst of 10 age groups. 

The first nine represent ages of years l. 2 •...• up to 9. The 

last group refers to fJsh JO years in age or oJder. 

The sy.bols used for dl fterent paraliletprs and val" fables 

are as (0))OW8. 
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n JO. nuaber of Bg., "roups 

waf weJght at Bpawning of fl8h a. ae~ J 

PI proportion of Mature fi~b of age t 

q. prnportlnn selecUoo In r.atr.h (8.ge",peniflc 

seler.tlvlty or catchabU'ty.) at ap 1 

-1 • aean weight. In the catch or fish at aee 

M Instantaneous natura. 80rtallty rate fO.15 per 

yee.r' 

CI and.,. par •• eters enterJoe ~he recrUH~ent luncUon 

(I 0.00202 .U Uons of recruits per tonne 

., 11(2. U~O.Of)O) 

band c • paraaetera enterIng the objective function 

h 10-6 

c 2.5 

8 d'sr.ount rate 

T tl8e horizon for plannJng (20 and 4m years bere) 

Endogenous Variables 

St.8te VarJables 

".(t). nuaber of (Jah of age t fn year t (.HUons) 

Other Dependent VarIables 

b(t,. spawnfng stock bJoaaRR in year t (tonnes) 

8,(t) survival of riRh of age I jn year t 

y(t). yIeld fro. fishery In year t (tonnes) 
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utt) '" ftatting effort In year t (llencec'louU) .a~e .. 

sJ)ecltlr. rete ot lnstanteou$ rlshln, aortaHty). 

Independent VarhbJe 

t '" the dJacrete tiae variable (year) 

• 0.1.2 •.•.• 1 

Model EquaUons 

The spawning bloBaas in year t is de1eraJned by 

n 
bet} '" r p •. wsJ,xJ (\) 

1-1 
(2. J) 

That is. the fish nu.hera in each aRe group are euJtJpJted by the 

we,gbt per fish and a proportion or the bio.ass then counts 

towarda spawnJne. 

The survlva) of (Jah of age j In year t ht given by the 

equation 

(2.2) 

Here M is the instantaneous notura) aortal Jty and qt' uet) the 

8ge-speetrtr. \'lshlnp, eortatHy. u(t) being the fishing ettort 

aerosa all age grcups. 

The yield (In '.nnnes) frna flRhtnv. in year t is then 

obtained as 

lKV:l 
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(2.3) 

The an structure or the fish stock fs deteraJned by Q 

reeruttaent equation fs 

G. bit ~ 
1+1' be t) (2.4) 

Thh 'ft .. nonUnear rnnr-tion of the c~nrrt:nt bfn.ntsR btt). The 

parsllett-r$ G and., have eSUIIQted values aenUoned ahnve. 

Age croups 2 to (n-l) arc eovr.rned by HlP. flurvJ" • .! rate 

In year (t.,» the nuaber of fhlt of are J are those 

surv'vlnl frG. ace (J-1) the prevIous year. Thus, 

(2.5) 

The nUllbers In the Jast are group '8 dependent upon Ita 

own 8urv1vaJ rate as weJJ lUI that of onc ypar younger group. ao 
that 

The InItial age distrIbution and value~ of the paralleters 

'WIll' WS I • PJ • qj' are gJven tn 'fort.(!'od. 

Equatfons (2.1) - (2.e) th~IS represent the blolo
t

:-",. 

recruU.ent procel!l8. the D~ft 8tructnrp. and the phYlIItea) yJeJd 

obtaInable froll fishIng. These are nonlinear dynamic equations. 

The alngle deeJs 'on variable. vIz. u't). ent CrR In a cOllpJjcated 

lKV3 
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f.,hinn thl'ou~b the ~ury •. val ratH sl(t) and (Ureetly 1n the yJeld 

e~ullUon (2.3). Uowever. thla btht case of .. scalar ~ontr()l 

~ar!able sInce onl~ one u(t)nctds to be deteratnp.d for cachyear. 

tnl\'gualJ ty ConSlrait1ta on Fiahlng Effort 

Horwood r.onftJdera Uae pracUcal situaUon in WbJch 

ftahing effort cannot ehan~e dr •• aticaUyf'ro. year to year. He 

."dela thb r.ese by requiring that changes In th~ fhhJtll~ effort 

be restrh:ted to wHhln 20 per cent or the previous ye.ar'. l,ftve'. 

Sy.boHcal~y .• the follo"dna inequaJJty constraint. nn the control 

vartable are stipulated. 

o 8 , !!!!!1 , J 2 • u(t) . (2.'7) 

In ac1diUon, bounds are specstJed wUhin wbleh the fishing effort 

re.alns, viz. 

o , uCt J , 10 (2.8) 

And It Is stipulated that flshlne aust leave a spawntnR btoaass o( 

at least one ~IJlinn lonneR at the end of the plannJng horizon; 1.0 

b(T.!) ~ •• 000.000 (2.9) 

QeUalzatJon Criterion for Der.J!i'on··MltkJng 

For optJaal operation a criterIon for selerllne the 

opproprlOle rontrol !1equence h requJred. norwood proy t des a 

rationale for choosing a linear obJerttve function. viz. 

IKva 



T 
.. ax. I u • ., r t I h. '1 (0 ~ c;. u (' )I 

t-J 
(a.l") 

1ha.t 1ft. the ttu. or dhcounled returns frn.. fIRht", is t.o be 

urtxl.bed over a hor'1:on 0' T year.. The coeffIcIent h convert. 

yJeld to return in an ftrbStr.r,U, selected unJt. The coerrf.ctent 

c ••• fgns a co.t aea,ure to the use of control. 

The .athe.aUf: •• opU.JzaUon problea then h to find the 

r'shlnc pattern lu(l), u(2). u(T), whtch MaxJ.lze8 the 

criterion (2.10) and con for •• to the Inequality constraints. The 

yIeld variable ,tt, appearin, In the objective function h. to 

recall. deter.lned through the dyna.ic equation. (2.1)-(2.6). 

CaJr.uJaUon of OpU.a) PJsMne Mortalities 

Horwood report. alternative c.lculatJ~ns of optl.al 

fhhJnr pattern for dUfef'.!nt t2.e horIzons CT) and ~!scount rates 

(6). He e.ployed one of the ava. hable r.o.puter proer ..... u. for 

lolvine these nonltnear opt f.tzat ton probleMa. 

The present author abtatned the nuaerlr.al solutIons ultne 

• crariJent algnrStha. Fnr a 40 yeor plftnntne horizon. the 

opt I.al fishing ertort Is plotted In Chart I and for 8 20 year 

horJ20n In Chart 2. Chartft!l Dnd 4 show the reRpecttve spawnjn" 

MOIt.as. ,\~he8e results correspond to a 10 per cent discount rate 

(6 • 0.0. They are 5J_llar to those reported by Horwood. In 

ract. our colr.ulatSons yIeld SOMewhat better optiMUM value of the 

abJectlve In each case. For r.oMparbon. these vaJues 8re 8ft 

rollows' 
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Horwood's optiau. • -0.5065 

Author'" optlauM .. -0.474 

Tlae H~flun T • 40 years. discount rate. 0.1 

Horw~.dt. optiauM • -0.3750 

Autbor'fI!I optiauM • -0.3551 

The btg dJrr, "'!1r,.:e i' in the cOMputatJon lUae. Horwood 

C 1987 J states that his l.:lavutat Ions requtr~d 342 IS ~nute'S tor the 

40 year horizon case (wJtt~ JneQ. dJty constraints I):rt thi' «-ontrol 

variable). In contra.t, our ctllcu/atlona ta' e only "bout 7 

aJnutes of coaputer tiae to fJnd the opUauB. 1M. caJ~ thus 

deMonstrates that alternative cos.putl'ltuSon sct ·.tea can vary 

grea' Jy tn th .. Jr effectiveness. also ahow" lh,lt the WaY 

avat loble COMputer progra89 are ~ut to USt., can 0180 vary 

sJgnJ "rant Iy fro. UABr 1.0 ,",ser. 

3. GAIHlJ 'RON CAR1'ILIZAtIOH 0' ttl!TROLIUfC OIL 

Plndyck (1978) analyses gaJna 10 producers froll 

carteJJ~atton Jf exhaustible resources. He exaalnes the cases of 

petroleua oil. bauxite and r:opper. For eacb CD.aodJty he 

constructed an econoaetrlc Model. These Bode 1 s are used to 

calculate the optJa81 gaJns froll rartel pririnR polJry. In this 

s('etlon we consider the Bortel tor petroleull oil. The base year 

for the analysis is 1974 

11<V3 



,'O(t).. t.ntal d".lInd fpr of J In Y.Ntr t (M II Son hnrr"'" 

'" bb) 

OCt) • deBand for cartel oJI ebb/year) 

Sft) • supply frail coapetlHve frlnp prO,ducers not tn 

cartel (bb/year) 

CStt)· cUllulaUve supply frDa the CDapetIt lve fringe (bb) 

RCt) • oJl reserve~ of tb~ c8rtr.l (bb) 

peelsJon (Control) Variable 

PCt, • prJc~ of oj) in conRtant )975 dollarll ($ per 
barrel) 

Model Eguations 

Tbe total de.and for oj 1 in year t is deterll.Jned by the 

dyne.le equation: 

TO(t, • 1.0 - 0.13 pet) + 0.87 TUft-I) 

+ 2.3 (1.015) t (3. J) 

Tbis fs based on a total de.and or 18 bb/year at a prIce of $6 per 

barre) In the balle year. The nhnrt-run eJa5tJc:Jty J" 0.04 and the 

long-rurl 0.33 (wHh a Koyck adjustMent pattern, at $6 per barrel. 

At II price of $12. theRe elastlcttles are 0.09 and 0.90, 

r~"pectlvely. The last ter. 'n Rq. (3.1) Incorporates an 

autnnoMOUR growth cOllponent at the rate of 1.5' per Yf"8r. bft!lect on 

8 Jong-run lncoae elastlc.ty of 0.5 and a ~, rea' rote or r,rowth 

tn fnr-nMe. 
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fringe producers. Theae producers ~re not Mellbers of the cartel. 

To ac~ount for the depletion of reserves or the co.petit tve 

producers. a cUllulatJve supply variable CSH) 'S e .. p.loYed. viz. 

eS(t) • eS(t-l, + Set) (3.2) 

That Is. the previous level Iltus the current supply lIake up the 

f'uMulat tve produr.tJon 80 far. 

The supply troll the cOMpetitive fringe Is lIodelled as: 

set) • 0.75 S(t-ll • fl.l + 0.1 P(t») (1.02)-CS(t)17 
(3.3) 

This Is a dynaMiC supply equation. Jr~ the base year the 

("oMpetJtJve supply is about 6.5 bb/year at !\6 a barlrl. i'11,.13.3) 

illpHe. a short- run elasUcHy of 0.09 Gnd ,I lone-fdn t.b letty 

of 0.35 at this price. At 512 8 tlarrel. the .r,orr~:5pt.;·.(Pi'r. IJgures 

are 0.16 and 0.52. 

The etfect of reserve depJet Jon is to shirt the Gupply 

funrtlon. FoQ (3 3). to the left over tllle. AssulIl ng .:. f I xed 

price. cOllpetltJve sup"ly would faU to 55" of Its original value 

after a cUllulative production of 210 bUUon barrels (e.g .. 7 

bb/year for 30 yeers). It Js assumed t het no new te("hnoJog}' or 

reserves add to the potential supply of rOllpetlttve frlnge 

producers. 

The dellanrt O( t) fad ne \ he car ffd t hrn Is l hp tot ft I 

de.and IItnus the Rupply from the cOllpetttlve fringe. I.e 

II<V:l 
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OCt) r TD(I) • S(t) f3.4) 

It '5 aSRu.ed that the r.artp,' ran .anlpuJate the price P(t) to 

Ar.cordfngly thn cnrt.e) rmU'~rveR get 

depleted; 50 that 

R{l) • R(t-I) - D(t) (3.5) 

Cartel Decision-Making 

The cart·eJ prIce PCt) 1ft choRen flO as to IIBxlaJz,e the 

dhu:ounted SUII ot profits over a JOf'g tJae horIzon. The 

aatheDat!eal objective (uncllon Is: 

.ax W. aa~ I (1+6)-t [Pft) - 0.5 x 500 JD(t) 
•• 1 R(t) 

(3.6) 

This stIpulates that the cost of production Increases as reserves 

faJl. 

In the hatU': year the JnH la) reserve. are R(O) • 500 

billion barrels and the Inltlal average cost of production fs SO.5 

pp.r barrel. The average cost of product Ion rhes hyperbo) teal Jy 

as reserve Ret) depeJete to zern. The dJ fference between the 

carte) price and the cost of prnductJon is the profJt 8argin per 

barrel. Eq. (3.6' then represents the .axtllizatton of the SUII of 

discounted profIts over the plannJng horizon. 

The tnlt laJ situat Ion Is spec if fed as: TO(O) '" 18. O. 

5(0) • 6.5 Rnd C5(O) • O. That Js. the 10tal de.and In the hase 

year Is t8 bb/year. the co.petltJve supply f~ 6.5 hb/year and the 

lKV:.; 



cUMlaUve supply froM the co.pel It tve frfnge 1$ InJUalJzed to 

zero. 

Th'N hl a nonJ tnear Matheaatical opUaJzaUon sltuaUon. 

The objective function (3~6) Js nonlinear as III tbe set of 

dynaMic equations (3.1) (3.5). There Ja an additional 

cOMplh:atlon. The variables S(t, and CS(t) appear or the rIght 

hand RJde as welJ as on thf! left hand side. 

(3.2) and (3.3) are in 'apliclt fora. 

In other word::. Eq. 

not explJcit. In 

econoMetric tf!r.fnology. the set of dynaMiC equaUomc (3.1) -

{3.S, Js In ·structural for.- and not in the -reduced fora", 

Calculation of GaJns to Cartel Producers 

OpUal7.aUon can be perforaed using one of aany 

co.puter prograas that are avaJ Jable. Again, we eaployed a 

gradient procedure. In Table 1 we give the optiMal cartel price 

over a 40 year tJ.e horizon (N-40, and tor a S per cent discount 

rate (6-0.05). For co.parison we have also Included the 

correspondJng prJce trajectory obtained by PJndyck. Chart 5 plots 

the price trajectory or our caJculatJons. 

results are quite cluse to those of Ptndycl !. 

It is seen that our 

The lIaxJa,ulI gain froll cartek l1.at ton over 40 years Is 

(ound to be 2J63 in contrast to 2092 1n Pindyck's calculations. 

That Js. our optJIIUII Is Marginally (about 3~) better. 

tn the case of petroleuM oil. WI' '" .... \\., ify that our 

('«"suits are close to those of Pindyrk. both quanlHlvf>ly and 

quaJHat Ively. ThiA IlIp) leA tbat our r~I,~ulal Ions are 

lKV3 
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sath.faclory. 

In th~ next 8er.Ucm. we de8crlbe that for copper we rind 
subRtantJaJly better results t.han Ptndyr.k. 

C. OAtIS .FROR CAlitTILIZATJOIf 0' coppa 

This lIRodel Is s.h:htly larger. than the previous one for 
petroleu.. The base year ts agaIn 1974 however. 

Endogenous Variables 

JKV3 

nl(!). total dellRand for copper In year t (1IR1Jllon 

a~trfc tons per year). 

S(t) • total supply froa the competitIve fringe ( •• t/~e8r) 

SP(t)· prJaary supply fro. coapetJtJve frJnge ( •• t/year) 

CSP(t)- cu.uJatfve value of prJIIRary SUppJ, fro. the 

cOIIRpetltlve fringe ( •• t) 

SS(t). secondary supply derfved frollR Rcrap by the 

co.petltJve frInge ( •• t/year). 

K(t) • stor:k of copper in product fora (.lIlt) 

R(t) reserves of the cartel (mlllt) 



Model F.guatfons 

The tot,) de. and foll" renned copper lfl deterDined by the 

dyna.lr. equation. 

t 
TDU) .. 0.405 - 0.78 PCt) + 0.9 TD(t-I, + 0.91 (1.03) 

(4.1) 

In 19'74 the total de.and ";as esttaated to be about '1.3 DIllion 

aetrh: tom; at a price of SO.75 per pound. The short and 

long-run e'a\UctUes at this price are 0.1$ and 0.80, 

respect.Jvely. An t.'lUtt.nolluus growth ccmponent ~ppearp In the 

It reflects a 3.75\ rat.e of growth. 

correspuodbg tv a lone-run incolle elasUr.Jty of 1.25 and 8 3' 

AJurolnJll11 is a Itajor aubstltute (or copper. Put PJndyck 

essulles Il fIxed price for It and therefore Its prtce does not 

appear tn the deaand eqvatJ "n (4l. 1 ) 

The tot31 del\.'md Is "DUsHed by su~ply (1'0. the r.artel 

aR weJl ~!\ the frt· ~e produrers. The latter are not ae.berR and 

accept the prjce Sf:'t by th!!: C':arleJ. In thJs sense they are 

considered COMpetitive. 

The total supply frOB the cospel it Ive fringe co.prlses 

two sources. One fs the prl~ary refIned COPI,er and the other froa 

scrap. The cuaulattve value of the prlaary supply Is given by the 

identHy: 

IKV3 
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CSPU) ... r.src t - t» .. SPI t » (4.2) 

The supply equation for prllllary refined copper froa the 

r,oapeUtlve frJnle hi &S followIIl: 

The rehlUonahlp hi based on a prhusry supply of 3.8 

•• t/y"ar 8t $0.75 per pound jn the haRe year. The short-run and 

Jonrr ... run prh:e elasticities are 0.2 and I.G. respecUveJy. f;ven 

h'''Rb th., lonv.-run elaaUeJty hI hJgh. the ad.fuRtMent tI.e fa 

quite considerable. 

Deple-Uon of reserve .• shiftn the prJaary supply funcUon 

,f the COMpetitive frInge to the left over tlae. Asaualng a Uxed 

prIce. the prJ,"ry supply would faU to 55% of its nr'gJnal Jeve) 

after a cUMulative production of 160 .at (e.,. at the rate ot .. 

•• t/year for 40 years). 

The secondary supply uf copper "'08 the coapeUtJve 

fringe Is derived froa scrap. This depends upon the stock of 

capper products avaJlable to be converted 'nto ~r.r8p. The copper 

fttock fs governed by the equation: 

K(t) • 0.98 Kft-l) .. TO(t) - 55(t) (4.4) 

ThIs allows for losses at the rate of 2%. The secondary 

production SSCt) 1n the current year is flubt racted to ovoid 

double counting. 
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Th~ equn1 jon tor ser.ondary enapply fro. the trinee 

pro(lur.ers lIDS follows: 

SSet )/k(t, • 0.0094 .. 0.00513!\ Nt''''O.3'1ISS(t.-l)lK(t'''lH 

(4.5) 

In tbls rel.tionshlp price of the prJ •• ry copper, viz. 

pet). appears because the price of eecond,.r)' COPPer •• htrrMy 

correlated. wJtb it. The equaUon Includes a stock-attJU$W:Ulent 

behaviour. It h.a a bleber short-tera price el.sUcHy of 0.43 

and a lower lone .. run elasticity of 0.31. 

The total supply frOll the coapetitive frlnp fora. tbe 

IdenUty: 

Set) • SPIt) + SS(t) (4.6) 

The cartel supplies the reat of the de_and. I.e. 

D(t) • TO(t) - S(t) (4.'1) 

The cartel reserves deplete by this aMount In year t. so 

that: 

Ret) = R(t-l) - net) (4.8) 

Cartel Decision Maklnc 

The obJert lve of the exercise Is again to Maxi.he the 

SUM of dhrounted profHa for the cartel. The opUMaJ trajectory 

for the carte) prjce PCt) needs to be deterMined to achieve that. 

The Mathe.atlcal objective tunctlon Is chosen to be; 

lKV3 



N ·t 
Ilutx w. r (I +6) 2204 [Plt» 

Here an inltla) retllerv., of 135 ... t nnd product Jon COtilt of 

$0.5 ~r pound are ossulled. A~aln. the production r.cn.t rlRes 

hyperbolically .s reserves RCt) faJl. The coefficient ~204 

appear. In order to convert pounds to .etrle tons. And as before. 

6 Is the dJRcounl rate. 

The tnitial valueR lor dJfterent variables are: 

TD(0)·".3. SP(O)·3.8. 55(0).1.2. CSP(O)-O. 1«0) • 120. Tbey refer 

to '974 as the baae year. 

Calculation of GaJns to the Cartel 

We again coapare our results with PJndyck'a for a 40 yell' 

tJlle horizon (N-40) and a dl.count rate of fJve per cent (6-0.05). 

In Table 2 the opt.ta~l prir.e traJectortcR are given nu.erlcally. 

The cartel price obtaIned tn our calculations Is plotted tn Chart 

6. TMs pattern h qua) JtaUveh quJte different fro. that of 

Plndyck. Our o~ UIIsl trajectory shows a slIooth pattern with a 

RJn~le nplke tn the aJddJe or planning hor Szon. In contrallt. 

Plodyck's trajectory follows an oscIllatory. fluctuating tiMe 

path. although the general envelope of the funrtu8t tonR Is ,,11,. Jar 

to our •• ooth trajectory. That is. It contains spikes throughout 

J n Us graph. 

The opUlla} gaJn to produr.en 15 found to be 39.767 In 

our calculations. to contrast. Plndyck report" a fIgure of 
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28.988. W(~ aru thu~ fltbli! to find un nllt 'a.,a whif:h ta 'nt:,r)y ft 

thIrd hieber. In other wt)rdR. the proc:edut"e eM.tJoyed by Pindyck 

find. a Jocal opt taua which t" snh5UmUaUy Jawe,r than our 

result. 

5. ,. SOIL cotfSDVA1'JOH MODEL 

We now exaalne a aodel developed by Dhide. Arden Pope IU 

and Heady (1982). It deal. with th~ econnaJcft of sotl 

conservation. According to theae authors 801 J use Is analogous to 

the use of an exhaurcUbJe resource. Jf IOU los" froa tar.fnr 

exceeds the natural soU for.aUon. then exhaustion wUI occur. 

Tracy give nUMerh':al .odcls tor three dJrterent soU types. We 

consider one of those aode!s here. 

Endugenou8 (stat~) varjuble 

SD(t) • soil depth in acre-Inr.hes In ycar t 

Control (decision) vur]abJe 

SL(t) • solJ loss In tans/acre 1n year t 

Madej relationShips 

There is only one dynamlr ~q"atton 'n thjs aodel. viz 

sou • J) .. sr.{t) 0.0069 ISL(t) . 5.0, 15 I} 

Here the C'unslllnt 5.0 Is the rate of natural Rot I forraat ion and 

0.0069 Is the Inv~rsE' of the bulk density of ~nlJ 

(tons/acre lnrh). ~q (5. I) rrprcspnts Ihr dynaMics or Roll depth 
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r" .. alng. 

JnUtally, In year O. Ule !lui! dr-p.h level Is "I acre·. 

Jnr-he •••• e .• 50(0, .. 7. 

The tdnlJe declsJon v"rJeble. vJ~. 1'011 loss. Js 

restricted to be tn the range 0 to 16 tons per acre; I.e. 

o , SL(t) , JtS (5.2, 

Criterlo ... for OptJaJzatlon 

The objecUve of the exerr-tae Js to aadajze the sua of 

discounted net returns froa tar.Jng. The aatheIJatlr:aJ objective 

functIon tn thJa case Ja as follows. 

H 
aax W .. aax I 0.6, .. t (22S.291U+O.25t)IJ-o.S269SL(t), 

t .. o 
2 

- '4.85S4 + (t+35)(0.6803 - 0.J22S"(t) + 0.0043 sn(t))J) 

(5.3) 

This Is a faJrly co.plleated funr:tlon of the single stale 

varlabJe 50ft) and the ,dngle control variable Sl.(t" The 

dhcrete t tae variable t Is Included to reflect the e{ tect or 

technoJo~JcaJ changes. 

Calculation of OptiaaJ Returns 

COMpared to the Models of norwood and rtndyck considered 

In prevIous sections. this fa a auch sJapler aodel There Is only 

one dynaaic equat Ion. Abo. there 1ft only a sjn2Je end0p.ennus 
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variable and • 8fnp.Je d~r:Jsi(ln variahle for earh t 'ae ".,r.od, 

Only the 8atheaaUcat ob.htctlve funr.tion Is nonUnear. And the 

decision variable Is rcatf'Jr.-ted wHMn the Inleval (0.16), 

Uo~ver. this .od~1 can also be solved uRing a gradIent procedure. 

8hJde et 01. report the optiMal solution for a 5 percent 

discount rate (6 • 0.05) and a 35 year tlae ~O:J&Dn (N-3S). Note 

that there are 36 deciSion variables. SL(O). St(I), ...• SL(3S). 

s,lnee the opUaizatton criterion extends fro. taO to t-35. The 

optJqJ sol I loss obtaJned In our calculat Ions hi plotted in 

FIgure 7 and it Js close to that reported by Bhide et 01. Alao. 

our opUaal gatn at 4986.9 cOliperJ!l:s well wUh their value of 

4986.05. 

Thh aodeJ h however seriously fJilwed und that has nnt 

been pointed out by Bhide et at. Fro. Figure 7 It can be seen 

that the opt j.a) soH Joss re.atns tn the vicinHy of 10 trOD 

year 0 to year 25. In fact. It reaalns within the interval (94. 

100J in thJs period, Arter t-25 the dJscounl ractor becoaes very 

eftectlve and larr,e varIatIons In the decJston variable uake 

lattle contribution, In other words. the optlaal ROJ) loss 

pattern of Figure 7 eJves 0 clue to the situation that the 

objective function (5.3) is not very Mensltlve to large c:hangpfi In 

the decision variable. This can be verified nuaerlcally. To do 

thh we k.eep the derh'on vurlabl" at it fixed value over th(! whult' 

planning horizon ee g. Sl.(t, a 9. t .. 0.1.2 •.•. 35} and rairulnte 

the rorrcRpondhar, valu .. of Om ohJert've fuoc" ton (whlr.h h 

not opt '.!zed) The following tuble lists suite alttornut IVe 
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v"turs uf th" Noll Inss 8nd (:nr"'~"JlClndhu~ va" .. ' of 1hr. dhrnunted 

net returns: 

Sol) Lns. Otscountftd Pepnrtur., froa 
Con5tant at Net Rr.tt.rnft Opti.ua (4986.9' 

a 4975.2 ~0.2~" 
9 4984.2 -0.06" 

to 4986.2 ·0.02' 
It 4984.6 -0.04' 
12 4980.9 ,0. J2t. 

In Flt:ure " we plot alat Jar pairs for sot J lO$R kept cnnKtant at 

1.2.a •... ,16. The above table and FIgure 8 bring out that the 

rut Icu'a .. objective runr:tinn In the pretocnt rase hi not sensH Ivft 

to wtde varIations In the dec'slon variable. Ih fact. beyond a 

Rol) 10R8 of 7. th., objective f .. nrUon f. quite insensItive to 

wIde vartat 'ons, In otht'r words. thls obJerUve runct fon is not 

helpful In fdenUfy'ntt the opt iaa) pot tern of the decJRton 

variable. That h. Uth obJecttve funcUon is not aeaning!ul for 

deter.'nJng opUaal control acOone. 

O. CON'1'ROL TDORY AND NA1'HFJCATICAL OPTIMIZATION 

TheRe cftse studJes hlr.hUght soae uf the rOll!lplcxltJes 

8"'orlated with nou) tnear aatheMat Ical opt lII.hot. They 

deaonstrate th.t thORP. who ronstrurt amdels tn an appliratfnn 

area. Hre not aJways able to obtfttn solutions lIost E'lffecttvely. 

Soaeone eJfte with expertise tn nonlinear optj.t~atlon rould 

produce beHer per forllllnee or I dentJ fy d I ff t eu lUes. Mere 
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avaUabtJ Sty of COllpllt"r prnerallA donA not ilppeftr to he 'he 

overriding far.t:or. The resource f:artelhfttton .od~ts "..lo!".ined 

here were developed at the Mz,ssachusftth InAtHute of Technology 

where powerful c:mlputer Rorblare Is readily avatlable. S'aUarly. 

"orwood eMployed 81 standard aa!he.ath~8J floftware pactae:e. tn the 

case of nonl inenr mathe.atical optiaizatlon. considerable skUl 

and Ingenuity a~e required even in uRfne: avaJIable co.puler 

software. It is quite possible that two penons wfll produce 

different rm;HJts using the saae sonwllre. 

(This qut~7. heard on the radto 15 or soae relevance here. 

Question : Ooes • he uvai1abi]l ty of a word-pror.m~Rjng package .ake 

one an accoapl lshed author? The answer Is obvIous. SJallarly. 

aere possession of 8 co.puter package would not .ake nne 

accoaplJshed In nonlInear .atheaatica! optlsJzatfon.) 

~8the.atlcal optJaJzation is a broad and de.anding 

dlscfpllne (see. e.g.. Shapiro 1979. St.aons 1975). Nonlinear 

optiaization tn p&rticuJar is quite an Jnvolved process. Only in 

rare cases would experts If' agriculture and resource econOMics 

have great expertise in nonlinear optiaization and nUMerical 

methods as well. tn norMal. pedestrian rases a cooperative approach 

aMongst experts tn different dJsciplJnes seellA advisahle. 

tn dynaMIc optiMization situations the addl tional 

dta .. nslon of t IBm iN involved. SOlie ('onvey the "'pression that 

such Models can be handled routinely hy control theory. But 

co"trol theory It~elf is a broad discipline and not just a handful 

of technIques or proredures (see. e.g. Oorf 1980. Franklin and 
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rmmJ I 1980). It. deB Is in genera) wi t h I he des ff!n and 

construr:tiun of syateas so as to auke thea aore reliable or 

perfora better. In physicaJ sY5leaR its doaain varJes frna siaple 

(such as air-conditioning) to quite CO.pUr-Bled (such as 

autoaatical pUots for aircrafts. and even guidance and control of 

space vehJcJes). 

It is however true that in aatheaafire) fora soae of the 

situations consJdered in control theory are siai lar to the case 

studies included here. A typical dlscrete-t Jae control L10del 

involving nonlinear dymudcs and nonJjnear perforuance criterion 

can be written as follows: 

xCt+l) • f[x(t). u(t+l)1 

N 
.ax I gIx(t). uCt).t1 

t-l 

where x(t) Js the state vector. u(t, the control (decision) 

vector. and gf ..•. ] is the contribution to tl!e objectJve function 

In period t. But this control .odel Itself requires the theory of 

non- linear optiaization and suitable COMputer software for 

solutJon (see e.g. Bryson and Ho 1969). 

One partJruJar instance of control theory Models seeMS to 

have beCOMe well-known in other disciplines. It Is the so-called 

) Inear quadratJc regulator (I.QR) CBse. In discrete tiae do.sln 

the (constant paraaeter) LQR can be represented 8S follows: 
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N • • 
ain I x (l, P x(t) • u (tl Q »(t) 

t.J 

where xlt, h the nxl stat.e vector. uet) the "xl control vf!r.tc,r. 

and P and Q are (positive definite) weighting .atrlces. The great 

shlpJJfyJng fnature of the LQR forlluJt'l$ 'on is that the opU".J 

control fs 8 linear function of the state, v1z. 

u*(t+l) • -K x(t, 

where K Is the feedback aatrtx. This Beans that the optiBa) 

control act tons can be deterained rea(U Iy once the autrJx f( i8 

known. In the IJlerature several alternative ways for calcuJatjng 

f( have appeared (see. e.g .• Pranklin &nd Powell 1990). These are 

based on analytical derivations. It 15 also possible to find K 

directly by nuc~rJca) .ethods once the systea .atrlx A. the 

control aatrlx 8 and the r.eJghUng aatrlces P and Q are specified. 

This I.QR for.ulatJon has found severe 1 appJJcattons In econoa •• q. 

particularly in eeonolltc stabllzatlon situations (see. e.g .• Chow 

J915. VJshwakarlla 1914 for case studies of lIaeroeeonoate 

stabll IzaUon). 

This I.QR aodel b deter.fnls1 i( . It also assulIIes that 

the state vector x(t) is ae"sured directly. (n Q lIorE' generaJ 

(ora,,) at ton this Is not the caRe. That fs. thp stitte is not 

supposed to be aeasurE'd directly. Inst~itd. only a linear 

transforlla1 ion of the state is aSf;ulftnd ovat lable af; the 

observation (output. Ifteosuraent) vertor yet}. Furtherllore. It Is 
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aS8u.ed that a .ensure.enl nOise net) corrupt.8 the observation. 

Sl.UaI"Jy. the dynaaic relationship describing the transition of 

the state fro. period to period 18 thollp.M 10 contain a randoll 

nohle coaponent 7{t). Thus. the tollowtnr discrete-Uae linear 

stochaBUro quac" ahe regulator caRe arffu~s: 

and 

xCt+J) • A xCt) + a uCt+l) + C ~(t) 

y(t •• , - D xCt •• ' + n(t+l) 

N • • 
aln E f r x (t) P xCt) + U Ct) Q u(t) 1 

t-l 

Here C and n are additional coefficient llatrJces. Since the state 

x(t) Is II randall process In th" case, the objectJve runctlon 

Involves Il'ntllization of the .expected value of the quac1raUc. 

And. It Is usual to assuae that the randall disturbance processes 

(ttl ~nd 'let) are noraally dlslrJbuted (Gaussian) white nohle 

processes. tn spite ot these generaJJzatiDns. the optlaal 

control Is again a linear functton of the state wJth the 

quaUflcation that the conditional expectation or the state ht now 

Involved. so that 

u*ft+)) • -K x*(t). 

Since the utate .s a rando. pro(:ess and not d i recOy aeaRured. 

Its expectation needs to be estl_ated fro. the observation process 

yft). The celebrated KI!I)_an filter enables that. Briefly. the 

principle of certainty equivalence applies and the Kal_an filter 

Is needed to obtain the expected value of 1he state whlch in turn 
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factHtat.es r.fth:lllatton of t:he (lplilla) st.l'lbllt7.im~ r.ontrnJ. See 

Lo. Chow (.1975) and Vishwekaraa (974) for applirat Ion of this 

fO."lIu]a1,ion {naaeroeconnaie "tabt Hz ... Ion polir:y. 

Tn staple teras therefore. control theory enr.cnapaftses the 

Kataln filter. Application" of thin flJter tn econo.fc analYBJs 

are nulterous. For forecasting by .eans of the Kolllan rUter see. 

for exaltp)e. Vbhwakar.a (1970. 1974" In practfcaJ aHu4lUons 

the coefficient lIatrlces A.B.C.D and the cf~v8rtances of nolB.e 

prace.aes ecu anff 'l(t) are of courfte unknown. They need to be 

estlaated froa available U.e fterles data. An Illustration of 

!lucb eaUllaUon for sfllultaneouft forecasth12 of jnterest rate • 

• one~ supply and bank loans Is given In Vlshvakarlla (1987,. 

To be sure. there are aany other BodeJa and forllu]aUons 

In control theory as welt as lIathellatJcal opUah:atlon theory 

wbtch have yet to fInd appJlcaUonft In econoaic anaJysis. 

In this r.ontext rererence needs to be lIade to the 

weU-knmm act hod of dynaaJc progralllllng (e.p'- see Netlhauner 

1966). This 15 a particular optfalzatlon procedure whlrb 

utU izes the !'o culled principJe If opthaallty. To quote 

(nell.an 1961. p. 56). this principle states: "An opt I ilia I policy 

has the property that whatever the Jo,'tal ftta1e and the InitlaJ 

declsloo are. the re.nlnlng decisions .ust constttute an optillal 

poJ icy wit h regard to the "t at e rfmu tl n~ frolt , he r t rs t 

decision~ This is a bro.!!d stfitel.1fo wilirh app.les to other 

techniques as well as to dynallJr prc~~~ra...,~ing. Unfortunately. the 

tera "dynaafr. progralt.lng" h a • Js nm.\e I" , This .ethod is better 
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de,.crlbed aR a rnr.urshtp. opthtlzallun 8Il,),.,ut ... h "hJcb Jead" to the 

optiaua througb a sequence of steps. As such dynaa": prograa.dnc 

do"" not. deal wltb opt hllzaUon over tlae Involving dyn.ltlc 

systea •• aHhough It eay be applicable In these sUuatJomi. The 

other lIajor dUfinulty _dth it ta what Js teraed the "curae of 

dJ aenaJonall ty" . Wben severa.1 decision variables are 

sJaultaneously Involved. use of dynaaic prograaaJng becoaes 

lapracUcal. Horwood t
• aodel presents such • ajtu.tlo~ and 

dynaa.lc proua.alnr tfOuld not bt'l' an e"ective procedure for it. 

TheoreUcal J Iterature on .ltheaaUcal opU.lzaUon and 

control theory ia volwdnoua. Co.puler 80rtware for perforalng 

calculations In tbJe rer.rard ls also ple-nUfu •. For e~a.ple. 

ShJttkowakJ (J980) presenta • coaparaUve evaluaUon of aoae 20 

different opU.JzaUon pr02ra.8. Well-known software Ubrar'~ •• 

auch as IMSL and HAG. now Include a nuaber of routJnes. And Boae 

particular packages. JaINOS (Murtagh and Saunders 198'1) for 

exaaple. are ber:oaJna wJdely known. But. as SchJltkowakJ 

elaborates. each program has Its strengths and weaknesses. In 

fact. Boae of the pr~2r8.s are at.ply of poor quaJJty. And. there 

11 as yet no single progra. wbich is superior to others tn all 

respects. ThJs la not 8urprJsJn&,_ The variety of nonHnear 

opU.lzation .odels that can arise in pracUr:e Is very great 

indeed. Prograas that are ge~red to a given type of al tustions 

wll I naturally perfo" .. better than those whtr:h cater for other 

sr.enftrjos. In far.t. c:hoosfnJ: an approprJote prograD foJ' the 

situation in hand Is a useful skill. It Is .unllkely thot the saae 

pror.raa wJl1 be sultable In aJl sJtuatJons. 
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avatlable f:ollputftr suftware. Non IJ near npt I ~tzut han prograll' 

t,yplca.ly requtrn thu user to prnvtdna "ubrnut Ine or a funeUon 

to evalua.le the obJp.cUve runct ~ous And r.on,traJnts. AI a rule 

theae are gtven .tn the FORTRAN langUft2e. An ab .. tty to write 

FORTRAN prOlralls In itself Is a nontrivial ftkJ' J. In this context 

the diet". "f.arbagp. In. g.rbage out" JIt very lIIur:h relevant. Both 

in .ritln! or the suhprogr •• s ond In the use of the software. the 

poasJbJJJty of .akin,. nonsensical clIJcu]atJons exHs. The lIodel 

of Bhlde. Arden Pope t II and Heady provJdes an e.xaliple. To 

~~er..U. Us ob.1ecUve (unctJoh b not a naod one aJnce H hl 

InsensItive to \1Jd.e vartaUons 1n the decJslon variable. No 

opt lI.haUoo sortware can check whether auch flllwa edst In a 

lIodel. In other words. Just because avaJlable sortware is run on 

It r:~puter to arrive at the results, there hI no guarantee that 

those reaults are sound. 

Not only for 0pUII.fzatton but URe of MatheMaUcR in 

general Is not so trivial 6 process. Even inserting nUMbers Into 

el'ltabllshed forMulae 1ft not It trivia) endeavour. The Rtudy 

conducted by Dewald. Thursby and Anderson (1986) Is a cftl'le In 

pofnt. They exaMfned the haue of replirating the results 

publIshed In articles on practical econoaJr: analysis. They found 

that in DBny cases the authorR dJd not cnrrertJy u~e even 

regression anaJysls software. Calculation of 0pUlla tn nonlinear 

dyna.Jr. systellR hi a More involved t.ask and requlreR conRJderabJe 

expertise on the part of the nr4lyst. 
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ThIs dlftcqastun shouJd not be tak,m to aean tha.t 

Horwood's or PJndyck t • analyses are Incorrect. Quite th~ 

contrary. thr.y ought to be co.ended for thelr arUc)es.· Thb 

author is aware that both PtndYck and Horwood have treat expertise 

tn opUaJzatfon aetbodology a8 well a8 control theory. That has 

enabled the. to devise and operate the aodels cHed here. The 

description in theJr articles 1s coaplete. That .akes it posBlble 

for others to repltcate their calculaUons. Such Is not alNIYI 

the case wJth arUcles appearing in the Uterature. A181n. the 

Del\tfalt;l. Thursby and Anderson (1986) study throws Ught on this 

haue. It aenUons. that very .any pub) tahed analyses are not 

.aenable to replication. Such reBuJ t. could only be acceptable .s 

e Il.tte.!' of faUh. Our scrutiny af Jfonrood's Bnd PJndyck'. Ilodels 

Indicates that the· analysts of even experts could benefit trolt 

(!ooperaUon with ot,hers. Those who have lesser tralnlne tft)uJd 

certainly be better off seeklnr help. As a aatter of fact, there 

are professJonal consultantR who render such RervJces. 

7. CONCLUSION 

DivlsJon of labour and synerry are weI )·known concepts. 

They slgnlry that a COMplex activity is better pertoraed by 

dividing it fnto areas of expertise. Applications of 8atheaatical 

opt 'aJzat Ion and co. 1'01 theory are in this category. The case 

studies exaMined here JlJustrate that agriculture and resource 

aanagellent involve r.oMpllcated dectsion-Making. Couperat Ion of 

experts in control llnd opt Jaizat jon theory wfth agriculture and 

resource experts should resu.t tn aore errlclent anaJ~sls. 
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TA9U~ J. COMPA'Rf:l\lH OF OPTIMAl. CARTnt. rRTr.~ TRA.JF.("Tor~V FOR 
PF.TROf,f:;tJM Of L 

(D'l'rnunt Rille • 5 per eemt) 

YEar Author'. Ptndyckta 
ReRuUs Result" 

1975 13.26 13.24 
1976 11.31 JJ.J9 
1977 10.47 10.26 
J97& 10.1" 9.90 
1979 10.13 9.82 
1980 10.33 9.AR 
1985 11 .06 10.84 
J990 12.13 J 1.98 
.995 13.84 13.18 
aooo J5.09 14.46 
2005 15.19 15.92 
2010 20.36 20 29 

OPT1MAL GAIN 2.163 2.092 
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TAfUJ\ 2. COM .. AHISON OF OPTIMAl. CARTF.L PRICF. TRA.JF.CTORY FOR COprF.R 

(DIscount Rilte • 5 per c:ent) 

1915 
1976 
197'1 
una 
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28.908 
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7. Soil Conservation Model 
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