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Lenormous number of functlonal forms is not the ‘main obstacle.MIt -
is the number of the. methods Whlch generate these functlonal forms
~ar;that matters. The purpose of - thls artlcle ‘is to: present a: survey ofi'

;311 the exlstlng methods of generatlng ~demand functlons.ﬁh %.__

functions.
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I Introduction -~ .o :'fj_

Emplrlcal researchers are always puzzled by the: necessmty of

;choosing sultable demand functlons for econometrlc appllcatlon. Ihe

It is an established_oraotice'tO’start uith defining:a‘utility
function (or a production function) satisfying certain prerequisite
conditions. Demand functions can then be derived by application of
maximization, subject to budget constraints. This is just one of the
methods of deriving demand functions. Nowadays, there are many
others. In this paper we shall review seven methods for deriving

direct demand functions and another seven for inverse demand
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In the next section, we shall review the methods of generating
direct demand function. We shall offer a historical accéunt of the
development of these generating methods: in Section II.1l we describe
the traditional methods; in II.2, the duality methods; and in Section

II.3, the direct specification methods.

In Section III we shall review methods of generating inverse

demand functions.

A comprehensive table listing all these methods, both for direct
and for inverse demand functions, follows the text of this paper. In
addition, an example of applying these methods is given in the

Appendix.

All the methods in this paper are concerned with factor demand,
and are based on the production theory. It is understood that the
same methods could be applied to the consumer theory as well. In
that case, factor demand would become commodity consumption demand.
This similarity has been recognized by Blackorby, et al. (1978),

Theil (1980), and Krelle (1981).

1T Methods for Direct Demand Function

II.1 The Traditional Methods
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Before duality theory became widespread, there were three methods

for generating demand function:
(1) Production maximization, subject to budget constraint;
(ii) Cost minimization, subject to production function; and

(iii) Profit maximization.

Details of these methods can be found in any elementary textbook, we

- therefore just briefly review them here.

The first common step of these methods is to specify a production

function. Generally, the production function should be
_ 2
(R-1) Continuous, positive monotone, and quasi concave.
Suppose y is the production level, x are inputs factors, and

(1) y = f( xpnnnn X ) ,

is a production function satisfying the above-stated conditions. The

1 .

The corresponding methods in the consumer theory are

(1) Utility maximization, subject to budget constraint;

(ii) Minimization of the cost of utility; and

(iii) Profit maximization of the consumer as a seller of utility.

These terminologies were invented and used by Theil. See Henri Theil
(1980, Chapters 3 and 6).

2
These are called the regularity conditions, according to Blackorby,
et al. (1978, pp.15-17), or Diewert (1974, p.116).




budget constraint can be given as:

(2).' ZP-X.i:M- . 1

Eqdation (2) can also be regarded as the cost value.

Method (i) is equivalent to maximizing the objective value in
Eq. (1), subject to Eq. (2). Similarly, method (ii) means minimizing

the objective value of Eq. (2), subject to Eq. (1).

~In both cases, they produce the following maximizing (or

minimizing) solution:

(3) P _ Py 1
' f f. A ,
i N

for i, j = 1,2, ..., n; and i#j ; where

f o= af (x)

1 Bxi

and A is the Lagrange multiplier.

By means of method (iii), however, we maximize the following




expression of profit:

(4) P Y -z p1X1

with y being given as in equation (1), and P is the price of y. In this

case the maximizing solution is

(5) P; Pj ..
1l = o =p s for i, j=1,....,n

£ fj ' and i.# J

Eq. (3) involves solving for the value of X , but for solving
Eq. (5) one needs the knowledge of P. Thus these methods are

equivalent. For a given production function, these methods should

produce the same demand function solution.

As a summary, let us rewrite these methods mathematically in the

following formula:

Method (i)

(6) X = { x:max ( f(x) | Zp.x; <




6 -

Method (ii)

n
(7) x = { x: min ( L psX; | f(x) >y ) } , and
Method (iii)

n
(8) x = { x: max( Py - £ p;x; ) and y = f(x) }
X i

1
I1I1.2 The Duality Methods

Parallel to the three traditional methods, there are three
duality methods, namely
(i) Applying Roy's identity to an indirect production function;

(ii) Applying Shephard's lemma to a cost function; and

1

We call those methods of generating demand function that arise from
the duality theory the duality methods. For an extensive treatment
on this topic, see, e.g. Fuss and Mcfadden (1978), Blackorby, et al.
(1978), and Diewert (1974).




| 1
(iii) Applying Shephard's lemma to a profit function.
PP p

Let us consider them one by one.

(a) The Indirect Production Function and Roy's Identity

This method of generating demand functioﬁs begins with the
specification of an indirect production function. Such an indirect

function should fulfill another set of regularity conditions:
(R—Z) Continuous, negative monotone, and quasi convex.

It has been proved several times (e.g. by Shephard (1953), Lau
(1969), Diewert (1974), and Blackorby, et al. (1978)) that these
conditions for the indirect production function are completely

equivalent to the conditions for the direct production function.

Suppose an indirect production function fulfilling the regularity

conditions given above has the following form:

Py Py P,
(9) V(p/M) =V(F1—1_:"M—:--~-sﬁ—)

T
It is also called indirect cost function. See Blackorby,et al.
(1978, p.14). The profit function can also be called indirect profit
function to be distinguished from the direct ones with a production

function.




This function is homogeneous of degree zero in p's and M. Given

such a function, we may apply Roy's ldentity to obtain the demand

function for x:

oV
(10) aipi/Mﬁ
10 X. =
! p_av P
ia(pi,/M) ™ .

Instead of writing the indirect production function as a

function of normalized prices, one can write it in a general form:

* *
(11) V= VM, by Ppeeeees )

In this case Roy's Identity yields:

Alternatively, one can obtain an indirect production function

by substituting the production maximizing inputs into the production




function. Suppose we obtain such production maximizing inputs, x, by
means of equation (6). By substituting these demand functions back
into the production function, say Equation (1), we may obtain the
desired indirect production function. This proceduré may be compactly

represented by the following form:

n
(13) v{p/M) = max { f(x) | L piX; < M}
X i

In such a case, the duality between the regularity .conditions and
between the direct and indirect functions is completely

established.

Of course, application of Roy's Identity to the resulting
indirect production function leads again to the same demand function

for x.

(b) Cost Function and Shephard's Lemma

Instead of using an indirect production function, we could also
start with a (indirect) cost function. There are also two ways of

obtaining it.

In the first place, one can specify an arbitrary cost function as
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a function of the input prices and output level. Such specified cost

functions should also possess the properties given in (R-1).

If the production function, f(x), satisfies the regularity

conditions, the cost function should also satisfy the same

‘ 1
conditions. The only difference is that these conditions now refer
to the input prices, whereas in the case of a production function

they refer to the input factors. In addition, the cost function

should be positive in y, the output level.
Suppose C is such a cost function and is defined as follows:

- (14) C = C( Pla p2: ----- ’ pn3 y )

We can apply Shephard's Lemma to this cost function to generate the

demand functions for x

Cost function refers always to a certain level of production.

!

See, for example, Diewert (1974, p. 156)- for proof. - -

2 :

It is also sometimes called Hotelling's Lemma because it was
Hotelling who first used the technique. See Hotelling (1932).
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Thus if the production function is homothetic, the cost function
1 &
can be decomposed into two parts

(16) 'C =y

"
<
()
~~
o
N

where p is the degree of homogeneity of the underlying production
function. Therefore, the demand for x could be generated in a

slightly modified way:

| 1
(17) X = y“_a_c__(.E.L

Alternatively, the cost function can be obtained by substituting

the cost minimizing factor demand into the cost terms:
} n

(18) C=1Z p;X
i

where the cost minimizing factor demand may be obtained by means

of Equation (7).

1 .
See Shephard (1953, p. 43).
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In this case, the duality between the regularity conditions
for the production function and those for the cost function is
completely established. The demand function for factors of

production can be derived by the same Shephard's Lemma given in

Equation (15).

(c) Profit Functions and Shephard's Lemma

‘Another main contributor to the duality theory after Hotelling
and Shephard is McFadden. Unlike Shephard, McFadden concentrates on
the relation between profit and production functions. This results in

another possibility for generating demand functions.

As before, we can obtain (indirect) profit functions from the
production function or by direct specification. The first method
makes use of the following procedure (under the assumption of the

existence of the maximum):

n |
(19) ™= max (Py - 2 P ) ’

1

In addition, profit functions also provide the possibility of
generating supply functions of output. But this is not our concern
here. References to this matter can be found in Fuss and McFadden

(1978).




- 13 -
where y = f(x) is defined in Equation (1), and T is the profit.

That is, we solve Equation (8) as a first step for the profit
maximizing factor demand, x. Then we substitute these demands into
the profit term. If the maximum exists, we can obtain a (indirect)

profit function.

Lau (1978), for example, has proved that the condition for the
existence of a profit function is that B, the degree of homogeneity
of the production function, is smaller thaﬁ one. This should be
interpreted as a mathematical or technical condition because
otherwise the whole approach does not conform to economic reality.
'Only those firﬁs with decreasing returns to scale could have a

1
maximum.

Altenatively, one can directly specify a profit function. The
thus specified profit function should conform to the regularity

conditions (R-2) with respect to the input prices.

Shephard's Lemma generates demand functions from the profit

function as given below:

(20) - Xi = a'“/ap.i

1 ) .
‘Krelle (1980) has explicitly pointed out this shortcoming of the
profit function. See Krelle (1980, p.401).

2 v
Derivation of this Lemma can be found in McFadden (1978, pp. 74-75),
or Lau (1978, pp. 142-45).
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In this subsection, we have reviewed the three duality methods,
which are dual to the traditional methods given in the last sub-
section. As observed above, duality methods can lead to the same
factor demand function. Thus we need not specify production function
all the time. We can as well specify an indirect production function,
a cost function, or a profit function in order to obtain desired
demand function. If specification is more or less an app:oxiﬁation
to an unknown true function, it may be just a matter of taste,
in which step we make specification. In this sense, we may also
directly specify demand function. This is the topic of the next
subsection. For traditional and duality methodé, thére are regularity
conditions restricting the function to be specified. The purpose
of imposing such restrictions is to make the specified function
theoretically meaningful. This is also true for the case when
demand fuﬁction itself is specified directly. But now, such
conditions are called integrability conditions, which involves the
integrability problem of the system ofrdemand’functions, i.e.,
the problem of whether this demand system is derivable from a
cost-minimizing or profit-maximizing firm with neoclassical

production function.

IT.3 Direct Specification

There are a lot of possibilities to specify a system of
demand functions. Therefore it is impossible to include every
approach in this section. We just present some of the well-known

specification methods here.
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“ An important problem concerning this method is the integrability
of the system of demand functions, i.e., whether the demand functions
“in question are theoretically derivable from a well-behaved production
function. It is therefore appropriate to introduce these integrability'

conditions here, before we consider the different demand systems them-

selves.

The study of these conditions has a long history. Antonelli (1886)
is the pioneer in this field. Other contributors are Samuelson
(1950), Hurwicz (19715, Hurwicz and Uzawa (1970), Jorgenson and Lau

(1979), among others.

Thesg authors proved that if a demand function or system
satisfies the integrability conditions it is eligible to be a demand
- function éerivable from some good behaving production function. And
this underlying‘production function will also satisfy the regularity

conditions (R-1).

The following integrability conditions are due to Hurwicz (1$71)

and Hurwicz and Uzawa (1971):

(1) Non-negativity

“(ii)  Summability




(iii)

(iv)

(v)

(vi)

Continuity
The demand functions should also be differentiable with respect

to their arguments.

Rationality

Give any & , and

X,
| 5g— 128

for all i, such that the Engel's curves do not explode.

o

Symmetry

The Slutsky-Hicks matrix should be symmetric.

Monotonicity

The Slutsky-Hicks matrix should be negative semi-definite.

Hurwicz and Uzawa (1971, pp. 116-124) have shown that conditions

(1), (ii), (iii), and (v) are necessary conditions for production

maximization, but conditions (iv) and (vi) are also needed in order

to satisfy the sufficient conditions.

A set of adding-up conditions follows directly from condition

(ii), summability. This results from the requirement that the demand

functions and the budget constraint should hold at the same time.




This implies several constraints on the coefficients of the demand

system-

3

Generally, the first four integrability conditions will be
satisfied by most demand functions, and the last two become essential

in this sense.

Hurwicz (1921, p-178) distinguished between mathematical
integrability aﬁd economic integrability. For a demand function to be
mathematically integrable, it is sufficient that conditioh.(v) be
fulfilled. However, in order that the demand function can also be
economically integrable, condition (vi), monotonicity, must also

be satisfied.

Generally speaking, condition (v) guarantees a solution to the
maximization problem, but conditon (vi) is essential for the solution

to be a maximum instead of a minimum one.

We shall show four examples of demand functions, which were
designed by means of direct specification. No explicit or

specific production functional form is used.

One might further distinguish between local and global
integrability. The former is a weaker definition meaning that the
demand function might not be integrable everywhere, but should be
integrable at some points. :




(a) Demand Function from ¥ourgeaud and Nataf (19Y59)
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Fourgeaud and Nataf claimed that demand for any good depends on

three variables: total expenditure, M, the aggregate price index of M,

P, and the price of the specific good,P;: The implicit functional form

of this demand is‘

p.
M !
(21) | x, =x; (5=, )
or letting
u=MP , Vi = pi/P
we have
(22) . = x:( u, v;)

They gave a very general functional form:

(23) xiﬁ, v.) = (K(u%ai(vi)+ bﬁu)) /s
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< where K, ai , and bi are functions of a single variable u, or \a

The adding-up conditions require that

n
? ai(vi) =0

and

n
z bi(u) =u
3

The candidates for these single variable functions are

A-log{u) + B

- n .
(24) Ku) = { A-log( (1-a) 1?0‘]%-1 J+8
Asu + B ’ ’
5§ - tiViB
(25) ai(Vi) = {

s;-log(vy) + hy ; and
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(26) b.(u) = 55U

In the above specification, A, B, a, o, B, S and hi are all
constants. Eq. (24) repreéents the specification of the activity

(income) variable, and Eq. (25) that of the price variable.

These functional forms are specified under consideration of
the symmetry conditions, so that the demand functions are at least
mathematically integrable. An empirical work based on these functions

" is done 'by Nasse (1973).

(b) The Klein-Rubin Function

With the aim of measuring the cost of living index without using
a subjective utility function, Klein and Rubin (1947-48) suggested
a kind of demand function, which became popular in demand theory for

quite a long time. Their specification was

, n P
(27) X. = L a..—% + B.—Ji- , for all i's.
j i Py
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for all i's. If these demand functions satisfy the symmetry

condition, it should be possible to write them in the following

form:

{

P ‘
B.Y»—Al - Y. , for all i's .

1] Pi 1

+
.M 3

= g
.(28) . Xi = Bi pi

The utility function corresponding to this demand system was

traced out by Geary (1950), and Theil (1975) proved that the Hessian
matrix is negative definite. Thus this demand function is both

mathematically and economically integrable.

(c) The Rotterdam (Theil and Barten) Model

By inquiring into the condition of the constrained utility
maximization without referring to any specific utility functional

form, Barten (1964, 1977) and Theil (1965, 1975) developed a demand

1
" I.e.,

%5 T 85 T S4yY5 :

where Gi' is the Kronecker delta. See Klein
and Rubin( 1974, P.86 ).
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equation system, called the Rotterdam Model. The essence of this

model is the following system of equations for the change of the

- demand share:

n
(29) - wid(log xi) = ui( d(log M) - E zkd(log pk) )
n n _
+ § vi;(d(Tog py) - 2 ud(log p,) ) :

where u, v, and z (with the subscript i,j, and k =1, 2, ..., n)
could be constants or variables depending on M and p's, Wi is the
. share of the ith commodities, uj méy be called the marginal share,

and vy may be called the price coefficient. The V.. -matrix is

3 i3]
“inversely proportional to the Hessian matrix. In other words, the
term after uy stands for activity variable, and the one after Vi

for price variable.

The formal Rotterdam model is written in a kind of lagged form
called log-change because infinitesimal changes of data are not

observable generally.

These three specifications of demand functions follow from
. different points of view. Fourgeaud and Nataf postulated the
possibility of aggregating the individual price indexes into a single
" one and thus simplified the demand functions. Klein and Rubin started
from the cost of living while Barten and Theil inquired into the ~

system of eqdations describing the maximum utility.
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However, they have one feature in common: they all try to avoid
the specification of the direct production function or any indirect
function. Krelle and Pallaschke (1981) did the same, but employed a

more straightforward approach.

(d) The Krelle and Pallaschke Function

Krelle and Pallaschke (1981) assume an implicitvdemahd function

as follows:

)

=

'(30) _ X:P:
: iti = ¢i(x1, ...... .xn)
with 05 = X "H(.) , and
Zd’i(') =1

By application of Taylor's series expansion to this equation, we
y app y P q

have:
(31) . X:Ps n p nn
Y 2=a10 + § aijxj + 5 ?E aijkxjxk
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‘Note that in this equation, terms of more than 2 degrees in Taylor's series
are excluded for simplification. This is the one called the quadratic
approximation to a true demand function. Similarly, we could also

have a linear approximation:

(32) X:P.
| Ty LNEN

Of course, this is only an inverse demand function. For an extensive
treatment of this function regarding the direct demand function,

the utility function, and its dual, see Choi (1984).

)

- This approach by Krelle and Pallaschke is the simplest among all
so far considered. Iﬁ involves no_differentiation‘except in expanding
Taylor's series. Although différentiation shouldbnot hinder an
economist from finding an appropriate demandifunction; the philosophy
of develdping so many approaches is to make demand analysis easier, so
that economists can concentrate on the economic context rather than on

the mathematical task. Unfortunately, sometimes the opposite is true.

The Krelle-Pallaschke approach can be extended to any other
implicit demand function. Equation (29) is just an example. Thus a
great number of demand functions can be generated by means of this

prroach, and they depend on
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(i) the different degree of accuracy as determined by the order
of Taylor's series,
(ii) the different funcational forms for the arguments in Fhe
~ implicit functions, and

(iii) the different implicit forms.

Furthermore, each of the implicit forms ‘given above has its
counterpart, e.g., the inverse demand function. From this point of

~view, the Krelle-Pallaschke approach is the most general approach.

Al

This section covers half of the scope to be reviewed. It is,
of course, of certain weight due to the popularity of these methods.
All traditional methods and most duality methods are very common‘and
occupy therefore smaller space. Each of the approaches of direct
specification forms itself a theory. The review here is in no way

complete and thorough.

Traditional methods are those which use direct (production )
function. They are methods (a), (c¢) and (e) in Table 1. As a
consequence, duality methods are those which use indirect function and

they are methods (b), (d) and (f) in the same table.




I1I Methods for Deriving Inverse Demand Functions

Although not very common, it is sometimes desirable to obtain
inverse demand functions,{i.g., the demand functions with prices on
the left-hand side and quantities on the right-hand side of the
equaﬁion. An inverse demand function can be obtained from the system
- of direct demand functioné, provided that the system is invertable.
'ngever; parallel to each of the methods ﬁentioned above, there is a
method of thaining inverse demand functions. These methods are listed
in column 6 of Table 1; side by side with the methods of generating

direct demand functions. A detailed description is given below.

1 :
Though it is possible to copy the arrangement of the last one, this
section is organized according to the order in Table 1, because
there are practically no traditional methods in this part.
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(a) Production Functions and Wold's Identity

Wold's Identity is dual to Roy's Identity, and is defined as.

(33) P sy D oy
T e R

If we have a direct production function, say equation (1), then the
system of indirect (or inverse) demand functions can be obtained by

means of this identity.

(b) Minimization of the Indirect Production Function

Given an indirect production function, one can obtain the system
of inverse demand functions by minimizing this function subject t6 the

budget constraint. Thus,

(34) 2 =B imin (VD) | Do
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If the indirect production function is derived from the production
function, the inverse demand function so generated will be identical
to that derived by the last method, and it is also identical to the

inverse of the normal demand function.

| —

(c) Distance Function and Shéphardis Lemma

':Distance function is sometimes called transformation function. It
can be interpreted as an implict production function. It represents

implicitly the combination of inputs and output:

+

(35) D(y, x)=1 - » :

~ The distance function seems, at first glance, somewhat super
fluous, but it is a powerful tool in duality analysis. There are two
formally different but equivalent definitionsrof the distance

function:

(36) D( y; X ) = max {wi >0 | f(;) >y } , or
A ] .




(37) | . D(Y:X)'_‘m'ln{):ple(E))y} . . o
p .

. 1f the indirec production'within'Equatién-(36) is 'derived from
the dlrect productlon functlon, these two definitions: 1ead to the
same result. Alternatlvely, one may dlrectly specify a distance
function. In any case, the distance function should possess the same

properties*with respect to x as the cost function with respect to p.

Given a distance function, because of the duality property;’one

e - P

“may apply Shephard's Lemma to obtain the inverse demand function:

_ (38) p; = 30/0x;

(d). Cost Minimization subject to the Indirect Production Function

Analogous to method (b), one may minimize cost subject to indirect

production function:
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' n . '
(39) Py = L py K m;" (?pixi v >2y) .

This is actually a step within the process of derivating the
distance fﬁhction;‘Thus’ifmwé bééin‘w{tﬁwfﬁé §ghé>indiréEE“pfbduéﬁibn
function, we should arrive at the same inverse functioﬁ. Furthermore,
if the indirect production function is derived from the direct
productién function, then the inverse demand function is identical to
the inverse of the normal demand function. |

.

(e) Gauge Function and Shephard's Lemma

Similar to the distance function, the gauge funcion is the
implicit function of the profit function. A formal definition of the

gauge function is given as below:

n
(40) G(y, x ) =max (Py - L piX; )
p i




' 1
where P, the price of y, is supposed to be a function of p and y.

If G(y, x)‘exists, then Shephard's Lemmaryields the following

results:

P

(41) “ aG_-/éxi -p., and 3G / 23y

The condition for the existence of a gauge fdnction is the same
as that for the existence of a profit function, i.e{,'the degree of
homogeneity should be smaller thaﬁ one. Howéver, undéf perfect
compétition P is homogeneous of degreé one in all p's. Thus the .
gauge function does not exist'in this‘case. If we sgecifyﬂa price
functioﬁ for P with a degree of homogeneity less than one, this

method ié'appiicable.

The gauge function should also satisfy the regularity conditions

(R72) with respect to x. See, e.g. Hanoch (1978, pp.122-23).

1
The functional form of P can be obtained by applying Shephard's Lemma

with respect to P to the profit function:

(42) am / P =y




“(f) Profit maximization with respect to Input Prices

This is, analogous to the method (d), a step before we arrive at

the gauge function. The object function is the profit function:
n

(43) ‘ m = Py - Ipx
i

where P is a function of p and y as mentioned in the last section.

The first-order condition of this profit maximization problem is

!

@ am w S ]
; ) =y - X ’ I
. ap'i api ]‘ ;
‘or

X. X.

1 J
45 y = =
ot P 2P

3Pi apj

Inverse demand functions follow from these conditions.

=
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(g) Direct Specification

This field has already been covered in subsection 11.3, There is
nd need to repeat it here. Of particular interest is the inverse
demand.functions developed by Krelle and Pallaschke (1981), see Egs.
(31) ;nd (32). If one is interested in inverse demand function, they

are ones with the simplest form.

There'are.practically no such methods as traditional for deriving
iﬁverse function. It is partly because in&erse demand function is not
$genefa11y used. Secondly, these methods can be regérded as by-products
of the duélity theory. Thus they are quite new. Peculiar enough, |
"within this pait, those methods which employ indirect (production)
function are more familiar and easier to be understood than those
which use direct (production) funétion. Methods for deriving inverse

demand function are listed in column 6 of Table 1.

: 1
All methods in this review can be summarized in one table. These

different methods are applied, as an exercise, to the Cobb-Douglas

production function in the Appendix.

Note to Table 1, in column 4 the following abbreviations are used:
C = continuous,

PM = positively monotone,

-QCA = quasi concave, B

NM = negatively monotone,

QCV: = quasi convex, and

I.C. = integrability conditions.
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‘Appendix

Application of the Methods of Generating Demand Functions

to the Cobb-Douglas Function

The production function is assumed as:

A
Wy p
B | B
whefe,
n ) '
_Zdi = 1, and
i

B is the rate of return to scale, or the degree of

homogeneity,-

The indirect production function, T](b),,] , 1s derived according

to Equation (13):

o
(a2) Vo= p{TT(fé) |k
i %4

The cost of production, Ti(c), is defined by

S n
(A3) | c = %;_pixi .

1Tl(b) stands for Table 1, row b; and Tl(c/6) for Table 1,
row c, column:6; etc.. .




-3\6-

Thus the cost function, T1(d), which follows from Equation
(18 ) is:

(AL) c = y'/M|mhy
106

The distance function, Ti1(c/6), follows from Equation
(37") is:

 (45) D = My~'/R ‘;foii

The profit, Ti(e), is defined by
(A6) 1T= py - Zpixi, ’

i

“where y = f(x).

The profit function, TI(f), follows from Equation ( 19 ) :

A

| ‘ o, Pi 4¥i | 1+

(A7) M= (-pp U(&-) p'
o Ty

’

where 1= p/(1=p) . Thus if p=1, Eq. (A7) is not meaningful.
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The supply function is determined according to Eq. i(42):
1
-di

(48) y o= optimed et
i

Thus after a slight alternation the aggregate price function

becomes obvious:

(49) P o=yt

The gauge function, T1(e/6), is derived in the following

way. Let

1

; ~ ) TC o .
(A10) P = p , where § is any positive constant,

or the degree of homogeneity of the prlce aggregation function.
- Then, by means of Equation (40) with P in place of .P, we obtain

for the gauge function:

g 1
—g+1 -~
(A11) G = (1-8)(3) yP+ Tx, 1
P i 1 N

where & = &/(1-8) .

Note that if u =1, @G is.completelyvanalogous to the
profit function (A7). The generation of the demand
functions is obvious in all cases except (perhaps) in

the case of profit and gauge functions. We consider therefore

only these two cases below.




The profit function and Shephard's Lemma

we have
But from equation (A8)

therefore

(A12) X

since n= p/(1-p) . ' - | :

Applying Shephard's Lemma to the profit function (A7),

| ~d 11 {
p; i
- X; = (1—}1)}1'L'P]Jrrl T;;T(O—(J—‘) (—L(iq)/pi .
i .

" n
i

. P’.
py = ple LTI

1 ’

ke
1

L = =(1-WPy (-4 /p;

]

The gauge function and Shephard's Lemma |

Shephard's Lemma yields:




- pi = - ——

and by equation (Al11):

- By = 0-D)Fy(-dih)/x;
= -o(,.S?Z-
T xg
or
(A13) py = 8%
. o , , - xi o

Applization of the method in T1(£/6), i.e. profit
maximization with P as a function of p and ¥y, leads to

the same result as equation (A413).
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