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ALTERNATIVE ESTIMATION PROCEDURES FOR MULTIPLICATIVE MODELS:
IMPLICATIONS FOR PROJECTING RECREATIONAL USE* _

Richard Green and Warren Johnston

University of California, Davis ~

A considerable number of empirical studies of recrea-
tional use (demand) have been published since Clawson’s
initial study of the economic demand for recreation
which appeared only a decade and a half ago. Even with-
in the literature which applies the “travel-cost” method,
there have been numerous concerns over the theoretical
bases of such studies (e.g., Seckler, Stovener and Brown,
Sinden) and over issues relating more narrowly to vari-
able and model specification (e.g., Merewitz, 1966; Boyet
and Tolley; Johnston and Pankey; Brown and Nawas;
Cesario and Knetsch). Despite the “felt” progress in this
important area of inquiry, baneful theoretical and econo-
metric problems still exist plaguing the progress of applied
research efforts. We examine one such consideration,
namely, the use of multiplicative models of recreational
use (demand).

A wide variety of models are used in applied studies—
linear, logarithmic, transcendental, and mixed. Multipli-
cative (Cobb-Douglas-like) models, of the form:

K B
1) y; =eall Xk Vi,
k=2
which by logarithmic transformation are linearized to
facilitate estimation: '

(2) InY;=1na + ByInX;; +fpInXjp + ...+

B InXjy + ani,
often are specified for empirical study. Typically, Yj is the
quantity of a specific recreational activity, and the Xj include
travel cost as a proxy for price, income, and other explana-
tory variables thought to affect the quantity of the activity
consumed or used by recreationists.

If the objective of the research is to estimate structure,
then the above multiplicative specification gives no problems,
having the appeal of yielding straight-forward estimates of
elasticities. However, if, as often is the case, the objective is
to predict future use or to estimate the consumer surplus
accruing from the activity, OLS estimators of equation (2)
may yield misleading, less-than-optimal (in an MSE sense)
projections and values.

Although a few applied researchers were aware of the
basic problem and attempted rather ad hoc adjustments to
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“correct” for it, this problem persists and appears to have
been largely ignored even though it may importantly affect
empirical estimates of recreational use or value. For example,
Pankey concluded that Wennergren’s study of recreational
use at three lakes in Utah may have underestimated use by
32 to 50 percent and that the expected number of visits in
Merewitz’s early (1966) study might be as much as 1.95
times the number predicted in that study.

The importance of alternative predictors to use and
value estimates is obvious. Projections of future use levels
by incorporating expected values of independent variables
will be affected, as will value estimates which use mean, or
other assigned, values of independent variables. Thus, the
problem is of significance to researchers and the clienteles
of applied research results—recreation planners and other
decisions-makers.

The following sections present OLS estimators and con-
trast them with estimators presented by Teekens and Koerts
which have the desireable theoretical property of being min-
imum MSE estimators of the conditional mean of the de-
pendent variable in multiplicative models. The theoretical
comparison is followed by some empirical results and
conclusions are presented for future research in recrea-
tional use (demand) studies using multiplicative models.

N

Alternative Predictors

Several estimation procedures have been developed
for multiplicative models of the Cobb-Douglas type
including the traditional approach of first estimating
the transformed logarithmic equation by least squares
and then making a backward transformation to the
original specification. Since this method gives rise to
many inconsistencies, other methods have been pro-
posed to circumvent these problems. Among them
are parametric methods including maximum likeli-
hood (ML) estimates and minimum mean squared
error (MSE) predictors (Teekens and Koerts), non-

*The authors acknowledge the efforts of Mr. Tim Lowry for program-

ming and computational assistance.
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parametric methods (Aigner), and nonlinear estimation
techniques which allow for both multiplicative and
additive disturbance terms (Goldfeld and Quandt;
Kelejian). In this paper consideration will only be
given to Teekens and Koerts minimum MSE esti-
mators and their relationship with LS and ML
estimators.

A brief theoretical discussion of the various esti-
mation procedures begins by considering the model
given in equations (1) and (2) where the following
stochastic specification is assumed: E(V;)=1,i=1,
...,N; Var(Vi)=w2;Vi>0,i= 1,...,N;and 1nV;

~is normally distributed which implies that V; is

lognormally distributed. (For further problems and
implications of this stochastic formulation, see
Goldberger, and Teekens and Koerts.)

The model in equation (1) using the property that
x =exp[In x], can be rewritten as

1

(3) Y;j =exp[lnat Z By In Xjx + In Vj)

exp[Z{B+ 1n Vj]

where Z; = (1, 1n Xy, . . . , In Xji), a row vector

of the transformed observation matrix of the explanatory
variables or a vector whose elements are the projections
of the explanatory variables, and B'=(Ina,B;, . . . ,BK)-
Thus, the conditional mean of Y; given the vector of
explanatory variables can be expressed as E(YI Z) =
exp)‘Z'iB }, since E{exp[ani] ; =EV; =1 by assump-
tion. With this notation the alternative estimators of

the conditional mean of the dependent variables can

be expressed as

“) QII;S =exp {Z;,{Ii\ }, least-squares predictor -
5) S'\(?,’IL = exp {Zi,ﬁ+ 923}, maximum likelihood estimator

(6) ?gK = exp {Zpg+ 923(1 -3ap)}, Teekens and Koerts
A predictor
where § = least-squares estimates of the coefficients of
the log transformed model,
and ap, = Z;, (Z'Z)prhere Z = observation matrix of
the transformed model (equation 2).

The above forms assume that 62 is known; however, in
general o2 is unknown and has to be estimated. Thus, the
above expressions need to be modified for this case. The
formulas become more complex since estimators of exp{ko’%
are rather complicated from a computational viewpoint.
For the situation where ¢® is unknown, the estimators
become:

A A
(7 Y5S=exp { YAy } least squares

ML _ 184 N-K g2
(8) ML =exp{zpf+ NEs2} MLE
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Tt B 2 S 1
TK =

exp ZpfB }gN‘K(NI:I—If;{L—l—ES% , lﬁ <a, <;—

Teekens and Koerts

AIA
where S = ﬁ = estimation of the (logarithmic)
5 v

disturbance variance, 0“;
-1 .
= 2—(1 -3a;); and
gN-K (N—I:II%(J'—I £S2) = Finney’s minimum variance

unbiased estimator of exp{ 202}.

It should be pointed out that when o is unknown and re-
placed by an estimator only ““approximate” minimum-MSE
predictors can be obtained. However, Monte Carlo experi-
ments performed by Teekens and Koerts and later by
Aigner have shown that the TK estimator still dominates
the LS and MLE, when the MSE loss function is employed
to evaluate alternative estimators.

Some Empirical Results

In our initial attempt to evaluate the performance of
alternative estimators we have used cross-sectional data
for 4 California lakes and reservoirs contained in Merewitz’s
undated study. Results of regressions using Merewitz’s
model specification are given in Table 1.

We now examine alternative estimates of the conditional
mean. Several sets of values are assigned to explanatory
variables in specific models and the resultant use predictions
and projections are reported in Table 2.

Observations of the results are rather revealing. First,
from theoretical considerations the LS estimator on the
average underestimates the conditional mean of visitor
days while the ML estimator on the average over-estimates
the conditional means. Expirical results in Table 2 confirm
that LS estimates are less than ML estimates. However,
caution should be exercised at any attempt to use these
two bounds as a psuedo confidence interval for the true
recreational use.

Igince the derivations of these estimators are not obvious a brief
intuitive explanation is provided. For a rigorous development see
Teekens and Koerts. First, the LS estimator is obtained by just re-
placing B by its LS estimate, . The ML predictor is abtained by
finding the estimator of f§ that maximizes the lognormal likelihood
or equivalently finding {8 that maximizes the normal likelihood of
the transformed model. Thanks are due to Professor Leon Wegge
for pointing out this result.

It can be shown that on the average the LS estimator under-
estimates the true conditional mean and the ML estimator over-
estimates it. The TK estimator is obtained by finding the estimator
that minimizes the MSE of an expression that is a weighted average
of the LS and ML estimator. An alternative to the TK estimator
is the Bradu-Mundlak estimator which is conceptually very similar
to the TK estimator. The BM estimator is

A
[
expyZ pB}gN_Kl%(lap)N-l§+ 1 g2



Table 1. Logarithmic regressions@

Site Constant inC P P/Mi2 ny In. Wa./Mi? 1nP/Mi2 R? s? df
1. Cachuma ) )
a. ‘Day use 1.74 2.18 65 104 484 . 47 1.11 27
: : (-4.8) (3.1) (1.7) (.26) '
b. Overnight 20,0 .97 1.05 2.23 248 68 038 25
(-2.7) (7.15) (2.1) (-2.2)
2. Puddingstone 132 2.61 58 095 1.54 - 67 049 18
{-5.63) (3.52) (1620 (.99 ‘ '
3. lce House .
a. Day use -33.1 A7 906 387 . 782 < -545 92 0.11 6
(2.35) (7.5) (2.8) (5.6) (-5.0) i
b. Overnight 2.81 -1.28 247 241 4.04 .31 89 0.31 5
(-2.4) (1.7) (.77) - (1.8) (1.2)
4. Yosemite 369 -2.24 54 A7 75 066 . 12
(-5.3) (3.3) (1.7)

21n all cases 1n visitor-days is the dependent variable
C is total travel, time and disutility cost plus gate fees
P is thousands of population in 1965 R
P/Mi? is population per square mile
Y is median income in 1959
In. Wa./Mi? is inland water per square mile
52 = estimate of 0 (logarithmic variance)
t - statistic is given in parenthesis below each estimated coefficient

Table 2. Predictions and projections of recreational use

Alternative Estimates of E[Y/Z,] Actual
Teekens and Koerts Use in
Least Maximum 1 1 Branduand  Sample
Site Z'pa ap Squares Likelihood ap>1§ N<ap<§ Mundlak Period
1. Cachuma- Whitter- )
day use sample period 819 21.33 © 34.76 33.32 [33.09] 36.04 38
2. Cachuma- Whitter- '
overnight sample period .078 194.58 229.73 [226.71] 226,51 233.54 190
3. Cachuma- Orange County-
overnight 1980 projection 182 6,317.07 7,457.87 2594.16 [2,501.02] 5,348.76 822
4. Puddingstone Santa Monica- : . : : -
sample period 118 40.52 49.79 [48.02] 47.95 50.46 21
5. lce House- American River area- . ' N i
day use sample period .82 78.24 - 80.77 71.29 [71.16] 79.14 49
6. lce House- ' Sacramento County- ’
day use 1980 projection 7.67 342.12 353.21 84.07 [48.89] 216.89 311
7. lce House- American River area- .
overnight sample period . 836 72.27- 78.98 50.00 [48.41] 75.14 60
8. Yosemite Atwater-
sample period 21 883.59 1,156.52 [1,014.24) 1,012.80 1,168.26 1,706
9. Yosemite Los Angeles County-
1980 projection 45 37.72 49.37 33.11 [33.04] 45.75 45

aZ'p is a row vector of values for explanatory variables. Merewitz (undated) is source of data for sample period predictions. Projections for
1980are based, in part, on data from California State Department of Finance, Population Research Unit. Provisional Projections of California
Counties to 2,000, “P-1, Series D-100, January 10, 1974; and U.S. Department of Commerce, Bureau of the Census,” National Data Book and
Guide to Sources, July 1974. '
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- Secondly, if the vector of explanatory variables is a
row of the observation matrix then it can be shown that

llq <a, < 1. For the cases in which a, <1/3, the TK
minimum MSE predictor will yield numerical estimates
greater than or equal to the LS estimates. This can easily
be seen by examining formula (9) and recalling that the
expontential function exp 3582 f is a monotonically. in-
creasing function of £. For £=0, the TK-estimator is

equal to the LS predictor. This may shed some light on
Pankey’s observation that Wennergren’s study of recrea-
tional use at three lakes in Utah may have underestimated
recreational use by 32 to 50 percent. For that study

4p < 1/3 and for some of the cases of Merewitz’s study
a, < 1/3 yielding LS estimates that are much less than
the optimal MSE predictors.

For projections of values of the explanatory variables
outside the observation matrix range, a'p may be greater
than one and in fact may become quite large (see, e.g., Ice
House, 1980 projection where ap = 7.67). In all these
situations the LS estimate will be greater then the TK
estimates. The significance of this observation for re-
creational use is that for predictive purposes the LS
estimate may seriously underestimate the true recrea-
tional use, while for projective purposes, the estimates
are likely to be very sensitive to the type of estimator
employed.

Thirdly, it follows that in measuring the benefits of
various recreational sites to users by computing the
area under the demand curve, i.e., estimating consumer
surplus, the multiplicative model will give rise to very
different measures by using different estimators. The
extreme sensitivity of the various measures of consumer
surplus by employing different estimators that have
desirable sampling properties should cause some concern
for empirical researchers who use the multiplicative
specification.

Table 3. Aggregate projections (1970)3

Lastly, Goldberger suggests that S? be reported along
with the regression results. S? is a measure of goodness of

fit in the sense that R2 =1 - Nflégsz. If S? becomes larger

the various estimators will yield vastly different results. In
time series models, R? is usually quite high implying that S?
is usually quite low, so that different estimators aren’t as.
likely to yield significantly different numerical estimates.
Cross sectional data usually yield smaller R? values making
for the possibility that alternative estimators will vary more
widely. .

Aggregate predictions were also obtained for the year
1970 by obtaining logarithmic predictors of 1970 use
for each origin area, and then summing of the antilogs
over all origins included in the cross-sectional data base.
The results are reported in Table 3. Since the aggregate
estimates do not yield any new insights no additional
comments are made. ' :

Conclusions and Implications

From the illustrative examples, it follows that multi-
plicative models used for predicting or projecting recrea-
tional use should be primarily designed for short-run
predictions. The projections become quite sensitive for
projecting into the future.

Research in progress by the authors may yield some
promising results that overcome some of the problems
associated with the multiplicative model. Briefly, we
are combining time series-cross sectional data and allowing
for structural shifts through time. By employing Prescott
and Cooley’s varying parameter model we will attempt to
project recreational use by explicitly taking into account
systematic changes in the structure of the demand relation-
ship. In addition we are using Monte Carlo techniques to

Alternative Estimates of E [Y/Zp]

Teekens and Koerts Bradu
Least Maximum 1 1 < 1 and
Site squares Likelihood Up >3 N % <, 3 Munlak
1. Cachuma- .
. day use 809.76 1,116.62 34241 329.98 748.20
2. Cachuma-
overnight 20,586.37 24,162.96 7,752.19 7,453.12 15,731.15
3. Puddingstone 814.46 1,011.32. 578.96 574.26 863.68
4, lce House-
day use 1,282.41 1,323.98 216.88 88.17 575.25
5. lce House-
overnight 896.34 978.31 301.45 202.86 663.20
6. Yosemite 1,440.66 1,885.66 -1,177.54 1,164.65 1,682.47

~ 3For source of data, see table 2, the areas used in the aggregate were those for which county data were available—Los Angeles, San Berna-
dino, San Diego, San Luis Obispo, Santa Barbara, Riverside, Orange, Ventura, Placer, Santa Clara, Sacramento, and San Joaquin counties.
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better evaluate the predictors discussed in this paper.
paper.

The various estimators can also be used in estimating
production functions and in particular obtaining estimates
of marginal physical products. More exp11c1t1y, one can
‘obtain estimates of the form

Mp, =22 yhore v, =L, MLE, or TK estimates.
pk

This area of inquiry includes some interesting theroetical

econometric problems with respect to the properties of

the alternative estimators of MPP. '
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