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Much of the theory of the firm in product spice 1s noi necarly as
wcll decveloped as the vheoory of the firm in factor spacc. For example,
both general and agricultural cconomists haeve devoted considerable
cffort to duvoloping funciional forms represcnling production processes
in factor space, but the companion effort in product space has been very
limitcd. The purpose of this papuer 1s to prescni som. product-space
concepts @nalogous to thosc commonly us<d in factor spacc. Concepts not
spceificelly cited in past rescuarch, to the author's knowledge, wre new.
thilce scveral of these concepus have appearcd previously 1n  cited
economics literotwre, the uscefulness to agricultural cconomics rescarch
nis not previously boen made clear. Moreover, the author 1s not avuare
of any other single rofercncee to these idcas.

In facior space, un cquation for o production process involving n
inputs  and a  single output isy = f(x1,...,yn) with an 1soquant
represcating a fixed constant oucput as y° = f(x1,...,xn). In product
space, the anclogous cquation linking tLhe production of m outpuis to the
use of « single input (or bunale of .nputs), is x = h(yq,.., ym). and
the producc trunsform-.ion function rcprescnting possible conmbinctions
of the Y, that c¢in be produccd from o fixed quenticy of a single input
(or inpul bundle, with the queniivics of cuch input bcing held in fixoed
proportion to «uch other) 1s x° = h(yqoeees Y,)+ Although « considerablc
cffort hus beun drvoled to Ul devclopment of coxplicet specificctions for
production functions (Fuss, tleFadden  and  twndlak, Dicwert, 1971),
ittempts ot developung explicit product space  counterparts have usually
b~en simplc modifications of produziion functions replacing the X, with
Yy» and substituiing for the quanticy of x in the product space
modcl, ¢ singlt input (or input v ctor X = {x?,...,x;} for y° 1in . he
foctor space modi.l. Effortis to derive produce sp.oc funciions by making
assumptions .bout cthe sprcific form of ihe underlying production
funccions bredk doun 1f the underlying production functions are not

monotonic. Even 1f the underlying production functions arc monotonic,



the competition between products for inpuis are normally not adequately
represented with such an approach (Beattic ond Taylor; Debertin) The
standard prescntation of the ncoclassical theory of the firm usually
specifies isoquants in factor spacc with 2 diminishing (or possibly
constant) marginal ratecs of substitution. The stondard presentation in
product spacc specifies product transformation functions with an
increasing (or possibly constant) rate of produci transformation. A
simple intcrchange of oulputs and inputs may be inadequste, and the
parameters  of and in some cases the cxplicit form of the product space
function (h) nceded to gencrate product transformation functions
consistent with neoclassicel theory will be quite different from the
parameters and form of the factor space production function (f).
Duality in Product Space

In product sp.ct, the totel revenue function can pley a role
analogous to the cost function in factor spacce. Suppose Lhat products
(a) are either supplemontal or compctitive but not complementary with
cuch other for the available rcsource bundle x°, ond (b) rates of
product transformution between output pairs are non-dccreasing. These
assumptions in product spuacc are unalogous to the free disposal and non
increasing marginal roate of substitution assumpiions (McFudden, 1970,
pp. 8-9) in factor spuaca.

Given the product space function x = g(y1,y2,...,ym), the
corresponding totzl revenue function that maximizcs total revenuc for @
given input bundlc x° is r = max[p'y;g(y)<x°]. if conditions (a) and (b)
are met, then the revenue function exists, is continuous, 1is non-
deereasing  in  each price in the product price vector p, is  lincarly
homogcneous in w1l produci prices {p1,...,pm} (and in all outputs
{yl,...,ym}) and is convex in each output price for a given level of
input x° (Hunoch, p. £92).

The  product transformation functions needed for the cexistence of a

corrcsponding  dual revenue function are not necesserily more plausible



in an economic sctting than other product iransformation functions, but

are rather a mathematical convenience. A Cobb-Douglas like funtion in

product spacc will not generate product transfomaetion functions

consistent with (u) and (b), whilc under cortain parameter assumptions,

a CES 1like or translog 1lik. function in product sp.ce will generate

product transfornction functions ccnsistent with these assumptions.
Cobb-Douglas Like Product Space

Consider first a Cobb-Dougluas likc¢ analogy in product spacc. A
Cobb-Douglas 1like two product cne input model suggested by Just,
Zilberman ond Hochman (p. 771) from Klein is y1y;_‘é = ix%1 x 00 x3“3.
Now suppose there is but one input to the production process, and Ax%1 =
y1y26. Solving for input x = (1/70) 179 y11/“1 yzé/a1. The puaramcters og
and § would normally be non-ncgative, since additional units of yy or vy
can  only be produced with additicnal units of the input bundl., «nd
additional units on the input bundle produce additional units of ouiputs
yq end y..

Rewriting in ~a slightly moros gencral form, the produce spacs
function 1is x = By1¢1 yJ¢2. However, with positive pirzmeters, in no
casc will this cquation generate product tronsformation curves %3%33&‘%0
the origin, for ithce Cobb-Douglas like functiion is quasi-concove for .ny
set  of positive paramcier values. A Cobb-Douglas 1lik~ function in
product Space cannot generate product transformetion functions
consistent with ncoclessical theory and  the usual constrained
optimization ruvenue maximization conditions.

CES Like Functions in Product Space

Just, Zilberman and Hochmon 1lso suggest .. possible CES  1like
function in product spicc. A version of this function with once input ond
two oulpuis is x = CLAqyy " + Azyh'”]'1/n. The product transform..tion
functions gencrated from  the CES like function in produst spoce  aroe
downsloping so long as Ay and AZ are positive, irrcespecilive of the value

of the parcmeter n.



The  curvzturce on the product transformution function is given by
the sign on dzyg/dy12 = ~(1+n)(-A1/Az)y21+“y1—(2+”). since ¥, Yos Aqs
A, > 0, the sign is dcpendent on the sign  on -(1+n). In factor space,
the valucs of p that ure of interest are those that lie between -1 and
+e,  for these are the values that geonerate isoquunts with « diminishing
murginal rate of substitution on the input side. If the value of n is
exuctly -1, then the product transformation functions will be diagonal
lines of constant slope A1/A2 wnd products arce perfect substitutes.

Howecver, the CES like functicn cun gencratc product transformation
functions with an incrcasing rate of product transformation. The five
CES cascs outlined by Henderson and Quandt in factor spucc include only
valucs of p that lie between -1 und +<., In product space, the values of
n that lic between ~1 and -« generate product transformation functions
with an increasing rate of product transform.tion, since the second
derivative  is negative when n < -1, As n » --, the product
trunsformation functions approach right angles, concuve o the origin.
Small ncgative values for n generate product transformetion funciions
with a slight bow away from the origin. As the valuc of n becomes more
negative, Lhe outword bow becomes more cxtreme., In the limiting casc,
when no o+ =y Yo is totally supplemcntal to ¥q whcn ¥q excecds Y3
convcrsely yq is tot.lly supplementcl to y, when 2 exceeds yq. This is
equivalent to the joint product {(b2ef and hides) case. If n is a fairly
large ncgotive number (perhaps < -5) there oxist many combinutions of Y1
and Yo where one of the products is "nearly" supplemental to the other.
As n ~» -1, tLhe products bccome more nearly competitive throughout the
possiblc combinustions, with the diagonel product transformstion
functions when n = =1 the 1limiting case. Rzgions of product
complcmentarity erc not possible with a CES like produet transformaticon
function. Product trunsformation functions e¢xhibiting a constant or an
inercasing rate of product t{rensformuiion musi noccessarily intorscect the

y axzs. Thus, thcre is no product space counverpurt to the asymptlotic



isoquants gencrated by o Cobb-Douglas typc function in factor space.
Alternative Elasticity of Substitution Measures in Product Space

Diewert (1973) extended the concept of an  elasticity | of
substitution (which he tcermed elasticity of transformation) to multiple
product-multiple input space. Hanoch also suggests that the elasticity
of substitution in product space can be defined analogously to the
elasticity of substitution in factor space. In the casc of product
spice, revenuc is maximized for the fixed input quantity x°, is
substituted for minimization of costs ut ¢ fixed lcvel of output y°( p.
282) in fuactor spuce. Ths clasticity of substitution in two product one
input spacc (Debertin) is defined as €sp = ~ change in the ratio y,/y; *
» change in ths RPT or us ¢g, = [d(y,/y{)/dRPTILRPT/(y,/y) 1.

Anothcr way of‘looking at the eclasticity of substitution in product
spacz  1is in terms of its linkage {o the rate of product transformation
for CES like two-product space. Suppose that Y = ya/y1, or the output
ratio. The rate of product transformation for CES like product spacc
is defined =s RPT = YU e elasticity of substitution in product
space is then (dlog Y)/(dlog RPT). Taking the natural log of both sides
yields log RPT = (1+n) log Y. Solving for log Y .nd logarithmically
diffurentiating gives {(dlog y)/(dlog RPT) = 1/(1+n). Assuming that n <-
1, the elasticity of substiiution in product space for a CES 1like
function is clearly negative, but » 0 as n » -o,

The conccpt of vn clasiicity of substitution in product space is of
considecrablce importance to agricultural cconomists, for it is o purce
numbcr  that indicates the extent to which the agricultural products
which cun be produccd with the same input bundle can be substituted for
cach other. Assuming compeiitive equilibrium, the inversce product price
rat.io p;-_,/p1 ¢cun be substituted for the RPT, and the elasticity of
substitution in product Spacc can  be rewritten as ¢sp =
Ld(y 7y 1)/d(py/p ) I /P )/ (y/y ) J.  As FicFadden (1963) hus indicated,

there is no noetural goncralization of Lhe two input clasticity of



substitution when whe number of factors 1is greater than 2. The
elasticity of substitution will vary depcnding on what is assumed to be
held constant. However, the Allen, Morishima (Koizumi), and Shadow
(McFadden) elasticities of substitution in factor space all collapse
to the same number when n cquals z. Similarly, there is no natural
generalization of product space elasticity of substitution when the
number of products excceds two.

In the case of farming, the elasticity of substitution in product
space is a pure number that indicites the extant to which the rcvenue-
maximizing farmer 1is able to respond to changes in relative product
prices by altcering tho product mix. An elasticity of substitution in
product spacc near zero would indicate that Lhe furmer is almost totally
unable to respond to changes in product prices by aliering the mix of
products that uare produced and is the joint-product case. An clasticity
of subscitution in product space of - « indicates that the farmer nearly
clways would be specializing in the production of the commodity with
the favorable relative pricec. As relative prices change toward the other
commodity, a compleic shift would be madc to the other commodity.

For most agricultural commoditics, thc elasticity of substitution
in product space would bc expected to 1lic between 0 and -«, indicating
that to a certein degrec, farmers will respond to changes in relative
product prices by altering the product mix. Commodities which require
very similar inputs would be expected to have very lurge ncgative
elasticities of product substitution. Examples include Durum wheat
versus Hard Red Spring whoat in North Dakot.d, or corn virsus soybeans in
the corn belt. Converszly, wo dissimiler commodities requiring very
different inpuis would be cxpcecicd to have clusticitics of substitution
approaching ZCr o, and & change in relative prices would notv
significantly alter the oulput combination. In m product spacc, when

m>2, the clasticity of substitution is cg, = [dlog y, - dlog yi]/[dlog

sp
p; - dlogz ka. This m.asurce is rcprescentative of a2 wwo output two price



(or TOTP) clasticity of producy substituiion analogous to the two input
two price (TTES) clasticity of substitution in factor space, with the
quantitics of outputs other than i and K held constant.

The concept of an clasticity of substitution in product space is
one mechanism for resolving the problems with the joint and multiple
product terminology. The output elasticity of substitution is zero when
outputs must be produced in fixcd proportions (joint) with cach other.
The output elasticity of substitution is -« when products are perfezct
substitutes for each othcr.

Other clasticity of product substitution concepts can be defined,
cach of which is analogous to a similar concept in factor space. For
cxample, the one output one price (or OOOP) concept is Allen like and

symmetric, or ¢ = g(dlog yi)/(dlog pk).The one intput onc price (or

spa
O0ES) concept in factor space is proportional to the cross price input
demand ¢lasticity cvaluated at constant output. Similarly, the OOCOP
concept is proportional to the cross output price product supply
elasticity cvaluated at a constant level of input usc. An own pricc OOOP
can also be defined, thuat is proportional to the own price elasticity of
product supply.

In factor space, the Allen clasticity of substitution is
proportiional to the cross price input demand elasticity c¢valuated at
constant output. llormally, as the price of the jth input increases, more
of the ith input, and less of the jth input would be uscd in the

production process, as input Xy ie substituted for input x cevaluated

j*
at constaent output. Thus, the sign on ths Allen clasticity of
substitution in fuctor space is normaelly positive if inputs substitute
for =uch othcr. Howcver, in product spuace, the Allen like elasticity of
substitution is proportional to the cross output price product
clasticity of supply evaluated at a constent level of input use.
Normally, as the price of the jth output increascs, the amount of the

Jth output produccd would increase, and the amount of the ith output



producced would decrcecasc, Lthe opposite rclationship from the normal case
in factor spacc. Thus, while the Allen elasticity of substitution in
fector space would normally have a positive sign, the Allen 1like
clasiicity of substitution would normally have a negative sign in
product space. Thc negative sign is also consistent with the sign on the
product elasticity of substitution for thc CES like function derived
earlier.

In the n input setting, Hanoch (p. 290) defines the optimal (cost
minimizing) sharc for inpul x. as a shuarc of total variable costs as

J
S. =w.,x*¥/C, whcre C = Zwixi, w; = the price of the ith input, and output

J JJ
is constant. On the product sidc, define the revenue maximizing revenuc
sharc  (R¥) for output y, treating the input x° (or input vector bundle
x°) constunt us Rﬁ = pkyﬁ/R, whereo Py = the pricc of the kth output, R =
Zpiyi. i=1,,,m; and yﬁ = the revenuce maximizing quantity of output y,
from the fixed input bundlec x°. Invoking the revenue counterpari to
Shephard's lemma (Beuttic and Taylor, p. 2£35) gives aR/apk = yﬁ. The
share of totual rcvenue for optimal quantity of the kth output can then
b rewritten as'Rk = dlog R/dlog Py -

In the m output casc, the Allen lik: clasticity of substitution (or
transformation) (Agk) in product sp.cc between input x; and X, e¢valuated

1 J

st a constant input pricc wj is defined as A?k‘ (1/Rk)(E?j), where Egj

dlog yi/dlog Py the cross price clasticity of supply for output ¥; with

respect  to the kth product price. The Allen-like clasticity of

substitution may be rawricten os A? = dlog yi/dlog R = Aki = dlog

J
yk/dlog R, since .he inverse of tne Hessian matrix for the underlying
function h in product space is symmotric. In this contoxt ithe Allen like
clasticity of substitution in product spoee  is the clasticity of ¥y
with respect Lo tolel revonuc R, for a change in anothoer  price Py»
holding the quantity of the input (or input bundlc) constant.

Yot another way of looking ¢t the Allen like elasticity of

substitution in product spacc is by analogy tc the Allen elasticity of

co



substitution definecd in factor space defined in terms of the cost
function and its partial dorivatives. The Allen e¢lasticity of
substitution Dbetween the ith and jth input (Aig) in factor space can be
defined as in torms of the cost function and its partial derivatives,
b
Aij = (Ccij)/(cicj)’ where C=h(wy,...,w , y¥); C; = 3C/aw;; C\j = BC/awj;
and Cij = 82C/awiawj. The corrcsponding revenue function definition in
product space is Aig = (RRyj)/(R;Ry), where R=h(pq,... Py, x¥); Ry =

. = . - = 32
BR/Bwi, R, = aR/awj, and Ri' 0 R/awiawj.

J J

The two output one price {or TOOP) elasticity of product
substitution is analogous to the two output one price Morishimu or
TOES elasticity of substitution in factor spacc. The Morishima 1like

elusticity of substitution in product space (Koizumi) is ¢ = (dlog Y

spm
- dlog yk)/dlog Pi- Like its factor-space counterpdart, the Morishima
like clasticity of substituvion in product space is nonsymmctric. Fuss
and McFadden (p. 241) note that in factor specc, cach elasticity of
substitution can be zvaluated bascd on constant cost, oulput or marginal
cost. In product sp:x:cz, the total revcnue cquation is analogous to the
cost equztion in facior spzce. Hence, cach c¢lasticity of substitution in
factor spuace may be evaluated bascd on constunt total revenue, marginal
revenuc, or level of input bundle us2. Generalization of the various
product clasticity of substitution mcasures to m outputs invelves mueking
assumptions with regard to the prices and/or quantities of outputs other
than the ith and jth output. A shadow like elasticity of substitution in
product space is, 1like its factor space counterpart (McFadden), a long
run concept, but in this cosc, ©11 quuntitics of outputs other than 1
and j are allowed to vary.
Translog Like Functions in Product Spacc

The sccond ordcr Tuylor's series e¢xpansion of log y in log X or

i’
translog production function (Christcnsen Jorgenson and Lau, 1971,1973),
huis received widesproad use as a basis for cost-sharc cquations uscd in

the cmpirical c¢stimetion of clasticitics of substitution in factlor



spacc. The slope and shapce of the isoquants fér the translog production
function arc dcpendcnt on both the estimated parameters of the function
and the wunits in vhich the inputs are mcasured. Given the +two input
translog production function

y = Ax,%1 x,% V12 108X1108Xp,¥qq (1ogx))® + Y55(108X2)* g important
paramcter in dctermining the convexity of the isoquants is Y12+ The
parameter Yy, 1is closely linked to the elasticity of substitution in
factor space. A two output translog function in product spacc can be

written as

x = Ay,B1y. B2 of1o loBYqlogy, * 0p9(dogyy)® + 05(l08Y)* 1n g

P’

product space, the puramcter 81, would normally be expected to be
negative, Jjust as in factor spoce, Y2 would bc expected to be normally
positive. The indirccet two outpubt  translog revenue function thut
represents  the maximum amount of revenuc obtainable for « specific

quantity of input x°, allowing the sizc of the input bundle to vary is

~
c

log R* = logD + &,logp; *+8.logp, +644 (log p1)2 *+ 855 (log pys)
+61210gp1logp2 +n1xlogp1 logx + Nox logpz logx Ny logx + nxx(logx)2
Beattic and Taylor (p. 235-0) derive the revenue countcerpart to
Shephards lemma. They show that BR*/Bpj = yg. Thus, if the firm's
revenuc function is known, systems of product supply e€quations can bc
derived by differentiating the revenue function ond performing the
indicated substitution. Fuctor prices arce treated as fixed constants in
such an approach. Diffcerentisting with respeet to the jth product price,
say pq, Yylelds dlogR*/dlogp1 =8y * 26”10gp1 + 8§y, logp, + nyy logx.
Economic theory imposcs o number of restrictions on the valucs that the
paramcters of such a function in thc m ouiputl cuse. These restrictions
are similar Lo those imposed on the purameters of cost sharce equations
in fuactor spuace. First, +total rcvenuc from the sule of m diffcrent
products is R = lRi i=1,...,m. Thus, if the revenue from m-1 of the
revenue shdarc e€quaetions is known, the remeining revenue share is known

with certainty, =5nd once of the rovenue sharce cquations 1is  redundant.

10



Young's theorem holds in product just as it docs in factor space. Thus,
Gij = Gji’ which is the samc as the symmetry restriction in factor
space. Any revenue function should be homogencous of degrce one in all
product prices. This implies that 251 =1, and Eéij = 0. In product
space, the assumption corresponding to constant rcturns to scale in
factor space is that there is a constant increcase in revenue wssociated
with an incrcasc in the sizc of the input bundle. This implies dR*/dx =
s, =1, Eéix =0 for i =1,...,n; and é,, = 0. These ussumptions are as
plausible in product space as the analogous assumptions are with regard
to indirect cost functions in factor spacc.

Brown and Christenscn derive the constant output Allen elasticities
of substitution in fuctor space from 6jj = (eij + SiSj)/SiS., where
S.,5.; = the cost shares ottributed to fuactors i and j, respectively.

17

Oij = the resiricted regression cozfficient from the logrilogrj term in
the cost sharc equaiion. The analogous formula for deriving thce Allen

like clasticitics of substitution in product space is ¢ = (51j +

ijp

RiRj)/RiR-. As indicated earlier, the parameter 6;. will usually be

ij
negative, and the Allen likec elasticity of substitution in product
space (oijp) for most commoditics is negative.
Concluding Comments
Many possibilities c¢xist for cmpirical analysis linked to
agriculturce bascd on the models dcveloped in this paper. One of the
simplest approachcs would be to estimate estimuate revenue share
cquations for major commodities in U.S. agriculture for sclected time
periods  (following the approach used by Aoun for estimating cost sharc
cquations for ugricultural inputs in factor spacc) and derive various
clasticity of substitution measurces in product space. These revenue
share paramcicr estimutes would be usced to estimate product elasticity
of substitution mcasurcs for the various major agricultural commodities
in the United Statcs. Such an empiricul analysis could stress the

implications for current ag policy in terms of determining how farmers

11



alter their product mix over time in the face of changing government
price support programs such as those contained in the 1985 farm bill.

Another possibility is to cestimate changes in the product space
elasticity of substitution mcasures over time. Somc thirty years ago
Heady and others discusscd the impacts of specialized versus flexible
facilities using a product space model. Onc way of looking <t a facility
specialized for the production of a specific commodity 1is that it
represenis product space in which the elasticity of substitution is necar
zero. A flexible facility is represented by & product space elasticity
of substitution that is strongly negative.

It is ulso possible to think in terms of on analogy to a Hicks'
like technologicil change in product spacc. In product space,
technological change occurring over time may favor the production of one
cormmodity at the expcense of another commodity. If, as the state of
technology improves over time, #nd no shift is observed in the
proportions of the y; to yj over time, then the technology is regarded
as Hicks like neutral in product space. Technology that over time shifts
the output cxpension path toward the productioﬁ of the j th commodity,
then the technology is regarded as Hicks like fovoring for product yj;
If technological change causes the output expansion puth to shift away
from the production of commodity Yi» then the technological change could
be referred to us Yy inhibiting technological change. As itcchnological
change occurs for a specific agricultural commodity, presumably that
commodity is favored releiive to others in a product space modcl. For
cxample, has technological change over the past thirty years tendcd to
fuvorr the production of soybcuans rclative to other grains? Such .an
approach might be uscful in asscssing the cconomic impacts of genctic

improvements in specific crops or classes of livestock.
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