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Summary

This paper generalizes the classical theory of economic policy to a static LQ-strategic
context between n players. We show how this generalized version of controllability can
profitably be used to deal with policy ineffectiveness issues and Nash equilibrium
existence.
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1. Introduction

In the last decade or so issues of effectiveness for specific policy instruments have been
raised within the context of static policy games since the pioneering articles of Stokey
(1990) and Gylfason and Lindbeck (1994)' who generalize the rational expectations
models a la Sargent and Wallace (1975) by explicitly modelling private sector strategies.
In particular, explicitly or implicitly formal conditions leading to monetary policy
ineffectiveness — or neutrality — have been investigated in some of the papers mentioned.
Such conditions appear significantly different from those stated in the classical analysis
of policy effectiveness and controllability, initially formulated by Jan Tinbergen and
Henri Theil 2

We aim to show how the classical theory of economic policy can deal with policy
ineffectiveness and Nash equilibrium existence issues by extending it from a single
decision-maker context to a strategic multi-player one. For the sake of simplicity, we
limit ourselves to the common LQ-games in a perfect information static context. Our

simple logic can be extended to more complex frameworks.

2. The Model

We consider an economy where n players interact. We assume that each player
minimizes a LQ-criterion. For reasons that will be clear later, we find it useful to
distinguish between the targets that enter the criterion only linearly and the others. By

assuming that player i’s criterion is defined over t(i) = q(i) +1(i) variables, where I(i)
is the number of those that enter only linearly and q(i) is the number of other target
variables, the LQ-criterion can be formally written as:>

(1) Ui=%(yi_yi)'Qi(yi_Vi)—}_yi’Ri—l_yi,Li vieN

where N is the set of the n players; y, e R" is a vector of target variables that enter

equation (1) at least in a quadratic manner (second order); ¥, € R%" is a vector of target

! See the papers surveyed in Cukierman (2004) and Acocella and Di Bartolomeo (2004).
2 See, among others, Preston and Pagan (1982: Chapters 1-3) and Hughes Hallett (1989).
® For reasons that we shall clarify we keep targets and instruments formally separate. However, in order to
take account of the costs of some instruments, we could simply introduce additional targets into equation

(1) as well as equality constraints between them and the instruments into equation (2) below.



values; §, e R'" is a vector of target variables that enter only linearly (first order); Q,
Is an appropriate diagonal matrix, R, and L, are appropriate vectors. Note that Q, is a
full rank square matrix by assumption. We refer to y;, Q,, R, and L; as the parameters

of player i’s criterion. Notice that player i’s first best (or optimum optimorum)

corresponds to its target values only if R =0.

All the control vectors are sub-vectors of ueR" and all the target variable vectors are

sub-vectors of yeR". Each player i controls a sub-vector of u, i.e. u e R™" . Of

course, Zm(i):M , since a control cannot be set by more than one player by
ieN

definition. For the sake of simplicity, we also assume that each player cannot control

more instruments than its targets, i.e. m(i)<t(i). By contrast, players can share some

target variables. Thus Zt(i)z K. The K target variables are linked together by the

ieN
following linear equation system:
(2) y=Au+F.
Each line of the above equation system represents a linear relation between one target
and the instrument vector u. Vector F e R® is a vector of given constants that are
outside the players’ control.” To keep things simple, we assume that the basis of A is the
identity matrix, which means that system (2) cannot be reduced to many independent
sub-systems.”

From equation (2), we can extract y, and ¥, obtaining the relevant sub-system for

player i:

@ [2]-[E]ur g[8 ]oer

* It can also contain i.i.d. shocks. In this case our results hold in expected terms by the certainty-
equivalence principle.

> This assumption can be relaxed by introducing the concept of sub-controllability, which enables us to
generalize our results to a larger class of policy-games (see Acocella and Di Bartolomeo, 2005). However,
since the generalization adds nothing to the basic mechanism that this paper aims to illustrate, we do not

consider it here.



where C, eR™™)  C eR'WM) | E R E RV and F eR™ are
appropriate matrices and vector.

We begin by introducing the definitions of controllability (in the Tinbergen-Theil’s
fashion®) and policy ineffectiveness.

Definition (Q-controllability): Player i can Q-control system (3) if the number of its

instruments equals the number of its quadratic targets: m(i) =q(i) . If policy-maker i

can Q-control its system, y, € R is its controllable set.

The above definition implies that in the static single-player case (n = 1), the decision-

maker is able to obtain its first best. In fact, if m(i) =t(i) > q(i), a finite solution for the
problem does not exist.” It is worth noticing that Q-controllability implies that C isa

sgquare matrix.

Definition (ineffectiveness): Player i’s policy is ineffective with respect to one (or
more of its) target variable(s) if the equilibrium value of that (those) variable(s) is never

affected by changes in the parameters of the player’s criterion.®

The Nash equilibrium can be decoupled in a set of n traditional Tinbergen-Theil
problems (i.e. minimizing equation (1) subject to (3) for each of the n players), which is
the set of the reaction correspondences. With reference to this decoupled representation

of the policy game, we can state the following theorem.

Theorem 1 (existence): The Nash equilibrium of the policy game described does not
exist if and only if (a) for at least one player: L, #0 and t(i)=m(i); or (b) the

intersection of players’ controllable sets is not empty.

Proof. The optimization problem of each player implies the following n focs:

6U [/ / ' 7 H
(4) 6_u|:CiQiCiui+CiQi % Eijuj+Ci(Ri+Li_Qiyi+QiFi):0 VieN.
i JeN /1

® Our definition slightly differs from that used in the traditional theory of economic policy because it is
instrumental to our aim. However, notice that the traditional case is a particular case of our definition (i.e.
t(i) = q(i)). See Preston and Pagan (1982: Chapters 1-3).

" The first best implies infinite values of the variables that enter the criterion linearly.

® In a strategic context policies are endogenous. Thus ineffectiveness must be formulated in endogenous

terms too.



Now, let us consider the case of player 1 without loss of generality and assume that

m(2) =t() > q(l) and that a solution (ul uj) exists—where uJ*. represents the controls

of all the players other than player one. If (uf,u]f) is the solution, given u, u; must
satisfy the first order condition (4) for player 1, but no finite value of u, could, since
det(C/Q,C,)=0 (thus, cannot be inverted) if m(1) =t(1) > q(1).’

Let us consider the second part of the theorem focusing on the first two players without
any loss of generality. Assume that they share all their variables and Q-control their

sub-systems and assume that a solution (ul*,u;,uj*.) exists. Then given u;, (uj,u;) must

satisfy the system of first-order conditions of the first two players, i.e.:
CQ, Y, Eu+C/(R+L-QV,+QF)
(5) |: 1Q1C C1Q1 12:|{ :| jeN/{1,2}
C,QE, CQLC, J|u, CQ, z E2juj +C, R +L,-Q,Y,+Q, Fz)

jeN/{1,2}
However, the first matrix of (5) cannot be inverted since, according to our assumptions,
C,=E, and C, =E,,. Hence no (u;,u;) can satisfy (5) and (u;,u;,u;) cannot be the

solution. Finally, consider the case where the first two players do not share all their
targets. It can be simply solved by considering the problem of each player as two
independent problems: a) minimize linear-quadratic deviations from shared targets plus
all first-order targets with respect to an arbitrary set of instruments of a number equal to
the quadratic variables; b) minimize linear-quadratic deviations from non-shared targets
plus all first-order targets with respect to the other instruments (which equal the targets
because of the Q-controllability).’® As above, now the impossibility of a solution

emerges for the first-order condition of the problems a). Summarizing, as claimed, if at

?In such a case, Q, equals T.T, where T, :[ /Q, :@] e R*™? ie. T is obtained in two steps: first by
considering a q(1) x q(1) matrix with the square roots of each element Q, and then by adding I(i)

columns of zeros. Thus det(C/Q,C,) = det(CT,) det(T1'C1) equals zero since it is easy to verify that all the

elements of the last 1(i) columns of C'T. are zeros.

19 Notice that because of the controllability the result is independent of the assignment of the instruments.



least two players Q-control their sub-systems and share at least one target variable (and
thus the player controllable set is not empty), the Nash equilibrium does not exist. B

In an unusual way, we have derived the necessary and sufficient condition for the
existence of the Nash equilibrium in terms of a counting rule of the number of
instruments and targets. It is then useful to compare our results with a well-known
theorem of the existence of Nash equilibrium.

In an LQ-context, a sufficient condition for the Nash equilibrium existence™® is that the
space of strategies of each player is convex and compact. If players’ controls are
unbounded, the Nash equilibrium may not exist. The introduction of quadratic

12

instrument costs © would make them bounded, thus assuring the existence of

equilibrium. In our terms, this would imply that the dimensions of matrices Q, become
t(i)+m(i) . Thus, the number of instruments would always be less than the number of

targets, the system would not be Q-controllable by any player and equilibrium would
exist. Note, however, that Theorem 1 is more general than the theorem of existence,

mentioned since that of instrument costs is a particular case.

Once the Nash equilibrium is decoupled into a set of n traditional Tinbergen-Theil
problems, provided that equilibrium exists, player i’s policy is ineffective with respect
to the targets shared with the players who perfectly Q-control their sub-systems. A
straightforward condition for policy ineffectiveness can thus be defined as follows.

Theorem 2 (ineffectiveness): Player i’s policy is ineffective for all the target variables
contained in the complement of the intersection between its controllable set and the

union of all players’ controllable sets.

Proof. Focs in terms of quasi-reaction functions are:

(6) Z_U:Ci,Qi(yi_7i)+Ci’Ri+éi,Li:0 vieN
u.

Equations (6) represent the optimal value of the target variables that assure the
minimization of player i’s criterion, given the policy of the others. Thus, by definition,

all the conditions (6) have to be mutually verified to ensure the Nash equilibrium.

1 See e.g. Dasgupta and Maskin (1986).
12 See footnote 3.



Formally, equations (6) map the vector of target variables into that of the desired target
values.’® If player i can Q-control its sub-system, then condition (6) becomes:

(7) Y =¥.-Q "R _(Ci’Qi )_l CN:irl-i

If the Nash equilibrium exists, it is unique, because of the LQ-structure considered.
Hence, if the equilibrium exists and player i can Q-control its sub-system, the Nash
equilibrium will satisfy equation (7) and any other player will not be able to affect the

value of any of the variables in y,, i.e. those in the controllable set of player i. B

Finally, we should note that neutrality (for the players different from i) associated with

I(i) # 0 differs from that emerging in the case of I(i)=0. The former is somewhat
weaker than the latter. In fact, if 1(i) =0 player i is the only one that can influence its
targets and it always achieves its first best. By contrast, if I(i) = 0, despite the fact that

only player i can influence its targets, it does not achieve its first best and can thus
improve its position, e.g. by using the first mover advantage in Stackelberg games or by

cooperating.*

3. Conclusions

In this paper we have first generalized the conditions for policy controllability from a
parametric context to a strategic multi-player one. Once static controllability has been
reinterpreted to suit the strategic nature of the setting, policy ineffectiveness merely
becomes an instrument/target accounting problem in the traditional Tinbergen-Theil’s
vein. In a game theoretical perspective, controllability and ineffectiveness are in fact
dual concepts: controllability of the system for one player implies that other players’
strategies (instruments) are ineffective. A problem of existence of the Nash equilibrium
can arise, when more than one player sharing at least a common target apparently
control the system and their controls are unbounded.

31t is worth noticing that for each player condition (6) represents the dual problem of that described by
equation (4). If the reaction function system (4) is over-determined, the quasi-reaction function system is
under-determined; and vice versa.

14 See Acocella and Di Bartolomeo (2004 and 2005) for some examples.



The simple logic of our discussion can be extended to more complex contexts such as
dynamic and non-linear ones. However, formal generalizations may face computational

and practical problems.
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