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Optimizing Grazing Management for Profit and
Ecosystem Services:

An Integrated Biogeochemical-Economic Model

Yining Wu, Dale Manning, Yao Zhang, Frank Lupi, Nathan DeLay, Dabit Bista

Working draft, June 2, 2026

Abstract. Grazing lands are complex systems that deliver soil carbon sequestration, wa-
ter cycling, and biodiversity habitat alongside livestock production and producer incomes.
Grazing land management shapes both economic returns and environmental outcomes,
yet reliable guidance on balancing profit with other ecosystem services is scarce. Focusing
on rotational grazing, we develop a theoretical framework that describes the shadow
value of soil carbon on cow-calf grazing land. The dynamic model nests a within-year
rotation problem inside a Bellman equation to derive its steady-state value. To supply the
functional forms the theory leaves open, we couple a process-based soil-carbon model
directly with an animal-nutrition model and an economic module, and we demonstrate
the framework at a single 60-hectare cow-calf site in Michigan. With rotation, cattle graze
specific paddocks over short time periods, allowing the paddocks to recover between
grazing periods. At high stocking rates (2 livestock units per hectare), the forage recovered
from rotation more than repays additional fencing and labor costs and the present value
of profits over ten years increases by 7.1 percent compared to grazing without rotation. At
lower stocking rates, the forage recovered does not repay the added fencing and labor.
At all rates considered, resting paddocks longer retains more soil carbon than grazing
without rotation.
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1. Introduction

Grazing lands are complex social-ecological systems spanning diverse climates and ecosys-
tems. They deliver services beyond livestock production, including soil carbon sequestra-
tion, water cycling, biodiversity habitat, and rural livelihoods (Hruska et al. 2017; Briske
et al. 2023). The way producers manage grazing, through stocking density, paddock con-
figuration, and rotation timing, directly shapes both their economic returns and the
environmental outcomes their operations generate (Teague et al. 2016). Yet despite the
importance of getting that management right, reliable quantitative guidance about how to
balance profit against ecosystem services has been limited. Filling the gap between what
producers, policymakers, and conservation programs need to know and what existing
research can offer (Briske et al. 2008; Tietjen and Jeltsch 2007) requires interdisciplinary
approaches that integrate biophysical dynamics with management decisions and the
economic incentives faced by producers (Wilmer et al. 2018; Stanley et al. 2026).

To address this gap, we develop an integrated biogeochemical-economic model of
cow-calf rotational grazing to both analytically and numerically describe the system at a
single representative site in Michigan. Our theory extends the bioeconomic soil-carbon
framework from cropland (Berazneva et al. 2019) to grazing land and defines the private
shadow value of soil organic carbon (SOC) for a grazing system. A numerical model
supplies the functional forms the theory leaves open, embedding a process-based soil-
carbon model and an animal-nutrition model within an economic decision framework.
Earlier work found that rotation does not pay off in a short-run experiment (Briske et al.
2008). By carrying the dynamic value of soil carbon across years, our model lets us ask
which grazing management is optimal for a producer who values profit, soil carbon, or
both.

This work makes four contributions. First, we develop a bioeconomic SOC model for
grazing, which extends Berazneva et al. (2019) from cropping to cow-calf operations. In
cropland the link from soil carbon to profit runs through crop yield. In our grazing model,
higher SOC raises forage quantity and quality, and lowers the purchase of supplemental
feed the herd needs during the grazing season. The shadow value of SOC therefore reflects
a feed-cost savingsmediated by forage productivity. The second contribution is theoretical.
Comparing the myopic profit-maximizing rotation to the fully optimal one, we show that,
as long as resting longer still builds soil carbon at the profit optimum, a producer who
values future soil carbon rests paddocks longer than one maximizing current-year profit
alone.

Our third contribution is methodological. We couple a process-based biogeochemical
model (the Microbial Efficiency-Matrix Stabilization (MEMS) model) directly into a dy-
namic grazingmodel through daily state passing, andwe show that this integratedmodel is
tractable at a single site. We outline how amachine-learning surrogate of MEMS would ex-
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tend the approach from one site to regional scale, bridging mechanistic biogeochemistry
(Liu et al. 2024) and economic optimization (Shang et al. 2024).

The fourth contribution identifies the specific economic-biogeochemical mechanisms
through which rotational grazing affects ecosystem services. When left to choose where
to graze, cattle graze a pasture unevenly, concentrating on preferred patches and leaving
others lightly used (Gersie, Augustine, and Derner 2019; Adler, Raff, and Lauenroth 2001),
so soil carbon and forage stocks vary significantly within a farm. Rotation works by
redistributing grazing pressure across patches, and whether that redistribution raises
profit and slows SOC loss depends on the stocking rate. A representative-paddock model
holds the farm homogeneous and cannot express this channel. Our integrated model
represents the farm as patches that cattle graze preferentially, making the channel an
outcome we measure rather than an assumption.

For the working paper submitted to the 2026 AAEA conference, we use a stand-in
numerical approach that relies on runs of the underlying biogeochemical models. To do
this, we consider slightly different margins in our analytical model than in the stand-in
numerical model. The stand-in numerical model fixes the length of the grazing period
while the theoretical model chooses the length of rest between grazing periods, so the
numerical model moves the herd on a fixed calendar whereas the theory moves it once
forage is drawn down to a residual. Aligning the numerical movement rule with the
theory’s residual-biomass rule is left to ongoing work.

Using our preliminary model, we find that rotation raises the present value of profit
only at the highest stocking rate we consider, 2 livestock units per hectare, where the
forage it recovers more than repays the added fencing and labor, a 7.1 percent gain in
ten-year net present value over grazing without rotation. At lighter stocking rates rotation
does not pay, and at every stocking rate resting paddocks longer retains more soil carbon.

The remainder of the paper proceeds as follows. Section 2 explains why soil organic
carbon is the right state variable for a grazing system, how its link to profit differs from
the cropland case, and how the model connects to the literatures it draws on. Section 3
presents the theoretical model: a producer who chooses stocking rate and rest duration
to maximize the discounted present value of profits subject to SOC and forage dynamics.
Section 4 introduces our study site, a single representative Michigan cow-calf site, and
describes the numerical implementation. Section 5 reports proof-of-concept results for
the Michigan site. Section 6 discusses policy implications, limitations, and next steps,
including a surrogate model-enabled extension to additional sites.

2. Focus on soil carbon

Soil organic carbon is the slow-moving stock at the center of the grazing system. It changes
little from one year to the next, yet over a decade it governs both the forage a pasture can
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grow (Lal 2004; Stanley et al. 2024) and the climate benefit a grazing operation can claim
(Conant, Paustian, and Elliott 2001; Teague et al. 2016). What sets the grazing case apart
from the cropland settings where soil-as-capital models were first built is the mechanism
from carbon to net value. In cropping, soil organic carbon raises crop yield and revenue
through an agronomic response. In grazing the link occurs through SOC’s impact on
forage quantity and quality, and on the supplemental feed purchases required to meet
cattle nutrition needs. Since supplemental feed substitutes for pasture-supplied feed, the
value of SOC depends on its ability to produce more forage within a season and to reduce
purchases of feed.

Treating soil as a depletable capital stockwhose value should enter farm-level decisions
began with Burt (1981) and McConnell (1983), the latter deriving the shadow value λ of soil
that at steady state satisfies λss = (∂π/∂SOC)/(1 − δ∂SOCt+1/∂SOCt). We follow Berazneva
et al. (2019), who calibrated SOC dynamics from the Rothamsted Carbon Model and an
econometric maize-yield function for smallholder Kenyan farms and solved the steady-
state optimality conditions simultaneously for shadow values of $95 to $168 per Mg C. We
share their state variable and solution strategy but differ in the production system: their
carbon-to-revenue link is the direct response of crop yield to SOC, whereas ours runs
indirectly through forage quantity and quality, and through the supplemental feed that
more abundant forage displaces.

Pairing a calibrated biophysical model with an estimated economic one, as in Be-
razneva et al. (2019), is an instance of the Econometric-Process Model (EPM) strategy of
Antle and Capalbo (2001), in which a biophysical model maps management to yields and
stocks and an economic model chooses management in response. Antle et al. (2003) used
this strategy to design carbon-sequestration contracts, and Antle et al. (2007) applied it at a
national scale to estimate agricultural carbon supply curves. Our coupling of MEMS with
a stocking-and-rotation optimization is an EPM of this kind, built around a process-based
grassland model rather than a cropland one.

Grazing land (or grassland) soil carbon accumulates differently from cropland. It
enters through root turnover and the manure the herd returns to the pasture, and because
pasture is perennial and untilled it avoids the tillage that accelerates cropland carbon
loss (Stanley et al. 2024; Teague et al. 2016). That improved management can build the
SOC stock is well documented: Conant, Paustian, and Elliott (2001) synthesized 115 studies
that found a mean gain of 0.54 Mg C per hectare per year. We use this gain to validate our
MEMS-simulated rates. Lal (2004) ranked grazing among the few practices with material
climate-mitigation potential. In cropland settings, soil-health practices capitalize into
farmland prices (Chen et al. 2023; Chen, Rejesus et al. 2026) and build resilience to climate
stress (Aglasan, Rejesus et al. 2024), and Chen et al. (2025) solve a cover-crop adoption
problem with soil fertility as the state variable, the closest cropland analog to ours and a
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method we draw on.
A parallel grazing-bioeconomics literature supplies the dynamic structure. Grazing

systems are not monotone: Noy-Meir (1975) (generalized by May (1977)) showed that
moderate stocking admits both a productive and a degraded stable state separated by a
threshold across which a small stocking change can tip the system into collapse. Huffaker
and Cooper (1995) separated rangeland into a fast forage process and a slow successional
one and formalized the split as a slow-manifold decomposition, a structure we keep
with SOC as the slow stock, while Huffaker and Wilen (1991) cast within-season forage
decline as a fishery-style control problem. Whether the slow stock matters is what divides
long-horizon from short-horizon analyses. Torell, Lyon, and Godfrey (1991) found the
two nearly identical when only forage was tracked, precisely because their model held
no slow stock, and Ritten et al. (2010) extended that deterministic model to stochastic
dynamic programming under variable weather. Ritten, Bastian, and Rashford (2012) found
carbon payments at prevailing prices well below the management costs they were meant
to cover, which is why we optimize jointly over production and SOC rather than treat
carbon revenue as a standalone payment. The value of rotation itself is contested: Wang,
Teague, and Park (2016); Wang et al. (2018) found that multi-paddock rotation raises ranch
net present value and Derner et al. (2021) and Bosch et al. (2008) report ranch-scale gains,
while Briske et al. (2008) found no advantage in controlled plot-scale experiments. Those
experiments are too short to resolve the decade-scale SOC feedbacks our process-based
simulation is built to capture, and we revisit that debate below.

Grazing further differs from cropping in within-farm spatial heterogeneity, because
cattle do not graze uniformly. By GPS tracking, Gersie, Augustine, and Derner (2019) found
that 4 to 16% of a pasture went ungrazed while a small fraction received more than four
times the average use, the pattern sharpening as forage quality differentiated through
the season, and Adler, Raff, and Lauenroth (2001) showed that such preferential use
reshapes vegetation into amosaic of heavily used lawns and lightly used roughs that carries
through to the soil. Zhang et al. (2026) embedded explicit livestock movement in MEMS
to capture this within-pasture variation, the closest modeling predecessor to our patch-
based representation. This within-farm heterogeneity, distinct from the between-site
heterogeneity Antle et al. (2003) used for contract design, is something a representative-
paddock model cannot express, so we represent the farm as patches grazed preferentially
and let SOC diverge across them under management.

The optimization template comes from renewable-resource theory. Gordon (1954)
showed that open access drives a stock below the social optimum, Schaefer (1954) sup-
plied the logistic growth backbone, and Clark (1976) synthesized fishery economics into
the modified golden rule that is the direct ancestor of our shadow-value formula, with
Smith (1969) adding the effort dynamics that parallel herd expansion and contraction.
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Homans and Wilen (1997) showed that a season-length catch limit lets fishing capacity
expand until rents dissipate, which maps onto practice-based grazing payments that may
invite overstocking within the rotation. The rotation problem resembles the forestry ro-
tation problem: Faustmann (1849) found the stand age that maximizes the value of an
infinite rotation sequence, and our rest-duration decision r is a within-season rotation
problem nested inside the across-year Bellman equation for SOC. The model’s within-
season dynamics resemble the drawdown of fish stocks in Homans and Wilen (1997) with
the farmer as the resource manager, but with the potential for multiple drawdown periods
per year.

Running processed based models requires significant computation time. Therefore,
scaling this single-site analysis tomany sites will require a surrogatemodel, trained on the
output of the process-based model. A more efficient surrogate model can be used within a
dynamic optimization framework. Reichstein et al. (2019) argued that hybrid mechanistic-
and-learning models suit Earth-system problems, and Liu et al. (2024) realized this for
cropland carbon, training networks on the ecosysmodel to R2 > 0.9 and giving the closest
analog to the grassland surrogate we are developing. Such surrogates can be trained
from as few as twenty simulations (Lu and Ricciuto 2019) and serve as a bridge from
process models to economic integrated assessment (Blanc 2017; Franke et al. 2020). On
the economic side, Shang et al. (2024) built the first deep-learning surrogate of a farm
optimizationmodel. To our knowledge no prior work builds a grazing land biogeochemical
surrogate for use inside a grazing optimization problem.

In future work, we will evaluate alternative payment designs meant to encourage
accumulation of SOC. These include carbon offset payments, payments for practices, and
a price premium for use of specific practices. This comparative policy question connects
to a final literature on payment design for ecosystem services. Antle et al. (2003) showed
per-tonne (outcome-based) carbon contracts to be roughly 5×more efficient than per-
hectare (practice-based) contracts in the dryland Northern Great Plains, with the gap
driven by spatial heterogeneity in sequestration potential, both across sites and within a
single farm. Rouhi Rad et al. (2025) obtain an analogous result for groundwater conserva-
tion, finding that incremental abatement subsidies dominate retirement programs. Engel,
Pagiola, and Wunder (2008) laid out the three dimensions of payment for environmental
services design: conditionality on outcomes, additionality of conservation, and targeting
of payments to high-impact sites. Melkonyan and Taylor (2013) compared input regulation,
cost-sharing, and performance regulation for public rangelands and found performance
regulation theoretically efficient but operationally costly. The additionality problem re-
ceived its sharpest formulation in Ferraro and Pattanayak (2006) (“money for nothing”)
and was extended by Pates and Hendricks (2020) to dynamic settings where technology
diffusion erodes additionality over time. Wongpiyabovorn, Plastina, and Crespi (2023)
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documented the practical barriers to outcome-based payments (fixed certification costs
of $5,000 or more and ongoing verification expenses) that may exclude small cow-calf
operations regardless of the theoretical efficiency advantage. Wang, Isengildina-Massa,
and Stewart (2023) examined consumer premiums for grass-fed beef and found them
driven by health and taste rather than climate or carbon claims, complicating the design
of market-premium instruments as ecosystem-service payments.

We fill a gap between these existing literatures. Bioeconomic SOC models cover crop-
land, not grazing land. Existing grazing bioeconomicmodels track stocking rate or rotation
but not SOC, or use simplified biophysical representations that cannot capture realistic
SOC feedbacks. Existing surrogate-models emulate crop models or economic models
but not grazing land biogeochemistry. Existing policy comparisons study crop carbon
contracts but not grazing instruments. The contribution of this paper is to integrate knowl-
edge from these literatures into a single coupled framework that solves for the optimal
grazingmanagement for a producer who values profit, soil carbon, or both under different
policies.

3. Theoretical model

To examine the optimality of rotations, we first describe an analytical setup that connects
stocking rates and paddock resting time to animal growth, revenue, and input costs. We
first describe the model components and then present optimal management decisions
considering ecosystem service flows and profit that accounts for both within-year forage
dynamics and across-year SOC dynamics.

3.1. Setup

A representative cow-calf producer manages a pasture over an infinite horizon, choosing
stocking and rotationmanagement each year. The setup separates four kinds of object: one
state variable, two decisions, three fixed quantities, and two quantities derived from the
rest. We define these objects first and defer the producer’s objective: Section 3.2 considers
several management goals the producer might hold, and Section 3.3 solves the dynamic
problem of maximizing the present value of profits.

The state variable is soil organic carbon, SOCt (Mg C per hectare). It is the single stock
the model carries across years.

The producer’s decisions are two controls chosen each year: the stocking rate SRt
(livestock units per hectare, the across-year “effort” analog of Clark (1976)) and the rest
duration rt (days, the number of days each paddock is rested before the herd cycles back,
the within-season rotation control).

Three quantities are fixed, set by biology, climate, or measurement convention rather
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than chosen: the residual biomass τ to which a paddock is grazed before the herd moves,
the grazing season length Lg, and the average daily forage intake per cow-calf pair, DMI.
We assume DMI is constant in the theoretical model. The numerical implementation
replaces it with a nonlinear function of forage and animal state.

Two quantities are then derived from the two decisions and the state, pinned down
by a forage balance over one rotation cycle. While the herd grazes the active paddock it
draws that paddock down from its rested peak B(SOCt, rt) to the residual τ, and over a
full cycle every paddock is grazed once. When the pasture meets the herd’s demand, the
forage removed per hectare equals that demand over the cycle, SRt DMI (rt + rg):

(1) rt + rg =
B(SOCt, rt) − τ
SRt ⋅DMI

,

where B(SOCt, rt) is the within-season biomass produced after rt days of rest at starting
SOC level SOCt. The left side is the rotation cycle length and the right side the grazing
days the rested biomass supports at the herd’s intake rate SRt DMI. The grazing dura-
tion on a single paddock is then rg = (B − τ)/(SRt DMI) − rt, and the paddock count is
N(SOCt, rt, SRt) = (rt + rg)/rg = rt/rg + 1. Given (SRt, rt)with τ fixed, equation (1) fixes the
cycle and hence both rg and N. Because the whole herd grazes one paddock at a time, the
per-paddock draw-down rate is N SRt DMI, so rg = (B − τ)/(N SRt DMI). Holding τ fixed
makes this a residual-biomass movement rule, in that the herd leaves a paddock once
forage has been grazed down to τ, so the grazing duration rg adjusts to forage availability
rather than to a fixed calendar. The numerical implementation uses a calendar-based rule
instead, a difference we take up in Section 3.5, where aligning the numerical rule with
this residual-biomass rule is left to ongoing work.

The state evolves from one year to the next according to a transition function g,

(2) SOCt+1 = g(SOCt, SRt, rt),

which captures the biophysical dynamics that map this year’s state and management to
next year’s SOC: plant productivity, root turnover, residue inputs,microbial decomposition,
and the effect of grazing pressure on each. We parameterize g by direct simulation with
the MEMS process-based model in Section 4. For the theoretical analysis, we assume only
that g is smooth and that ∂g/∂SOC ∈ (0, 1) (SOC is persistent but not constant), ∂g/∂SR < 0
(more cattle reduce SOC), and that g is increasing and concave in rt over the operating
range, with ∂g/∂rt > 0 initially and ∂g/∂rt → 0 as rest saturates the SOC return. We
likewise take the regrowth B(SOCt, rt) to be increasing and S-shaped in rt, accelerating
from the residual τ then saturating, so the average regrowth rate (B− τ)/rt has an interior
maximum.

Nutrition needs are met from forage grazed directly from pasture and, when pasture
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forage falls short, from supplemental feed purchased on themarket or supplied fromother
fields. Let Csupp(SOCt, SRt, rt) be the cost of the supplemental feed needed to close the gap
between herd nutritional demand and on-pasture forage supply. Higher SOC and longer
rest both raise the grazable biomass B, so both reduce purchased feed: ∂Csupp/∂SOC ≤ 0
and ∂Csupp/∂rt ≤ 0. This feed-displacement channel, by which higher soil carbon lowers
the feed bill, is the one the theory here and the numerical model of Section 4 share.

The herd grazes pasture at no feed costwhile the biomass lasts, so equation (1) balances
with Csupp = 0. When stocking is heavier or rest longer than the pasture supports, the
forage B−τ falls short of the herd’s cycle demand SRt DMI (rt + rg), and the producer buys
the difference as feed, so Csupp > 0 grows with that shortfall. A larger herd, or a leaner
forage year, brings the threshold forward, and higher SOC pushes it back by raising B, so
soil carbon saves the most feed exactly where forage would otherwise bind.

This forage limit plays out within the spatial structure of multi-paddock rotation. With
N paddocks the herd grazes one paddock at a time for rg days, then moves on, so each
paddock spends (N − 1)rg = r days resting between grazings. Figure 1(a) shows the spatial
setup, and panel (b) shows the resulting biomass pattern. Each paddock’s biomass cycle
replicates the single-paddock pattern of rest then graze, phase-shifted by rg from its
neighbor, so at any moment exactly one paddock is being grazed and the others sit at
different stages of regrowth.

The annual profit function under the no-supplement assumption is
(3)
π(SRt, rt, SOCt) = pb ⋅ SRt ⋅W

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
beef revenue

−Csupp(SOCt, SRt, rt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
supplemental feed

− c f ⋅N(SOCt, rt, SRt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

fencing

−Clab(SRt, rt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

labor

,

where pb is the beef price,W the calf sale weight, c f the per-paddock fencing cost,
and Clab labor cost. The producer’s discount factor is δ = 1/(1+ ρ) for an annual rate ρ. We
hold the sale weightW constant: longer rest and higher SOC growmore forage, but the
model values that forage through the supplemental feed it displaces rather than through
heavier calves. Higher SOC raises the grazable biomass B, which lowers the supplemental
feed the herd must buy and, by feeding the herd longer from each paddock, trims the
paddock count N and the fencing a given rest requires. Both push profit the same way,
∂π/∂SOC ≥ 0. The feed-displacement channel is the one the numerical model carries,
where the paddock count is set directly rather than derived from soil carbon. The steady-
state conditions (SS-1)–(SS-4) below depend on π only through its partial derivatives, and
this positive marginal value of soil carbon drives the shadow value.

8



Paddock 1

Paddock 2

⋮

PaddockN

(a) Grazing land (b) Biomass dynamics

Grazing season t
0 rg Nrg (N+1)rg 2Nrg 3Nrg Lg

⋯

B(r)

τ

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⋯ ⋯ ⋯

⋯ ⋯ ⋯

⋯ ⋯ ⋯

Rest (regrowth) Graze (herd present) ⋯ Long rest period (compressed)

FIGURE 1. Multi-paddock rotational grazing as a sequential rotation problem. (a) The
whole grazing land is a single farm divided evenly into N paddocks. The herd (cow icon)
currently grazes Paddock 1, then moves sequentially through Paddock 2, the omitted
middle paddocks, andPaddockN. The dashed arrowon the left indicates that after Paddock
N, the herd returns to Paddock 1 to begin the next rotation. (b) Each paddock’s biomass
cycles between residual τ and pre-graze peak B(r), replicating the single-paddock rotation
pattern. Paddock i is grazed during [(i − 1)rg, irg] within each rotation cycle of length
Nrg = r + rg, with r = (N − 1)rg the rest period. Successive paddocks are phase-shifted
by rg, so at any moment exactly one paddock is being grazed (orange segments) while
the others regrow at different stages. Three rotation cycles are drawn in detail, with ⋯
marking each long rest period between consecutive grazings of the same paddock. The
dotted continuation indicates that the rotation repeats throughout the grazing season Lg.

3.2. Four grazingmanagement objectives

Using ourmodel,we consider four objectives. Thefirst 3 objectives aremyopic, considering
only a single grazing season. This allows for comparison to the (fourth) dynamically
optimal solution.

The first two myopic strategies consider two physical ecosystem services in isolation:
forage production and SOC. Maximizing these services is equivalent to maximizing yield
in crop farming or fishing. These two within-year services trade off, since maximizing a
single season’s forage does notmaximize SOC accumulation.Myopicallymaximizing profit
considers the opportunity cost of labor and fencing used to produce forage but does not
account for the dynamic effects of changes in SOC. The fully optimal objective maximizes
the present value of profits, accounting for opportunity costs and SOC dynamics.

3.2.1. Maximizing forage

Within a year we hold SOC and SR fixed and, suppressing the year subscript, write r for
the rest duration rt and rg for the per-paddock grazing duration, so that B(SOC, r) = B(r)
for the myopic strategies. Each rotation cycle rests the paddock for r days while biomass
regrows from τ to B(r), then grazes it for rg days while biomass is drawn back from B(r)
to τ, for a total cycle length r + rg. Biomass accrues during the rest phase, so the myopic
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forage objective maximizes the average regrowth rate over that phase:

(4) max
r

B(r) − τ
r

,

the biomass regrown per unit of rest time. Differentiating yields the first-order condition:

(5) B′(r∗F) =
B(r∗F) − τ

r∗F
.

Marginal regrowth B′(r∗F) equals the average regrowth rate [B(r
∗

F) − τ]/r
∗

F . This is the
culmination of mean annual increment of the forestry rotation, with the rest duration r
in the role of the stand’s rotation age.1

3.2.2. Maximizing SOC accrual

To maximize SOC accrual, r∗SOC solves ∂g/∂r = 0. This rest period is the longest the system
supports without diminishing the SOC return per season. It allows for a comparison of
rotation strategies that maximizes carbon sequestration.

3.2.3. Maximizing within-year profit

To maximize a single year’s profit, r∗π solves ∂πseason/∂r = 0, where πseason is the seasonal
analog of (3). This considers the opportunity cost of other inputs needed to produce forage
by changing management strategy. It reveals the difference between maximizing forage
growth or SOC accumulation and maximizing profit.

Comparing myopic solutions

Under two sufficient conditions, stated and derived in Appendix A.4, these three optima
are ordered:

(6) r∗F < r
∗

π < r
∗

SOC.

Forage-rate maximization rests the shortest, because waiting beyond the average-rate
peak only dilutes the regrowth rate. Profit maximization rests longer because longer
rest grows more biomass, which displaces purchased feed: at the forage-rate optimum

1Biomass accrues only while a paddock rests, so the rest duration is the relevant denominator. The full
cycle r+rg would be the wrong one: by the forage balance (1) the cycle equals [B(r)−τ]/(SR ⋅DMI), so gain per
unit of cycle time is the fixed intake rate SR ⋅DMI and has no interior optimum. Under the residual-biomass
rule the herd meets a fixed demand from pasture and supplement together, so r sets the split between them
rather than total intake. This objective maximizes the pasture’s regrowth rate, the agronomic benchmark
against which the profit and carbon optima are compared.
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Rest r (days)

Objective value

r∗F

Forage rate

r∗π

Profit

r∗SOC

∆SOC

r∗F < r
∗

π < r∗SOC

FIGURE 2. Three within-season objectives produce three different optimal rest durations.
Maximizing the forage regrowth rate (orange) yields the shortest rest r∗F . Maximizing
within-season profit (blue), where longer rest displaces purchased feed net of added
fencing and labor, yields slightly longer rest r∗π. Maximizing SOC accrual (green), where
the marginal SOC return per unit rest declines slowly, yields the longest rest r∗SOC. A
forward-looking producer who values SOC chooses an r between r∗π and r∗SOC, weighted
by the shadow value λ.

the marginal feed saving −∂Csupp/∂r still exceeds the marginal fencing and labor cost of
resting longer, so r∗π > r∗F . SOC maximization rests the longest because the marginal SOC
return ∂g/∂r stays positive past r∗π, the carbon benefit of rest saturating more slowly than
the feed and forage benefits. Whether both conditions hold for a given system is one of
the questions the numerical model settles. The first condition presumes forage binds,
since only a binding pasturemakes resting longer save feed.Where forage is abundant the
herd buys no supplement and longer rest adds only fencing and labor, so within-season
profit favors the shortest rotation and the ordering inverts. The ordering is therefore
the binding-regime case, the regime in which the numerical model finds rotation pays
(Section 5.2). Figure 2 shows the three objective curves and their ordered optima for that
case. A forward-looking producer who values SOC selects an r between r∗π and r∗SOC, with
the precise choice determined by the shadow value λ, derived in Section 3.3 below.

3.2.4. Adjustment to myopic profit maximization

The producer’s actual within-season problem is not pure forage maximization. It is the
within-season problem with a terminal value placed on next year’s SOC. Call this the
dynamically optimal rotation strategy: choose r to maximize π + δV(g), taking SR and the
shadow value λt+1 ≡ V ′(SOCt+1), the marginal value of next period’s SOC, as given. The
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augmented FOC is

(7)
∂π

∂r
+ δλt+1

∂g
∂r
= 0,

which is identical to the across-year Bellman FOC for r derived next. The augmented
FOC is not identified on its own: λ is unknown until the Bellman value function is solved.
But the structural identity between the within-season FOC and the across-year FOC is
what makes the full Bellman computationally tractable. The revised dynamically optimal
problem would be the inner loop of a collocation-style algorithm in which λ is iteratively
updated until the value function converges. The myopic profit-maximizing rest duration
r∗π is the special case λ = 0. At the converged optimum, λ > 0 and the producer chooses
r∗ > r∗π: a forward-looking valuation of SOC pulls the rest duration above what within-
season profit alone would prescribe. The pure forage-maximization solution, r∗F (5), is the
further simplification that also ignores the feed, fencing, and labor costs that separate
profit from forage.

3.3. Dynamic optimization: Bellman equation and steady state

The producer’s full problem can be written recursively as a Bellman equation:

(8) V(SOCt) = max
SRt , rt

{π(SRt, rt, SOCt) + δV(g(SOCt, SRt, rt))}

With supplemental feed available to cover any forage shortfall, the maximization is un-
constrained. Differentiating with respect to each control yields two first-order conditions:

∂π

∂SRt
+ δλt+1

∂g
∂SRt

= 0,(9)

∂π

∂rt
+ δλt+1

∂g
∂rt
= 0,(10)

where λt+1 ≡ V ′(SOCt+1) > 0 is the shadow value of SOC at the start of next period.
The SR-FOC (9) balances the marginal profit from adding a cow (∂π/∂SR > 0) against
the discounted future cost of the SOC depletion that cow causes. The r-FOC (10), which
coincides with the augmented condition (7), balances the current net cost of rest (more
fencing and labor, net of the supplemental feed that the extra biomass saves) against the
future benefit of SOC accrual.

Applying the envelope theorem to (8) and imposing a stationary equilibrium yields
the central object of the model, the steady-state shadow value of SOC:

(11) λss =
∂π/∂SOC

1 − δ ⋅ ∂g/∂SOC
.
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This formula is structurally identical to McConnell (1983) and Berazneva et al. (2019): λss

rises with the marginal profit of SOC, with the persistence of SOC (∂g/∂SOC close to one),
and with the producer’s patience (δ close to one). Berazneva et al. (2019) computed λss

between $95 and $168 per Mg C for Kenyan smallholder maize farming under discount
rates from 5% to 25%. The analogous value for Michigan cow-calf grazing requires the
system to settle at the steady state that (11) presumes. Our current scenario-based approach
does not give us fully optimal shadow prices nor does it reach a steady state in the decade
we study (Section 5). We therefore leave the quantification of λss to future work (Section 6).

The full steady state pins down four unknowns (SR∗, r∗, SOCss, λss) through four
equations:

∂π

∂SR
+ δλss

∂g
∂SR

= 0,(SS-1)

∂π

∂r
+ δλss

∂g
∂r
= 0,(SS-2)

g(SOCss, SR∗, r∗) = SOCss,(SS-3)

λss =
∂π/∂SOC

1 − δ ⋅ ∂g/∂SOC
.(SS-4)

Equations (SS-1)–(SS-2) are the steady-state forms of the FOCs, (SS-3) requires SOC to
be self-replicating, and (SS-4) is the closed-form shadow value. This is the same four-
equations-in-four-unknowns structure as Berazneva et al. (2019), with the controls (SR, r)
replacing their ( f ,α) and the MEMS process-based model replacing their Rothamsted
calibration.

A useful corollary follows from (SS-1) and (SS-2), which between them eliminate λss:

(12)
∂π/∂SR
∂π/∂r

=
∂g/∂SR
∂g/∂r

.

We refer to (12) as themanagement isoquant: at the joint optimum, the ratio of marginal
profits across the two controls equals the ratio of their marginal SOC impacts.

Phase diagram and possible configurations

The steady-state system admits a graphical representation in (SOC, SR) space via two
isoclines. The first, ∆SOC = 0, traces the locus of management choices for which SOC
neither accumulates nor depletes. It is typically hump-shaped, low at low SOC because
the system cannot sustainmuch grazing pressure, and low again at high SOC because near
carrying capacity there is little additional growth to harvest. The second, the FOC isocline,
traces the optimal SR at each SOC level, derived by holding r at its optimal within-season
value and substituting into (9). Under the complementarity property ∂2π/∂SR∂SOC > 0
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SR
(a) Unique equilibrium

Stable

SOC

SR
(b) Tangency

Tangent point

SOC
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(c) Three equilibria

A

B

C

SOC

SR
(d) No interior equilibrium

SOC depletes

∆SOC = 0 isocline (green), FOC isocline (blue)

FIGURE 3. Four qualitatively distinct phase-diagram configurations in (SOC, SR) space.
The green curve is∆SOC = 0, where SOC neither accumulates nor depletes. The blue curve
is the FOC isocline, the optimal SR at each SOC. (a) A single stable steady state when the
curves cross once. (b) A tangency at the bifurcation between cases (a) and (c). (c) Three
intersections produce a stable degraded equilibrium (A), an unstable threshold (B), and a
stable desirable equilibrium (C). (d) The FOC isocline lies above ∆SOC = 0 throughout the
relevant region, so SOC depletes monotonically.

(at higher SOC the forage is more abundant, so each cow needs less purchased feed and is
more profitable), the FOC isocline slopes upward.

The intersection of the two isoclines determines the steady states. Figure 3 shows the
four qualitatively distinct configurations. (a) Unique equilibrium: the FOC isocline crosses
∆SOC = 0 exactly once at a stable point. (b) Tangency: the FOC isocline just touches∆SOC =
0 at a single bifurcation point, the borderline between cases (a) and (c). (c) Three equilibria:
the FOC isocline crosses ∆SOC = 0 three times, producing a stable degraded equilibrium
at low SOC, an unstable threshold in between, and a stable desirable equilibrium at high
SOC. This is the classic Noy-Meir (1975) and May (1977) multiple-stable-states pattern. (d)
No interior equilibrium (collapse): the FOC isocline lies entirely above ∆SOC = 0 in the
relevant region, so SOC monotonically depletes from any initial condition. This is chronic
overgrazing.

The S-shape of ∆SOC = 0 that produces case (c) emerges from a positive feedback
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in the SOC transition: SOC raises forage productivity, which raises root biomass, which
raises C inputs to soil, which raises SOC. At low SOC the feedback is weak (sparse veg-
etation, little root carbon) and the isocline is relatively steep. At intermediate SOC the
feedback is strongest. The isocline bulges outward, supporting higher sustainable SR. At
high SOC, decomposition limits further accumulation and the isocline flattens. Whether
a particular biophysical system actually exhibits the S-shape is an empirical question. If
MEMS-simulated g does, then an outcome-based ecosystem-service payment that aug-
ments the effective shadow value λ shifts the FOC isocline downward to lower stocking
rates: from (9), increasing λmakes δλ∂g/∂SR more negative (since ∂g/∂SR < 0), and bal-
ancing the FOC requires raising ∂π/∂SR, which under concavity of π in SRmeans reducing
SR. The reduction in stocking pressure can eliminate the degraded equilibrium and move
the producer’s optimum into the desirable basin of attraction.

3.4. Within-farm heterogeneity

The model so far treats the farm as a single representative paddock, or equivalently as N
identical paddocks that each replicate the same phase-shifted biomass cycle (Figure 1).
Real cattle do not graze uniformly. They concentrate on preferred locations and leave
others lightly used (Gersie, Augustine, andDerner 2019), and that preferential use reshapes
the vegetation and, through it, the soil (Adler, Raff, and Lauenroth 2001). Within a single
farm, SOC therefore evolves along different trajectories in heavily grazed lawns and lightly
grazed roughs. A representative-paddock model cannot express this divergence. Its state
variable SOCt is a farm average, and the shadow value λss it delivers is themarginal value of
that average, which need not equal the average of the patch-level shadow values when the
transition g is nonlinear in SOC. Whether within-farm heterogeneity raises or lowers the
farm-level shadow value, and how preferential grazing interacts with the controls (SR, r),
are questions the representative-paddock theory poses but cannot answer. The integrated
model in Section 4 represents the farm as a set of patches that cattle graze preferentially,
making the patch-level SOC divergence an emergent outcome we can measure.

3.5. From theory to numerical implementation

The steady-state system (SS-1)–(SS-4), the management isoquant (12), and the four phase-
diagram configurations hold for any profit and transition functions π and g that satisfy
the sign and concavity assumptions stated above. The within-season ordering r∗F < r

∗

π <

r∗SOC holds under the additional binding-regime conditions of Appendix A.4. The theory
establishes what is possible: that a forward-looking producer rests longer than the myopic
profit optimum r∗π, that an interior steady state can exist, and that the system can occupy
any of the four phase configurations. It cannot say which case obtains, whether the S-
shaped ∆SOC = 0 isocline that admits multiple equilibria arises for real grazingland
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biogeochemistry, or what magnitude λss takes. Those answers depend on the functional
forms of g, π, and B, which emerge from daily weather sequences, soil microbiology, plant
phenology, animal energy partitioning, and herd dynamics that no closed-form analysis
captures. Resolving them is an empirical question.

We give the theoretical model empirical content using an integrated model. A process-
based biogeochemical model supplies the SOC transition g, an animal-nutrition model
supplies the herd’s feed requirement and hence the feed cost Csupp in π, and the two are
coupled through the daily forage that links soil state to animal intake. In the single-site
demonstration that follows we prescribe each herd class a fixed growth path, so the calf
sale weightW and the per-animal revenue it implies are held constant acrossmanagement,
exactly as in the theory above, and soil carbon’s value is realized through feed cost saving:
higher soil carbon grows more and better forage, which lowers the supplemental feed the
herd needs during the grazing season. The theory dictates what to optimize and which
steady-state configurations are possible. The integrated model supplies what happens
under each candidate management, and so determines which configuration a real grazing
system exhibits and what the shadow value of its soil carbon is.

The theory’s controls map onto the numerical implementation with one substantive
difference in the movement rule. The theory fixes the residual biomass τ and lets the
producer choose (SR, r), fromwhich the per-paddock grazing duration rg and the paddock
count N follow through (1). The numerical implementation fixes a calendar instead. The
producer sets a paddock count N and a grazing-period length gp, and the rest period
follows from the identity rp = (N − 1)gp, so specifying any two of {N, gp, rp} determines
the third. Residual biomass becomes an outcome rather than the trigger for movement.
These are two distinct movement rules. The calendar rule moves the herd on a fixed
schedule, and the residual-biomass rule moves it once forage is drawn down to τ. The
numerical model in this paper implements only the calendar rule. The residual-biomass
rule requires a fast surrogate of the biogeochemical model, so that the herd’s movement
can respond to simulated forage inside the optimization loop, and that surrogate is still
under development. We therefore leave the residual-biomass rule to future work.

4. Numerical model setup

4.1. Study system

We demonstrate the model at a single cow-calf site in Michigan. The farm covers 60
hectares, the size of a representative operation in the 50-to-99-head herd class that the
2022 USDA Census of Agriculture reports for Michigan (USDA-NASS 2024). We divide it
into twelve 5-hectare patches, the scale at which grazing within a patch is approximately
uniform (Barnes et al. 2008). The soil properties that initialize the biogeochemical model
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are drawn from SSURGO (Soil Survey Staff 2026) for this location, and the net primary
productivity of 319 grams of carbon per square meter per year is set by site calibration
(Section 4.8).

The herd is half mature cows, one-tenth replacement heifers, and two-fifths calves
by head, with per-head stocking weights of 1.00, 0.70, and 0.20 livestock units against a
500-kilogram reference animal, for a weighted 0.65 livestock units per head. One livestock
unit (LSU) is a 500-kilogram animal. Cows calve on the 75th day of the year and calves are
weaned near 213 kilograms on the 270th day of the year. Cattle graze on pasture from day
120 to 270 and are fed stored forage off-pasture from October through April, following the
Michigan grazing calendar.

Daily weather drives the biophysical model. Because the gridMET meteorological
record (Abatzoglou 2013) we use spans 1979 to 1989, we replay that eleven-year window
forward across the simulated decade, so simulation year 2026 takes 1979 weather, 2027
takes 1980, and so on. Replaying a fixed historical window into the future when the forcing
data spanonly those years follows the precedent of Rouhi Rad et al. (2025).We study the site
at three grazing intensities, 1.0, 1.5, and 2.0 livestock units per hectare, and defer the full
management design space that crosses these intensities with paddock count and grazing
period to Section 4.9. Restricting the demonstration to one site keeps the direct process-
based simulation tractable and isolates the management comparison from between-site
variation. Extending it to the many Michigan sites that motivate the broader project
requires development of a machine-learning surrogate model discussed in Section 6.

4.2. Model architecture

The integrated model parameterizes the components of the model. Three components,
each calibrated to its own literature, fill the roles named in Section 3.5. A process-based
biogeochemical model, the Microbial Efficiency-Matrix Stabilization model (MEMS), sup-
plies the soil organic carbon (SOC) transition g by simulating carbon and nitrogen cycling
at daily resolution (Zhang et al. 2024; Santos et al. 2024). An animal-nutrition model based
on the National Research Council requirements (National Academies of Sciences, Engi-
neering, and Medicine 2016) supplies the herd’s prescribed growth path, which fixes the
calf sale weightW , and its forage demand, which sets the supplemental feed cost Csupp in
the profit function π. The two are coupled through the daily forage that links soil state to
animal intake. Figure 4 shows the architecture.

The defining choice in this paper is to evaluate g by direct simulation rather than by a
fast approximation. For one site, a daily-resolution sweep of themanagement design space
is computationally tractable on a high-performance cluster, so we run MEMS directly and
pay the full process-based cost. A machine-learning surrogate of MEMS, which would
make the residual-biomass movement rule and themulti-site extension tractable, is under
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MEMS biophysical core
12 patches, 1-day steps

SOC, forage mass and quality

Herd and movement model
NRC prescribed demand

free-choice or forced rotation

forage state

LSU, chosen patch

daily coupling loop, grazing season (day of year 120 to 270)

Annual aggregates
farm SOC, calf weaning weight,
supplement fed, head counts

Economics post-processor
revenue − cost, cash basis

Annual profit, 10-year net present value

FIGURE 4. Architecture of the integrated model. During the grazing season the biophysi-
cal core (MEMS) and the herd-and-movement model exchange state once per simulated
day: MEMS reports per-patch forage mass and quality, the herd model returns the day’s
stocking pressure and the patch the herd occupies. Annual aggregates from the loop feed
a separate economics post-processor that computes profit and net present value. The
economics does not feed back into the biophysical or herd dynamics.

development and is reserved for that future scaling work (Section 6). It plays no role in
the results reported here.

4.3. Biophysical core and grazing dynamics

MEMS is a process-based model of carbon and nitrogen cycling among soil layers, veg-
etation, and the atmosphere at daily resolution (Zhang et al. 2024; Santos et al. 2024). It
resolves SOC into measurable pools whose turnover responds to weather, plant inputs,
and grazing offtake. We treat the pool structure as given and cite the model description
for the mechanism. For this paper, the relevant outputs are the daily aboveground forage
state and the annual farm-level SOC stock.

We represent the 60-hectare farm as K biophysically identical patches, each simulated
by its own MEMS instance sharing one soil profile, one weather sequence, and one forage
species mix. The patches differ only in their dynamic state, that is, in the biomass and
leaf-to-stem composition that grazing history produces. At the default patch area of 5
hectares the farm divides into K = 12 patches. This patch resolution is a modeling choice
tied to the spatial scale at which within-patch grazing is approximately uniform, and it is
held fixed across every management comparison so that only the movement rule changes
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(f) N = 4, forced-rotation
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(g) N = 6, forced-rotation
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FIGURE 5. Patch layout of the farm and the two management arms. The farm is divided
into twelve 5-hectare patches. The free-choice arm lets the herd range over all patches
under the movement rule of equation (13). The forced-rotation arm groups patches into
N paddocks grazed on a fixed schedule.

between arms.
Two arms share identical patches, herd size, and season length and differ only in how

the herd moves. In the free-choice arm, in which cattle range over the whole farm and
graze selectively by preference rather than on an imposed rotation, the herd chooses each
day the patch with the highest expected next-day intake. On patch i, the value of candidate
patch j is

(13) V j = P j (1 − Ttravel(i → j)) I(B j)Q
γ
j ,

and the herd moves to argmax j V j. Here I(B j) is a saturating (Type II) intake response to
patch biomass B j, Q j is the live-leaf fraction of standing biomass, γ amplifies the quality
signal, Ttravel is a distance-based cost of moving, and P j is a static preference weight
that encodes non-forage attractors such as proximity to water. In the forced-rotation arm
the herd is moved through N paddocks on a fixed schedule, grazing each for gp days
before advancing, and equation (13) selects only among the patches of the currently
active paddock. The free-choice arm lets grazing concentrate on preferred patches, and
the forced-rotation arm suppresses that concentration, so the contrast at fixed stocking
isolates the within-farm redistribution channel of Section 3.4. Figure 5 shows the patch
layout and the two arms.
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FIGURE 6. Prescribed growth curves by herd class. Cows lose weight at calving (day of
year 75) and recover over the grazing season, and heifers and calves gain through the
season to their weaning and replacement targets. Inverting the energy chain from these
trajectories yields the daily forage demand the herd places on the pasture.

4.4. Animal growth and herd dynamics

The animal model converts forage into liveweight and tracks the herd through the year
following National Research Council energy requirements (National Academies of Sci-
ences, Engineering, and Medicine 2016). The herd has three classes, cows, replacement
heifers, and calves, with shares and per-head livestock-unit (LSU) coefficients set from
Michigan census and herd-survey data. One LSU is a 500-kilogram animal.

We prescribe each class a piecewise-linear weight trajectory over the year and invert
the energy chain to recover the daily intake the trajectory requires. Cows calve at day of
year 75, losing weight at parturition and then regaining it over the season, while calves
grow from birth to a weaning weight near 213 kilograms at day of year 270, when they
are sold. Running the energy chain in reverse, from a target daily gain to the dry-matter
intake that supports it, lets the prescribed trajectory set forage demand directly, so each
class holds its calibrated growth path rather than leaving weight gain to emerge from an
assumed intake. Each day the model converts herd demand into the stocking pressure
MEMS receives and computes the supplement needed to close any gap between demand
and available forage. Demand that the daily forage cannot meet is met by stored hay,
costed in the profit module. The model also handles the annual bookkeeping of calving,
weaning, culling, and replacement that determines head counts from one year to the next.
Figure 6 shows the prescribed growth curves.
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4.5. The daily coupling loop

The biophysical and animalmodels advance together one day at a time through the grazing
season, day of year 120 to 270. Each day, MEMS extends every patch forward by one day
under the previous day’s stocking, the animal model reads the resulting per-patch forage
state, the movement rule (free-choice or forced-rotation) selects the patch the herd will
graze next, and the herd’s prescribed demand sets the stocking pressure written back
into MEMS for the following day. Outside the grazing season each patch is advanced in
a single batch with no grazing, and the herd is fed entirely on supplement. MEMS has
no warm-start facility, so each simulation reaches its pre-grazing soil and plant state
from a shared spun-up baseline followed by a six-year ungrazed burn-in. That baseline is
the soil’s 2025 pre-grazing state at the end of a century-long ungrazed history, and every
management cell begins the grazing decade from this same 2025 condition.

4.6. Profit module

Profit is computed as a post-processing step on the completed simulation. It does not feed
back into grazing, SOC, or herd dynamics within a model run. Annual profit is revenue
minus cost,

(14) π(y) = Rcalf(y) + Rcull(y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

revenue

− Csupp(y) + Cherd(y) + Clabor(y) + Cfence(y) + Crepl(y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

cost

,

on a cash basis, with each term evaluated for simulation year y. Revenue comes from
calf sales Rcalf and cull-cow sales Rcull, priced per hundredweight. The cost terms are
supplemental hayCsupp, the per-cowoperating costCherd, laborClabor (a per-cowbaseplus
a rotation increment that rises with paddockmoves), fencing Cfence (a fixed perimeter plus
interior cross-fences that scale with paddock count), and replacement-heifer purchases
Crepl. We report the 10-year net present value at a 5 percent discount rate. Consistent with
the cash basis, the profit function carries no carbon revenue. The value of soil carbon
enters the analysis only through the theoretical shadow value λ of Section 3.3, never as a
cash line, so the design-space results measure the private profitability of management
before any payment for soil carbon.

4.7. Modeling assumptions

The numerical model embeds the following assumptions. We state them here so the scope
of the results is explicit.

1. Fixed management, not optimized. Each management cell holds its stocking rate, pad-
dock count, and grazing period constant across all years. We evaluate and compare
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these fixed-management scenarios rather than solving the dynamic optimization the
theory poses (equations (SS-1)–(SS-4)), and management does not adjust from year to
year toward a steady state. Optimizing over the management space is left to future
work (Section 6).

2. Identical patches. The twelve patches share one soil, one weather sequence, and one
species mix. All within-farm heterogeneity in the results is an emergent consequence
of grazing history, not of pre-existing landscape variation in soil, slope, or water access.

3. Deterministic movement. The herd follows the deterministic rule of equation (13) with
no behavioral noise, so each management cell yields a single trajectory rather than a
distribution.

4. Prescribed, year-invariant growth. Each herd class follows a fixed within-year weight
trajectory that repeats every year. Only head counts change across years. Weather and
forage quality do not alter the prescribed gains.

5. One representative weight per class. All cows share one body weight, as do all heifers and
all calves. There is no within-class weight distribution.

6. Off-season nutrition from supplement.Outside the grazing season theherd eats nopasture
and is fed stored hay at an assumed crude-protein quality. Winter forage quality is not
modeled.

7. Weather replay. Future weather replays a fixed historical window (Section 4.9) identi-
cally across every management cell, so cross-cell comparisons are not confounded
by weather. Atmospheric carbon dioxide tracks the actual simulation year, not the
replayed weather year.

8. Economics is one-way. Profit is computed after the fact and never alters the simulated
biophysical or herd dynamics. The cash basis excludes land rent and the opportunity
cost of grazed forage, and the profit function excludes any payment for soil carbon.

9. Calendar movement only. As noted at the theory-to-numerics hinge (Section 3.5), the
numerical model implements the calendar movement rule. The residual-biomass rule
of the theory is left to future work because it requires the surrogate.

4.8. Parameter values

Table 1 lists the parameters of the numerical model with their values, units, and sources,
grouped by component.
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TABLE 1. Parameters of the integrated numerical model.

Quantity Value Unit Source / note

Site and farm

Farm area 60 ha USDA 2022 Census, Michigan
50–99 head class

Patch area, count 5, 12 ha, — within-patch uniformity scale

Net primary productivity 319 g C m−2 yr−1 site calibration

Soil texture (sand, clay) 48–91, 8–23 % SSURGO, 0–150 cm profile

Soil pH 5.8–7.3 — SSURGO

Grazing season 120 to 270 day of year Michigan off-pasture October
to April

Herd composition

Class shares (cow / heifer / calf) 0.50 / 0.10 / 0.40 — USDA Census + herd survey

LSU coefficients 1.00 / 0.70 / 0.20 — 500 kg reference weight

Weighted LSU per head 0.65 — derived

Calving, weaning 75, 270 day of year herd calendar

Cow weight (peak, post-calving) 500, 452 kg growth-curve calibration

Calf weaning weight 213 kg growth-curve calibration

Daily gain (cow / heifer / calf) 0.40 / 1.08 / 1.00 kg d−1 extension growth references

Movement rule (equation 13)

Half-saturation biomass B1/2 1,200 kg DM ha−1 intake-response calibration

Handling time h 1.5 s g−1 DM bite-mechanics literature

Quality exponent γ 2 — quality-preference literature

Travel cost (α0, α) 0.25, 0.02 —, per 100 m residual-target calibration

Grazing time budget 9 h d−1 grazing-behavior literature

Preference map P j corner-water gradi-
ent

— non-forage attractor (water)

Economics (cash basis, equation 14)

Calf price 264 $ cwt−1 NASS Michigan 2024

Cull-cow price 115 $ cwt−1 NASS Michigan 2024

Hay price 170 $ ton−1 DM NASS Michigan 2025

Operating cost per cow 391.03 $ yr−1 USDA ERS Heartland 2025

Labor base, wage 27.99, 29.29 $ cow−1, $ h−1 ERS hired labor, BLS Lake
States

Fence (permanent, temporary) 2.51 / 20, 1.05 / 10 $ ft−1 / yr life NRCS EQIP Michigan, poly-
wire

Replacement heifer 1,200 $ head−1 market

continued on next page
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Quantity Value Unit Source / note

Supplement crude protein 0.12 — stored hay

Discount rate 5 % yr−1 analysis convention

Design sweep

Stocking rate (LSU per ha) 1.0, 1.5, 2.0 LSU ha−1 60, 90, 120 LSU on 60 ha

Paddock count N 1, 2, 3, 4, 6, 12 — free-choice (N = 1) + forced ro-
tation

Grazing period gp 1, 7, 14, 28, 35 d forced rotation only

Rest period (N − 1) ⋅ gp d rotation identity

Horizon, analysis window 2026–2036, 2026–2035 calendar yr 10 grazing years, 2036 buffer

MEMS version 3.11 — cluster binary

4.9. Experimental design

We sweep the management design space rather than search it with an optimizer. The
producer’s two continuous decisions of the theory, stocking rate and rest, map onto three
discrete controls in the numerical model: the stocking rate, set by the total herd at 1.0, 1.5,
or 2.0 livestock units per hectare (60, 90, or 120 LSU on the 60-hectare farm); the paddock
count N; and the grazing-period length gp under forced rotation, from which the rest
period follows as (N − 1) ⋅ gp. The design crosses the three stocking rates with the free-
choice arm (N = 1) and with forced rotation at N ∈ {2, 3, 4, 6, 12} and gp ∈ {1, 7, 14, 28, 35}
days, for 3 × (1 + 25) = 78 management cells. Stocking rate, paddock count, and grazing
period are the decisions; the farm area, grazing season, herd composition, prices, and
weather are fixed across cells; the modeling assumptions of Section 4.7 hold throughout.

We simulate each cell for eleven calendar years (2026 to 2036) and analyze the first
ten grazing years (2026 to 2035), holding 2036 as a buffer so that the tenth year’s full
annual cycle is captured before truncation. Future weather replays the historical gridMET
record for 1979 to 1989 in sequence, so simulation year 2026 uses 1979 weather, 2027 uses
1980, and so on. Because all cells share this one weather sequence, cross-cell differences
reflectmanagement alone and are not confounded by weather. Replaying a fixed historical
window into the future when the forcing data span only those years follows the precedent
of Rouhi Rad et al. (2025). The current sweep therefore characterizes a transient, weather-
controlled response over a decade rather than a steady state, a point we return to in
interpreting the results.

We do not optimize over the design space. A derivative-free optimizer such as CMA-ES
with margin (Hamano et al. 2022), suited to the noisy, mixed-integer objective that equa-
tion (14) defines, would replace the grid once a fast surrogate makes repeated evaluation
cheap. With direct MEMS simulation the 78-cell grid is the tractable design, and we read
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the profit-maximizing management off the grid (Section 5).

5. Preliminary results

We run the 78-cell sweep of Section 4.9 to completion and read three things off the grid:
how the movement rule redistributes grazing across the farm and what that does to soil
carbon (Section 5.1), when forced rotation pays for itself against free choice (Section 5.2),
and which management maximizes profit and how it ranks on soil carbon (Section 5.3).
The results are preliminary in a specific sense: they characterize a transient decade under
one historical weather replay at a single site, started from the soil’s 2025 pre-grazing state
at the end of a century-long ungrazed history. Measured against that 2025 baseline, soil
organic carbon (SOC) declines in every cell over the ten years, so the comparisons below
are about the rate of loss and the profit it buys, not about a long-run equilibrium. We
return to that limitation in Section 6.

5.1. Grazing concentration and soil carbon

The movement rule of equation (13) concentrates grazing on the patches nearest water
and forage, and the management arm controls howmuch. Figure 7 reports the ratio of
days the herd spends on the highest-preference patch to days on the lowest-preference
patch. Under free choice the herd returns to the preferred corner far more often than to
the far patch, by a factor as large as 7.7 at the lightest stocking rate, because nothing forces
it off the patch it prefers until the forage there is drawn down. Forced rotation removes
that latitude: the schedule moves the herd on a fixed clock regardless of preference, and
the ratio falls toward the even-use value of one as the paddock count rises and the grazing
period shortens.

This spatial signature carries into soil carbon. Figure 8 shows end-of-horizon SOC
across the design. Every cell loses carbon over the decade, and the loss deepens with
stocking rate: themeanchange from2026 to 2035 is−1.22,−1.80, and−2.80MgCperhectare
at 1.0, 1.5, and 2.0 livestock units per hectare. Within a stocking rate, the configurations
that spread grazing most evenly lose the least. The smallest loss in the sweep, −0.97 Mg
C per hectare, occurs at the lightest stocking with twelve paddocks and a 35-day grazing
period, and the largest, −3.90, at the heaviest stocking with two paddocks grazed one day
at a time. Evening out where the herd grazes slows the depletion that the warm-started
transient imposes everywhere.
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5.2. When rotation pays

Forced rotation carries fencing and labor costs that free choice does not, and whether
those costs are repaid depends on the stocking rate. At 1.0 and 1.5 livestock units per
hectare, no rotation cell beats free choice on profit: forage is not the binding constraint, so
spreading the herd more evenly does not raise animal performance enough to cover the
added infrastructure. At 2.0 livestock units per hectare the ranking flips. Figure 9 traces
annual profit at all three stocking rates, one row each, with one line per paddock count
inside every grazing-period schedule. In the top two rows, the lighter stocking rates, every
rotation configuration sits at or below the free-choice reference. Only in the bottom row,
the heaviest stocking rate, do several rotation configurations clear it, because at heavy
stocking the preferred patches are grazed down faster than they regrow, and forcing
the herd onto rested patches recovers forage that free choice leaves trampled or fouled.
The best rotation cell, three paddocks on a 28-day grazing period, returns a ten-year net
present value (NPV) of $226,976 against $211,944 for free choice at the same stocking rate,
a premium of $15,032, or 7.1 percent, for the rotation infrastructure.
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FIGURE 9. Annual profit over the analysis decade at all three stocking rates (rows: 1.0,
1.5, and 2.0 livestock units per hectare, heaviest at the bottom), with one panel per grazing-
period schedule and one line per paddock count N. The dashed grey line repeats the
free-choice run in every panel. Only at the heaviest stocking rate (bottom row) do rotation
configurations clear the free-choice reference, the single stocking rate in the sweep where
rotation is the more profitable arm.

5.3. Profit-maximizingmanagement and soil carbon

Figure 10 summarizes the whole design space on two axes that the producer and a conser-
vation programwould each care about: ten-year NPV and total SOC change. NPV rises with
stocking rate across the grid, and the global profit maximum sits at the heaviest stocking
with three paddocks on a 28-day grazing period, the same cell identified in Section 5.2, at
an NPV of $226,976. Reading profit alone, the producer stocks heavily and rotates.

The SOC panel inverts that ranking. The profit-maximizing cell loses 2.39 Mg C per
hectare over the decade, near the high-loss end of the grid, while the cells that conserve
the most carbon sit at the opposite corner of light stocking and long rest. Profit and
soil carbon thus pull in opposite directions across the design: the heaviest stocking that
maximizes net present value also loses the most carbon, while the lightest stocking with
the longest rest conserves themost. Measured against the 2025 pre-grazing baseline, every
cell loses carbon over this transient decade. We read that uniform loss as a property of the
warm-started transient rather than a steady-state result, since the model has not reached
a fixed point where accrual and depletion balance, and we take up what would be required
to compute the steady-state shadow value in Section 6.
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FIGURE 10. Design-space summary across stocking rate (columns), paddock count, and
grazing period. Top row, ten-year NPV. Bottom row, total SOC change from 2026 to 2035.
The free-choice arm occupies the leftmost column of each panel, the forced-rotation cells
theN-by-gp grid. The star marks the best cell per stocking rate for each metric: maximum
NPV on top, smallest SOC loss on the bottom. The two optima fall at opposite corners
of the design, the profit maximum at heavy stocking and the carbon optimum at light
stocking with long rest.

6. Discussion, conclusion, and next steps

We set out to define the shadow value of soil organic carbon (SOC) for a grazing sys-
tem, to ask whether rotational grazing pays once SOC is accounted for, and to frame
how ecosystem-service payments would reshape grazing management. We developed
an integrated biogeochemical-economic model of cow-calf production and the theory
that motivates it, and we demonstrated both at a single Michigan site. The theory nests
a rotation problem inside a Bellman equation for across-year SOC and yields three re-
sults that hold for any profit and transition functions meeting the stated assumptions.
A forward-looking producer rests each paddock longer than the myopic within-season
profit optimum (Section 3.2). The joint optimum over stocking rate and rest duration
satisfies a management isoquant that equates the ratio of marginal profits to the ratio of
marginal SOC impacts across the two controls (equation (12)). And the steady state can
occupy any of four phase-diagram configurations, including the multiple-equilibria case
that underlies the discontinuous collapse long recognized in grazing systems (Section 3.3).

Evaluating these objects for a real system requires functional forms that no closed
form supplies, so we coupled the Microbial Efficiency-Matrix Stabilization model (MEMS)
directly to an animal-nutrition model through daily forage exchange and swept a 78-cell
management design space. Three empirical findings follow, all of them properties of a

29



warm-started transient decade over which SOC declines in every cell. The way cattle use
space is the channel through which rotation acts: free choice concentrates grazing on
preferred patches by as much as a factor of 7.7, and forced rotation evens that use out
(Section 5.1), which slows the SOC loss. Rotation repays its fencing and labor only at the
heaviest stocking rate we study, where the best schedule returns a ten-year net present
value 7.1 percent above free choice, while at lighter stocking, where forage does not bind,
rotation does not pay (Section 5.2). Because carbon is lost everywhere along this transient,
profit and soil carbon pull in opposite directions across the design: the profit-maximizing
management is among the heaviest carbon losers, while the lightest stocking with the
longest rest conserves the most (Section 5.3).

How ecosystem-service paymentswould reshape grazingmanagement is a questionwe
frame rather than resolve. An outcome-based per-ton carbon payment, a practice-based
cost-share for rotation, and a market premium for qualifying beef would each reshape
grazing management differently, and ranking them on the marginal cost of ecosystem-
service provision in the spirit of Antle et al. (2003) would require both the steady-state
shadow value the theory defines and the across-site heterogeneity amulti-site study would
supply. This single-site proof of concept delivers neither, so we leave the comparison to
future work.

Several caveats temper these conclusions. The empirical scope is a single Michigan
site under one historical weather sequence replayed forward, so the magnitudes are
illustrative and the across-site heterogeneity central to payment design is absent. The
simulated decade is a warm-started transient that does not reach the steady state the
theory targets, which is why we report the shadow value of SOC as a defined object rather
than a computed Michigan number (Section 3.3). The movement rule in the numerical
model is calendar-based, so the herd moves on a fixed schedule rather than when forage
is drawn down to the residual biomass the theory holds fixed, and the residual-biomass
rule the theory’s controls imply is not yet implemented. We sweep a discrete design space
rather than optimize over it, so the best cell we report is the grid argmax and not a true
optimum. The profit function values management on a cash basis and carries no carbon
revenue by construction, so the private rankings exclude any payment a programmight
add. Calibration of the animal-nutrition parameters and the off-season feeding rules
carries the usual uncertainty.

These limitations point to a defined research agenda. A machine-learning surrogate
of MEMS, under development, would make two extensions tractable at once. It would let
movement respond to simulated forage inside the optimization loop, implementing the
residual-biomass rule, and it would lower the per-evaluation cost enough to scale from one
site to the manyMichigan sites the broader project targets and to regional extensions with
locally appropriate calibration (Stanley et al. 2026). A sweep over initial SOC, generated by
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simulating a range of land-use histories rather than the single ungrazed history that sets
our 2025 baseline, would let the system approach the fixed point the theory presumes and
so deliver a computed steady-state shadow value λss for comparison with the $95 to $168
per Mg C that Berazneva et al. (2019) report for cropland. With a fast surrogate in hand, a
derivative-free optimizer such as CMA-ES with margin (Hamano et al. 2022) would replace
the design-space grid with optimization over the mixed-integer management space. The
three payment instruments framed above could then be compared quantitatively on the
marginal cost of ecosystem-service provision, closing the policy question this paper poses.
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Appendix A. Theory derivations

This appendix supplies the derivation steps behind the within-season and across-year
results that Section 3 states as boxed conditions.

A.1. Grazing duration and paddock count

The two derived quantities of Section 3.1 follow from accounting over one rotation cycle.
A paddock is grazed until its biomass falls from the pre-graze peak B(SOCt, rt) to the
residual τ, a removal of B − τ per hectare. Because the whole herd grazes one paddock at
a time, the herd of SRt animal units per hectare of farm is concentrated on the fraction
1/N of the farm that is the active paddock, so it draws that paddock down at N SRt DMI
per hectare per day. The grazing duration on a single paddock is therefore

(A1) rg =
B(SOCt, rt) − τ
N SRt ⋅DMI

.

Equivalently, over a full cycle every paddock is grazed once, so the farm-level forage
removed per hectare, B−τ, equals the herd’s intake over the cycle, SRt DMI (rt +rg), which
gives the cycle identity rt + rg = (B−τ)/(SRt DMI) of equation (1). WithN paddocks grazed
one at a time, a given paddock rests while the other N − 1 are grazed, so rt = (N − 1) rg and
N = rt/rg+1. Given (SRt, rt) and the state, the cycle identity fixes rg = (B−τ)/(SRt DMI)−rt
explicitly, and then N, with no circularity, since B depends on rt rather than on rg.

A.2. The within-season rotation condition

Section 3.2.1maximizes the average regrowth rate over the rest phase, equation (4), namely
f (r) = [B(r) − τ]/r. Biomass accrues only while a paddock rests, so the rest duration, not
the full cycle r + rg, is the relevant denominator: by the forage balance (1) the cycle equals
[B(r) − τ]/(SR ⋅DMI), so gain per unit of cycle time is the fixed intake rate SR ⋅DMI and
carries no interior optimum. Differentiating f by the quotient rule,

(A2) f ′(r) =
B′(r) r − [B(r) − τ]

r2
.

Setting f ′(r) = 0 requires the numerator to vanish, B′(r∗F) r
∗

F = B(r
∗

F)−τ, which rearranges
to the first-order condition (5). The marginal regrowth B′(r∗F) then equals the average
regrowth rate [B(r∗F)−τ]/r

∗

F , the slope of the line drawn from (0,τ) tangent to the regrowth
curve. This is the culmination of mean annual increment of the forestry rotation, with r
in the role of the stand’s rotation age.
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A.3. The steady-state shadow value

The shadow value (11) follows from the envelope theorem applied to the Bellman equa-
tion (8). Write S for SOC and let SR∗(S) and r∗(S) denote the maximizing controls. Differ-
entiating V(S) = π(SR∗, r∗,S) + δV(g(S, SR∗, r∗)) with respect to S,

(A3) V ′(S) =
∂π

∂S
+

∂π

∂SR
dSR∗

dS
+
∂π

∂r
dr∗

dS
+ δV ′(g)[

∂g
∂S
+

∂g
∂SR

dSR∗

dS
+
∂g
∂r
dr∗

dS
].

Collecting the terms in dSR∗/dS and dr∗/dS recovers the two first-order conditions (9)
and (10), each of which equals zero at the optimum. Only the direct dependence on S
survives,

(A4) V ′(S) =
∂π

∂S
+ δV ′(g)

∂g
∂S
.

Writing λt ≡ V ′(SOCt) and imposing a stationary equilibrium λt = λt+1 = λss, with the
partial derivatives evaluated at the steady state, gives λss = ∂π/∂SOC + δλss ∂g/∂SOC.
Solving for λss yields (11). The shadow value is positive and finite whenever ∂π/∂SOC > 0
and δ∂g/∂SOC < 1, both of which hold under the persistence assumption ∂g/∂SOC ∈ (0, 1)
of Section 3.1.

A.4. Ordering of the three within-season optima

The ordering r∗F < r
∗

π < r∗SOC of equation (6) follows from the three stationarity conditions
evaluated at a common point. Forage-rate maximization solves (5). Within-season profit
maximization solves ∂πseason/∂r = 0 for πseason = pb SRW − Csupp(r) − c f N(r) − Clab(r),
and SOC maximization solves ∂g/∂r = 0.

Moving from the forage-rate optimumto theprofit optimumadds the feed-displacement
term −Csupp(r), which the forage-rate objective omits. Longer rest grows more biomass
and so lowers any supplemental feed the herd buys, ∂Csupp/∂r ≤ 0, strict where forage
binds. When the resulting marginal feed saving −∂Csupp/∂r at r∗F exceeds the marginal
fencing and labor cost of resting longer, ∂πseason/∂r > 0 at r∗F , so the profit optimum lies
to its right, r∗π > r∗F . This first condition requires forage to bind at r

∗

F : where it does not,
the feed saving vanishes and the inequality reverses, r∗π < r∗F . Moving from the profit
optimum to the SOC optimum, the marginal SOC return ∂g/∂r remains positive at r∗π
because the carbon benefit of rest saturates more slowly than the feed and forage bene-
fits. Its zero therefore lies still further right, r∗SOC > r

∗

π. These two sufficient conditions,
−∂Csupp/∂r > c f N

′(r) + C′lab(r) and ∂g/∂r > 0 holding past r∗π, are the assumptions under
which (6) holds.
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Appendix B. Supplementary calibration

This appendix records the provenance of the parameters collected in Table 1. The canoni-
cal technical reference, with full citation chains, is the integrated-model documentation
distributed with the simulation code.

Site and farm. The study site is in Michigan. The 60-hectare farm size represents the
50-to-99-head herd class that the 2022 USDA Census of Agriculture reports for Michigan
cow-calf operations. The 5-hectare patch size sets the resolution at which grazing within
a patch is approximately uniform, dividing the farm into twelve patches. Net primary
productivity and the initializing soil state are calibrated to the site.

Herd.Class shares and per-head livestock-unit coefficients come from theUSDACensus
class structure together with herd-survey composition, against a 500-kilogram reference
animal. The growth curves that set peak and post-calving cow weight, the 213-kilogram
calf weaning weight, and the per-class daily gains are calibrated from extension growth
references, and the calving and weaning dates follow the herd calendar.

Movement rule. The half-saturation biomass, handling time, and quality exponent of
themovement rule (13) are set from the functional-response and bite-mechanics literature
on grazing intake and from the quality-preference literature. The travel-cost coefficients
and the nine-hour daily grazing time budget come from grazing-behavior studies and a
residual-target calibration, and the preference map encodes a corner-water gradient as
the non-forage attractor.

Economics. Calf, cull-cow, and hay prices are 2024 and 2025 Michigan series from the
USDANational Agricultural Statistics Service. The per-cow operating cost is the 2025 USDA
Economic Research Service Heartland budget, the hired-labor base and wage come from
ERS hired-labor data and Bureau of Labor Statistics Lake States wages, and the permanent
and temporary fencing costs combine NRCS Environmental Quality Incentives Program
Michigan rates with polywire pricing. The discount rate is 5 percent per year, and profit is
computed on a cash basis with no carbon revenue, consistent with equation (14).

Appendix C. Supplementary figures

Section 5 summarizes the 78-cell sweep with design-space aggregates. This appendix
shows two per-cell diagnostics behind those summaries, each faceted by stocking rate
(block), paddock count N (row), and grazing period gp (column), with the free-choice arm
drawn as a dashed reference where applicable. Figure A1 traces soil organic carbon on the
highest- and lowest-preference patch of each cell, the patch-level divergence that the farm-
mean endpoints of Figure 8 aggregate. Figure A2 shows the grazing-season supplemental
feed each cell requires to close the energy gap left by forage quality, distinct from the
off-season hay.
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Soil organic carbon (Mg C/ha) on highest- vs lowest-preference patch (patch 0 vs patch 11) over 10 yr
faceted LSU  N  gp (annotation = P0  P11 end-of-horizon SOC gap)

patch 0 (highest pref) patch 11 (lowest pref) farm mean (12 patches)

FIGURE A1. Soil organic carbon on the highest-preference and lowest-preference patch
of each cell over the analysis window, colored by patch grazing preference, with the twelve-
patch farmmean drawn dashed. The annotation in each panel is the end-of-horizon SOC
gap between the two patches. Faceted by stocking rate, paddock count N, and grazing
period gp.

40



2000

4000

6000

8000

10000

N
=

2

gp = 1 d gp = 7 d gp = 14 d gp = 28 d gp = 35 d

2000

4000

6000

8000

10000

N
=

3

2000

4000

6000

8000

10000
N

=
4

2000

4000

6000

8000

10000

N
=

6

2026 2028 2030 2032 2034 2036

2000

4000

6000

8000

10000

N
=

12

2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036

2000

4000

6000

8000

10000

N
=

2

gp = 1 d gp = 7 d gp = 14 d gp = 28 d gp = 35 d

2000

4000

6000

8000

10000

N
=

3

2000

4000

6000

8000

10000

N
=

4

2000

4000

6000

8000

10000

N
=

6

2026 2028 2030 2032 2034 2036

2000

4000

6000

8000

10000

N
=

12

2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036

2000

4000

6000

8000

10000

N
=

2

gp = 1 d gp = 7 d gp = 14 d gp = 28 d gp = 35 d

2000

4000

6000

8000

10000

N
=

3

2000

4000

6000

8000

10000

N
=

4

2000

4000

6000

8000

10000

N
=

6

2026 2028 2030 2032 2034 2036

2000

4000

6000

8000

10000

N
=

12

2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036 2026 2028 2030 2032 2034 2036

LS
U

 =
 6

0 
 (

1.
00

 L
SU

/h
a)

LS
U

 =
 9

0 
 (

1.
50

 L
SU

/h
a)

LS
U

 =
 1

20
  (

2.
00

 L
SU

/h
a)

Grazing-season supplemental feed (C:N quality adjustment) across the gp design space
Grazing-season supplement cost (USD/yr) vs year

free-choice (N=1) reference rotational config (color = N)

FIGURE A2. Grazing-season supplemental feed cost for each cell over the analysis win-
dow, the top-up that closes the within-season energy gap left by forage quality, distinct
from off-season hay. The dashed grey line repeats the free-choice run for each stocking
rate.
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