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What Does Performing Linear Regression on Sample Survey Data Mean?

Phillip S. Kott

# — .

Abstract. Most economusts understand Linear regres-
ston as the estumation of the parameters of a linear
wmodel There are two other ways of wnterpreting the
resulls of linear regresswon, however, and most soft-
ware packages designed specifically to handle data
from complex sample surveys (for example, SUR-
REGR and PC CARP) assume one of these inter-
pretations This article contrasts the conventional
model-based theory of linear regresston to the design-
based theores underlying swrvey-sampling software
The article demonstrates how procedures from design-
based regression theory can be justified and exploted
m a linear model framework Proposed 1s a test for
comparing the results of ordimary least squares and
welghied regression

Keywords. Desiwgn-based, model-based, random sam-
ple, mean-squared error

An econonust usually thinks of linear regression as a
means of estimating the parameters of a preconcerved
linear model or of testing the validity of a particular
model withm a continwum of shghtly more general hn-
ear models

Many survey statisticians, though, have a different
view of linear regression They are interested n
desceribing charactenstics of a fimte population To this
end, ordinary least squares 1egression performed on
multivariate data from the entire population can pro-
duce some useful summary statistics In practice, how-
ever, 1t 1s too difficult to obtain information from the
entire population, and so, data 15 obtained fiom a sam-
ple of observations (The term “observation” will be
used to 1efer to any member of the population unde:
study even though relevant values for nonsampled
members are not actually observed )

The economist’s view of linear regression as given
above 15 called “model-based,” the survey statistician’s
view “design-based” (4) !

According to model-based theory, part of the multi-
varate data—the dependent varmable—is 1tself a ran-
dom variable genetated by a stochastic mode
Orthodox design-based theory, m contrast, holds that
all the data are fixed, the only thing probabilistic 1s the
seleclion process that randomly chooses some observa-

Kott 15 special assistant for economic survey methods in the Office
of the Duector, Bureau of the Census, and was semor mathematical
statistician with the Survey Research Bianch, Nationa! Agricultural
Statistics Service

Htalicized numbers in parentheses ate sources histed in the Refer-
ences at the end of this article

tions for the sample and not others There 15 no model
generating the data, only a useful way to summarnze
the covariation of multivariate values in the fimite
population

There 1s an altexnatave schoo! of thought 1n design-
based theory that we will call the “Fuller School” (1,
2) This theory says that although there 1s indeed an
underlying model generating the data, the analyst
knows little about this model In fact, the relationship
among the vamables may not even be linear Lmeat
regression 15 simply a means of summarizing 1n linear
fashion a relationship among the multivariate values
generated by the model

Several software packages perform linear regressions
and estimate variances in accordance with the Fuller
School, which 15 more palatable to economsts than the
orthodox design-based approach Two popula pack-
ages are SURREGR (5) and PC CARP (3}

The Standard Linear Model and the Sample

Suppose the multivariate values of a population of M
observations can be fit by the hnear model

y = XB + ¢ (h
whete
y = (v, ,yw,1san M x 1 vector of population

values for a dependent vatiable,

X 15 an M x K matrix of population values for K
independent variables or regressors

B 15 a K x 1 vector of regression coefficients, and

€ 15 an M x 1 vector of disturbances o1 errors satis-
fying E(e) = 0, and Var(e) = Eee’) = oIy

If one knew y and X, then the best linear unhased
estimator of B would be the ordinary least squares
(OLS) estimator

B = (X*X)4X'y) (2)

But, y and X values are known only for a sample of m
observations which has been selected at random 1n a
manner assumed to be independent of €

The best (mmmmum variance) linear unblased estima-
tor of B, mven the sample, 18

bors = (X'SX)HX'Sy), 3

where S 1s an M x M diagonal matrix of zeloes and
1’s The 1th diagonal of S 1s 1 if and only 1f the ith umt
of the population 1s in the sample Observe that 8 m
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equatton 3 allows only those rows of X and elements of
¥ containing information from sampled observations to
be captured n by, ¢

The variance of by g (a vanance-covanance matrx) 1s
oX'SX)y! An unbiased estimator for this variance
can be determined by estimating o¢ 1n the above
expression by 82 = (v — Xby g)'S (¥ — Xbg;5)/(m -K)

The Design-Based Approaches

In the orthodox design-based approach to regtession,
there 1s no underlying linear model The goal of linear
Legression 15 not to estimate B 1n equation 1 Rather,
1t 15 to estimate B in equation 2 based on a randomly
selected sample of m observations

Let P beean M x M diagonal matrix, the 1th diagonal
of which 15 the probability that umit 1 was selected for
the sample We can call W = (nvM)SP-! the matrix of
sampling weights Note that W = S when every umt
has a probability of selection equal to m/M

For many samphng designs, the weighted regression
estimator,

by = (X'WXFI(X'Wy), (4}

1s a design-consistent estimator of B 1n equation 2
That 18, as m (and M) grows arbitranly large, by - B
has a ptobability hmit of zero with respect to the prob-
ability space generated by the sampling mechanism

Fuller (1) points out that by, 15 generally a consistent
estimator of B* = @Q-'R, whete Q@ = hmy ., (X'X)/M
and R = himy ., (X"y)/M when Q! and R exist and by,
15.a consistent estimator of B Often B 1s referred to as
the fimte population regm ession parameter, while BY 1s
the infimite population regression parameter

What we have called the Fuller School of linear
regiession assumes the exstence of a model generat-
ing the fimte population data, but not assuming very
much about the natwie of that model, only that @-! and
R exist This theoty employs the laws of probability n
the same way as the orthodox design-based school
does exclusively through the sample selection process

The model-based estimator, by, equals the design-
based estimator, by, when W = § (that 1s, when all
the sampled obset vations have equal probabihties of
selection) If the model in equation 1 holds, then the
infinite population regression parameter, B*, will
equal the mode!l regression parameter, 8

Design Mean-Squared Error Estimation

To estimate the mean-squared error of by, as an
estimator of either B o0 B* under the samphng design.
we need to know more about the design

Suppose the population of M observations 1s divided
into L stiata (L. may equal 1) And, suppose that there
are n;, > 2 distinet primary sampling umts (which may
involve clusters of the actual observations) selected
from stratum h Ultimately, my, (which may also equal
1} observations are selected for the sample fiom the
primary sampling umt (PSU) hy This broad frame-
work allows for multistage random samphing with (per-
haps) unequal selection probabilities at each stage For
simpheity, however, we exclude from consideration
samples where some PSU has been selected more than
once 1 the first samplng stage

Without loss of generality, by can be rewritten as
by = Cy*, where y* 1s an m vector containing only
those members of y that correspond to sampled obser-
vations and C 18 the m corresponding columns of
{(X'WX)'X'W Let r* be the vector of residuals analo-
gous to y* (note r = y — Xby)

For every sampled PSU hj, define Dy, as.anm x m
diagonal matrnix of 1's and zeroes such that the ith
dhagonal of Dy 15 1 only if the 1ith member of y* corne-
sponds to an observation in PSU h) Finally, let gy, =
CDth:-:

The hinearization (or Taylor Series linearization or
delta method) mean-squared error estimator for by, as
an estimator of B* 1s the matrix

NN
mse = hoy My~ 1 j=1 En&hy
n n
-1 Fgy Sy (5)
h =t 1=1

This estimator 15 computed by the SURREGR soft-
ware packages PC CARP scales mse by {{m-1)/(m-
K)} Either way, the result is a consistent estimator of
design mean-squared error (in the Fuller School sense)
48 h = 2 n, grows arbitranly large under mld condi-
tions (8) (Orthodox design-based theory can require
finite population correction terms which are unavail-
able in SURREGR and suppressible in PC CARP )

The Law of Large Numbers and the Central Limit
Theorem can often be invoked to test hypotheses of
the form HB* = h,, where H1s an r x K matrix and
r< K Under the null hypothesis,

T¢ = (Hby - hy) ' (H{mse}H") '(Hby — hy) (6)

has an asymptotie chi-squared distribution with r
degrees of freedom When n - L - K 1s not large, 2
common ad hoc alternative to T2 15 F = T2r, which 1s
assumed to have an F disttibution with r and either n
- L -K (SURREGR) or n - L (PC CARP) degrees of
freedom
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The Extended Linear Model

The use of by from equation 4 and mse from equation 5
can be justified in a purely model-based context This
18 done by extending the hinear model m equation 1 to
allow for the possible existence of missing regressors
and the hkehhood that Var(e) 1s much more compl-
cated than o2l The proofs for the assertion made 1n
this section and other technical details are in (6)

Suppose the multivariate values of the population of M
observations can be fit by the linear model

y=Xp+tz+teg (M

where y, X, B, and e are unchanged except that Var(e)
need not equal o2l The new vector z satisfies
lmy ... X'z/M = 0, and 1s a composite of all the
regressors 1n a fully specified model for y that are oth-
e1wise missing from equation 7 and the jomnt effect of
which on y cannot be captured within X$

Under mild conditions, by 1s nearly (that 1s,
asymptotically) unbiased under the model i equation
7 (as n grows large) The same cannot be sad for by.g
unless limy ~. X'Pz/m = 0, which 1n practical terms
means that the probabilities of selection are unrelated
to the missing regressors

The expression in equation 515 a nearly unbiased
estimator of the model mean-squared error of by
under many sampling designs and variance matrices
for € The only 1estriction on the latter 15 that E(eg )
be zero when 1 and 1’ are sampled observations from
different PSU’s and bounded otherwise This restrie-
tion 1s ver1y mild since any covaration among observa-
tions across PSU’s should, in principle, be captured by
Xorz

The problem with by and mse from a model-based
point of view 1s that they are not very efficient For
example, when z 1n equation 7 1s 1dentically zero and
Val(e) = a?ly, the variance of by g will be less than
that of bw

Even 1f Var{e) % otly, by g 15 unblased when z = Q
Moreover, bg g may still be more efficient than by
With the gy, i equation 5 appropnately redefined, mse
could serve as an estimator of the variance of by g
under a fairly general specification for Var(e) More
efficient and also nearly unbiased 1s the matnx,
mse’ = [i
n-1 n=1

El Enh s 8
J:

which equals mse when L. = 1 It 18 a simple matter to
get SURREGR and PC CARP to produce bgg and
either mse’ (SURREGR) or {{m-1)/(m-K}}mse’ (PC
CARP)

Although mse’ (and mse for that matter) 1s an estima-
tor for the varance of the estimated regression coeffi-
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cient when z = 0, we retain the “mse” notation for
convenlence

Whether by or by g 1s calculated, the test statistic in
equation 6 can be employed (with by g replacing by
and perhaps mse’ replacing mse as appiopriate) to test
hypotheses of the form Hp = h,

An Example

Consider the following example synthesized from
USDA data from thie National Agrecultural Statistics
Service’s June 1989 Agricultural Survey In a particu-
lar State, 17 primary sampling umts were selected
from among 4 strata These PSU’s were then sub-
sampled yelding a total sample of 252 farms Although
the sample was random, not all farms had the same
probability of selection

We are mnterested 1in estimating the parameters, (3,
and B,, of the following equation

¥ = xl:Bl + XZIBB + Z, + €, (9)

where 1 denotes a farm,
y, 1s farm 1's planted corn-to-cropland ratio when r's
cropland 1s positive, zero otherwise,
x,, 15 11f farm 1 has positive cropland, zero othei-
wise, and
Xy, 18 farm 1's cropland divided by 10,000

Dropping all sampled farms with zero cropland from
the regression equation will have no effect on the cal-
culated values b,y and by (or b gc and bygg) It
would, however, affect mse (and mse’) 1f none of the
subsampled farms from a particular PSU had erop-
land Although this phenomenon does not occur here,
1t does raise an 1ssue worthy of a brief digression

Sometimes an economist needs to perform a regession
on a subset of a sample In those circumstances, one
may need to worry about the mmpact on mse when no
member of the subset comes from a particular PSU
This problem can be avoided by treating all the orig-
mnally sampled observations as 1f they were 1n the
regression data set Those observations not in the sub-
set under study could be assigned y and x values equal
to 0

The results of performing both OLS and weighted
regression on the data in our example are displayed 1n
table 1 The table contains estimated root mean-
squared errors computed from the appropnate diago-
nal elements of mse and mse’ Also displayed 15 Vmse,
the estimated coefficient root mean-squared error
assuming that z = 0 and that there 18 no correlation
across observations within PSU’s The vanance matnx
mse, 1s simply mse’ calculated as if there were 252
P3U’s The ACOV option of PROC REG n the popu-
lar programmng language SAS (7) used along with a
weight statement will appreximately yield this number




(the value fiom ACOV needs to be multiphed by
m/(m-1) for strict equality)

The ratic of mse'/mse, 1s a measure of the effect of cot-
telated errors within PSU’s on the mean-squared
ervor of an estimated regression coeffinent This 1atio
will be greater than 1 when there 1s such a cluste?
effect Simlaily, the ratio mse/mse’ 1s a measure of
the effect of stratification on'the mean-squared erro
of an estimated regression coeffictent This ratie
should be less than 1 when there 1s such a stratifica-
tion effect

Thete can be cluster effects even when z = 0, while
there are stratification effects only when z, values vary
across strata We can see from table 1 that there are
generally much more pronounced cluster effects than
stratification effects (of any)

A Test

Table 1 reveals that the OLS regression coefficients
are more effiaent (that is, have smaller mse and mse’
values) than the weighted regression coefficients It
remams to test whether these two sets of coefficients
ate really estimating the same thing If that s the
case, then the OLS estimates are clearly superior

One general way to test whether by g and by are
estimating the same parameter vector, B, 1s to replace
vy in equation 4 by y+ = (v, v'Y, X by

X X
Xe =
X 0}
and W by
W 0
WE =
0w

The 1esulting estimatot 18 bey = (by s', d') whete d =
by — bgs Caleulating mse® 15 done mn a manner analo-
gous to mse n equation 5 In calculating msee, the ele-
ments of y¢* correspond to observations coming from
the same number of PSU’s (and strata) 4s do the ele-
ments of 1ts analogue, y*

The test statistic 1n equation 6 can be invoked to test
whether d 15 significantly different from zero (with bey,

Tahle 1— Estimated regression coefficients and root
mean-squared error estimates

Estimated

regression

coefficient Estimate V mse Vmse  Vmse
b, w 0 3363 0 0822 ¢ 0781 0 0301

b; w Bo36 1 2389 1 3008 4764

b, o1 4460 0396 0440 0192

b, s - 8791 4637 4651 1688

teplacing by, and mse, 1eplacing mse) This was done
for the data set examimed 1 the previous section The
resultant value for T2 was 5 07 If T? 1s assumed to
have a chi-squared distribution with two degrees of
freedom, the null hypothesis was not rejected (that
bgs and by are estimating the same thing) at the'0 05
significance level but would be rejected at the 0 1
level Assuming T%2 has an F distribution with 2 and
13 (17 PSU’s minus 4 strata) degrees of freedom, the
null hypothesis would not be 1e)ected even at the 0 1
level

If one’s primary concern 1s robustness to the possible
existence of a z vector 1elated to the sampling weights
rather than the efficiency of the estimated 1egression
coefficients, then the fact that the test statistic
exceeds 1ts expected value under the null hypothesis (2
if T2 15 chi-squared) would be reason enough to prefer
by over by g

Fuller (2, p 106, equation 17) proposed a different test
for determimng whether the difference between by,
and by, g ts significant His test assumed that the
errors were mdependent and 1dentically distributed
across obser vations which 18 clearly not the: case i om
example
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