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MAXIMIZING PROBABILITY OF RETURN AS A METHOD 

TO CONSIDER RISK IN FARM PLANNING MODELS 

Abstract 

QP and MOTAD models generate a portfolio of efficient return-risk 

farm plans. Often there is a great number of farm plans along the 

efficient frontier for the farmer to consider. If the probability distri

bution of return of each farm plan is used to determine an efficient 

return-probability frontier, the number of farm plans the farmer needs to 

consider may be drastically reduced. This paper presents a linear program

ming model that generates an efficient return-probability frontier. The 

farmer can then choose a farm plan based on return and probability of return, 

rather than on return and an absolute measure of variability. 



· ' MAXIMIZING PROBABILITY OF RETURN AS A METHOD 

TO CONSIDER RISK IN FARM PLANNING MODELS 

Most farm management decisions are made under conditions of risk. 

Quadratic programming models and minimization of total absolute devia

tion (MOTAD) models have often been used to consider risk in farm plan

ning [3, 4, 5, 6, 7, 9, 10]. Both models generate a portfolio of effi

cient return-risk farm plans. The farmer must then choose the one farm 

plan on the efficient return-risk frontier that he believes will maxim

ize his utility. 

Often there is a great number of farm plans along the efficient 

return-risk frontier. If each farm plan specifies a production, market

ing, investment and financing plan, the farmer is presented with a large 

amount of information. However, if the probability distribution of 

return is calculated for each farm plan and only those farm plans that 

have the highest probability of generating specific returns are pre

sented, the number of farm plans the farmer needs to consider may be 

drastically reduced. 

Theoretical Models 

Quadratic programming assumes the farmer orders his preferences 

among alternative farm plans only on the basis of expected income, E, 

and the associated income variance, V. Quadratic programming further 

asst~es that the farmer is a risk averter. Given these assumptions, the 

rational farmer restricts his choices to those farm plans that have a 

minimum variance, given an expected level of income. Such farm plans 
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are called efficient E,V farm plans and define an efficient E,V frontier 

over the set of all feasible farm plans (segment OM in Figure 1). The 

point of tangency between the efficient E,V frontier and an indifference 

curve defines the farm plan that will maximize the farmer's utility. 

Computer codes for solving quadratic programming models have prac-

tical limits as to size, can be expensive to solve, and may not always 

be available . Hazell developed a linear alternative to quadratic pro-

gramming which can be solved with conventional linear programming codes 

[5]. Hazell notes that the quadratic programming model requires ~ 

priori knowledge of the expected returns for each activity and the cor-

responding variances and covariances. If these parameters are unknown, 

it is necessary to obtain estimates using time series or cross-sectional 

data of observed returns. 

Hazell then notes that if sample data are available to estimate the 

variance of returns, the mean absolute income deviation may be defined 

as: 

s 
A = l/s r 

h=l 

n 
r (ch . - g.) X. 

j=l J J J 

where· h=l, 2, ... ,s denotes s observations in a random sample of returns, 

c
hj

' and gj is the sample mean return of activity j measured as 

s 
l/s r c

hJ 
.. 

h=l 

A is an unbiased estimator of the population mean absolute income devia-

tion. Hazell suggests that by using A as a measure of risk it is rea-

sonable to consider E (expected income) and A (absolute income devia-

tion) as the crucial parameters in the selection of a farm plan, and to 

define efficient farm plans as those having minimum absolute income 

deviations for a given expected income. 
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l/RHS • right-hand-side; bt a level of resource i available; ~ = return required. which is parameterized from 0 to unbounded. 
~/Xjn • level of production crop activity j: a . = amount of resource i .used by one unit of 

crop production activity j; 9 • gross return of one unit crop pr~duction activity j; c = cost of one unit of 
crop production activity j. d~ . • deviation of observation year h's gross return from ~stimated trend gross return 
for crop production activity J~ 

~/TPk • level of tax paying activity to k = amount of taxable income used by tax paying activity ~; Dlk = amount of 
disposable income provided through tax paying activity k. Dlk • k - taxes that must be p .~i d on taxable income k. 



The E,A criterion has important advantages over the E,V criterion 

in that it leads to a linear programming model to derive efficient farm 

plans. Hazell converts A to a legitimate linear programming objective 

function by minimizing the absolute value of the negative income devia

tions. The Hazell model, which has been well documented in several 

sources [5,7], generates a sequence of solutions of increasing expected 

return and mean absolute income deviation until the maximum expected 

return under the resource constraints has been attained. In this manner 

the efficient E,A frontier .is generated. Since this model minimizes A, 

Hazell refers to it as the Minimization of Total Absolute Deviations 

(MOTAD) model. 

Neither E,V analysis nor E,A analysis necessarily generates the 

farm plan which maximizes an individual farmer's utility. Rather, each 

of these methods of considering risk in farm management problems pro

duces a set of minimum risk (variance or absolute deviation) farm plans 

for given levels of return. The particular plan among this set that 

will maximize an individual farmer's utility depends upon the farmer's 

unique utility function (i.e., risk preference). Since farmers have 

different utility functions, each farmer must choose the farm plan that 

maximizes his utility. The efficient E,V or E,A curve can be presented 

and the farm plans associated with several points on the curve can be 

described. An individual farmer must then choose the farm plan that he 

believes will maximize his utility. 

Empirical MOTAD Model 

A MOTAD model was developed to generate an efficient E,A frontier 

for an owner-operator with 450 acres of cropland and a choice of eight 

crop plans [7]. The tableau of this basic MOTAD model is presented i n 

4 



Table 1. Crop production activities use resources, add to the gross 

return accounting row, add to the cost accounting row, and have entries 

in the income deviation accounting rows. The gross return activity 

transfers the summation of gross returns generated by the crop produc

tion activities to the taxable income accounting row. The level of the 

cost activity is the summation of costs generated by the crop production 

acti vities, and this value is subtracted from the gross returns in the 

taxable income accounting row. The tax paying activities represent a 

progressive income tax function that is built into the model [11]. Use 

of an income tax function permits consideration of the effects of alter

native decisions on after-tax or disposable income, which more accu

rately describes the effects of alternative decisions than does before

tax income. 

Each Yh activity (h=I,2, ... ,s) is the absolute value of the summa

tion of the gross return deviations in observation year h, if that sum

mation is negative. If the summation of the gross return deviations in 

observation year h is positive, then the level of activity Yh will be 

zero. The absolute value of the summation of gross return deviations in 

observation year h is then transferred to the objective function, so 

that the objective function is the summation of the absolute values of 

the negative deviations over all observation years. 

The efficient E,A curve generated by this MOTAD model is presented 

in Figure 2. The farm plans associated with the points on the curve are 

given in Table 2. The maximum disposable income is generated by the 

conventional linear programming solution which generated a disposable 

income of $16,173 (point MP16). This farm plan specified producing corn 

on all 450 acres. The lowest return-risk point that specified a farm 

5 
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Table 2. ran:> plans associated with points on efficient E,A frontier shown in Figure 2. 

(1 ) (2) (3) (4) (5) (6) (7) (8) (9) (10) ( 11) (12 ) 
E.'<pectcd Soybeans Marginal IISoybeans IISoybea:ls Estimated 

Fam Disposable Absolute After Idle Risk ACorn acl acl -Whea t acl Sta:ld"r d 
Plan Income Deviation Corn Soybeans Wheat Land (M/ IIDI) $ of ~Dl $ of 1101 S of ~DI Deviation 

(S) (S) (acres) (acres) (acres) (acres) (acres ) (:Jcres) (:Jcre s ) (S) 

MP01 4,000 1.301 119.8 330.2 1, 743 
. 34 .0) 

MP02 8,000 2,661 245.0 205.0 3 ,566 
.37 . 03 

MP03 12,000 4.159 383.0 67.0 5 , 573 
. 39 .04 

MPO~ 13,873 4,887 450.0 6, 549 
1. 43 -. 23 . 23 

~!P05 14 .000 5,067 422.2 27.8 6. 790 
1.43 -.22 . 22 

MP06 15 ,880 7,758 11.9 438 . 1 10 ,396 
1.60 .03 -. 22 .19 

1'.P07 15, 900 7,790 0.5 7.6 441. 9 10, 439 
1.iO .05 -.22 .17 

MP08 15,920 7,825 1.5 3.3 445.2 10,486 
4. 40 .44 -.17 - .2 7 

MP9 15,940 7,913 10.2 439.8 10, 603 
14.30 1.89 - 1.89 

MP10 15,960 8,199 47.9 402.1 10, 98 7 
18.05 1.89 -1.89 

MPll 15,980 8,560 85.7 364.3 11, 470 
35.80 1.89 - 1.89 

MP12 16,000 9,276 123 .4 326.6 12 , 430 
35 . 90 1.89 -1. 89 

MP13 16,020 9,994 161. 2 288.8 13 , 392 
51.45 1.89 -1.89 

MP14 16,040 11,023 198.9 251.1 14 , 771 
51. 45 1.89 - 1.89 

MP15 16,160 17,197 425 . 3 24 . 7 23 ,044 
51. 69 1.90 -1. 90 

MP16 16,173 17,869 450.0 23 , 944 
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plan that used all available land was point MP04. This farm plan 

specified producing soybeans on all 450 acres and generated a disposable 

income of $13,873. 

There are an infinite number of farm plans on the efficient E,A 

curve between point MP04 and MP16. While moving up the efficient E,A 

frontier results in increased disposable income, it also results in 

i ncreased income variability. Column 8 of Table 2 shows the marginal 

risk incurred as disposable income is increased. Columns 9, 10, and 11 

of Table 2 show the changes in acreages of corn, soybeans, and soybeans 

after wheat necessary to increase disposal income by $1 as the farmer 

moves up the efficient E,A curve to higher return-risk points. Given 

the information in Table 2, the farmer must choose the one farm plan 

that he believes will maximize his utility. 

Maximizing the Probability of Return 

Estimating the probabilities associated with the returns generated 

from various farm plans is an alternative to either the quadratic pro

gramming or MOTAD models for incorporating risk into decision criteria. 

This approach differs from QP or MOTAD in that it seeks to maximize 

returns subject to specified probability level rather than minimizing 

income deviations or variance. Yet, both approaches are dependent on 

standard variability estimates. 

While producers are cognizant of explanations dealing with esti

mated deviations in income for a specific farm plan, they frequently can 

better relate to estimates of the probability or likelihood of obtaining 

a specified income level from a specific farm plan. Thus, it seems 

plausible that estimates of the probability of the income levels gener

ated f rom specific farm plans would provide critical information to the 
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producer's decision process. 

Two approaches are used in this paper to estimate the probabilities 

associated with the income generated from alternative farm plans. The 

first is based on estimates of the standard deviation in the incomes 

generated for alternative farm plans from the MOTAD analysis and calcu-

lating cumulative probability distribution functions for the farm plans 

on the E,A frontier. The second approach incorporates a probability 

function directly into a linear programming model with an objective 

function which maximizes returns subject to exogenously determined prob-

ability levels. Both approaches are used to generate an efficient 

Return-Probability (R,P) curve. 

Cumulative Probability Distribution Function 

The standard deviation of disposable income of each farm plan can 

be estimated using the absolute deviation by the following formula [5]: 

1
/2 

s.n [~(S-l) 
where: A a

DI 
= estimated standard deviation of disposable income, 

AnI = absolute deviation of disposable income, 

s = number of observations in time series, 

n = 3.14286. 

The estimated standard deviation of disposable income of each farm plan 

on the efficient E,A frontier is given in Table 2. 

With the expected disposable income and the estimated standard 

deviation of disposable income of each farm plan, the cumulative distri-

bution function of disposable income for each farm plan can be deter-
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fi gure 4. CUQulativ~ distribution of disposable income. 

Table 3. Various P{DI ~ A.} and correspondiQI Z values. 

p{DI ~ A.} 

1.00 
0 . 95 
0.90 
0.85 
0.80 
0 . 75 
0.70 
0.65 
0.60 
0.55 
0.50 
0.45 
0.40 
0.35 
0.30 
0.25 
0 . 20 
0.15 
0 . 10 
0.05 
0.00 

Values of Z 

-3.999 
-1. 645 
-1.282 
-1 .037 
-0.842 
-0.675 
-0.524 
-0.385 
-0.253 
-0.126 
0.000 
0.126 
0.253 
0.385 
0 .524 
0.675 
0.842 
1.037 
1.282 
1.645 
3.999 
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mined. The probability density function of disposable income for a 

particular farm plan with expected disposable income of ~DI and an esti

mated standard deviation of disposable income of a
DI 

is shown in Figure 

3. The cumulative distribution function of disposable income may be 

defined as either P{DI ~ A} or P{DI ~ A}, where A is some particular 

value of the random variable disposal income, DI. [1] In this paper 

cumulative distribution functions will be defined as P{DI ~ A} because 

it seems reasonable that farm managers are interested in knowing the 

probability of disposable income being above some particular value. 

Figure 4 shows a general cumulative distribution function of disposable 

income corresponding to the probability density function shown in Figure 

3. 

Any normal distribution of disposable income can be transformed to 

the standard normal distribution by the following equation: 

A-~DI 

z = 
aDI 

The standard normal distribution is normally distributed with a mean of 

o and a standard deviation of 1. This transformation allows us to com

pute probabilities, irrespective of the values of ~DI and aDI , from a 

single probability table for the standard normal distribution. [2] For 

any particular value of the probability P{DI > A}, A can be determined 

using the following equation: 

A = ~DI + Z aDI 

where Z is the value of the standard normal variable corresponding to 

the given probability P{DI ~ A}. Table 3 gives the various P{DI ~ Ai 

values used in this paper to determine the cumulative distribution func

tion of disposable income and the Z values corresponding to these prob-

10 
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ability levels. 

In this manner the cumulative distribution function of disposable 

income for each farm plan specified in Table 2 was determined. These 

cumulative distribution functions are given in Table 4. Considering 

these distributions, the farmer would restrict his choice among farm 

plans MP04, MP08, MP09 and MP16. These farm plans define the efficient 

return-probability of return curve (R,P) that is graphed in Figure 5. 

MP04 would produce the highest possible income at probabilities of .70 

through .95. MP08 would generate the highest possible income at prob

abilities of .60 and .65, and MP09 would generate the highest possible 

income at a probability of .55. Finally, MP16 would produce the highest 

possible income levels at probabilities of .50 and lower. 

Presenting only farm plans MP04, MP08, MP09, and MP16, along with 

the corresponding cumulative probability distributions, would allow the 

farmer to choose the farm plan that would maximize his utility. Thus, 

the farmer would be presented with less information to consider than if 

the results of the MOTAD analysis (Table 2) were presented. 

Linear Programming Model to Determine Efficient Return-Probability Curve 

It is possible to determine the farm plans on the efficient 

return-probability curve without generating the efficient E,A frontier 

and determining the cumulative probability distribution for each farm 

plan on the efficient E,A frontier. The following linear program maxim

izes return subject to a probability level of receiving that return. 

maximize: ~ 

subject to: ~ = DDI + Z ~DI 
Z = f(P{DI > ~} = p) (p = 0.0 to 1.0) 
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/I. 
n 

iJnI = L r.X. 
j=l J J 

1/2 

/I. ~ s·n J anI = Ani 2(s-1) 

s 

AnI = 2/s L y-
h=l h 

n 
L (ch . - g.) X. + Yh 7 0 (for all h,h=l, ... s) 

j=l J J J 

n 
L 

j=l 
a .. X . < b. 
~J J ~ 

Xj , Yh > 0 

(for all i,i=l, ... ,m) 

where: A = maximum return possible subject to probability p of 
receiving A, 

/I. 
iJnI = expected disposable income, 
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Z = standard normal variable corresponding to probability p, 

~nI = estimated standard deviation of disposable income 

r. = the expected return of activity j, 
J 

X. = the level of activity j, 
J 

AnI = absolute deviation of disposable income, 

= the absolute value of the negative income deviations 
using observation h, 

chj = the return of activity j associated with 

g. = the sample mean return of activity j, 
J 

a .. = the technical requirement of activity 
~J or constraint i, 

b. = the level of resource or constraint i, 
~ 

7t = 3.14286. 

j 

observation h, 

for resource 



The objective function is the return level that can be attained with 

probability p. By parameterizing p from 0 to 1, a series of solutions 

of increasing probability and decreasing return is obtained. In this 

manner the efficient return-probability frontier is generated. 

The tableau for the maximization of probability of return model is 

presented in Table 5. The first six activities and the first seven con

straints shown in this tableau are identical to the MOTAD model shown in 

Table 1. The level of absolute deviation of return will be given in the 

"absolute deviation" activity. This value is then multiplied by the 

factor necessary to estimate the standard deviation and transferred to 

the standard deviation account row. The value of the estimated standard 

deviation is then given in the "estimated standard deviation" activity. 

The value of the estimated standard deviation is then multiplied by Z(p) 

and transferred to the A account row. The coefficient Z(p; is the stan

dard normal variable corresponding to the probability level at which A 

is to be maximized. As the probability level is parameterized from 0.0 

to 1.0, Z(p) is parameterized from 3.999 to -3.999 as shown in Table 3. 

The value of A is transferred from the A account row to the objective 

function. Finally, the last six activities shown in Table 5 represent 

the positive income or negative income that could be attained at each 

probability level with the farm plan that maximizes A subject to a prob

ability level of p. In other words, these activities describe the cumu

lative probability distribution function of the farm plan that maximizes 

A. 

This model was used to generate an efficient return-probability 

(R,P) frontier for the same farm situation specified in the MOTAD model. 

The efficient return-probability frontier is presented in Figure 6. The 
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farm plans associated with segments of the frontier and the cumulative 

probability distribution of each farm plan are given in Table 6. There 

are only three farm plans on the efficient return-probability frontier 

that utilize all the available land. Farm plan PP02 is the same plan as 

MP04 on the efficient E,A frontier and specifies producing 450 acres of 

soybeans. This farm plan generates the highest possible income at prob

ability levels of .70 through .95. Farm plan PP03 has an expected dis

posable income of $15,936 and specifies producing 2.3 acres of corn and 

447.7 acres of soybeans after wheat. This farm plan generates the high

est possible income at probability levels of .55 through .65. Farm plan 

PP04 is identical to farm plan MP16 on the efficient E,A frontier. This 

farm plan has an expected disposable income of $16,173, specifies pro

ducing 450 acres of corn and generates the highest possible income at 

probability levels of 0.0 through .50. 

As with the E,A frontier, the farmer must choose the farm plan from 

among PP02, PP03, and PP04 that he believes will maximize his utility. 

However, his choice is now among only three farm plans, rather than 

among a possible infinite number of farm plans on the efficient E,A 

frontier. Also, by presenting the information in Table 6 to a farmer 

and explaining the probability distributions, it seems the farmer would 

be better able to make the decision than if the information in Table 2 

were presented. The farmer is now able to make the decision based on 

return and probability of return rather than on expected return and an 

absolute measure of variability of return. 

Summary and Conclusions 

Incorporation of risk into farm decision models is not a new con

cept. Many models have been developed or modified to consider risk in 
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making management decisions. Quadratic programming and MOTAD models are 

two of the better known and more widely used procedures. Both are based 

on the concept that a decision maker orders preferences among alterna

tive farm plans only on the basis of expected returns and associated 

income variance or deviation. Thus, the rational decision-maker 

restricts choices to those farm plans that have a minimum variance given 

an expected level of income. In each case a frontier of feasible farm 

plans is generated from which the farmer/decision-maker chooses accord

ing to his particular indifference function for risk. The optimum plan 

thus depends on a review of a potentially large number of farm plans. 

The Maximization of the Probability of Return (MPR) model employs 

basically the same data as QP and MOTAD models and generates a frontier 

of feasible returns. However, the MPR model has two major advantages: 

(1) the number .. of farm plans to consider in the decision making process 

is considerably reduced and (2) estimates of the probability of achiev

ing the expected income level generated by a specific farm plan appear 

to be more understandable by decision makers than income variability. 

Since the farmer decision-maker can restrict his choice among fewer 

alternatives, MPR results should be less confusing and permit him to 

evaluate the probability of ' the return associated with a farm plan 

within the dictates of his risk avoidance function. The results of the 

MPR model appear to be more easily incorporated into extension farm man

agement educational programs and seem to offer a greater potentia l to 

transfer research results to ultimate user. 
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