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Discontinuous Utility in Agricultural Risk Modeling '

Abstract

Conditions are developed for the theoretically sound use of
discontinuous utility functions to represent behavior under risk. The
dangers of spurious use of discontinuous utility in (1) empirical
studies and (2) cases in which a riskless asset is available, are
highlighted. Related problems in the agricultural economics literature
are discussed.



Introduction

In modeling individual behavior under risk, agricultural

economists--and indeed economists generally-have traditionally relied

on the assumption that economic agents faced with alternative risky

prospects seek to maximize their expected utility with respect to some

von Neumann-Morgenstern utility function, u, of (say) income. The

utility function u is routinely taken to be continuous. However, there

is reason to question whether this assumption of continuity is

universally applicable, for it was demonstrated in (Weiss, 1983) that

the classical axioms for the expected utility hypothesis (cf. (von

Neumann & Morgenstern), (Herstein & Milnor)) do not rule out

discontinuous risk preferences. Furthermore, it was shown in (Weiss,

1983) that discontinuous risk preferences can have such practical

consequences as farmer production decisions different from those that

arise when preferences are restricted to being continuous. In

principle, they also offer an explanation ((Weiss, Tech. Bull.)) for

some forms of anomalous behavior such as seemingly risk-averse farmers

exhibiting nom-concave utility functions (cf. (Hildreth & Knowles)).

Thus, the assumption of continuous risk preferences, while perhaps

historically motivated by mathematical convenience, may not be based on

any economic requirements, and may, in fact, prevent the modeling of

some forms of economically meaningful behavior.

Indeed, in (Masson), on the basis of the findings of a study

(1_0•Mar)) of the diffusion of technical change in and around a farm

project in Mexico, it was argued that an expected-utility model derived

-
from a utility function of income with a jump discontinuity may be im



appropriate representation of farmer behavior when a disaster-avoidance

motive is present. Masson pointed to directly estimated utility

functions arising out of the O'Mara study as in fact providing empirical

evidence of discontinuous utility. Earlier, A. D. Roy ((Roy)) had also

suggested the use of discontinuous utility functions-namely, in the

context of his "safety-first" theory. A "jump point" of such a utility

function might be, for example, the level of income at which bankruptcy

occurs.

• There are, however, some basic theoretical questions that need to

be raised and resolved before discontinuous utility functions can be

used in a conceptually sound manner to model farmer behavior under risk.

To accomplish that two-fold task will be the principal aim of this

paper.

To understand the questions at hand-questions that, as we shall

see, go to the very foundation of our methods of representing behavior

under risk-it will be useful to consider, by way of analogy, the theory

of consumer demand. In demand theory, the conceptual starting point is

the consumer's preference ordering of those commodity bundles that lie

in his "choice set." Utility functions are defined in terms of such

preference orderings as functions that assign numerical values to

commodity bundles, with preferred bundles receiving higher values. In

this context, the utility function is "equivalent" to the preference

ordering in that It contains precisely the same information regarding

the consumer's preferences as the ordering itself, though in a different

form. Importantly, it is only its equivalence to the more fundamental

notion of the consumer's preference ordering that allows the utility
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function legitimately to be used to represent the consumer's

preferences.

In the theory of behavior under risk, the choice set consists not

of commodity bundles, but of "risky prospects," customarily called

lotteries and represented mathematically as cumulative probability

distributions. As in demand theory, the starting point is an economic

agent's preference ordering over the elements of the choice set.

Utility functions--functions assigning larger values to preferred

?otteries--are defined analogously to the utility functions of demand

theory. It is only the "equivalence" of these utility functions to the

more fundamental notion of the preference ordering over lotteries that

legitimizes their use to represent the economic agent's behavior under

risk. However, in discussions of risk, these utility functions are

largely ignored in favor of another type of "utility function:" a

"utility function of (say) income." The latter type of function assigns

numerical values not to 'lotteries, but to numbers (e.g., income levels).

Now, when such a function is continuous, it is possible--as we shall

later show--to establish its "equivalence" to a preference ordering on a

Choice set of lotteries. Thus, a continuous "utility function of

income?' can legitimately be used to represent an economic agent's risk

preferences. But this brings us to the heart of the problem to be

addressed in this paper: For when a "utility function of income" is

discontinuous, .the proof used in the continuous case to establish

equivalence to a risk preference ordering is not generally valid. In

particular, it fails when (1) a riskless asset is available or (2) the

choice set contains "simple" lotteries (as occurs in many--if. not
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most-empirical studies). Thus, for such cases, we are still confronted

with the task of proving that the use of discontinuous "utility

functions of income" is not merely spurious but, rather, can be

justified by the existence of an appropriate equivalence between such

functions and risk preference orderings defined on choice sets of

lotteries. We shall provide such a proof in Section 3. First, in

Section 2, we review a number of formal risk concepts needed for a

precise understanding of the ensuing analysis.

;
2. Formal Preliminaries from Risk Theory

A risky prospect, or "lottery," may be conceived of as a game of

chance in which various prizes occur with preassigned probabilities. If

the prizes happen to be other lotteries (i.e., the opportunity to play

other lotteries and receive their prizes), one speaks of a "compound"

lottery. In the present work, we shall be interested only in lotteries

that ultimately (i.e., whatever their internal compound structure might

be) yield money prizes. Thus, for our purposes, a lottery is formally a

(one-dimensional) cumulative distribution function.

For each r, the lottery Fr defined by

[0 if t < r
Ft)-

1 if t r

is called degenerate. Note that each F
r 
takes only two values-0 and 1.

More generally, a lottery is called simple if it takes only finitely

many values. A continuous lottery is one that is continuous as a

function in the usual sense.
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It can be shown that a lottery F is simple if and only if it can be

expressed as a convex combination, F = E p.F of finitely many
r.

i

degenerate lotteries, F (where E p. = 1). (We stress that E 
'r 

isr. . 1 .
i

an algebraic combination not of numbers, but of functions. It is a

function whose value at t is E p,Fr (t).) A simple lottery, F,
I -I' 1

represents a risk situation in which_the r.'s are the possible outcomes

and occur with respective probabilities pi. In particular, a degenerate

lottery, F
r' 

represents the certain occurrence of the outcome r.

Since economic problems may involve diverse types of risk, economic

agents maybe confronted with different "choice sets" of lotteries in

different circumstances. In risk theory, as in demand theory, an

essential requirement is that a choice set be convex. Intuitively, the

convexity assumption here amounts to the requirement that any compound

lottery formed from lotteries in the choice set itself lie in the choice

set. More formally, any choice set of lotteries is obviously contained

in the set of all numerical-valued functions on the number line;

moreover, the latter set is a vector space, under the usual operations of

addition/subtraction of functions and multiplication of functions by

numbers. A Choice set of lotteries is convex if it is convex as a

subset of this vector space. 'Henceforth, we shall call a convex choice

set of lotteries a lottery space. If L is a lottery space and V a

numerical-valued function defined on L, we call V linear if

V(tL + (1-t)L
2 
) = tV(L

1 
) + (3.--t)V(L )

whenever 0 4 t 4 1 and L , are any lotteries in L.



A (weak) preference ordering, on a lottery space L is a

complete, transitive, binary relation on L. If L is a lottery space and

}- a preference ordering on L, we call the pair (L,)-) a preference e.

lottery space. A utility function, U, for (L,}-) is a numerical-valued

function defined on L such that, for any L1, L
12 
in L, U(L) > U(L

2
) if

and only if Li L2. A utility function for (L, ) is called measurable

if it is linear on L. Importantly, a preference lottery space satisfies

the classical axioms for the expected utility hypothesis If and only if

it has a measurable utility function (see (Herstein & Milnor)).

If U is a linear function defined on a lottery space, L, it is

always possible to construct a preference ordering--henceforth denoted

L such that U is a (measurable) utility function for (L,)' ). IneU f4U

fact, may be defined by: Ll?..0 L2 if and only if U(131) ), for

each pair L
1,
 
1,2' 

of lotteries in L.

Finally, we indicate how utility functions defined on lottery

spaces give rise to "utility functions of income" defined on the number

line (the "income axis"). Let U be a function defined on a lottery

space L that contains all degenerate lotteries. If u is a numerical .

function defined at each r by u(r) = U(Fr), we say u is induced (on the

number line) by U. If, in particular, (L,)) is a preference lottery .

space for Which U is a utility function, we call u the utility function

induced y U and may interpret it as a "utility function of income." In

this case, note that u only reflects preferences over certainties. In

the absence of additional assumptions relating u and U, U cannot, in

general, be recovered from u, and u is not "equivalent" to (for a

proof, see (Weiss, Tech. Bull.)). The determination of additional

aisumptions adequate to insure such equivalence, for the case in which u
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is. discontinuous, is the principal aim of this paper.

3. Relating Discontinuous Utility to Risk Preferences

Using the concepts delineated in Section 2, we now address the

problem of determining the sense in which a discontinuous utility

function of income may be deemed "equivalent" to a risk preference

ordering and thus used as a legitimate representation of behavior under

risk. It will be useful first to review the theoretical justification

for the use of cor;.tinuous utility functions of income. We shall then

contrast this case with that of discontinuous functions.

Suppose a continuous numerical function, u, is proposed as a

"utility function of income." In the usual case In which expected-

utility maximization is intended, one would wish to find a lottery, L,

that maximized the "expected utility," J u(t)dL(t). Let L
u 
be the set

-co

of all lotteries L for Which the above integral is finite. Clearly, L
u

is convex, hence a lottery space. Define a function, U, on L by

co

U(L)  u(t)dL(t)

-co

for each L in L.
U
. Then, U is linear. Moreover, U is a measurable

utility function for the preference lottery space (Lu,);), where; t7

defined as in Section 2. Note, too, that u is the "utility function

induced by U," since, for each degenerate lottery Fr,
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a)

U(F
r
) = u(t)dF (t) = u(r).

-co

•

These relationships between u, U, and >. provide a mechanism for•01.I

associating a risk preference ordering with a continuous function in a

unique manner.

On the other hand, if u is a discontinuous function, its

relationship to risk preference orderings is less apparent. To be sure,

if,. say, the economic agent chooses only from among continuous lotteries

that represent bounded random variables, and if u has only finitely many

co

points of discontinuity, then the integrals f u(t)dL(t) are still

well-defined, and the argument given for the continuous case remains

valid. However, if the individual has the choice of holding a riskless

asset, so that (by the very meaning of this assumption) his lottery

space contains degenerate lotteries, then such integrals may fail to .

exist. This follows directly from the definition of the Stieltjes

integral (cf. (Rudin]). (In fact, suppose u were discontinuous at t0

and L were the degenerate lottery F
to 

Then, since F
t 

is also

0

discontinuous at to, one could always select, from among the various

Stieltjes sums

E 
u(s'i)CFt

o 
3. s.+1 )-Ft( 

s.)),

two that differed by nearly u(to+) u(to-) (where "+" and "-" indicate

.1
one-sided limits), yet whose subdivisions 

.. 
. 
51- 

were

•



arbitrarily fine.) We point out that this problem also arises in

another important context: For, in many empirical studies of farmers'

behavior under risk, it is the subjects' expressed preferences between

various putative simple lotteries that are used to construct utility

functions of income. Thus, a realistic model of the behavior under

study should assume that the subjects' lottery space contains simple

lotteries. Yet, the discontinuities inherent in simple lotteries give

rise to the same difficulty just described.

How, then, when a riskless asset is available, or in empirically

based risk models, can discontinuous (or, indeed arbitrary) "utility

functions of income" be rationalized in terms of risk preferences? An

answer is provided by the following.

Main ResuLt: Let S be the set of aLL simpLe Lotteries. Then, the

reLatton "U induces u" is a one-to-one correspondence between the set of

aLL Linear functions defined on S and the set of aLL numericaL-vaLued

functions defined on the number Line.

Note that a linear function, U, on S is automatically a measurable

utility function for. (S, ?:,u)• Thus, our Main Result provicies a means of

associating with each function u a unique risk preference ordering.

To establish the one-to-one correspondence asserted by the Main

Result, we must show that (1) different linear functions on S must

induce different numerical functions and (2) every numerical function is

induced by some linear function on S. (1) ...f:ounts to the assertion that

the relation "U induces u" associates numerical function with at

most one linear function on S, while (2) amounts to the assertion that
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this relation associates each numerical function with at least one

linear function on S. (2) implies that every numerical function is

associated with some risk preference ordering on S; (1) implies that

that risk preference ordering is unique.

The reader may find it of interest to contrast our methods with the

graphical methods used in (Pyle & Turnovsky) (a work that, within a

different context, also discusses implications of riskless vs. risky

assets).

To prove (1), suppose linear functions U1 and U2 on S induce the

same function, u, on the number line. Then, for any simple lottery

L E p:Fr , we have1.

E.p.0
1 
(F 
r 
) E p.u(r.) = E 

2 
(F 

r. 
) = U

2 
(L),

x 1
i 

- 
i

so that U
1 
= U

2. 
This proves (1).

TO prove (2), let u be an arbitrary numerical function. We shall

construct a linear function, denoted u*, on S that induces u. In fact,

for any simple lottery L E piFs , put u*(L) = E piu(si). Note that,

i=1 i i=1

for u*(L) to be well—defined, it is required that u* assign the same

value to L no matter how L may be represented as a convex combination of

degenerate lotteries. That is, it is required that, if

=

x=1 x 3=1 3

then



E u(s1) = E q.0(t ).3.  3i=1 j=1

However, this condition is satisfied. To prove this, suppose that

(*) holds. Without loss of generality, we may assume that each p
i 

and

q. is positive. Let S be the set of distinct terms appearing among1

s1' s
. and T the set of distinct terms appearing among

tl, t
2
, t

3
.... For each s in S, let S

s 
be the set of subscripts, i, for

which si Similarly, for each t in T, let T be the set of

pubscripts, j, for which t, = t. Then, the equality between
3

the given convex combinations may be expressed as

E pi 1Fs = E 

E 7iFtall s in S all i in S
s 

all t in T j. all jin T i .

Howeyer,sincethe.'s and.q.'s are all positive, S and T are precisely
3

the sets of points of discontinuity of the left and right sides,

respectively. Thus, S =. T, and we have

E Pi E q. F
all s in S all i in Ss

 
allj in T 3 s

Now, it is easily verified that, in the vector space of numerical

functions described earlier, the functions F
s 
(s in S) form an

independent set. It follows that, for each s in S,

E Pi
all i in Ss all

Consequently,

E 
Tq
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m
E p.u(s.) E E p.

1=1 
1 1

all s in S all i in S 
1
S

E q.
all t in T I all j in T 3

3
j=
13

u(s )

u(t)

as was to be proved.

Thus, * is a well-defined function. Clearly, it is linear. It

remains only to observe that, since u*(Fr) = u(r) for each r, u*

induces u. This establishes (2) and completes the proof of our Main

Result.

The preceding result provides a theoretical basis for the use of

discontinuous utility to model farmers' preferences over simple

lotteries. An extension to "discrete" lotteries is given in (Weiss,

Tech. Bull.). However, it is also demonstrated there that a

discontinuous utility function does not, in general, determine a unique

preference ordering over a lottery space that contains both simple and

continuous lotteries. In this connection, we point out that Masson

appears to contemplate the use of continuous distributions in a

discontinuous-utility model whose data presumably arose from farmers'

choices between simple lotteries. Such an approach would seem to

present a methodological problem, in that discontinuous utility

functions might not be capable of uniquely identifying the risk behavior

under study.
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