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GENERALIZED LEAST SQUARES WITH AN ESTIMATED COVARIANCE MATRIX--

A SAMPLING EXPERIMENT#*

by
W. E. Griffiths

I. INTRODUCTION

2 |, an assumption

In the general linear model, y = Xg+u, Euu' = o
which may be overoptimistic for many economic applications is that of
a vector of coefficients, 8, which is constant for all observations.
Over time conditions that influence an individual decision unit, a con-
sumption unit or a production unit, are likely to change and this could
be reflected by a change in the response coefficients. Alternatively,
the diversity of regions and individual decisfon units, etc., makes it
unlikely that each would have the same response coefficients. These

considerations have led to the development of so called '"‘random coefficient"

models.

*“Paper to be presented at the Winter meetings of the Econometric
Society in New Orleans on December 27-29, 1971.



Hildreth and Houck [6] suggested the fallowing model for situations
in which response coefficlents can differ with each observation:
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and in each case k = 1,2,...,K and t = l,2,..,,T.
The y, are observed values of a random variable, the z, are known,
nonrandom values of explanatory variables and Vg are unobserved random

variables satisfying the following assumptions:

(1.4) E vy =0 for all t and k,
and

8k for t=s and k=j,
(1.5) E Ve Vs -.-{

0 for t¥s or kij.



At observation t the response of the dependent variable to the k-th
explanatory variable is given by by,. Since by is a random variable
with mean B, and variance §, this model relaxes the assumption of fixed
response coefficients for each observation., Assumption (1.5) implies
that response coefficients associated with different variables for the
same observation, or for different observations, are uncorrelated.

Looking at (1.1) and (1.2) we can see that estimation of the mean
response coefficients (the 8,) is identical to the problem of estimation
of the coefficients in the general linear model where a special kind
of heteroskedasticity in the disturbances exists. In this case the dis~

turbances are given by the u, and the variance of each is

~
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Before discussing different estimators it is convenient to put the
model in matrix notation. Let y, B and u be column wectors of orders T,
K and T respectively and let Z be a TxK matrix so that (1.1) can be written

as

(1.7) y = I8 + u.
Let V = diagonal (el; By eeey GT) so that
(1.8) Euu' =V,

and let Zk = diagonal (zlk' sz, cosy ZTk)’ and b.k = (b]k’ b2k’ seny ka)'.



[f the variances are known the best linear unbiased estimator (BLUE)
of the mean response coefficients is given by the generalized least squares

estimator
(1.9) B=(z2 vt 97!z vy,

The BLUE of the actual response coefficients has been shown by Griffiths

[4] to be
(1.10) b= 8 Iy + 8 2 V' 4, for all k,

where G =y - Zé and ék is the k~th element in é.

For the usual case where the variances are unknown, Hildreth and
Houck suggest several alternative consistent estimators for the §, each
of which can be used to obtain an estimated covariance matrix, G,
which can be used in place of the real V in (1.9) and (1.10). Under
certain assumptions they show that not only are the suggested estimators
for the §, consistent, but the B's obtained by substituting the resulting
V's into (1.9) are also consistent.

Rubin [13] has derived the likelihood equations, which are highly
non=linear, for the above model and Hurwicz [7] has given examples where
a random coefficient model would be appropriate. The model has also
been examined by Theil and Mennes [19] and again by Theil [18, p. 622].
The case in which we have a number of micro units, where each micro unit

has a constant coefficient vector over time but across micro units the

coefficients are random, and the implications for aggregation, have been
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studied by Zellner [20] and Theil [17]. Swamy [14] has provided an ef-
ficient estimation method for such a model.,

The large number of estimators suggested by Hildreth and Houck,
both of the variances and the generalized least squares estimators which
result from using the estimated variances, have identical large sample
properties in that they are all consistent. In terms of small sample
properties, some have been shown to have lower mean square errors than
others, thus providing some basis for choice, However, to my knowledge,
these are the only analytical properties which have been derived for
estimators in the Hildreth-Houck model. No basis exists for choosing
which estimated covariance matrix, if any, should be used in (1.9) and
(1.10) to estimate the mean and actual response coefficients respectively,
Since determining analytical properties, which would provide such a basis,
appears to be a formidable task, especially in small samples, it seems
appropriate that a sampling experiment be conducted in the hope that
the results will provide some basis for choice between estimators.

This paper presents the results of such a sampling experiment for
a model which may be regarded as a special case of the Hildreth-Houck
model, A number of the estimators suggested by Hildreth and Houck, some
additional ones, and some test statistics are investigated in the ex-
periment. Froehlich [2] has carried out a similar experiment using a
slightly different model and placing more emphasis on estimators (and

modifications of these) suggested by Theil and Mennes [19].



The model, estimators and tests which are considered are outlined
in section 2. Sectfon 3 outlines the details of the experiment, section
L gives the results and section 5 contains conclusions and possibilities

for future research,

2, THE MODEL, ESTIMATORS AND TESTS

2,1 The Model

The model to be investigated is the following:

K
(2.1) ) | Ptk B ks
(2.2) Bk = i SASRIY + Ve

J:'-
(2.3) E vy = 0

8, for t=s and k=j

3 Lo for tds or kij,

(2.5) zgp 2 0, g E 1,

where t = 1,2,...,T; k=1,2,...,K; and j=1,2,...,J.

This model varies slightly from that of Hildreth and Houck, the
difference being that the Byk» instead of having a fixed mean, now have
a mean which depends on the values of another set of exogenous variables,

Xels Xpgs eees Xyy and a set of fixed coeffickentsvl<',1fk2; ...,'YkJ.l/

l/This model is similar to ope suggested by Lee, Judge and Zellner
[11] to allow for transition probabilities which change over time depend-
ing on the values of a set of exogenous variables,



In the Hildreth~Houck model it was assumed the factors causing the

response coefficients to change were unobservable. If they are ob-
servable they can be explicitly included using equation (2.2). Letting

x¢p = 1, for all t implies that when Ygj = 0, for all k and j except

j=1, the model reduces to that of Hildreth and Houck, and so, the Hildreth-
Houck model could be regarded as a special case of (2.1) to (2.5). How-
ever, for estimation purposes, it will be seen that the above model is
better viewed as a special case of the Hildreth-Houck model.

Substituting (2.2) into (2.1) we have

K J K
(2.6) Yt = ) Z Zek Xtj Ykj * ) Zek Vik®
k=l j=1 k=1
If, (@) i = j + (k=1) J and N = KJ so that | is an Index from ] to N;

(b) gy; = 2y ¥¢js and {e) uy = ? | Zeg Viks (2.6) can be written as

(=
i

(2.7) Y = §= 9ei Yi ¥ Upe

Since x¢y = 1, for all t, the variables zy (k=1,2,...,K) are a subset

of the variables g.; (i=1,2,...,8). Thus (2.,7) can be regarded as a

special case of the Hildreth-Houck model where some of the §; are zero.

The problem of estimating the y; is equivalent to that of estimating

the By fn (1.1).

Written in matrix form (2.7) bhecomes

(2.8) y = Gy +u



where G and y are of orders TxMN and Wxl respectively. The disturbance
vegctor u has the same propertics as it did in the dildreti=llouck model,
namely, Euu' =V, where V is a diagonal matrix containing the clements
given -in (1.6).

The gencralized least squares estimator for y is given by
(2.9) o= 6 vl a vty
and its covariance matrix is
(2.10) Viyg) = ' vl el

If ordinary least squares is applied to (2.8), the resulting estimator

and Its covariance matrix are given by

(2.11) :ro = 6'e)"! vy,
and
(2.12) Vv, = (6'6)"! 6 v 6(are)”,

The problems discussed in section 1 in connection ‘with model (1.7)
are again relevant for (2,8). The estimator given in (2.9) is BLUE but
typically V is unknown, It is possible to use (2.11) without any know-
ledge of V but this estimator is inefficient, There are a number of
possible estimators for V each of which can be used in place of the real
V in (2.3). tHowever, apart from consistency, the analytical properties

of the resulting estimators for y have not been derived. The properties



~ .
of these estimators and the variance estimators (6's) will be investigated

in the sampling experiment.

2,2 Estimators

The estimators considered are outlined explicitly below. Each was
suggested by Hildreth and Houck or is a modiflcation of one of these
suggested by Hildreth and Houck,

Let the ordinary least squares residuals be gjven by
(2.13) U=y - Gy, = My,
where M = | = G(G'G)~! G'. The covariance matrix of thesc residuals is
(2.14) EUL' = MVM,

Ll *
Let w be a Txl vector containing the diagonal elements of uu', M be the
matrix optained by squaring each element In M and 8 be a Tx! vector con-
taining the diagonal elements of V, Then, the diagonal elements of

(2.14) can be written as
(2.15) Ew = Mo,

If 2 is a matrix containing the squares of the abservations on the z
variables and § is a Kxl vector of the unknown variances, equation (1.6)

can be rewritten as

(2.16) 0 = 28,
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Substituting this into (2,15) and letting W = M Z, we have
(2.17) Ew = MZ6& =W

Since w and W are observable least squares can be applied to

(2.17) to obtain an unbiased estimator of the varlances
(2.18) 51) = (W)t w2

This is the first of the variance estimators to be Investigated. For
the case where u is normally distributed, the variance of §(l) has been

shown [6] to be
(2.19) V(5 (1)) = 20ww)”! weauiww) T,

where Q is the matrix MVM with each of its elements squared,
An undesirable property of §(1) is that it may contain some negative
estimates. A method of overcoming this problem is to set all negative

estimates equal to zero. This leads to the following estimator:
(2.20) §(2) = (8,(2), 6,(2),...,8¢(2))"

where

Z/Although unbiased this estimator is not efficient, Generalized
least squares cannot be applied to estimate 8§ because the covarlance
matrix of w depends on §, Froehlich [2] is investigating a two step
procedure in an attempt to see whether or not it improves efficiency.



R
(2.21) §.(2) = Min (0,5, (1)}, for all Kk,

Since S(l) is obtained by minimizing a given sum of squares, a more
‘appealing estimator which excludes the possibility of nagative estimates
is one which minimizes the same sum of squares subject to a non negativity
restriction,

Define 8(3) by
§(3) 3 0
and
(2.22) (w45 (3)) " (w-WG (3))
s (w—w3i' (w-ws) for all & = o.

Calculation of this estimator is a quadratic programming problem and
has been discussed by Judge and Takayama [8].
The estimators 3(2) andl3(3) are not unbiased, however Hildreth
and Houck have shown that they have lower mean square errors than 3(!)
and that under certain assumptions they are consistent,
Another unbiased estimator for § which is obtained by considering
(2.17) and which, a priorl, cannot be considered better or worse than &(1)

on the basis of a mean square error cpiterion s
(2.23) s(4) = (2t 1 )71 2w,

When u is normally distributed its variance is
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(2.24) V(s (4)) = 2(2'w)=1 Tro(Zrw)-!

Rao {12] has introduced a term, MINQUE, to denote a variance estima~
tion procedure, This procedure produces minimum norm quadratic unbiased
estimators which have been shown by Rao to possess a number of desirable
properties. Froehlich [2] and Griffithé [3] have demonstrated that S(h)
is the MINQUE for § in this model,

As was possible with 3(]), negative estimates can arise using 3(&).

This can be overcome by using 3(5) where
(2.25) §,(5) = min {0,8,(4)},

There Is a quadratic programming estimator for § which corresponds to 3(4)
just as &(3) corresponds to 3(1). However this estimator was not ex-
amined in the experfment.

All the above estimators use as a first step the ordinary least
squares estimator, ;Q, to obtain residuals, G, to use in estimating the
variances. An alternative would be to employ some kind of initial approxima-
tion, or guess, of the covariance matrix V, apply generalized least squares
and use the resulting residuals., |If Vo is this initial approximation

then one could obtain estimates
(2.26) v = (6'V,716) 7 iy,

and derive the corresponding residuals,

» ~

(2027) Ug = y = GYS = Pu
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where P = | = G(G'Qo'le)-‘ G‘Go". Then, analogous to (2.14) we have
(2.28) Eugug' = PVP',

The dlagonal elements of GSGS' and PVP'! can now be used in a similar
way to derive a whole new series of varjance estimators. Although M is
symmetric, P is not and so in some instances M is replaced by P and in
others by P!,

Only one of this new series, the estimator analogous to 8(]), was

investigated in the experiment., It is given by
3 -1
(2.29) §(6) = (Wg'wg) W twg

where Wg = P Z and wg is a vector centering the dlagonal elements of
The natural question which arises is what to use as an initial
approximation for V. The initial approximation implied by the use of
ordinary least squares Is §; > 0 and all other variances zero, that is
Qo = 811, An alternative which may be worth consldering Is to assume,

at the outset, that all the variances are equal, This leads to the

initial approximation of
R K
(2.39) Vo = 81 A o

where & is the common variance and Z, is defined just below equation

(1.8). If, instead, we assume that the variances are not equal but their

ratios are known, that is,
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(2.3]) (Sl = Xz 5’, Ty s e = AK GH

e

where the A's are known, then the initial approximation hecomes

. K
(2.32) Vo = 8, E_I I Z Zk,

where A] =],

1,2,...,6, an estimated covariance matrix V(i)

i

From each &(i), i
caih be constructed, The I-th generalized least squares estimator for y

wihich uses an estimated covariance matrix is then given by
(2.33) y(i) = (&'V=T(n)e)~T a Ty i =1,2,...,6.

Discussion of an initial approximation of V and the estimators for
y which correspond to alternative V's suggests the use of an iterative
procedure. For any i, residuals can be obtained using the y estimator
given in (2.33), these residuals can be used to obtain another estimate
for §, wihich can be used to again estimate y, and so on, The convergence
properties of such estimators still need to be investigated. Some light
should be shed on the properties by the results of the experiment. The
estimators ;(7) and §(7) will refer to the estimates obtalned after
iteration, using initially §(1) and ;(l). Some iteration was also carried
out using §(h) and ;(h) as the initial estimators, but, after some pre-
liminary results, this estimator was abandoned, This is discussed in

sactiaon 3,
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2.3 Yt Tests'

If the disturbances are normally distributed and V is known, ;G
(given in 2.9) is normally distributed with mean y and covariance matrix
(6'v=Y6)"1 and 1t is relatively easy to test hypotheses concerning linear
functions of y. Since V is typically unknown it is of interest to see
how these tests perform when an estimated V is substituted for the
real V,

Under certain conditionsé/ §G'Y will have an asymptotic normal dis-
tribution with mean zero and covariance matrix (G'V"lG)". The added
assumptions necessary to prove v 1 (;(I) - ;G) converges in probability
to zero still need to be investigated, If this can be shown ;(i) will
have the same asymptotic distribution as ;G and tests using V in place
of V will be asymptotically justified.

The most commonly used test is that where each element of y is
tested to determine whether or not it differs significantly from zero,

The statistic, whose performance in testing this hypothesis will be in-

vestigaged is given by

(2.34) t=y (DY a5 Q) = 1,2,.,.,N,

where aj;(j) is the i-th diagonal element of (G'V“‘(j)G)"l. This test
will be carried out in conjunction with all the estimators outlined above,

that is, j = 1,2,...,7.

éfSee, for example, Theil [18, Ch, 6,8].
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An idea of the probability of a type |l error for a given, false,
null hypothesis, namely, y; = 0, is obtained using (2.34)., Also im-
portant is the probability of a type | error, which, under the signifi-
cance level used, would be 0.05 if the test were an exact one, Since
the real parameters are iknown when a sampling experinent is set up it

is possible to Tavestigate tnhis probavility using the statistic

(2.35) b=y, ) = vV a ) i

1250 00ytly
2

= |
= |

| S—.

Supposc the model was improperly specified so that it was assuned
Euu' = 31, when in fact Euu' = V., It is of interest to determine how
sensitive (2.34) and (2.35) are to this misspecificatlon. Assume that
the ordinary lcast squares estimator §° is employed., The denominator
in the "t tests" would then be vaj; where ajj is the i-th diagonal ele~
ment of S(G‘G)"l and 3 is the usual estimate of the variance of uyg.
The sensitivity of the tests was examined by looking at the performance

of (2.3%) and (2.35) under these assumptions,

2.4 Testing the Variances

Impartant hypotheses to test are those concerning the variances
(8's). |If §) is the only non zero variance then Qo is BLUE. Alternatively,
if (2,31) holds where the A's are known, then a generalized least squares

estimator using Qo of (2.32) is efficient. It is possible to test such

hypotheses using BLUS residuals,



17

The concept of BLUS residuals was developed by Thell [15] and has
subsequently been studied by Koerts [3}, Koerts and Abrahamse [10],
Abranamse and Koerts [1] and Theil [16, 18]. A number of theorems coﬁ-
cerning BLUS residuals have been developed in this literature. A very
brief outline of the procedure is given below.

Suppose we wish to test the hypothesis
(2’36) 6k= 0, k=2,.oc,l‘('

or, in other words, Euu' =V = § |, The vector u is unobserved and so
cannot be used to test this hypothesis. Its estimate u given by (2.13)
is observable, but, assuming the hypothesis is true, has a covariance
matrix given by EJG' = 8} M. Since the elements of u are correlated
and nave different variances (6lH is not a scalar covarlance matrix),
it is difficult to use these elements to test hypbtheses about the

variances. If we transform the residuals using a (T=N)xT matrix & we

have

(2.37) g = Bu,
and

(2.38) EUsls' = 6BMB',

For G* to be the LLUS residuals it is necessary, but not sufficient,

that 3 satisfy the following properties:



(2.39) BG = 0,
(2.40) BMB' = 1,
(2.41) ' B3 = I,
(2.42) 8'8B = M.

These conditions show that B is an orthogonal matrix which is also ortho-
gonal to the space spanned by G and that the‘rows of B are the char-
acteristic vectors corresponding to the unit roots of M. The estimator
G* is a linear function of y, an unbiased estimator of (T-N) elements

of u and has a scalar covarfance matrix because
(2.43) Euxlyx' =6) BMB' = § 1.

This gives us the LUS from LLUS.

Uecause of the multiplicity of the roots of M there are an infinite
number of B matrices satisfying (2.39) to (2,42). This leads to the
criterion of “best'', Since Uy is an estimate of only T~ elements of u
a decision first must be made concerning which T=li elements are to be
estimated. Assume u is partitioned, u' = [ug',uy!], and that a* is to
estimate u; where uy is, of course, the same order as G*. Given this
partitioning Uy is BLUS when B is chosen such that E(y - ul)'(G*-ul) is
a minimum., Assume for the remainder of the paper that B has in fact

been chosen this way and that G* is, therefore, a vector of BLUS
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residuals,~
when wti(0,8;17), it follows that UgW (0,81 17-n), and so It is rela-

tively easy to use ﬁ* to test hypotheses about the disturbances. |f

we wish to test (2.36) the following F test can be constructed. {f T-N

is even the following statistics, ny and ny each have x2 distribution

with (T=N)/2 degreces of freedom.é/

(T=i1)/2 _

(2.44) ny = 1/8, izl uxp®,
=il .

(2.45) ny = 1/8y ) Ug e
i=(T-l)/2+]

The statistic F = n)/ny has the F distribution with ((T-N)/2, (T=i1)72)
degrees of freedom and so can be used to test (2.30).

- Two questions immediately come to mind., The BLUS residuals are
only unique for a given partitioning of u and so a decision as to which
T-i elements of u are to be estimated by G* has to be made. Secondly,
what about the power of the test? When the alternative hypotiesis is
one of neteroskadasticity where the variances are either increasing

ar decreasing Theil [15] suggests using G* to estimate the First (T-u)/2

ﬂ/Furthcr properties of BLUS residuals and a convenient way to
calculate them are outlined in Theil [18, Cn.5]).

é/lf T-i{ is odd onc of the n's can be calculated from (T-N-1)/2
residuals and the other from (T-i+1)/2,
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and the last (T-it)/2 elements in u., If the alternative hypothesis is

that the wariances are decreasing, and It is true, the G*i's in

will be estimates of the uj's with high variances and the a*;'s inny

will be estimates of the u;'s with low variances, It is hoped, ticrefore,
that by choosing the middle N disturbances as those not to be estimated,
putting ny in the numerator of the F test and ny in the denominator, the
power of the test will be made as large as possible.é/

In this case the alternative hypothesis is

(2,45) 8, > 0 for at least one k from the set k=2,,..,K.

K

The variances of the disturbances are

2
6ka t=1,2,...,T,

p K
(2.1.7) tut = Z Ztk

and so the greater the values of the z's the greater will be the vari-
ance of the disturbance. Thus it is logical to derive G* where it
estimates the disturbances assoclated with the large and the small values
of the z's, and omits estimates of the cisturbances associated with N
medium sized z's, The (TwN)/2 a*iz's corresponding to large z values
can be placed in the numerator and the (T-H)/2 G*iz's corresponding to
small z values, in the denominator of the F test.

This procedure is somewhat more arbitrary than the situation

described by Theill where the varlances are simply increasing or decreasing.

E/When T-N is add there is not a unique middie N observations. In
this case Theil suggests estimating the two possibilities and choosing
between them on another criterion.
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Since it |s possible for more than one z varlable to exist (K>2) there
can bg no strict ordering of observations from those corresponding to
hfgh_z values to those corresponding to low z valuas, iowever, in the
experiment, an attempt was made to classify the observations into the
three relevant groups, hlgh,vlow and medium sized z's, and these were
used In the way described above to test (2,36) against (2.45)., HMore
research Into the optimal partitioning of u and the power of the test
when used against alternatives such as (2.45) is needed,

It is straightforward to extend the above procedure to test the

hypothesis

(2.48) 8 = Ag8y = w0 = Agdg

whera tne A are known., Transform the original variables in the follow-
ing way:

(2.49) Y = hiy, Gy = HS, uy Q'Hu

where il is a TxT diagonal matrix with t-th element given by

K
(2.50) hy = (kg‘ /3 Ztkz)-llz.

When (2.48) holds Euyuy' = §;1 and sp one can proceed just as before
using the transformed variables instead of the original ones, For

given A's the performance of this test was examined in the experiment.



3. THE SAMPLING EXPERIMENT

The size of the model and parameter values used in the experiment

are given helow:

Ye = Brl ¥ 22 Brp * 73 By

Br1 = 40J + 2,94 Ke + Vi
(3.1)

Bep = <10.0 - 0,563 Xy + Vo
(3.2) Vik Vv N (Ou 6k) k=1,2,3,
(3.3) 6] = 36,0, 6, = 1,21, 85 = 0,43

These values werc chosen so that the model could resemble a demand equa-
tion in which y, represents quantity demanded, Z¢y price, i3 income and
X, is some kind of index of preferences which Influences not only quantity
demanded but also the response of guantity demanded to changes in in-
come and price.

One hundred samples were generated for each of tnree sample sizes, ‘

T=14, T=30and T =050, The variables x(, z.;, zy3 were fixed in

repeated samples but generated initially from the following distribution:
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2y {40, 576)
z¢3 N (63, 2031.7)
(3.4) x¢ N (100, 6400)
Cov (z¢p, x¢) = Cov (243, %) = 0
Cov (zyy, zt3) = 101,05

The sample means and standard deviations of the values generated are given
in Table 1. In Table 2 the population and sample correlation coefficients

between all the variables in the G matrix are presented.Z/

TABLE |

Sample Means and Standard Deviations of 23, z3 and x

——p— " . P " ma Aax

2 z3 ‘ X
T=14 4900  71.87  98.21
Heans T=30 44.63 66,37 99,839
T=6() 44,97 71.40 121.99
Standard T=lh 27.2% 41,06 51,71
Devia- T=30 23,48 46,9 67.00

tions T=60 25,25 45,74 80,74

Z/Simp!ified formulae for deriving population correlation coefficients
between a single varfable and a quadratic variable can he found In
Griffiths [53.



TADLE 2
Correlation Coefficients far all Varifables in the G Hatrix

MY

92=X 93522 gi""'ZZX 95""23
T=14 «2.143
933‘22 T=30 -0.172
T=00) -0,047
?Opg : 0'0
T=lh 1,629 0,657
gyy= 2y T30 0,639 0,440
T=560 9.036 0,627
Pop, 9,721 2,541
, T=14 -0,022 0,04k G, 045
gr)'-'-Z-, T=33 "0,265 .0.05" -Oo 32'
? T=35) 0,012 -0,112 0.000
Fop. 2,0 0.093 0.051
T=14 0.700 -0.033 2.526 9,601
96=2a% T=30 J.515 -0,202 0,203 0,612
: T=50 2.686 ~0,042 0.h54 0,525
Pop. 0,668 0.95h 9,531 9,580

ideally a sampling experiment should be carried out for as many
sets of parameters and explanatory variables as possible, This enables
ong tg determine how sensitive the parformance of different estimators
is to different sets of parameters, It is unlikely that any one esti~
mator will be best for the whole parameter space. In fact, once the
parameters and explanatory variables have been set, one can choouse be-
tween two of the varfance estimators 3(!) and & () vy comparing their
respective variances, (2.19) and (2.24), This does not Involve the

generation of any samples. Despite the limitations, the set of parameters



and explanatory variables outlined above was the only set studied in
this paper. |t was decided to look at a fairly large number of esti-
mators and tests at the expense of not examinfng sensitivity to the
parameter space. Fortunately, the results seem to indicate a set of
inadmissable estimators leaving a smaller number upon wihich future re-
search can c¢oncentrate.

The estimators for & compared In the experiment are those out-
lined in section 2, namely &(i), i=1,2,,.,,7. Those estimators for y
which are evaluated are ;(i), i=1,2,...,7, ;o’ ;s and ?G. All are
compared on the basis of their mean square errors (MSE's). Singe each
estimator is a vector, its MSE Is a matrix, However, just the diagonal
eclements of the MSE matrices were looked at, or, in other words, the MSE
of each element in each estimator was estimated. For example, the MSE

of each element in y(j) is estimated by
R 100 Y
(3.5) USE(y; (1)) = 1/100 Zl (vig (D) = vy)
su

where i=1,2,...,0; j=1,2,...,7 and s refers to the estimate in the s-th
sample.

it is possible to derive the MSE's of some of the estimators analytic~
ally and it is therefore unnecessary to estimate these using a formula
such as {3.5). The MSE's of ;G’ ;o' v(1) and yv(4) are given by equations
(2.10), (2.12), (2.19) and (2.24) respectively. The MSE's of y_ and

Y(6) are respectively
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(3.6) i)™ @i Tt v U7t (6l le)
and
(3.7) 2(Wg W) 1 Mgt Qg (Mg 'wig) Y,

where (g is the matrix PVP' with each of its elements squared. Before
any samples were generated these MSE's were calculated using the above
expressions., The ii1SE's of the remalning estimators and ;0 and §(4)
were estimated using (3.5), or a similar expression. By comparing the
estimated MSE's of ;0 and 8 (4) with the true ones given by (2.12) and
(2.24) we can get an idea of the error invalved when using this kind
of sampling experiment,

For estimators 3(6), §s and y(6) we need an initial guess con-

cerning the ratios of the variances., The initial guess used was
(3.8) §) = 1008, = 10085,

The estimators obtained using iteration are 8(7) and ;(7) where
tne initial values in the iterative procedure are produced using g(l)
and v(1). At first, iteration was carried out using 6(4) and v(4)
as the initial values. For each sample 10 iterations were allowad
and if the estimates for y had not converged after 10 iterations the
cstimates at the 10th iteration were used. The estimator y was said
to have converged if the third digit of each element in § after t
iterations did not differ by more than 1 from the third digit of the

corresponding element of y after t-1 iterations. However the results
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were far from satisfactory. When the estimates showed no signs of cons
vergence they fluctuated violently, or exploded, with the result that
the MSE's of the resulting estimator were huge. |t was decided, there-
fore, to use §(1) and ;(I) as the initial values in the iterati?e pro-
cedure and to separate the results into two parts:

(a) estimates obtained using the results of every sample, that is,
using the results after convergence or after 10 iterations whicheyer
comes first; and

(v) estimates based only on those samples where y estimates con-
verged hefore ten iteratlons. Although the number of samples in wiicn
convergence occurred was no greater when using 3(!) and ;(l), the esti-
mates did not fluctuate as wildly when convergence did not take place,
and, althougn still large, the MSE's obtained for part (a) were a more
reasonable size,

The performance of "'t tests' associated with each estimator was
examined by calculating, using (2.35) and (2.34), the number of type |
and type 1 errors in 100 samples, Since it Is possible for 3(5),
i=1,4,6 and 7, to contain negative estimates it is also possible that
the corresponding G(i), whose dlagonal eloments are given by
gt(i) = §l Ztk2 gk(i), is not positive definite., Thus estimates of
the varignces of the elements of (i), i=1,4,6 and 7, could be negative.

then this occurred It was recorded as both a type | and type 1l error,

The BLUS residuals are used to test the following two hypotheses:

(3.9) ‘ e 6y = 83 =0,
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and
(3.10) H2: &) = 10062 = 10063.

Since both these hypotheses are false the performance of the tests was
examined by counting the number of samples in which each hypothesis was

accepted, that is, the type Il errors.

4, RESULTS OF THE SAMPLING EXPERIMENT

o1 Variance Estimators

The means and MSE's of the variance estimators are presented in
Table 3. Perhaps the most striking thing In Table 3 is the large means
for 31 whose true value is 30. One might suspect 3(4) is not unbiased
~wien for ¢y, for different sample sizes, it produces means of =770,

541 and 96. However, because of the very large MSE's of 3,, such

values are quite possible, The large means for 31 using other estimators
can be explained by their bias, caused by the preclusion of negative
estimates.

We would expect §(2), 3(3) and §(5) to be biased upward., This
is so in all cases for ¢;, most cases for 63 but in only some cases for
87. This is perhaps because negative estimates were most frequent for
8], then 83 and least frequent for &,.

The estimator 3(7)(a) stands out as unusual especially with respect
to its MSE's. Recall that this is the estimator which includes all estir

mates obtained from the iterative procedure whether they had converged



TABLE 3

fleans and MSE's of A)ternative Variance Estimators

~ A

Os >

gstimator 61 89 3
Haan M52/ Mean  MSE ‘ean HSE
True Yalues 30,0 1.21 o.h9
T=14 |
§(1) i/ 36, Bo4o2 1,21 2,9361 2.4 1,002k
§(2) e 1687, 1.389  1.269 2.3140 0,701 1.5224
$(3) @ 533. 0.193  0.819  0.8166 0,583 0. 7065
S (4) t 36. h.432 1,21 2.9318  0.4Y 1.5932
S(4) e -770. 5.481 1,106 2.3292 0,64y 2.9780
5(5) e 1731, 1,375 1.234  2,1688  0.836 2.,46520
§(5) t 36. h,sh2 1,21 2,7697 0,43 1.6947
§(7)(a) e -18923, 1.15x104 17,87 73x103 =3,084 Thix102
§(7) (b) e 3072, 2,733 0.900  2,9853 0,025 0. h566
T=30
(1) t 35, 1.6454 1,21 2.0050  0.49 0.2928
§(2) e 17904, 0.7703 1.107  1.1744 0,523 0.2543
§(3) e 1264, 0.3863 0.952 0.8043 0,450 0.1670
8 (4) t 36. 1.7746 1,2} 2.0903  0.49 9.3032
6 (k) e 541, 1.4278 1,038 1.4315 0.518 0.3225
§{5) e 1793, 0.7328 1,119 11,1702 0.543 0.2913
§ (6) t 36. 2.4206 1,21 2.3112 0.hy 0.3752
6(7)(a) e 243, 20,4334 1,511 34,0737  0.405 7. 4406
S(7)(v) e 2451, 1.0673 0.686 0.7218 0,267 0.1817
T=60
S(1) t 36, 0.8717 1.21 0.7781  0.49 0. 11568
§(2) e 1085, 0.3144 1,246  0.5902  0.432 0.1065
2(3) e 1005, 0.2623 1.105 0.3867 0,430 0.0744
3 (4) t 36. 1.1613 1.21  9.8733 0.4 0. 1474
3 (h) e 6. 0.8701 1.229 0.6169 0.479 0,1261
§(5) e 1114, 0.3324 1,232 0.6093 0,482 0.1239
§ (6) t 36. 1.5468 1,21 1.0600 0.49 0.1885
§(7)(a) e h20. 8.9512 1,031  4.4300 0,629 7.5643
S(7) () e 1874, 0.6940 0.863 0.4987 0.317 0. 1151

E/Thc MSE's of 3] have been divided by 107,

b/A V't means these values are the true values, an 'e' means they
were estimated in the sampling experiment,




or not., |t nerforms consistently worse than any of the others with
respect to both variance estimation and estimation of y. \hen the non
convergent estimates are excluded, the resulting estimator, 3(7)(b),
produces results more comparable to the other estimators. Thus, the
iterative procedure gives far from satisfactory results unless the
estimates converge. The number of samples upon which the results for
5(7) (b) and y{7)(b) are based, (that is, the number of samples out of
100 in which convergence took place), are 11, 50 and 58 for T=14, 30
and 69 respectively.

A comparison of MSE's shows that there is insufficient evidence to
provide a basis for choice between 5(1) and §(4). Even if there was a
great difference between the two no general conclusion éould be drawn
since the MSE's are known as soon as the parameters and explanatory vari-
ables have been set for the experiment. Also, a choice is not possible

on the basis of the number of negatlve estimates each produces. These

are given in Tavle &4,

TAGLE 4

Humber of Samples in Which Negative Variance Estimates Occurred

8(1) § (4)
T=14h 88 87
T=30 79 73

T=60 45 46
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An analytical result shown by Hildreth and Houck is borne out in
the results., The MSE's of estimators precluding negative variances
are always lower than thely corresponding estimators in which negative
estimates can occur. An interesting result which has not been shown
is the quadratic programming estimator 3(3) performs consistently
better than any of the other except for 33(7)(b) for T=14,

A result which one would not suspect is that i{SE (5,(3)) for
T=14 is lower than that for T=30 and T=60, A possible explanation is
that the number of negative variance cstimates was much greater for
T=14, and the use of quadratic programming estimates therefore allowed
a greater reduction in the MSE. Alternatively, the result could be due
to chance, The difference between the estimated and true values for
MSE (81(4)) shows that the varfances of the estimates of the MSE's
could be quite high,

pased on these results it appears 3(3) is "better' than any of
the others. However, one may prefer 3(2) or 3(5) if the added computa-
tions are considered. The economist is more likely to be interested
in the y estimates obtained by using these variance estimates than the
variance estimates tinemselves, Therefore, the choice of variance esti-
mataor may be based on the resulting y estimator. These are considered

next,
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4.2 Estimators for y

The estimated means of the y estimators are presented in Tanle 5.
because v, ;0 and ;S are unbiased, their means are known, a priori,
However the mean of ?O was still estimated and this estimate is included
in Table 5.

Except perhaps for Y(7)(a) there is insufficient evidence to con-
clude that any of the estimators are biased, The estimated bias is
large in some instances but in these cases there is a correspondingly
high MSE which makas the observed bias quite probable. The HS['s are
given in Table 6.

Turning to the HSE's we see that §G has a lower MSE than all other
estimators. Tuis is as one would expact unless one of the estimators
was iiased and had a greatly reduced variance, lgnoring ;Go which is
typicaily unattainable, we can readily divide the estimators into two

distinct groups based on thalr MSE's,

Group A GrouE B
v
1o £ ()
1(2) y (6)
xE?% ¥(7) (a)
X3 )

Within cach group there is no estimator which has lower HSE than any

of the others for all clements in y and for all sample suzes.d/ Every

S/AS is consistently better than the others In Group A except for
HSE(Y3(7) (b)) < HSE(ys,) for T=60.
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TABLE 5

Estimated Means for y's

Cstimator §| Yy Y2 Yy Ye Y
True Values o0, 2.94 -10.5 0,563 7.61 0.334
T=14
1 413.8 2.802  -11.45 -0.5228 7.716  0.3280
) 423.7 2,703 ~11.82  -0.h53h  7.317  0.2970
7(2) 4o2.9 2,889  -11.06 =-0.5533 7.604 0.3413
¥(3) 339.7 2,919 =10,95  ~0.5702 7,567  0.3459
$(4) 426,7 2,626 -11.2h  =0.5319  7.373  0.3612
7(5) 401.5 2,301 =11.05  =0.5515  7.615  0,3410
${5) 440.3 2,541 -11.27  -0.5653  7.272  0.3022
¥(7) (a) -6787. 85.73 113.3  =5.36 13.93  ~6,81
Y(7) (L) 295.3 3,733 -10,21  =2.6036 8.343  0.2711
T=30
3 13,0 2,837  ~11.06 ~0.5566  7.546  0.3346
) 405.0 2,906 -10.24  =0.5751  7.207 .0.3337
3 (2) 412.5 2.890 ~10.99 -0.5612  7.517  0.3369
v(3) 410.7  2.915  -10.96 =0.565%  7.522  0,3367
4 (4) 495.4 4,060 -26.18 0.0313 156,832 -0.2301
$(5) Libh, 4 2,869 =~11,03  -0.5373  7.511  0.3377
¥ (5) 505.7  0.541 -9,13  -0.5074 3.822 0.5704
¥(7) (a) 227.5 4,927 -9.55  ~0,0474 9,24k C.1310
¥ (7) (b) 39,0  2.97%  -10,37 -0.5638 7.676  0.3277
T=60 .
Yo 399.3  2.929 =10.88 -0.5631  7.538  0.3357
y(1) 45,3  2.414%  -12.04  ~0.4863 7,516 0.3688
7(2) 398.7  2.915  =10.86  =0.50629 7.532  0.3382
¥(3) 328.4 2.919  =10.0 -0.5631  7.600  0.3375
§ (%) 389,1 1.390 -9.46 -0,4635  5.745  0.4905
¥ (5) 398.2 2,920 -10.86  =-0.5638  7.537  9.3377
¥ (6) 391.0 2,291 ~11.55 =0,4190 8.235 0.3204
¥(7) (a) 392.3 2,969 ~10.82  -0.5317  7.563  9.3183
F(7) (b) 397.4 2,929  -10,31  =0.5587  7.557  9.3373




TABLE 6

MSE's for ¥'s

Estimator %/ Y2 3 Y4 ¥5 6
T=14
6 @/ 24,87 1,500 7.002  0.0582  2.225 0.0186
o t 33.94 2,083 10.665 0.0925 2.369  0.0200
o e 27.35 1.680 10.08) 0.0896 2,341 0.0206
s t 25.52 1.435  7.439 0.0618 2,257 90,0190
(1 e 288.1 19.45  221,8 2.79 28,6 0.6534
(2) e 25.h42 1.436 9.951 0,0843 2.%12 09,0217
(3) e 26,33 1.469 10,639 0.0901 2,476 0.0230
(4) e 150.6 11,77 45.59 0.4814 8.556  0.0501
(5) e 25,80 1,456 9,883 0.0838 2,378 0.0213
(6) e 356.6 26,74 82.7 0.8082 11,089 0.1110
(7)@@) e 76x105  86x10% 20x105  66x102  28x103  51x102
(7) (0) e 28.30 1.743 11,04 0.1005 2,145  0.0335
T=30
a t 4,969 0.3966 11,0460 0.0102 0.5132 0.,0032
o t 7.712 0.5568 1.4294  0.0126 0.6978 0,0043
o e 9,635 0.5980 1.7632 0.0136 0.8006 0.0047
5 t 5.320 0.4266 1.0856 0.0108 0.5540 0.0035
(1) e 87.612 10,91  33.1 0.4440 11,1 0.0632
(2) e 3.243 0.5654 11,5353 0.0135 0.7536 0.0047
(3) e 9.521 0.7193 1.7789  0.0188 0.9000 0,0053
() e 996.8 150.2 19x103 29,7 72x102 31,57
(5) e 8.208 0.5539 11,5461  0.0133 0.7279 0.0045
(6) e 13x102 129,54 250, 1.233 517. 2.25
(7) (@) e 15x102 150,8 245, 4.989 98. 0.718%
(7) (b) e 8. 748 0.6945 1,3692 0.0144 0.8288 0.0058
T=60
5 t 0.502 0.0304 0.4814  0.0024 0.0686 0.00043
o t 1.350 0.0693 0,7048  0.0033 0.1376 0.0008
o e 1.423 0.0863 0.7923  0.0043 0.1472 0.0007
t 0.523 0.0314 0,5061  0.0025 0.0704 0.00050
) N o8, 34, 185, 0.8040 1k,  0.1871
(2) e 0.667 0.0459 0,5532 0.0033 0,0992 0.0005
(3) e 0.636 0.0454 0.5570 0.0032 0.1034 0.0006
() e 20. 47, 103. 0. 4491 229, 1.4218
(5) e 0.668 0.0478 0.5570  0.0033 0.1056 0.0006
(6) e 29, 18. 12, 0.7761 20. 0.0645
(7) (@) e 26. 1.1364 13, 0.2551 2,2078 00,0468
(7B e 0.757 0.0522 0.5052  0.0035 0.1229 0.0005

a/As in the variance estimators ''t'' refers to true and 'e'' to estimated,
b/The MSE of y{ has been divided by 103,
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estimator in Group A is better than every estimator in Group B for every
sample size, and, the difference is considerable,

‘A factor that all estimators in Group B have in common Is the use
of an estimated covariance matrix, 0, which may not be positive definite,
Jith the exception of 7(7) (L) all estimators in Group A use U's which
must be positive definite, This would lead one to conclude that the use
of a non positive definite ¥ causes the MSE of the corresponding ; to
explode,  In tie case of }(7)(b), when variance estimates converged to
negative quantltics, tacy werc usually very small., Thus, when the dia-

oA

gonal elements of 7 {given by gt = 31 + ztgd §y + zt32 53) were formed,
it is quite likely, although not explicitly looked at)that the posi=
tive variance estimates outweighed the negative ones. This would result
in a positive definite ¥ for v(7)(b).

It seems reasonable, on the basis of these results, to identify
Group B as a set of inadmissable estimators and to consider in the future
only estimators wihich use 0ts which must be positive definite,

Can anything be said with respect to choosing between the estimators
in Group A? Based on one experiment it is difficult to give any general
conclusions but it is worthwhile summarizing the results for this special
case. In particular, are any of the Y's which use variance estimates
better than ordinary least squares? It appears that when the sample size
is large (T=60) it is worth the added computations to calculate variance
ostimates but when T=14 or 30 ¥(2), v(3) and ¥(5) are not noticeably hetter
than ordinary lcast squares. Also, no pattern emerges when y(2), y(3) and

¥(5) are compared with each other,
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The estimator wihich does perform much better than any of the others
in Group A is ?s.. In fact its MSE is quite close to that of the gen-
eralized least squares estimator, Unfortunately the relative position
of this estimator depends on the Iinitial guess made about the ratios
of the variances, The guess made in this case was §) = A8 = A303 where
A2 = A3 = 100 when in fact the real values are Xz = 29.0 and A3 = 73.5,
Either this was a ''good guess' or ;s is not very sensitive to the values
for A,, A3 selected, If the researcher has any a priori idea of the ratios
of the variances he may be well advised to use this estimator, An in-
teresting point to nbte is that although ;5 was a relatively good esti-
mator for y, the variance estimator 3(6),obtained from using residuals
GS = Y'G§s' was not better and in most cases worse than 3(1) and 3(4),

derived from ordinary least squares residuals.

4.3 Resuylts of the Tests

The results of the 't tests' indicate again that one should avoid
any estimators which use a ¥ wirich need not be positive definite, in
Tables 7, 8 and 9 a large number of type | and |l errors are shown for
all Group B cstimators and for every sample size. This suggests that
negative elements ¥n the diagonal of (6*U=1(i)6)~! may have occurred
quite frequently.

For T=30 and T=060 the tests associated with estimators in Group A
performed remarkably well, It is therefore quite possible that the

tests are asymptolically justified andimore research into this is needed.



TABLE 7

Performance of "'t Tests' for T=l4

Estimator Error Type Number of Errors
§l §2 §3 ;h ?5 ;6
Yo | 13 3 16 N
| T 58 71 11 70 0 23
y(n 1 38 41 51 53 35 36
I 65 66 k2 oh 30 62
y(2) ! 1 6 7 5 5
1 55 53 17 60 & 50
v (3) | 36 18 1y 11
I 3, k2 7 k2 4 33
v (4) | 33 33 39 A 33 35
I 6h 67 36 63 29 &l
Y5 l T
R 57 58 14 83 7 b
Y45) ! 37 35 50 54 33 36
I 87 52 K0 66 2y 59
¥(7) (a) | 59 59 63 69 50 5l
1 72 75 62 81 k7 75
3(7) (b)2/ | 2 1 5 5 5 5
[l 7 4 k7 4 g

3/These arc the number of errors which occurred in 11 samples.




TABLE 8

Performance of "'t Tests' for T=30

38

Humber of Errors

Estimator trror Type

1oY2 Y3 Y Y5 Y6

Yo | 12 9 14 7 12 2]
¥ 1 3 o 0 0 0

v(1) | 27 26 26 1y 22 22
H 9 7 9 7 b 5

V(@) ! § 9 6 5 10 19
T o & o0 1 0 o

v(3) | 12 15 11 113 12
T o 3 0 9 0 0

() ! 23 24 31 24 26 23
" o6 s 1377

¥(5) ! 7 7 6 4 5 2
T o 5 o 1 0 0

¥(5) | 28 25 26 27 30 27
i 15 13 5 12 11 8

Y(7) (a) | 36 34 30 32 37 37
i 23 22 & 17 20 20

Y7y )2/ l 5 5 5 5 6 6
il 1 | 0 0 9] 0

a/These are the number of errors in 50 samples,




TABLE 9

Performance of "'t Tests' for T=56

0

Estimator Error Type Number of Etrrors

i Y2 Y3 Yh Ty Y

Yo [ o 5 6 N7 3
(] Q 0 0 9 J 4]

y(1) ! 35 35 22 26 35 29
H 25 2 6 5 11 10

v(2) ! 303 3 9 3 8
] 2 0 0 U 0 9

{3) | 3 06 6 3 U
il 0 g 0 9 0 D

3(4) ! 29 2y 21 27 30 23
¥ 21 16 4 & 12§

v (5) | 2 3 3 9 1t )
] 0 0 9 0 ] 0

v (©) l 39 35 28 2) ko 2
| 27 18 / ) 17 3

v (7) (a) l 52033 23 30 35 28
It 26 22 14 12 13 15

Y (1) (¥ | 5 5 4 6 10 4
Ll 2 2 0 U i 1

E/These are the number of errors in 58 samples.
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Another interasting point is that for T=30 and 60 tests based on ;o
were quite insensitive to the misspecification, One could make an in-
correct assumption about the model and the covariance matrix of ?O and
still, in a high number of cases, come to the correct decision when test-
ing hypotheses,

The performance of the tests using BLUS residuals to test (3.9) and
(3.10) performed very badly. As shown in Table 10 in almost no cases
were the falsc hypotheses rejected, If this test, or a similar one using
BLUS residuyals, is to be used to test such hypotheses its power needs to

be mare thargqughly investigated,

TABLE 10

Humber of Samples in Wnich Type ) Errors Occurred When
Testing the Variances

Hypothesis T=14 T=30 T=01
§=0 (k¥1) 89 98 59

51=100 §,=100 53 89 93 37




L
5. COHCLUSIONS

A gencral conclusion one can make is that when using the above model
and cstlmétors, negative variance estimates, If permitted, occur quite
frequently, Thesg estimates have a very adverse effect on the “SE of
an estimator of response coefficients which uses them in an attempt to
improve efficiency, They also make testing hypotheses about the response
- coefficients a difficult task,

When negative variances are excluded it is difficult to derive general
conclusions when only one point in the parameter space is considered.
However, the results of the study indicate that little efficlency is to
be gained over ordinary least squares in small samples, In larger samples
non negative variance estimates may be worth the added computation. If
one is interested in y only, ;(2), where negative estimates are changed
to zero, gives added efficliency with little extra computation. However
the quadratic programming estimator 8(3) may be worth the extra calcula-
tion if one Is also interested in a ""good" variance estimate.

In terms of MSE the MIHQUE estimator and estimators associated with
it do not perform any better than the others.

he iterative procedure was far from satisfactory since convergence
did not occur in a large number of cases., However, when convergence did
occur the results were quite reasdnable. An lterative estimator which
does not permit negative estimates might be worth considering in the future.
The negative variances do appear to be the cause of many problems and it

is quite possible that changing these to zero will increase the number



42

of times convergence occurs and decrease the MSE of these estimates
which do converge,

There are also a large number of other unanswered questions.
More comparisons of estimators in Group A using analytical properties
and/or simulation Is needed. The conditions necessary for /T(Q(i)~§s)
to converge to zero in probability also need to be investigated. ‘lhen
this condition holds ;(I) is asymptotically normally distributed and the
e tests' will be justified in large samples. Since the tests using
DLUS residuals did not give satisfactory results an investigation of
the optimal partitioning of tha disturbance vector and the power of the

test would be advantageous,
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