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Abstract

This paper proves the existence of a general equilibrium in a financial model with transaction
costs. The general equilibrium is shown to exist in a model with convex trading technology, in
which the agents include consumers, production firms, brokers and dealers. When the trading
technology is non-convex, an individual approximate equilibrium, introduced by Heller and
Starr(1976), is proved in the above model. And, moreover, under a further assumption of finite
p-convexity on the commodity excess demand correspondence, the general equilibrium for a

non-convex exchange economy is obtained for an economy with consumers, brokers and dealers.

Keywords: Arbitrage, general equilibrium, transaction cost, individual approximate equi-

librium, finite p-convexity.

1. Introduction

A number of authors have considered financial markets with transaction costs, particu-
larly the impact of transaction costs on optimal portfolio selection, (e.g.. Magill and Constan-
tinides(1976), Kandell and Ross(1983), Taksar, Klass and Assaf(1988). Duffie and Sun(1990),
Fleming et.al.(1989), Davis and Norman(1990)); and the pricing and hedging of derivative secu-
rities using the underlying stock and bond(e.g.,Leland(1985), Boyle and Vorst(1992), Bensaid,
et al.(1992), Edirisinghe, Naik and Uppal(1993), Constantinedes and Zariphopoulou(1995)).

More recently, some authors(e.g., Jouini and Kallal(1995). Ortu(1995). Milne and Neave(1996))
have investigated economies with transaction costs and the implications for asset prices and
allocations. Jouini and Kallal(1995) use arbitrage methods as introduced by Harrison and
Kreps(1979) to obtain a set of equivalent Martingale measures that are deduced from an econ-
omy with transaction costs and an absence of arbitrage. Ortu(1995) uses duality and linear

programming methods in finite dimensions extending Jouini and Kallal's results. Milne and
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Neave(1996) formulate a competitive economy with multiple dates, uncertainty, a single phys-
ical commodity and a set of consumers trading assets through a set of broker/intermediaries,
who have explicit transaction technologies. The formulation draws upon an older literature
in General Equilibrium theory that characterises transaction costs by discriminating between
bought and sold commodities or assets(see Ostroy and Starr(1990) for a survey of this litera-
ture). Assuming the existence of an equilibrium, Milne and Neave characterise pricing and asset
allocations for a number of special cases of their model, emphasising the model’s flexibility in en-
compassing many cases discussed separately in the literature(e.g.,broking, personal transaction
costs, fixed and variable transaction costs, inventory-type models, incomplete markets). The
Milne-Neave model is consistent with the formulations of Jouini-Kallal and Ortu, in providing
a general primal formulation. The latter papers exploit no arbitrage/duality methods to obtain
similar, or complementary results.

This paper constructs a more general version of Milne and Neave(1996) including many
physical commodities, producers/firms and general assumptions on feasible consumption, pro-
duction sets, and transaction technologies. We provide conditions that guarantee the existence
of an equilibrium in this economy when the transaction technology is convex. To incorporate
non-convexities(or fixed costs) in transactions, the model considers a modification introduced in
an earlier general equilibrium literature(see Heller and Starr(1976)) that allows us to prove the
existence of an approximate equilibrium. In addition we introduce a different method for proving
existence in a version of our economy with non-convex transaction technologies. We suppose a
condition of finite p-convexity on the commodity excess demand correspondence. This assump-
tion allows a limited degree of non-convexity in the asset trade technology, and yet a well-defined
element of convexity in commodity demand to generalise the existence of an equilibrium.

The rest of this paper is organized as follows. In Section 2, we outline the basic model and
introduce the concept of no arbitrage and its equivalent condition. In Section 3, we will prove
some preliminary results and, finally, show the existence of equilibrium for the model with convex
trading technology. Section 4 is devoted to individul approximate equlibrium in the model with
non-convex trading technology. In Section 5, a concept of finite p-convexity is introduced and
the general equilibrium is proved in an exchange economy. The appendix includes a proof of

one preliminary result.

2. The Model and No Arbitrage

Consider an economy with a finite time horizon T = {1.---.T} and uncertainty character-



ized by a finite states set S = {1,---, S}, each state represents a realization of the economy. As
discussed in Duffie(1987) and DeMarzo(1988), in an event tree, each state here corresponds to
one arc on the tree from the root to one of the terminal nodes. Suppose there are M commodities
and N securities at each date t € T = {1,---,T} and each state s € S.

There are J production firms(indexed by j) with objective function Vj(-), each of whom
chooses a production plan and a trade plan. A production plan of firm j is an array of numbers
Y3sm- one for each m € M = {1,--- M}, s € S and t € T with the usual sign convention
for inputs(non-positive) and outputs(non-negative). Thus a contingent production plan yj =
(Wi Yiae Y s Yirag) of firm j is a point of vector space RT*M. The set of
all contingent production plans that are technologically feasible for firm j will be denoted by
Y}» C RTXMxS

A trade plan of firm j is a vector 6; = (0;(s))scs = (0]’3(3), 9]5(3))863 = (65”0,1, e vefo,N’ 0}-9,0’1

J

I 94‘]'5.,0,N’ 9]?1,1(8)3 Tt gfl,N(s)a 93'5:1,1(3)a e 195‘5:1,N(S)a e 79jBiT,1(s), e ,efT,N(S)’ 9}‘51’1",1(3), R}
057 5 (5))ses in Ri[(TH) XNxSl where 07, n(5) (65, ,(5)) represents the accumulated purchase(sale)

of asset n by firm j after trading at time ¢(€ T) and at state s; 00, = (63,,,,65

omr050,n) denotes

the initial trading of asset n by firm j.

The variables below, such as commodity price, buying price and selling price of asset, port-
folio selection and consumption etc., all depend upon states. For the sake of simplicity, we will
omit the state variable in these symbols.

There are H brokers(indexed by h) with objective function Wj(-). They are intermedi-
aries specializing in the transaction technology that transforms bought and sold assets. Let
d)ﬁ m(d);f’t’n), depending on states, be the accumulated number of bought(sold) asset n supplied
by intermediary h after trading at time ¢(t = 0,---,T); and 2ht = (2nt,1," " Zne M), depending
on states, is the vector of contingent commodities used up in the activity of intermediation at
date t and denote (z,1,- -+, 2n,a1) by z;. For intermediary h, let Tj,; C RY x RY x RM denote
its technology at time ¢ and state s.

There are I consumers, indexed by i, with endowment w; ; and utility function U;(-) and con-
sumption set X; = R?'_‘fo[xs. The consumer ¢ chooses a consumption plan z; = (z; 1,1, *, ;1.1
LT T )seS € Xi and a portfolio plan ;= (wiB,z,bf) € Ri[(TH)XN] which can be
explained analagously to 6;.

Now we turn to assets. Suppose there are N assets at each date and each state. At each
date ¢ and each state s, asset n(n = 1,---, N) has a buying price B{* and selling price S}* and

dividend di’ denominated in the first commodity(numeraire). Suppose that at each date ¢ and



each state s, the asset n pays its dividend d and is then available for trade at prices B} and
Sp.

Suppose these N assets are defined by the R"-valued process d = {d; = (d},---,d¥) : t =
0,---,T,s € S}, buying price process B = {B; = (B},---,BN) :t=0,---,T,s € S} and selling
price process S = {S; = (S},---,8)):t=0,---,T,s € S}. A dividend process d’ generated by
a generic strategy 6 = (85, 0°) is defined by

di(s)=df = (6B, - 67 ))d + LN65S, — NOBB,,t =0,---,T,s €8,

with ”0_; = (85,,65,)” taken to be zero by convention. Define A9B = 0F — 0B |; and AGF =
07 — 67 |; and NG = 0; — 6,_,.

Let p = (P)ses = (P14 PT)ses = (P11, -, P15 DT, PToM ) (€ Do) ses denote the
spot price of commodities, where A is the unit simplex of RT*MxS,

Now the problem of firm j can be specified as:

sup  V;(d% + py;), ()
(85.y;)€T}(p)
where F} (p) denote the set of feasible production-trade plans (0j,y;) of firm j given price p,
which satisfies:
(2.1)y; is in Yj;
(2.2)d) +puyje >0, t=1,---,T,s €.

The maximization problem of broker h can be stated as:

sup  Wy(—d® —pz), ()
(én21)ETE (1)

where 2 (v) (v = ((3), (8 i)s (Bn£n), p) is the space of feasible trade-production plans (¢, z) =
(¢f, d)f ,2n) given 7y, which satisfies: at each state,
(2.3)( Ad)ht,Ad)ht,zh t) € Tht and 2z, ¢ > 0;
(2.4)—d?* —pyzpy > 0,t =1, -, T;
(QOZhA¢ht>21A¢zt+Z Abj4t=0,---,T.

The condition (2.5) requires that all consumers and all production firms buy and sell secu-
rities through brokers.

The productive firms and intermediaries firms are treated similarly to consumers. Because
of transaction costs, it is well-known that the Fisher separation theorem fails. Therefore we

assume that each firm has an objective function(utility function) derived in some fashion from



owner preferences.
The problem of consumer 7 is as follows:
sup Ui(xz;), (% * %)
(ziyi)eD3(r)
where 7 = ((d)h,zh,),(ﬁj,yj),p) and I'3(7) is the set of feasible p()rtfolio-consumption plans
(¥4, ;) given 7, which satisfies:
(2.6)z; is in X
2. Npeziy < puwyy + d + 225 %+ Y, BinZhtt =1,-- T s€S:
Here Yjt = dfj + Peyjit, Zny = —df’l —Dtzp g0 > O(}:ia,;,]- = 1) is consumer i’s initial share of
the net cash flow of firm j; and Bip > 03, Bin = 1) is consumer i's initial share of net cash
flow of broker 4.
Now we can define the abstract economy: E = (X, xRQ[(T“)X’VXS], e X x Rz[(TH)XNXS],
Y1 x RATH)xNxS] Rz[(TH)XNXS]»va w0 Ty, Do, Uy (), - S UL (zr), Vi(d® + pyy), - ..
Vido, +pys), Wi(=d® - pzy), ... Wi(=d® —pzg), 3, s Sizy mipewy, T (r), ... T3(7), T} (p),
T (p), [2(y),- - , P}{(”m), Ag), where T(t=0,---,T s ¢ S) will be defined in Lemma 2.1
below, w;, = 2iTip + Db Zht — 2 Uit — 2_iwi ¢ and

T, = {(d8, 85, 2) - (Aqﬁ,ﬁt,Ad),‘it,zh,t) €TheteT,s€S).

A point e* = (v}, z}), (0}‘, y;), (¢r, zp),p*) is called an equilibrium solution of economy E
given the market system (B, S, d) if e* solves problems (x), (**) and (x % *) and

2+ 5 =3+ Y w,
i h J i
ZA¢;=ZA¢;+ZA9;.
h 7 J

where w; = (wig,--- sWiT).
The following assumptions are made in {he remainder of thig paper.
For consumer ;-
(A.1)Ui() is continuous, concave and strictly increasing function.
For firm j:
(A.2)Y] is a closed convex subset of RTxMxS containing — RT*A/xs,
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(A.3)y; RIxMxs _ 0;

(A4)(x,v)n (=%Z,v) =0
(A.5) Vi(-) is continuoyg, Concave anqg strictly increasing function,

(A 7)For any t and 8lven g — (2, 1 TaN, 2y, Z)) € Ty, If y = ,21’;, Tn — oo, then
| 21,"',2/1/)1 = 7/:1[=12m — oo.

(A.8)For each ¢, if (4, 2) e Thy and 5 2 2, then (¥, 2') e Tht (free disposal).

( A.9) Wh() is Continuous, Concave apq Strictly increasing ﬁmction;

(A.lO)The initia] holdings i, 95.0. Dho of Securities of g Consumers, 4 firms anq all brokers
are taken ag given and satisfy:

F(z) < F(y) for each z in pz0 and each Nonzero 4 iy RSLTH)X'S. Since 270 is a Cone, thjg implies

bid-ask Spread at Some date.




Lemma 2.2 Suppose there is no arbitrage and B} > S for security n at certain date ¢ and
state s. Then F(d?) # 0 over 6.

Proof. Suppose not. Then F(d’) = 0 for each € 6. Since F(-) is a strictly increasing linear
functional on R(T+1U*S5 this implies that there exists a vector 7 = (m%)ses = (7§, -+, 75)ses €
mt(RS_TH)XS) such that F(z) = Y ,cg Zr.Tzo mizy for each z = (zo, -+, z7),cg € RTHIXS,

Without loss of generality, assume S = 1 and n = 1. For date t, set

95:(0,---,0).q:0.---,t—1,0},5:(1,0,---,0),q=t,---.T;

0; =(0,---,0).¢=0.--.T.

Thendy =0,¢=0,---,t—1.d! =—B/.d =d},g=t+1,.--T.

Hence
T

spl _ sl
By = E Tadgs
q=t+1

Likewise. we can show
sql _ s gl
ﬂtSt = Z ﬂ'qdq.
g=t+1

Thus B} = S}, which provides a contradiction and proves the conclusion of the lemma.O

3. Proof of Existence of Equilibrium

To simplify the proofs in this paper, we will prove the existence of equilibruim of economy
with only one state. The multi-state case can be shown in exactly the same manner.

We will adopt the technique of proof used in Arrow-Debreu(1954). First of all, we will show
that the set of attainable plans for economy E is bounded, and replace the original economy E
by a bounded one. Secondly, we will show the continuity of the constrained correspondences.

For broker h, define

Zh = {zn : thereexists (¢2,$3) > 0 suchthat (B, b7, 21) € T }.

Zy = {zn € Zj : there exist 2, € Z for each h' # h, r; € X; for each 7 and y;j € Y; for
each j such that w =37 2; + 3, 25 — X545 — Y wi <0}

Oy ={dp = (d),l?, qb,f) : there exists z, € Z), such that (Pn.21) € T} };

o, = {¢n = (¢,L?,<b7f) € ®p: there exist ¢pr € @y for each h' # h, Ag; > 0 for each j and
A > 0 for each i such that 3, Ay; + 2005 <3 D}

For consumer i, define



X; = {z; € X; : there exist z; € X; for each 7' # 1, zn € Zy, for each h and y; € Y; for each
Jsuch that w =372 + X, 20 — 2,y — L wi <0}

U; = {¢; = (¥P,97): there exist Aty > 0 for each i’ # i, ¢, € ®p, for each h, NG > 0 for
each j such that }°; A + 30, A0; < 37, Ay}

Likewise, we can define Y; and @, for firm j.

By use of the technique of 3.3.1 of Arrow-Debreu(1954) and by Lemma Al. we can show
the following result.

Lemma 3.1 The sets X;. }}] and Z, are all compact and convex.

In exactly the same method as Lemma Al, we can show the following boundedness result
of trade plan for broker h.

Lemma 3.2 The set ®, is a compact and convex subset of R(T*+DXN And so is <i>h,, ¥,
and 0.

Thus there exist cubes C1(C RT*M) and C?(C Rﬂ(T+1)XN]) so that C! contains in its
interior all Xj, all ¥; and all Z,; C? contains all ;, all 0; and all . Define X; = C'nX;, ¥; =
Cz,f’j =C'ny;, (:)j =C? 7, =C'N2Z, and &, = C?. And let f‘}(p),f,%('yh) and ['3(7) be the
resultant modification of F]l (p), T2 (yr) and T'3(7) respectively.

We now turn to the proof of continuity of f‘Jl (p), f‘,%(vh) and T'3(7). We only investigate the
continuity of f‘%’, the continuity of the others can be shown similarly.

Lemma 3.3 Given p, all 1, all 6; and all ¢,/ (h' # h), and there exists (¢y. 2) € T}, such
that 3-; A +3°; A0 K 32 Ay and 0 K —d¢" — pzp. Then f‘,zl(’yh) is continuous.

Proof. Without loss of generality, we show the continuity of f‘%(fyl). Let 7{‘ = (d:’f AR 1/1’,‘, 0{“,
305,85, B F) — = (i, 91,601,005, s, -, $ar, p). Consider a point (41, 21) €
f‘%(vl), then

0< —d* — pz1, ZAwi + ZA@j < ZA¢I1.~
i j h

If 0 € —d® —pzy, 3, A + > 805 K 30 Ay, then for k sufficiently large. 0 < —d?t —
pkzi, and 3, Ayl + 2 A()}“ K Xh#l A¢f + A¢y. By taking (¢, 2F) = (¢1.21). we prove the
conclusion of the lemma.

If the above case does not hold, then there exist Tp C T = {t,---,T} and Ty C T' =

) s

T x {1,---, N}(there is at least one nonempty set among Ty and Ty) such that
~df' — =0, teTy
b — PtZ1t y b€ dp;

—d? —pz1, >0, teT—Tp:



and
Zi A’L/)i,t,q + Z] Aej,t,q = Zh Aqsh,,t,qa (t7 q) € Tév

2 DYitg + 22 Dbjrg < p Dt (t,q) € T = Tp;

By assumption, we can choose (¢],2]) € T} such that

0« —d? — P21,

and
S DU+ Y DY Ay + A
i j h#1
Clearly
DB rq > Do (t.q) € Tp.
Let
A = min { | B~ (& DPE o+ T 08— T D)
) , Aqs’l,t,q - A(751,15.11

and

4"1 k1
—dy — P21t

/\%=min{1, :tETo}

b ; b
—dy' — szll,t = (=di' - szl,t)

Let ’\k = nlin(’\lta)‘z) and (d)’lc*zllc) = ’\k(‘pb]’zl) + (]- - )‘k)( ll,zi)'
It is easy to verify that A} — 1(i = 1,2) and

k -
—df'—pfz{“tzo:tETo;

and

Z Ad):’it,q + Z A9?,1&,(1 S Z Ad)ﬁtq + A‘bllc.f.,q’ (ta q) € Té’
7 j h#1

for k sufficiently large.
On the other hand, since a = minteTMTO{—df’l —pez1¢} > 0 and
k
lim (=df' —pfzf)) = —d?' — pezgy.
k—o0 v

Hence, for k sufficiently large,

k
—d‘f‘ - pfz'{"t >0:teT-Ty,

: (t.q) € Ty };



which, combining with (3.1), implies that for & sufficiently large,
—d? — pk2f > 0.

Likewise, we can show that for k sufficiently large,

D AYE+Y N0E <Y Agr
i J h

Consequently, (¢, 2f) € I2(71) and converges to (¢1, 21), proving the continuity of [2(-). O

For firms and consumers, we have the following similar results.

Lemma 3.4 For firm j, given any price p € Ao, and there exist 65 > 0 and y; € Y; such
that 0 < d% + py’;. Then f‘Jl() is continuous.

Lemma 3.5 For consumer i, given any price p € Ay, and there exist 1)} > 0 and z} € X;

such that
p.’L‘; < pw; + d¥ + max {0, Zai,jgj + Z ﬁi,hzh}.
J
Then I'3(+) is continuous.
Remark 3.1: The conditions in Lemmas 3.4 and 3.5 will be satisfied if there exists a
portfolio @ such that d? > 0,¢ = 1,---,T, which is the Assumption 2.1 of Ortu(1995) called the

"Internality Condition.”

Let
wi = pi(r) = {(i 2)  Ui(:) = sup(g, gyep3(r) Ui(E)};
vj = vj(p) = {(8;,95) : Vi(d® +py;) = SUP(g;,7,)el}(p) V;(d% + p;)};
h = Th(n) = {(Bn, 21) : Wi(—d®* — pzp,) = SUP(3, z)€E2 (1) Wh(=d® —pzy)};
p=pw) ={p: LI, mprw, = supycp, Yoy mpwe},
and

h=1

I J H
W:H/.l.iXH’U]'XHThXﬁ.
1=1 j=1

By Berge’s Maximum Theorem and standard methods, we can prove that the correspon-
dences fi;,vj, 7, and p are upper hemi-continuous and convex valued. This implies ¥ is also

upper hemi-continuous and convex valued.
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The correspondence ¥ has been shown to satisfy the hypotheses of the Kakutani fixed point
theorem, and therefore to have a fixed point, say e* = ((¢}, z7), (0;, y;f), (95, 21),p*). Especially,

this fixed point satisfies:

DAY+ Y N0, <D Ahy,t=1,-,T, (3.3)
1 j h
T T
> mprwi > mpaw;,Vp € Do. (3.4)
t=1 t=1

By assumption (A.10) and Lemma 2.1,
Zi¢{+2j 0,;_Zh i

T T
Li=1 TP w; < Yopog Tidy

PIEY 615, o
= STy md R

— F(dzl wi."'zj' 9_;_2h¢;1) S 0

Hence. from (3.4), w* < 0.
Let Ayy, = —w; > 0,007, =3, Adhy— 2 DY, — 3 007, >0, =1,---,T. And set

gy =y —Dyy, A0; =007+ A6].

Clearly,
G EYy, Ymi=d yi+ii+)
i T h
and
DAY+ YN0+ A =) A
i jAT h
Moreover

pH(Ayh) = —prw* = —d2i Vit Gt
BN DR S DS DA %,
this implies that
' +pxgy = d' +p'y).
Finally, in exactly the same method as Arrow and Debreu(1954), it is not difficult to show

e = ((xf,v¥r), (Y7275 05 0): (7, 6%), (@5 21),p*) is an equilibrium point of the original Economy
E.

11



4. Non-Convex Production Economy

This section is devoted to a economy in which the trading technology of each broker is not
necessarily convex so that we allow for fixed costs in trading assets. By using the technique
of Heller and Starr(1976), we will show the existence of an individual approximate equilibrium
defined by Heller and Starr(1976). An approximate equilibrium is generally defined as a price
p* and two allocations, a* and a*. One, a*, is the allocation desired by households, firms and
brokers at this price, which may not clear the market. The other. a* . is an allocation obeying
the market clearance condition although it need not represent agents’ optimizing behaviour.
The equilibrium is approximate of a moduluus C' if some suitably chosen norm of the difference
between these two allocations is no larger than C. The desired allocation represents an approx-
imate equilibrium in the sense that the failure to clear the market at this price is bounded by
C. And, furthermore, the bound of the approximation improves as the number of the agents in
the economy increases.

We will still make all the assumptions in Section 2 except the convexity of broker’s technol-
ogy. We further assume the following.

(A.12)B, =Y N (X + Z — w) is bounded, where X = ¥, X;,w = Yierwi, Y =3 ;Y and
Z = Zh.eH Zh.

Since the assumptions of Theorem 1 of Hurwicz and Reiter(1973) can be easily verified
through Assumptions A.4 and A.12, we can show the boundedness of Zh,Xi,f}. And, hence,
@)h, ‘i/,; and @j are all bounded.

In order to show that the equilibrium of the bounded economy is the equilibrium of the
original economy, a additional assumption is requireci.

(A.13)There is a positive number Lg such that |z| < Lo, Vzy, € Zj.

That is, the quantity of commodities used in transaction of assets is limited. This is reason-
able since a quantity larger than the the total supply of the world is not feasible. So the feasible
plan of broker should satisfies the additional assumption (A.13). And the cubes C! and C? used
in defining the bounded economy can be chosen to be large enough to contain the feasible plan
of any broker.

As in Heller and Starr(1976), in order to prove the contiuity of f",z,.('yh), we give the definition
of local interior.

Definition 4.1 f‘,% is said to be locally interior if for each (¢, 2) # 0, (¢.2) € f’}zl(yh,) there

is (¢*.z*) so that

(i)(¢*. 2*) € T2 (vn).

12



(ii)0 <« —d?" — pz*.

(iii) There exists a continuous function f : [0,1] — T'?(y4) so that f(0) = (¢*,2*), f(1) =
(¢, 2) and for all o(€ [0, 1)), f(o) satisfies the strict inequility in (ii).

(A.14)T% () is locally interior.

Now we are in a position to prove the existence of an individual approximate equilibrium
of the economy with non-convexity. But we omit its proof since it can be obtained in the same
method as Heller and Starr(1976). In the proof, we use the correspondence ¥ (defined in Section
3) instead of y(p) defined in Heller and Starr(1976). The boundedness of R(¥) defined in Heller
and Starr(1976) can be clearly guaranteed by the assumption (A.13).

Theorem 4.1 Under the assumptions (A.1)-(A.14), there exists an individual approximate
equilibrium of modulus C' which only depends on M, N, T and R(p*), where p* is an approximate

equilibrium price. That is, there exist two vectors a* = (¢1, 2], - -, ¢}, 25, V1, &1, - -+, ¥, 25, 0F,

* !

! ! / / ! ! ! /
yIaaH}ay}) and a* :( T,Zl,"'a¢;1az;1,¢f,$T,"‘,¢;,l‘;
A ’ . o
(i)a* satisfies market clearance with respect to p*.

! ! / !
) I)yf’ae}ay}) such

(ii)a* solves problems (x), (¥x) and (* x *) with respect to p*.
(iii) (67, 27) = (¢} 27 ), (05,97) = (05 ) )i € L,j € J.
(V) (T 1(Wr, 2) — (b, 25 ) P2 < C.

5. Non-Convex Exchange Economy

In this section, an exchange economy is investigated, which only includes consumers, brokers
and dealers. We will retain all the assumptions in Section 4 except (A.12) and (A.13). It is not
difficult to show the boundedness of sets X;, Zp, U, and <i>h. And, moreover, we will introduce
another assumption called finite p-convexity. Finally, the existence of general equilibrium is
proved. To this end, we give the following definition of finite p-convexity.

Definition 5.1 Let X be a subset of R” and A1) be the simplex of R". Then X is called
finitely p-convex if for any z1,z9 € X and pi,---,pm € int(A™V) there is £ € X such that
pif < pi(BF22) for all i = 1,2,-- -, m.(see Fig.1 and Fig.2)

Let (¢,2) = (¢1,21,- -, dn, 2,) and define the feasible set f‘i(p,z/),z)(given price p and bro-
ker’s plan (¢,z)) of consumer i analagously to ['?(7);and the feasible set Ch(yh) of broker h
analagously to f‘,%(’yh) in Section 3. Define the demand function u;(p, ¢, z) of consumer i as
pi(7) and the demand function 7,(-y;) of broker h as 7;,(y;,) in Section 3.

Let
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E(p) = {Xn(bnszn) + X (Wi i) — 3 1(0,w;) | (Phy 21) € Th(Vh),
Vh € H, (d’is:l"i) € [Li(p, d),Z),V’i € I}

As shown in Heller and Starr(1976), it can be shown that the set T';(y;) and Ti(p, ¢, z) are
all continuous. And, thus, the correspondences p;(p, ¢, 2) and 73,(7,) are upper hemi-continuous
and also compact valued. Now it is not difficult to show that the correspondence £(p) is upper
hemi-continuous . And, moreover, the projection & (p) of £(p) onto the commodity space is also
upper hemi-continuous.

Before the proof of the main result of this section, we introduce two lemmas.

Lamma 5.1 Let P C R! be a compact set and let ¢ : P — R™ be an upper hemi-

continuous correspondence. If Vp € P,

®(p) ={z € R™: 2 > 0,Yu € ¢(p)} # 0,

then there exists a continuous function, W : P — R™, such that W(p) € ®(p),Vp € P(cf.
McCabe(1981)).

Lemma 5.2 Suppose that X and Y are two non-empty compact spaces and that f :
X xY — R is a real-valued function such that

()z — f(z,y) is lower hemi-continuous on X for each y € Y; y — f(z,y) is upper
hemi-continuous for each z € X.

(ii) X is finitely f-convex;i.e.,for any z1,73 € X and y;,---,y, € Y there is Z € X such that
F(@,9i) < 5lf (@1, 0) + f(z2, )] foralli =1, -+, n;

(iii)Y is finitely f-concave:i.e., for any y;,y2 € Y and z;,- -, Z,, € X there exist ¥ € Y such
that f(z;,9) > 5(f(2j,v1) + f(zj,92)] forall j = 1,---,m.
Then

m\i_n max flz,y) = max m\i_n flz,y).

(cf.Granas and Fon-Che Liu(1987)).

We now turn to the main result of this section.

Theorem 5.1 Suppose that & (p) is finitely p-convex and all assumptions in previous
sections except that about producers hold. Then there exists a general equilibrium e* =
((of,x8)ier- (01, 2 )hem, p*) in the non-convex exchange economy, that is, e* satisfies the fol-

lowing condition.
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(i)(¢f, ;) solves problem (x x %) for each i € I;

(ii) (¢}, 25) solves problem (*x) for each h € H;

(iii)e* satisfies market clearance, that is,

Zz,*;—#Z:c,*f——Zwi:O;
h i i

and

Do =) ¢
h i

Remark 5.1:In fact, we only need the finite p-convexity of commodity excess demand corre-
spondence £y(p) of the truncated economy(defined below). If the utility function of the broker is
assumed to be strictly concave, the finitely p-convex commodity excess demand correspondence
&o(p) of the truncated economy is shown in Fig.3.

Proof of Theorem 5.1. We first truncate by a natural number n the set Z;(defined in
Section 3) and prove the existence of general equilibrium in the truncated economy E™. And
then by taking limits, the existence of equilibrium can be obtained as in Geanakoplos and
Polemarchakis(1986).

Furthermore, the cubes C! and C? are also chosen large enough to include the truncated
feasible sets of all brokers.

Note that the consumption sets of all consumers are RIXM. Hence, by the definition of £(p),
to prove the existence of general equilibrium it suffice to show that there exists py € AT*M~1)
such that & (po) N (—RT*M) # 0.

It is equivalent to that there exist zy € 7€y(pg) such that MaXpe A (TxM-1) pz° < 0, where

m = (my,---,7r) as defined in Section 2 and

méo(po) = {(miz1,1, -y mzia, - w2y, - wrzea)|z = (21, 2r0) € €o(po) }-

And it is easy to show that 7&y(p) is upper hemi-continuous and finitely p-convex.

We will prove the conclusion of this theorem by a contradiction. To this end, let, for each
k>T x M,

TxM— 1
Afcx D piZE

={p=(p1, - -.prxm) € A(TXM_I)I

,Z':L...,TxM}.



4

ASCTXM—U

Foreachp € and each z € m€y(p), suppose that there exists a p’ € AchXM_l) such

that p’z > 0. Hence, MAaX , (Tx M-1) p'z > 0. By the continuity of the function MaX , (TxM-1) p'z,
k k

we have

min  max p'z>0.
méo(p) A(TXM=1)
In Lemma 5.2, by taking X = n&y(p),Y = AE:TX“[_U and f(z,p') = p'z. it is easy to verify
that all conditions in this lemma are satisfied. And, particularly, the condition finite f-convexity

of X corresponds to the finite p-convexity of n&y(p).

Therefore,
max min p'z > 0,
AT*M=1) mEo(p)
which implies that there exist p) € ASCTXM_U, such that mingg ) prz > 0 and moreover,

Pz > 0,Vz € m&y(p). This is equivalent to that

o(p) = {p' € &M V2 > 0,V € néo(p)} # 0

for each p € A,(CTXM—I).

Thus, by Lemma 5.1, there exists a continuous function W (p) : AECTXM_U — AiTXM—l)
such that W(p) € ®(p),Vp € ASCTXM_”. Then, by the Brouwer fixed point theorem, there is a
Py € AgcTXM_I) such that p) = W (p}). This means that p)z > 0,Vz € 7&,(p?), which contradicts
the Walras’ Law which has been established in Section 3. Therefore, for each Pk € ASCTXM_I)
there exists 2z, € my(px) such that maXAE.TxM—l) pzr < 0.

Since {m&o(pk)|px € ASCTXM—U, k =1,2,---)} are compact subsets of a compact set , there

is a convergent subsequence of (pg, zx) with limit (p°, 20) .

bl

Note that the set &(p) is empty for each p € JAT*M-1) since ¢ is upper hemi-continuous
and the utility function of consumer 1 is strictly increasing. It is not difficult to show that
p° € int ATXM=1) and 20 e 7y (p?) max, rxam-1) pz° < 0, proving the existence of equilibrium
of the truncated economy.

In exactly the same method as that of Geanakoplos and Polemarchakis(1986), it can be

shown that there exists a equilibrium in the original economy.O

6. Conclusion
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This paper has attempted to attain three objectives:

1. Prove the existence of equilibrium of an asset economy with transaction costs. The model
is sufficiently general to cover most cases(finite states,-time horizon) in the literature.

2. The method of proof proves some new results(see Ortu(1995)) extending arbitrage pricing
dual results to cover transaction costs and different buying and selling prices.

3. In addition, two proofs are provided of existence of an equilibrium with nonconvex
transaction technologies. These proofs are important for addressing economies with fixed costs
in transacting.

One final comment:in Milne-Neave(1996), it is shown that the basic model can be adapted
easily to accomodate a number of variations common in the literature. For example, by con-
sidering I = J = (), and brokers are considered as ordinary consumers with a ”transaction
technology” representing short-sales constraints on trading, the proofs can be interpreted as

proving the existence of an equilibrium with trading constraints.
Appendix

Lemma A1 If the assumption (A.7) holds, then the set Zj is a closed convex set.

Proof. The convexity of Zj is obvious. It remains to show its closedness. Suppose z,’i € Zp
and z,': — z;,. For each k, there exists d)gk) such that (Aqﬁgk),z,’f) € Tht, and, In particular, by
(A.8),(A¢§lk),z§l) € Thyt, where z;, = (maxg z,’i,l,-u,maxk z,’g,M). If {Ad)ﬁlk)} is unbounded, we
may suppose A(qb(k)),’i , — oo without loss of generality.

But, by assumption (A.7),

lim |z|f = o0
k—o0 '

which provides a contradiction and proves the boundedness of {Ad)gk)}. Hence, we can choose a
subsequence {Ad)hk")} from {Aqﬁgk)} such that

lim Ag*™) = Agy,

n—maoo

this implies, by closedness of T}, ;, the closedness of Z;,.0
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Fig.1 Finite p-convex set



Fig.2 Finite p-convex set
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Fig.3 Finite p-convex &(p)




