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Capital Markets and the Stability of the Growth Process

by

Mathew Shane*

I. Introduction
Increasing attention has been paid to providing a
dynamic macro-monetary framework since the publication of

Tobin's llconometrica article '"Money and Lkconomic Growth"

in 1965. However, these discussions have in general been
limited to an investigation of the impact of introducing
money into the neoclassical aggregate growth model. These
attempts at modifying and placing the Tobin model on & more
rigorous basis contain in general one severe shortcoming--
thiey lack stability.l/ Furthermore, the very limited nature
ol the portfolio behavior involved, the choice between money

and real cajpital, does not provide a mechanism f[or separating
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the investment and saving process which is such a fundamental
part ot the neo-heynesian and neoclassical f{rameworks. OUne
further shortcoming uniformly appears in these attempts at
creating a dynamic macroeconomic analysis. Although the
monetary problem has been considered in a growth context, no
effort has been made to describe the adjustment process of
the economy, except on the growth, i.e., equilibrium, path.

Recently, in this journal [16] Sidrauski and Foley con-
sidered a growth model with an alternative financial asset
to money. However, the debt asset plays no important role
in their analysis and they in no way consider the f{inancial
underpinnings of investwment and saving behavior and how this
relates to the dynamic adjustment process. lLnthoven [3] and
Stein [18] also include a debt asset, but the role of the
asset is not of fundamental importance to the results.

In this paper, 1 expand the stock-flow framework
developed by Clower and Horwich {1,2,5,6,7] into a dynamic
macro-monetary theory. The crucial role of the capital mar-
Kets must be stressed,g/ for the capital markets become the
critical linlk between real and monetary behavior, It is
through the capital markets that saving-investment decisions

are separated, and that the process by which monetary policy

E/This crucial role has been largely overlooked in the
literature. The major exception is the work of George
Ilorwich cited above, which provides the security oriented
framework of this paper.
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changes induce real behavioral changes occurs. This 1is the
very basis of the macro-monetary adjustment process.

The paper will start with a presentation of the model
which includes a stock aud flow supply and demahd eyquation
for real capital, money, and securities. The analysis will
then continue on to a presentation of the eguilibrium and

stability properties of the model.

I, The Capital Market Growth Model

The wmodel has three markets, (1) a neoclassical pro-
duction and factor market, (2) an existing asset market for
real capital, securities and real balances, and (3) a [low
supply and demand for the three assets derived from saving-
investment behavior. Associated with the three market sec-
tors are three behavioral units: (1) households who hold
all of tlie securities which firms and government issue, and
whose saving is the flow demand for new securities and real
balances, (2) firms who hold the entire capital stock and
issue securities to finance the accumulation of capital
stock and real balances and (3) the government which [inances
its budget deficit by issuiny securities and increases the
stock of money through open market operations. As a means
of simplifyiung the analysis, it will be assumed that house-
‘holds do not distinguish between the securities issued by

the government and those by firms. Furthermore, all
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government expenditures will be treated as consumption.=
Given this basic framework, an explicit statement of the

model will now be presented.
1t will be assumed that a single good (Y) is produced
in the economy by a neoclassical production function of the

two factors labor (L) and capital (X).

(I1.1) Y = F(L,K) &/

This production function satisfies the following well-known

properties:

(II.1.a) F yFg > 0 - Positive Factor Products

(I1.1.nb) F F 0 - Active Diminishing Returns

<
LL' KK

(II.1.c) @Y = F(¢L,¥K) - Linear Homogeneity

The labor force is assumed to be growing at some constant

exogenous rate n.

(I11.2)

e .
it
=

Further, it is assumed that at some initial point (to) both

the capital stock and labor force are given:

é/This clearly does not have to be the case., Government
could obviously utilize its expenditures for capital accumu-
lation in the production of public goods.

; A

1/It is assumed that each of the production function
variables has a time dimension. They are omitted here for
notational convenience,
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[H
=~

(11.1.d) K(to)

i
o

(IT.1l.e) L(to)

An exposition of the flow relationships will now be pre-
sented.

Household saving, which in this economy is the only
saving, is assumed to be a constant proportion (s) of dis-

posable income (Yd).

(IT.3) S = sYd

Disposable income is eyual to total income (Y) minus taxes

(gY) plus transfer payments which are assumed to be eyual to

the entire government deficit (Gs) which is simply the new

issues of government securities.é/ Thus:
(I1.4) Yd = Y(1l-g) + GS .

At the same time, this saving flow is egqual to the new house-
hold demand for real balances (Sm) and the new demand for
securities (Ss). The flow demand for real balances 1is a
positive function of income, a negative function of the
interest rate (r), and a positive function of the return to

)
balances (- %)

E/If the government runs a surplus, those funds will be
used to buy back some of the outstanding securities. This
can be thought of as in fact a negative transfer payment.



fo_ p
(11.5) sm = Sm(Y, r,_F)

The new demand for securities can be derived from (1I.3)

and (I1.5):

(II.6) S =S - 8§
S m

The rate of issuance of government securities is exogenously

fixed to be:

[l

. S
(I1.7) T = s
S

It will be implicitly assumed that all household and
government consumption is satisfied. Thus the actual amount
of capital accumulation (k) is equal to real saving. This
is determined to be total saving from production sources
[sY(1l-g)] minus that amount of additional consumption gener-

ated by transfer payments [(l-s)Gs]. Thus we get:
(11.8) K = sY(1l-g) =~ (1--s)GS .

At the same time, the business sector's demand for
capital accumulation (1) is a positive function of output,
a negative function of the cost of investment (the interest
rate), a positive function of the marginal product of capital
[ p= Fo = f'(k)], and a negative function of the return to
holding balances (- %). Thus,

+ -+
(I1.9) I = I(Y, r, p,

ol LeIPR'S



It should be clear that the investment demand is not
necessarily equal to the supply of new capital except at
the long run equilibrium. In addition to investment demand,
the firm has a demand to add to its cash balances. The firm
holds balances to meet its transaction demand, to pay its
labor and to maintain reserves for investment. Thus the
firm's flow demand for balances (Im) is a positive func-
tion of output, a negative function of its cost (the interest
rate), a negative function of its opportunity cost (the mar-
ginal product of capital), and a positive function of the
return to holding balances (the negative of the rate of in-
flation). Thus,
+ - -
(IT.10) Im = Im(Y, r, p,
Assuming the business sector pays out all its earnings in
the form of dividend payments, then it must finance the
funds for both accumulation of balances and capital invest-

ment by issuing new securities (IS). Thus we get:

I + I .

(Ir.11) 1
s

The quantity of issues can be determined by dividing

IS by the price of securities, pgy or

(I1.12) I = I .p .

The present value of past issues does not necessarily eqyual

the value raised by the business sector. The value of the



existing stock of securities is always evaluated at current
price although issued at past prices. Thus, it is not true
that the value of the capital stock plus the value of real
balances held by the sector is equal to the value of secur-
ities outstanding.—

A presentation of the flow supply of money will com-
plete a specification of the flow functions. It will be
assumed that the flow supply of money (h) is issucd through

open market operations and that the government maintains some

constant rate of money issuance u. Thus:

(IT.13)

ZIZ .
0
c

However, since this is achieved through open market pur-

chases, this implies that the government has a flow demand

for securities (Gd) as well as a flow supply. This gives us

from (II.13%):

Gd
(Ilclsoa) ‘IVI—" = W

We may now summarize the flow relationships. There are
two flow supplies of securities Is from firms and Gs from the

government; there are also two flow demands, SS from house-

holds and Gd from government, There is a supply and demand

é/This would only be true if one of the two following
cases occur: (1) there has been no previous fluctuation in
security prices, i.e., the present price is the same as it
always has been, (2) the present price is somehow a price
which averages the value of all previous issues.



for capital accumulation by firms, ﬁ and I. Further, there
is an exogenous supply of new money, &, and two new demands
for real balances, Im and Sm, from firms and households re-
spectively. We will now derive the existing asset market
relationship from the flow functions,

The business sector's total asset value at time T,
(wf(T)], is equal to the value of real balances (Mf/P) held
by this sector plus the capital stock. Since the current
price of securities is not necessarily equal to the issue
price, Wf(T) is not eyual to the current value of securities.z
Thus,

. Mf
(IL.14) W (T) = 5=(T) + K(T).
The stock of capital at time T is egual to its initial value
(Ko) plus the integral from t, to T of capital accumulation,
K. This is:
T .
(Ir.15) K(T) = K_ + jto Kdt.

The current value of the firm's real balances,(Mf/P)(T),

is eyual to the value at some initial time to plus the

Z/There is a further reason for it being "unrealistic"
to assume that the asset value of firms is equal to the value
of the liability against them. If we asserted this equality,
we would then be overlooking the very special property of
the business sector, that its assets are used in production.
Since the performance of firms depends on how the assets
are organized and managed, it would certainly be an over-
simplification to assume that the organization of the fac-
tors did not add value to the sector.
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change in value from that initial time to the present (T).
This has two components, that which accrues to the sector
through the issue of securities, but not spent for invest-
ment, and that which is due to the change in the value of

real balances held by the firm. Analytically, this is:

M M T . M
. f f P f
(11.16) F—(T) = F—(to) + fto (Is - K - I F—)dt

The determination of the rate of inflation will be considered
after the firm's stock demand functions.

At to’ the initial point in time, the firm has a given
demand for real balances which, like the flow demand, 1is
positively related to income, negatively related to the
interest rate, negatively related to the marginal product

of capital, and negatively related to the rate of inflation.

Thus,
M . - -
f.d P
(11017) (1—5_) (to) = me(Y, r, py 'ﬁ)-

At some time T after to, the firm's stock demand for real
balances can be determined by adding to the initial demand
function, me o the integral from to to T of the firm's flow

demand for real balances, Im. This gives:

Mooy T
(I1.18) (=) (T) = m. + [ Imdt.
to

At every point in time the above statement (I1.18) defines
the firm's stock demand function for real balances. This

is independent of Im since the value of the integral is
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zero for ecvery instant of time. On the other hand, lm com-
pletely defines the shift in the demand for real balauces,
since the initial function mes does not change over time.
Thus, in contrast to previous integral representations [such
as (I1.15)] which define only a particular value at each
point in time; (11.18) defines a movement of a function over
time. To define the pathvof the value of the firm's demand
for real balances one must not only take into account the
moveunment of the function defined by the integral of Im’ but

also the change in the value of m itself as the dependent

fo
variables change. This implies that although the value of
the stock functions can be defined egqual at all points in
time, the flow functions do not necessarily have to be equal.
The significance of this, lies in its ramifications for de-
fining a nonequilibrium adjustment process.

The demand for the capital stock at the initial point
is a positive function of income, a negative function of
the interest rate, a positive function of the marginal pro-
duct of capital, and a positive function of the rate of in-
flation.

.
D

d d I
(Ir1.19) X (t ) = K (Y, r, o, =).
o P
The demand for capital function at a time T greater than t0
is eyual to the initial function plus the evaluated integral

of investiment between to and T.



12

d d T
(11.20) K (T) = K _ + [ Idt.
to

At all points in time there is an actual portfolio ratio
Mf Mf d
FK(T) and a desired ratio (FK) (T). It is assumed that the

rate of inflation g is such that the actual and desired

ratios are always eqyual.

M M
f f.d
(I1.21) FK(T) = (ﬁi) (1)

lquation (II.21) implicitly assumes that the inverse function
° M
exists with respect to % . Since (ﬁﬁ)d(T) is a function of

.
)

r)
Y, r, P and ik

becomes a function of Y, r, p and the equality (I1.21).

this means that expressed as an inverse, g

Thus,
. ’ - -~ M M
p pr.t f £.d
(11.22) T = F[Y, r, p, FK(T) = (FK) (1)].

The total household portfolio (Wn) consists of real
balances and the stock of securities outstanding (SE):

M
o S o .
(11.23) W, (T) = =(T) + S.(T).

The value of securities at time T is equal to the quantity
of securities outstanding at time to (Sqo) times the current
price of securities plus the integral of the flow quantity
of securities issued between to and T times the current

price of securities [pS(T)].

T

(I1.24) SE(T) = sqo . pS(T) + ps(T) ‘&o Iq dt.
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The quantity of new securities issued at any time [Jq(L)J

f
is equal to the number of securitics issued by firms [lq (t)]

plus the number issued by government [GS = Iﬁ . ps(t)], less
the amount purchased in open market operations [Gd = Iz . ps(t)].
Thus,

(11.25) I = R LI o

The household's demand for real balances at time to is
equal to a positive function of income, a negative f{function

of the interest rate, and a negative function of the rate of

inflation.

M + - "
. h.d d . p
At time T after to, it is eyual to its initial function mﬁ

plus the integral of Sm from to to T. Analytically this is:

M T
(11.27) (4T = m + [ s dt.
to

The demand for securities in value units (DE) at any time t
between to and T is equal to total household wealth minus

the demand for balances.
My 4
(I1.28) DE(t) = wh(t) - () (t).

The interest rate is equal to the earnings price ratio,
since it is assumed that all profits are paid out in the
form of dividends. Thus at an arbitrary time t between to

and T:
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1 p(t) . K(t)
(11.29) r(t) = (t) . S

Ps gt

The price of securities is always such that the relative
supply and demand for household portfolios is equal.

M M
(I1.30) E=(t) = (58 9(¢) for a1l t.

)
B PDy
From (I1I.30) and (I1.29), we can explicitly derive the partial
inverse fundtion for the interest rate.
p My Myold
P’ PS ($p) )
E E

(I1.31) r(t) = r(Y,

This completes a presentation of the model. In the next
section, equilibrium and stability properties of the model

will be investigated.

IIT. The Equilibrium in the Short and Long—Rﬁn

Before proceeding into a demonstration of existence, the
concept of short-run and long-run equilibrium will be ex-
plained. LKquilibrium, in the traditional partial sense, is
determined by the price which equates the supply and demand
for a particular good. General equilibrium is the existence
of a price vector where consumers are maximizing their satis-
faction given their preferences, while producers are max-
imizing their profits. With the introduction of stock-
flow dynamics, we must further distinguish between short-run

and long-run equilibrium,
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It has already been assumed that existing asset market
is always in equilibrium. It was in this way that we de-
fined both the rate of inflation and the rate of interest.
However, because the system is always in existing-asset
equilibrium in no way guarantees that the system is in long-
run equilibrium. If the excess flow demands are not zero,
the existing-asset functions are shifting by different
amounts implying a cumulative change in the rate of inter-
est and inflation. Thus primary to the concept of long-run
equilibrium is the "stationary" nature of the existing-asset
and production markets,

The proof of existence which follows is restricted to
demonstrating that an interest rate, rate of inflation and
marginal product of capital exist such that the flow supplies
of securities, money and capital are just eyual to their flow
demands.g/ lecause these functions are assumed to be con-
tinuous Brouwer's Fixed Point Theorem will be used.g/ The
proof will involve defining a function which satisfies

Brouwer's conditions.

§/The marginal product of capital is not independent
of output. Thus with the rates determined, Y is also
determined and therefore it is not necessary to explicitly
include it.

2/Brouwer's Fixed Point Theorem states that if f is
a continuous function from a closed bounded convex set of
lbuclidean space C into itself, then there exists X* element
of C, such that f£(X*) = X*.
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)
Theorem 1. There exists a triple (r, p, %) such that for

every t between to and T

(Th 1.1) Is + Gs - Gd = Ss
(Th 1.2) K =1I
(Th 1.3) (M/P) = Sm + Im.

Proof: For notational convenience, let
P
P:(r,p,'l';)

Is + Gs ~ Gd

5 = K
| M/P
Ss
D = I
‘Sm + Im

We will first show that D can be represented by:

.
[

=)

(Th.1.4) D = f(r, p, 5

and that the inverse of S exists with respect to P, i.e.:
; -1
(Th.1.5) P = g ~(8).

By construction, it will then be shown that a bound
can be determined such that over the bounded set defined

the domain of (Th.l.4) is equal to the range of (Th.1l.5)
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and that the range of (Th.l.4) is equal to the domain of
(Th.1.5). If it can be shown that such a bound is possible,
then a mapping is easily defined which satisfies Brouwer's
conditions and existence of long-run equilibrium is demon-

strated.

(A) It will now be shown that the system of flow equations

can be represented in the form of (Th.l.4) and (Th.1l.5).

The system of flow demand equations can be represented

as follows:

— ° — >
(ThoZ.l) Ss = s(l-g)ng(p) + sGs - fl(r' {.). _:LS.)_/
+.
-+ ﬁ
(Th.2.2) I = fz(r, 0 5)
- -
(Th.2.3) Im + Sm = f3(r, o, %)

lQ/This result can be derived as follows:
(7.1) Ss =S - Sm .
S = s{(1-g)Y + sGs
S = s(1-g)Lf(k) + sGs
p = £'(k)

Kk f"l(p)

By substitution, we get:
s = s(l—g)Lf[f'-l(p)] + sGs

Letting .
-1 - . r
£l (p)] = gz(p) and S = fl(r, 5)

gives the noted result.
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Equations (Th.2.1) - (Th.2.3) can be represented as (Th.l.4).
The supply equations can be represented as follows:

(Th.3.1) Is + Gs - Gd = gl(r, P, %) + Gs - Gd
(Th.3.2) K = s(1-g)Lg2(S) - (1-s)Gs

(Th.3.3) (M/P) = u PT-"PFPP=Up - g‘3(
To derive the inverse system, we do the following:

(1) Solve for P/P in (Th.3.3)

é (M}P)
P

(Th.3.3*) = = M/P

(2) solve for from (Th.3.2)

(Th.3.2%) o = g° [Ki (1-3)Gs]

(3) substituting (Th.3.3*) and (Th.3.2*) into (Th.3.1l) and

solving for r gives the last inverse equation,

(Th.3.1*) r = gil [1s, ﬁ, (M}P); (1-s)és]

Thus equutions (Th.3,1*) - (Th.3.3*) satisfy the equation

(Th.1.5).

(B) We will now define bounds on the functions (Th.l.%4) and

(Th.1.5) as derived above such that they are continuous over

a parallelepiped.li/

ii/A parallelepiped is a general rectangle in n-space
which satisfies the needed convexity condition.
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Assuming non-negativity of both the supply and demand
functions and considering just those portions of the returns
that are positive, i.e. (r, p, - é/P) > 0, then an obvious
lower bound is the zero vector.

Given this lower bound, it is possible to construct an
upper bound such that the average partial slopes of the
functions are equal. This bounded set enclosed in the upper

and lower bounds satisfies the convexity condition needed.

(C) We must only define the proper functional mapping, ¥,
to complete the proof. It is readily seen that the follow-
ing is a continuous function from a closed bounded convex

set Iinto itself:
(Th.5.1) (D,P) =4£(P), g X(s)].

Thus existence is demonstrated.

(IQE.D.

IV. The Stability of the System

In the introduction it was asserted that the important
result of this paper, i.e. of introducing a capital market
into the money and growth framework, was the stability which
results. In this section, the stability of the system will
be demonstrated. As in the previous section, the critical

factors determining stability involve the flow functions.
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The question of stability is one of determining that
given any initial point (vector of returns), that the system
will achieve an equilibrium (a point in time where the
vector of returns does not change). Although the interest
rate, the rate of inflation and the marginal product of
capital are determined by the stock functions, it is the
excess flow demands which determine the relative movement
of the stock functions and thus the long—run ad justment of
the system. It is only because of the separation of the
equilibrium of the "stock" markets and that of the flow mar-
kets that it is possible to describe the adjust process in
terms of excess demand functions.ig/

First, the system of excess demand function will be

derived., Then the matrix of partial derivatives of excess

demand functions with respect to the rates of return.

A, The Flow Excess Demand Functions
There are three flow excess demand functions: (1)
securities, (2) capital accumulation, and (3) real balances.

Analytically, these can be represented by

(IV.1l.1) Xd Ss - Is - Gs + Gd

i}

1

(Iv.1.2) Xdz = I - K

[9)
l:/The error of previous research in the money and
growth area has been not separating the concept of long and
short run equilibrium, i.,e. stock and flow equilibrium and

thus not obtaining a '"traditional" adjustment process.
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(IV.1.3) Xd3 = Sm + Im - (M}P)

Substituting the functional forms derived in section II11l

gives us:
+

o - Ke (F P Do, D
(Iv.2.1) Xd; = Kg,(p) - f,(r, §) - f(r, 0, 7)
- - P . .
- Im(r, o, 5) - (1-s)Gs + Gd
P °
(Iv.2.2) Xd2 = fz(r, P, F) - ng(p) + (1-s)Gs
r M P M
(IV.2.3) Xd3 = fl(r, P, F) - u -l:—) + -I-)- -13

Thus the system (IV.2.1) - (IV.2.3) can be represented

by the general system Xd:

L

(Iv.3) Xd = f(r, o , %)

where Xd, f ¢ R3. Since Walras Law can be shown to hold in
the flow markets, we only have to concern ourselves with
two of the equations and two of the returns. For conven-
ience we will choose Xdl and de.

By taking th? partial derivatives of Xdl and de with
respect to r and %, we can determine the stability conditions
of the system. For consistency, the negative of the partial

derivatives will be taken with respect to P/P. (IV.4) below

is the matrix of these partials (3Xd/3P):

axal axalw
(1v.s) 224 _ |37 ’ 0
. P - 3(P/P) + 0
2Xdy 2Xd o,

Lar s(P/P”
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As can be seen, the partials with respect to r are determi-
nate, while those with respect to % are not.,
Several additional conditions on (IV.4) will guarantee

local stability:

(IvVv.4,1) if dXd is quasipositive definite
31 |

2
(Iv.4.2) if dXd is quasidominant diagonal.iﬁ/

P

Since for the purposes of this paper, conditions (IV.4.1) and
(1v.4.2) are equivalent, only the implications of (IV.4.1)
will be discussed.

Condition (IV.4.1) will be satisfied if for all y, and
Y, different from zero, the following quadratic equation

is greater than zero:

Ixd 9 Xd oXd
2 1 3 1
(IV.5) y5 (=) + y,¥, [ + v
1l ‘or 172 *9r 5(P/P)
aXd
+ yg (——Té— > 0
a(P/P)

This will hold if the characteristic roots of (IV.5) are

positive which is guaranteed if

3Xd,  aXd
(Iv.5.1) +

- ] 0
r 3(P/P)

>

lé/The gquasi in these conditions means that the matrix
plus its transpose satisfy the given condition,
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d 9 d
Xdl Xd3 BXd3 Xdl ]2

(IV.S.?—-) l* . ] + T
or 3(P/P) or 3(P/P)

Several conditions on the partials of Xd with respect to
P/P would satisfy (IV.5.1) and (IV.5.2). One possible stable
solution would be obtained if

aXd 9 Xd

(IV.6.1) —= < = 3
3(P/P) or
and
axd
(1Vo602) ———'T'Z > Q
a(P/P)

subject to (IV.5.2). Stability of the system could be ob-
tained under other similar conditions. The importént con-
clusion is that under a wide range of situations the system

will prove to be stable.

V. Conclusions

In this paper, the equilibrium and stability properties
of a capital market growth model have been investigated. 1t
was found that under the conditions assumed that the system

contained an equilibrium point and under a wide range of

3 Xd aXd 39 Xd
lﬁ/If we let 2 57 1 = a, 3= 3 + .l " = b and
3 (r/pP)

Xd
2 il = ¢, then the characteristic roots of (IV.5) are

a(r/p)
determined by: a 4+ o * /Ta+c7£:- ﬁ(ac—bgT”

A= 5 2

and » > O when ac > b~ .
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situations equilibrium would be locally stable, This result
must be compared to that obtained in a simple Tobin money
and growth model where the equilibrium except for a finite
number of paths was unstable [11].

We can interpret this difference in result to mean that
in a simple money and economic growth model without securities,
the goods market, through a rapid change in prices, is forced
to take the full impact of any disturbance. However, the
introduction of a security market, by providing a buffer be-
tween monetary disturbances and real changes, reduces the
ad justment role of the rate of inflation and thus provides

a stabilizing influence on the model.
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