


The dynamic optimizing models commonly used in economics are characterized
by state or path independence. Steady-state equilibria are determined by under-
lying exogenous parameters, independent of initial conditions and the history of
the economy. Though certain phenomena may be well described by this type of
analysis, won't there be other economic phenomena where initial conditions or
history matter?

In this paper, we consider a model of optimal factor accumulation over an
infinite horizon where the ;teady state depends on the history of the economy.
The specific question considered is the optimal level of human capital invest-
ment. We demonstrate the folloying conceivably surprising result. Under rea-
sonable assumptions in an infinite horizon model, the optimal steady-state ratio
of skilled to unskilled workers (as well as optimal physical capital to labor
ratios) will depend on initial conditions, including the initial skilled to un-
skilled ratio. This result will arise from the heterogeneity of each factor, as
well as assumptions about the costs of converting factors from one type to another.

The plan of the paper is as follows. After considering the general ques-
tion of factor accumulation in a multisector model, we present a formal model

demonstrating path-dependent optimal solutions. We then examine more closely

conditions for this phenomenon to come about and consider applications to a

larger set of questions.

I. The General Question

Consider an economy where both labor and capital are heterogeneous. For
simplicity, assume two types of each factor. A single output may be produced
either by combining type one labor (call it skilled) with type one capital, or
by combining type two labor (hereafter, unskilled) with type two capital. Hence
one may think of a two sector economy, each with its own type of factors. Fac-

tors may be shifted between sectors. In the case of labor this may be thought




of as training unskilled workers (or, for symmetry "training" skilled workers to
perform unskilled tasks).

What will be the optimal relative sizes of the two sectors in producing.
output? If capital and labor could move costlessly between sectors, optimality
would require equality of the marginal products of each factor between sectors.
Suppose, however, that there is a cost of shifting resources (that is, convert-
ing types), the marginal cost being significantly positive even for infini-
tésimal shifts. Optimality will then require not that the difference in margin-

al products of a factor between sectors be zero, but that its present discounted

value be less than or equal to the current marginal cost of a resource shift in

either direction. There will be a range of relétive marginal products consis-
tent with a long-run optimum.

What does this imply for factor ratios? Suppose factors are complementary.

A given value of the marginal product of a factor in a sector will then be con-
sistent with a range of values for that factor, if the other factor is also at a
"similar" level. This means that the first-order inequality conditions for rela-
tive marginal products of (let's say) labor in the two sectors could conceivably
be satisfied for'any division of labor between skilled and unskilled as long as
the division of capital between the sectors is ;imilar. A high proportion of
unskilled labor may be optimal if unskilled capital is also high. Since the
first-order conditions for both factors can be satisfied for a range of values,
we will get a region of steady states.

It seems reasonable that initial state will matter. If we begin with a low
value of skilled ' labor, under certain-conditions it may be optimal not to invest in
further human capital accumulation if the amount of skilled capital is also low. The
reason is simply that the expected return to training is lower than the cost in terms
of foregone output when capital is low in the skilled sector, high in the unskilled

sector, and it is costly to shift capital (as well as labor) between sectors.




A Simple Model
We now consider a specific model to illustrate these points. Since it is
size of the skilled sector relative to the unskilled sector which interests

we assume that the total supply of both physical capital (K) and labor

is fixed.

K (£) + K (t)
s u

L (t) +L (t) . (2)
S u

Labor in each sector is divided between the amount used in production (Z.

i) and

the amount in training (Ty), that is, in the process of being converted to the

other type of labor.

Li(t) = Zg(t) + Tg(t) (3a)
Ly(t) = Z,(t) + T, (t) . (3b)

The notion is that the worker must be taken out of production and assigned to a
training or conversion sector. An optimal program obviously cannot have both

Ty and Ty be positive. It will be the net amount of labor in training to

become skilled,
T(t) = T, (t) - Tg(t) ,

which is important. Analogously, capital in each sector is the sum of the

amount devoted to production (J;) and the amount "invested" in conversion

(I;) to the other type of capital
K () Jg(t) + I (t)

K (t) = Jult) + I(t)




where an optimal program will have only one (at most) of the I; positive. We

may similarly define net investment in skilled capital

I(t) = L(t) - Ig(t) . (6)

There is a single consumption good which can be produced by combining either

type of capital with the appropriate type of labor. Aggregate coﬁsumption is?
Clt) = F(Jg, Zg) + G(Jy, Zy) - (7)

We make the usual concavity assumptions and assume the cross-derivatives Fgi,s
Ggp, are positive, so the factors are complements. We further assume that as
any factor appioaches zero, the marginal product of that factor approaches
infinity. We denote derivatives Fg, Fr» et cetera.
We assume that the change in the amount of a factor in a given sector is pro-

portional to the net investment of resources in the conversion process. Denoting

the factors of proportionality for labor and capital by Y and «, we have

(8)
(9)

where "e" denotes time derivative. Y and a have the obvious form of rates

of conversion.

III. An Optimal Program

We first consider the solution which would be chosen by a planner whose ob-
jective is to maximize the present discounted value of total utility2 over an
infinite horizon. Formally, we have

©0

maximize [ V(C(t))e-ptdt (10)
0

subject to the values of L, L, Kg» and K; at time 0. We assume that the




discount rate is constant over time and the V(¢) is strictly quasi-concave and
continuously differentiable.

To solve this problem we define co-state variables as follows. Let mw(t)
pe the excess of value of a unit of skilled labor over the value of unskilled
labor. (More basically, we could define co-state variables pg(t) and py(t)
giving the values of an additional unit of Lg and Ly respectively, so that
T(t) = ps(t) - pu(t).) Analogously, we define n(t) as the value of a unit of
capital in the skilled sector over its value in the unskilled sector. The prob-

lem of maximizing (10) subject to the constraints may then be solved by maximiz-

ing a current value Hamiltonian

H(t) = V(c(t)) + m(e)YT(E) + n(t)al(t) (1)

subject to the constraints- (1), (2), (3), (5), and (7), and the initial condi- "

tions. The control ‘variables are Jir Z4, Ty I and C, where we require
that the values of the controls be nonnegative. Necessary conditions for a sol-

ution (where we denote the marginal utility of consumption at t by A(t)) are

s ; _A(E)
,Ls(t) >0 if w(t) =5 G (e) (12a)
(or Tu(t) > 0)

: _ ; _Ak) Alt)
Ls(t) =0 if ~7—— FL(t) ¢ m(t) < —;—— GL(t) (12b)

$ - - _Ake)
Ls(t) <0 if w(t) = - E‘L(t) (12c)
(or Ts(t) > 0)

. . _Alt)
Ks(t) >0 if n(t) == GK(t)
(Iu(t) > 0)

A(t)
FK(t) < n(t) < - Gx(t)

. . _ _ Ale)
Ks(t) <0 if n(t) - Gx(t)
(Is(t) » 0)




and the constraints (1), (2), (3), (5) and (7). Ta adlifion Bl it L:1 iy
state variables must obey transition laws. These are given by (8) and (9) for

the state variables. For the co-state variables, these are

m(t) = pw(t) - X(t)[FL(t) - GL(t)]

n(t) =pn(t) - l(t)[FK(t) = Gele)l .

It may be useful to write out the solutions to these equations. For

m(t), we have from (14)

-oT
m(t) = [ AO(F (1) -6 (1)e Plar ,
L
T=t
with an analogous equation for n(t). Hence, w(t) is the present discounted
value of the difference between the marginal product of labor in the two sectors
expressed in utility terms, where an optimal path is followed from ¢t onwards.
Finally, we may add transversality conditions

lim 1r(t)e_pt =0

tro

ne)e™Pt =0 .

Given the assumptions about infinite marginal products as a factor approaches
zero, these conditions rule out boundary or corner solutions, and assure that
at an optimum K and L in each sector is strictly positive.3 Given our
concavity assumptions these conditions (including (16)) are also sufficient.

The interpretation of equations (12) and (13) is straightforward. Consider
(12), which compares the return to shifting a unit of labor from being unskilled

to skilled (or to unskilled from skilled if m(t) is negative) to the cost in




terms of foregone output, expressed in units of utility. ‘Hence, if labor is

being converted from U to S, the excess of the value of a unit of skilled
labor over the value of a unit of unskilled labor, multiplied by the rate at
which labor is converted per unit assigned to training, must equal the marginal
cost in terms of foregone output in the unskilled sectof. Conversely, when
labor is being shifted from S to U, the excess value of a unit of skilled
over unskilled labor, which is negative, multiplied by Y, must equal the
marginal foregone output cost which withdrawing skilled workers from production
would imply. Finally, if, when all factors are assigned to production, the
difference between the value of skilled and unskilled labor is less than the
cost of shifting labor in either direction, no shifting should take place. One
may note that the middle condition of (12) implies a region of no shifting,
which shrinks as Y, the rate of conversion, rises. Equations (13) have a

similar interpretation for capital movements between the two sectors.

IV. Steady State Optimum
To demonstrate the dependence of the optimal solution on initial condi-
tions, we first solve for a steady state. Setting ﬁ(t) and ﬁ(t) equal to

zero, we obtain expressions for the co-state variables

B AMF, - Gp)
P

_ k(FK -G

<)

o

Substituting these into (12b) and (13b) we obtain




Together with the total factor constraints (1) and (2), these define a steady
state in which all factors are employed and no shifting between sectors is optimal.

The nature of the steady state can be illustrated graphically. Total

factor constraints imply that any values of the state variables Ki and ILj

can be represented as a point in a box of length T and height K, indicating
a division of K between K and K, and similarly for L.

To derive the boundaries of the steady state region we consider the four pos-
sible equalities in (18) and (19) in turn. Differentiating the equalities in.(18)
totally we find the slopes  of the boundaries of the labor equilibrium condition.

F _ + KLG

KL KL

— > 0 (20)
Fro * %Sum
where i}‘ equals 1 + p/fY for one boun@ary, (1 + p/Y)-1 for the other.

Similarly, differentiating the equalities in (19), we obtain

. _
ke + XxCxx
>0

Fer, * %S

where Yk equals: (1 + p/a) and (1 + p/a)_.1 for the two boundaries. We
therefore get two upward sloping regions, both containing the origins of the
factor box. These are illustrated in panels (a) and (b) of Figure 1, for the
general case. Points inside the relevant region are points where, for the im-
plied values of the state variables, there will be no movement of the factor be-
ing considered. The slopes will dgpend on three considerations: the values of
¥ and T; the values of (1 +p/Y) and (1 + p/a) and their inverses for the
relevant factor; and the characteristics of F(+, *) and G(*, *). Without
further assumptions, we can make no statement beyond the sign of the slope.

More interesting is the "width" of the regions. The regions shrink to a

line as p approaches zero or as Y (for labor) or « (for capital)
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approaches infinity. This is as intuition would suggest. Consider labor. If

p 1is small, the discounted value of the difference in marginal products between
sectors beingbno greater than the current cost of moving factors between sectors
requires the difference to be small at each instant. If p is equal to zero,
the marginal products must be equal if no further movement is to be optimal.
Similarly. the larger is Y, meaning the faster is the transformation of labor
types, the greater is the return from putting a given number of workers in
training. Y equal to infinity is the case of costless mobility between
sectors, while Y equal to zero is the fixed factors case.

If one of the transformation rates is sufficiently large relative to the
other, the steady state region for that factor may lie everywhere within the
optimal region of the other. More generally, the regions will intersect. This
is the case we depict in Figure 1. Since steady state requires that both (18)
and (19) be satisfied, the set of optimal points is the set of points lying in
both regions, a5 in panel c¢. In general, a point on the boundary of the steady
state region will lie strictly inside one of the two regions for the individual
factors. Hence, taking the relevant branches of (18) and (19), one of these two

conditions will'in general hold with inequality on the boundary. For example,

at A in Figure lc, F /G = (1 + p/cz)_1 and F /G <1 +p/y.

V. Dynamics of the System
The steady state region for each factor divides the factor box into three
regions. Consider labor first. Above and to the left of the steady state region

F
we would have, if all factors were assigned to production, that EE >1 +p/Ye.

Combining this with the definition of w would imply that = > $'GL' Therefore,

it will be optimal to assign some unskilled labor to training so that the equal-

ity in (12a) is satisfied. . This implies is > 0. Similarly, below and to the
F

L - . . . .
right, we have &= < (1 + %J ! if all factors are used in production, implying




-A
m <—Y—FL.

Hence, some skilled workers are assigned to conversion to satisfy
(12¢c), so that is < 0. Therefore, Ly is rising above and to the left of the
steady-state region in la, falling below and to the right, and constant within
the region.

Analégously, one can show that ks < 0 above and to the left of the steady-

F
: 3 3 - K - L J
state capital region in 1lb (where — < (1 + p/a) 1) and that KS 2 0 below and

GK

to the right. The movement of both Ky and Lg will then depend on which of
the three subregions we are in for each of the two factors taken individually.
One pattern of movement (for relative positions of the two steady-state regions)
is represented in Figure 2. The overall steady-state region is the union of
regions where the individual steady-state regions intersect.

The convergent paths (which satisfy the transversality conditions) in Figure
2 are drawn on the basis of a further limitation on the dynamic paths.‘In gener -
al, one of the steady-state conditions will hold with the inequality at the boun-
dary of the overall steady-state region, and therefore, by continuity, in a
neighborhood close to the boundary. For concreteness consider point A in Figure
lc and suppose that it is the condition for labor which holds with inequality.
That is, at A,’E‘L/GL <1 +p/Y. We will arque that a region to the left of A4,
is will therefore equal zero. Consider a point outside the overall steady-state
region in a neighborhood of A, say A'. Since the inequality holds at A', we

may write

A' _A ) A' _A'
L < = L .
FL(KS r L ) Y GL(Ku » Ly )

1
) - 6 (™, LA
L u u

On the optimal path from A' to the boundary of the shaded area, Ly is
nondecreasing and K; 1is nonincreasing so that F; 1is falling and Gy, 1is
rising. Since C 1is rising, U'(C) (= A) 1is falling. Therefore, if the economy

is at A' at time t', the







=~}

/] AmE (1) -6 (1))ePTgr <
i L L

A'  _A' A" _A'
F_(K L -G
(L(S,S) L(Ku'Lu

Alt')

P

Since the left-hand side is *(t'), that is, % at A' we have

vy AlE") ,
T(t') < Y GL(t)

which means that is = 0 in a neighborhood of A outside of the overall steady-
state region. (An analogous argumént could be made if it were the capital
condition which held with inequality at the boundary.) Therefore, on an optimal
approach path, there will be conversion of only one factor in the neighborhood
of the steady Qtate. Hence the path will be strictly vertical (or horizontal in

the analogous ks = 0 case) close to the steady-state region.

VI. Path Dependent Steady States

The existence of a steady-state region vielding a continuum of optimal
steady-state stétes and the dynamics to which the optimum problem gives rise (as
presented in Figqure 2) demoﬁstrate our basic result--the steady state will
depend critically on initial conditions. A marginal change in initial condi-
tions will change the ratio of skilled to unskilled labor in ste;dy state.

Formally, this requires that no two paths in Figqure 2 cross at the boundary
éf the overall steady-state region. (Unless, of course, the paths coincide
everYWheré.) Though such a result may be immediate from the nature of the
Pontryagin maximum problem, a formal argument may be useful. We will consider
optimal paths which begin at the game initial value for K; (and hence K)o,
but different initial ratio of L, to L,» We will then demonstrate that if
they have identical values of KS and LS at the boundary of the sSteady-state

region, they must have identical values of the state variables at all previéus

points.




Consider, therefore, two optimal paths which intersect at some point A on
the boundary of the steady-state region, but start with different initial condi-

tions. Since (without loss of generality) all paths in the neighborhood of A

must be vertical (is = 0) then the two paths must coincide in finite time

starting at some point A' outside of the steady-state region. Hence, in
finite time (say at t') the two paths must achieve identical values of the
state variables K; and L for all time thereafter. (Since the system of
differential equations is time autonomous, the time at which the two paths reach
aA' is irrelgvant.) Since the state variables are identical from t' to

the co-state va;iables must also be identical from t' onwards. Given the
assumptions about smooth production and utility functions, the differential
equations (8), (9), (14), and (15), are continuously differentiable of at least
order one. Therefore, if all state and c;—state variables are identical for all
points after t', they must also be identical at all points before t'. Hence
the two paths must be identical. Therefore, if the two paths begin with ident-

ical capital ratio but different ratios of skilled to unskilled labor, they must

have different steady states. This formally demonstrates the basic proposition.

VII. A Decentralized Economy

Will a competitive, decentralized eéonomy reach the same steady state? Yes,
individuals have rational'expectations. Consider an infinitely lived family which
maximizes present discounted value of utility as in (10) subject to the factor
income it receives. Given its initial stocks of skilled and unskilled labor, the
family decides how much labor to supply and how much training to undertake (where
training has no explicit cost or subsidy). We assume that labor is paid its
marginal product. The family is the ultimate owner of the capital stock. We may
envision a mutual fund, a share of which is a claim to a proportional share of the
aggregate capital stock. The manager of the fund (that is, of the capital stock)

adjusts the composition of Ks and K, to maximize the utility of the




shareholders.4 After wages are paid out, the residual output is paid to
shareholders. Hence the family's budget constraint is just (7).

The co-state variable w(t) may be interpreted as the discounted value of the
difference between wages of skilled and unskilled workers under competition into the
infinite future. n(t) has an analogous interpretation for capital. Now if
individuals have rational expectations about future movements in wages and return to
capital, it is clear that the optimum problem the individual is solving in a
decentralized, competitive environment is identical to that of the planner. Hence,

individual behavior leads to an optimum solution identical to the planning problem.

VIII. The Phenomenon Considered

Why does this model yield a continuum of steady states? The heterogeneity of
factors is of course critical. But that alone is not sufficient. It is also re-
quired that there is a cost of transforming factors (or of shifting factors from one
sector to another), and that the marginal cost of shifting factors does not go to
zZero aé the amount to be shifted goes to zero. This last point is especially im-
portant. If the marginél cost of shifting an infinitesimal amount of a factor

between sectors was infinitesimal then we would recover the standard result of a

unique steady-state point. As long as marginal products differed in the two

sectors, so that the return to moving factors was positive, such movement would
occur, however, slowly.

Here, the cost of (for example)‘converting unskilled labor to skilled labor is
the foregone output in the unskilled sector as workers are removed from production
and put in training. The marginal opportunity cost of training is the marginal
product of unskilled labor which does not go to zero when only an infinitesimal
amount of unskilled labor is withdrawn from production. We therefore get the result
that shifting of a factor is optimal only when the marginal productivity in the two
sectors is sufficiently different to offset the marginal cost of shifting. For each

factor we therefore get a range of ratios of marginal productivities in the two




sectors consistent with equilibrium. Since ghis sort of condition holds for both
factors, a steady-state region with the continuum of optimal points results.

The importance of this specification of adjustment costs is apparent when we
consider depreciation. Suppose, for example, that workers, both skilled and
unskilled, die at rate d and they are replaced in the population by newly born (at
rate d) unskilled workers. This is equivalent to depreciation of skilled human
capital at rate d. Steady state will require that some unskilled workers are

always in training, so that the depreciation adjusted first-order conditions in (18)

will hold with equality (FL/GL =1 +-Ef$iij. The steady-state region for labor

shrinks to a line. The economic interpretation is straightforward. Simple
depreciation means it is costless to decumulate L., so that if we start to the
right of the upper boundary of the capital steady-state condition, we move cost-
lessly over time to the boundary.

A more intuitive explanation of the basi; result of the paper may be useful in
considering applications. Various values of Lg are candida;es for steady state as
long as Kg is at a sufficiently similar level. Suppose Lg is lo&. Then if
Ky is also low (so that K, is high) the return to training more unskilled workers
will be low, while the foregone output cost is high. 1Initial points not at steady-
state equilibrium are those where the two factors are at very different levels so,
for example, Ly is low and Kg is very high. Adjustment to steady state is simply
lowering the capital-labér ratio to a value consistent with steady state. There are
two margins of adjustment to achieve this: shifting capital to the unskilled sector
and converting labor from unskilled to skilled. Given two margins to achieve a
desired K /Lg ratio (rather than onehin the standard growth model) and the range of
ratios consistent with steady state, we get the result that the values of Ky and Lg
with which we started will affect where we end up. ‘

The result of path-dependent optimal factor accumulation (or hysteresis) has

been considered in some other papers, but with a crucial difference. 1In an




excellent paper, Kemp and Wan (1974) consider a model where labor can be moved
between industries, but only with a technology which displays similar properties to
the one considered here. Steady-state optimum turns out to be consistent with a
range of values of labor used in a given industry. Mussa (1974) considers a two-
sector model of trade where labor is perfectly mobile between sectors, but capital
can be moved cnly with a cost qualitatively similar to that considered here. A
region of values for the amount of capital in a given industry results. If the
economy begins inside this region it remains wherever it starts, while if it starts
outside, it moves to the boundary.

Both the Kemp and Wan and the Mussa papers display hysteresis in a weaker form
than that arising in this paper. In their models a range of values of the state
variables is consistent with steady state. However, two economies which start
outside (but on the same side) of this region with different initial conditions hit
the same steady-state Mussa model, for example, if capital in the X industry is
too low, optimal accumulation always implies the same steady state KX' independent

of where we started.5

IX. Applications and Conclusion

Though we used a very specific quéstion to illustrate the phenomenon of path
dependence, the results of this paper would clearly be applicable to a far broader
set of issues than optimal human capital accumulation. These include movement of
factors between industries, sectoral adjustment in trade models, and optimal
programs of economic development.

One hopes that this type of model provides a framework to study questions where
hysteresis or path dependence is conceivably important. A formal analysis provides
another payoff in allowing us to derive specific conditions for path dependence to
be possible (or, alternatively, impossible). One further hopes it reduces our

natural skepticism about the possibility of such solutions.
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'We omit time indices where no confusion will result.

2Since the'tota; labor stock is fixed, maximizing per capita values would
lead to a choice problem which is essentially equivalent.

3Except perhaps for the possibility that both factors in a sector are
zero, so that marginal products are undefined.

4 standard separation theorem of finance is at work hére. If the reader
is bothered by this set-up, one may think of the planners and the decen-

tralized problem as wealth maximization, in which case the mutual fund manager

simply maximizes the market value of the assets he controls.

5a paper of Brock (1973) should be mentioned because, though it appears

to rule out this phenomenon, really covers a different issue. Brock considers
a multisector model where n kinds of capital can be accumulated without a
"conversion" cost as in this model. = Considering only solutions where first-
order gonditions (marginal product of capital equal to the discount rate) hold
with equality, he derives conditions to rule out multiple steady states. The
phenomenon considered here is not analogous. Even if the first-order
conditions yield a unique steady state if they hold with equality, the

continuum still occurs because either (18) or (19) will hold with inequality.




REFERENCES
Brock, W. "Some Results on the Uniqueness of Steady States in Multisector
Models of Optimal Growth when Future Utilities are Discounted,"

International Economic Review 14 (1973): 535-59.

Kemp, M., and Wan, H., "Hysteresis of Long-Run Equilibrium from Realistic

adjustment Costs," in Trade, Stabiity and Macroeconomics, edited by George

Horwich and Paul Samuelson. New York: BAcademic Press, 1974.

M. "Adjustment to Commodity Price Change in a Small Open Economy,"

Mussa,

University of Rochester working paper, 1974.







