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UNCERTAINTY AND EQUILIBRIUM
IN A HOUSING MARKET

Allen J. Scafuri*

l. Introduction

Traditional models of residential location such as those of Alonso [1], Muth
[5], Mills [4] and Beckmann [2] postulate that in a monocentric city land rents
must decline with distance from the city center to compensate for increased
commuting costs. Derivation of the rent gradient in these models implicitly
assumes that commuting costs are known with certainty. While this assump-
tion has often been accurate for extended periods, it fails to describe condi-
tions of the last decade when fuel prices were volatile and subject to con-
siderable uncertainty. Since commuting costs play such a central role in
models of residential location, uncertainty about future fuel costs is likely to
significantly alter their results. The purpose of this paper is to present a model
of residential location which explicitly incorporates this source of uncertainty.
It is organized as follows.

in section I we present a simple model of consumer choice and equilibrium
in the housing market under conditions of certainty. Section lil introduces the
problem of uncertainty and examines the way in which uncertain commuting
costs alter consumer decisions. In Section IV the effects of uncertainty and
the consumer’s attitude toward risk are made more precise in a way which
allows comparisons to be made among the decisions of similar individuals.
Section V considers the structure of equilibrium rents which emerges under
uncertainty and points out the way that this equilibrium differs from the
standard one. Finally, Section VI contains some concluding remarks.

Il. The Standard Model: Certainty and Choice

It will be useful before proceeding to consider a simple model of the
monocentric city with certain commuting costs. We shall examine only the
consumer side of the market and the adjustment process toward equilibrium;
no attempt will be made to incorporate the supply of housing. This omission
will slightly weaken some results because we cannot limit the number of
consumers who “pile up” at a particular location. However, this difficulty not
withstanding, an examination of consumers’ choices and the conditions
necessary for equilibrium permit several strong conclusions about homo-
geneity within consumer classes and the spatial distribution of individuals.

Consumers are assumed to receive utility from housing, a composite
consumption good and leisure. Choices are constrained by a time budget and
an income budget; income is allocated among rent, consumption and explicit
commuting costs, and time among labor, leisure and commuting. Residences
are available at any distance from the city center but each individual must
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commute to the central business district. Thus, each possible choice of
location incurs for the customer costs of commuting both explicity and implicit.
The gross price of housing is the sum of rent and commuting cost and if utility
is strictly increasing, utility maximization requires the gross price of housing
be minimized for each choice of housing type.

This model of residential choice may be formalized by examining the
individual’s “bid function.” The bid function expresses the rent a consumer
could offer for housing of a given type at each possible location while
maintaining a fixed level of utility. A family of such functions exists with each
member corresponding to a different utility level. If housing of a given type at
each location could be obtained at a rental rate equal to the bid given by a
particular member of this family, the consumer would be indifferent among all
possible locations.

Formally, individuals are assumed to maximize a separable monotone
utility function u whose arguments are housing services H, a single composite
consumption good x and leisure 1. They are constrained by a time budget and
an income budget. Time is allocated among labor L, leisure and commuting
time. Income is allocated among consumption purchases, housing rent and
explicit commuting costs. Given a residence at distance D from the city center,
commuting time is d(D) and explicit commuting costs are C(D). Market rental
rates are given by R(H,D), q is the price of consumption, w the wage rate and t
the initial endowment of time. The problem of the consumer is then

(1) Maximize U(h, x,4)s.t. t =1L + % +d(D)
wL = gx + C(D) + R(H,D)

Let
(2) V(q, w, 4) = Max {U(H,x.9): w(t=)-gx - (H) =0}

where $(H)=R(H,D) + C(D) + wd(D) represents the gross price of housing.
V is the indirect utility function and is strictly decreasing in ¢. Notice that both
time and income budgets have been combined into a single constraint;
implicit costs of commuting are evaluated at the consumer’s wage rate.
Moreover, because the utility function is separate, an increase in implicit
commuting costs may be offset either by a reduction in leisure time or reduced
labor, and hence consumption, without influencing the marginal rate of
substitution between other utility arguments. Maximizing V(q,w,¢) by choice
of D yields a solution to the consumer’s problem. If housing type H is chosen,
duality assures that maximizing utility is equivalent to minimizing the gross
price of housing of that type.

The consumer’s family of bid functions is defined implicitly for housing type
H by

(3) V(q,w,B(H,D,v) + C(D) + wd(D) = v

for v which are solutions to {2). Here, B(H,D,v) is the bid for housing of quality
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H at distance D the consumer could offer while maintaining utility v. Since V is
monotonic in the gross price of housing, each member of the family of bid
functions must be such that the gross price is constant over all distances. That
is, for each feasible v, bids must satisfy

(4) B(H, D, v) = ¢ — C(D) — wd(D)
wherev = V (q, w, ¢,).

One possible choice of residential location is the city center where the gross
price of housing consists of rent only. If the consumer is willing to bid B(H, O, v)
for housing at the city center, bids for housing of the same type at other
locations must satisfy.

(5) B(H,D,v) = B(H,0,v) — C(D) — wd(D)

along the same bid function. Bids must decrease with distance from the city
center and the rate of decrease is equal to marginal commuting cost.

To simplify subsequent analysis we shall henceforth assume that both
explicit commuting cost and commuting time increase linearly with commut-
ing distance. Thus, each member of the family of bid functions must be a
decreasing linear function of distance and we shall refer to marginal commut-
ing costs as the “price of distance” denoted p(w) where w indicates de-
pendence on the consumer’s wage rate. Equation (5) may thus be written:

(5) B(H,D,v) = B(H,0,v) — p(w) D

and where no confusion is possible we shall, for notational convenience, omit
the argument v in subsequent reference to a particular member of the family of

bid functions.

If all commuting costs are known with certainty, it is relatively easy to move
from individuals’ bid functions to market equilibrium prices. Each consumer
has a family of bid functions for housing of a given type, each member
corresponding to a solution to (5) for some B(H,0). Since utility is strictly
decreasing in gross price of housing, the objective of each consumer is to
obtain housing of a given type for the lowest possible cost. We may formalize
the adjustment process by assuming that each consumer submits a series of
bids on houses at alt possible locations in amounts given by a member of the
family in bid functions. A house is obtained by submitting the highest bid for its
location. A consumer who does not obtain a house at the initial bid must move
to a higher bid function. A consumer who submits the highest bid on at least
one location may retract that bid and/or submit lower bids until housing is
obtained at the lowest possible cost. Bids must exceed a reservation rent
equal to the value of land in alternative uses and assumed constant for any
distance.

Equilibrium is attained in the housing market when each consumer obtains
ahouse and no consumer can increase utility either by moving or by offering a
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lower bid. To make this precise, if | is the index, set of consumers, B' (ﬁ,D) is
the bid function of consumer i, R(H),D) is the equilibrium rental rate, r is the
reservation rent and consumer i obtains a house of type H at location D, then

(6) r <R(H,D) = B(H,D) = sup B (H,D)
jel

and B‘(I:I,E)) is the minimum bid for which the right hand equality is satisfied.

From equations (57) and (6) itis clear that if all consumers earned the same
wage, equilibrium rents would decrease linearly at rate p(w) to reservation
rent at the city’s periphery, thus leaving all consumers indifferent among all
houses of a given type regardless of location. If wages differ, the form of
equilibrium rents may be complex but the foregoing analysis suggests a
simple typology of consumers. We will say that two individuals are “similar” if
they choose the same housing type; they are “identical” if they also earn the
same wage. Notice first that any two identical consumers must, in equilibrium,
have the same bid for all houses of the chosen type. Each individual must be
indifferent between obtaining his own residence and those obtained by others
of his class at equilibrium rents. |f a consumer were to “envy” an identical
person’s choice, i.e., be willing to offer a higher bid, he could obtain housing of
this same type at a lower gross price. The existing situation would not be an
equilibrium.

Furthermore, our analysis implies that similar classes of consumers will
stratify themselves in equilibrium according to their wage rates. No consumer
will reside nearer the city center than a similar individual with a higher wage
rate. If consumers i and j are similar, have wage rates w' and wi and reside at
distances D' and D' respectively then in equilibrium B (H, D) > B (H, DY) where
H is the housing type chosen. However, if w' > wiand Di < D' it follows from
(5") that because the price of distance is greater for consumer i, B(H,D) for all
D > Di. In particular, this inequality must hold for D = D'so that the locations
chosen cannot be an equilibrium. Consumers with the highest wage rates will
thus claim that housing of the given type which is nearest the city center.
Consumers with lower wage rates may obtain housing of equal quality, but
only by accepting longer commuting distances.

lil. Residential Location Choice Under Uncertainty

We now turn to the case where the true cost of commuting is uncertain. If
explicit commuting costs are subject to random fluctuations, the price of
distance is also a random variable. Each choice of a residential will incur for
the consumer an uncertain gross price of housing and, because this is an
unavoidable expense, will induce uncertainty as to the actual level of con-
sumption, or possibly of leisure, which will be realized. To model the con-
sumer’s choice problem under uncertainty we shall assume that the price of
distance, p(w), is a random variable with subjective probability F(p) = prob
[P(w) <p] concentrated on the intervai [a: (w), «) where a(w) is the implicit cost
of distance for a consumer with wage rate w. Further, we shail assume that the
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consumer’s utility function is separable, monotonic, strictly concave and of
class C.2

The problem of the consumer is now one of expected utility maximization and
may be stated as

(7) Max E{UHx,)} s.t t =L+ dD) +38
wL =qgx + C(D) + R(H,D)
P(w) D =wd(D) + C(D)
prob = [P(w)zp] = F(p)

where E is the expectation operator. This is equivalent to the problem

(8) Max E{V(q,w,4)}
D

where V is the indirect utility function defined in equation(2) and ¢ = R(H,D)
+ P(w)D is the (uncertain) gross price of housing. The consumer’s family of
bid functions is now implicitly defined by

(9) E{V(q,w,B(HD,v) + P(W)D)} = v
for v which are feasible solutions to (7) and by the implicit function theorem, B
(- ) is a C' function of distance. That is, for any member of the family of bid

functions, expected utility is constant for all possible locations and hence the
bid function must satisfy

—(%E{V(q,w,(b} = E{V4(qW,$) (Bo(H,D,v) + P(W))} = 0

or, since P(w) is the only source of uncertainty,

E{(Vo(a.w,$)P(W)}
E{Vs(a.w.o)t

0 _gyHDY) =

Equation (10) describes the rate of change of the consumer’s bid function
as distance from the city center varies. We wish to examine the behavior of a
member of the family of bid functions for a fixed housing type. If the consumer
were risk neutral we might anticipate a rate of change equal to the expected
price of distance, that is —Bqg (-) = E{P(w)}. However, as demonstrated in
Appendix (1), strict concavity of the utility function is inherited by the indirect
utility function. Applying the result of Appendix (2) to equation (10) yields the
conclusion that the rate of decrease of B ( - ) with distance from the city center
must strictly exceed E{P(w)}. Consumers whose utility functions are strictly
concave must exhibit risk aversion in their location decisions. This risk
aversion will alter their bid functions and, as we shall show in subsequent
sections, change the resuiting structure of equilibrium rental values and the
spatial distribution of consumers.
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IV. Measures of Risk Aversion

Although the standard model of location choice predicts that consumers
with equal wage rates must have identical families of bid functions, this is not
the case under uncertainty. In this section we shall show that differences in bid
functions may arise either from differences in attitudes toward risk or from
different subjective probability distributions over future commuting costs. We
shall do so by exploiting the fact that explicit commuting costs constitute a
relatively small component of consumers’ budgets and hence their un-
predictability induces a “smali risk” in the sense of Pratt [6]. For small risks it is
possible to calculate the certainty equivalent of the consumer’s bid for any
location, the non-stochastic gross housing price which would allow the same
(expected) utility as the random gross price represented by the actual bid. The
difference between this certainty equivaient and the actual bid is a kind of “risk
premium” and for each distance indicates the amount by which the expected
gross price of housing must be below that at the city center to make the
individual indifferent as to location.

Let = be a risk premium such that the consumer is indifferent between
obtaining housing at distance D for the random gross price [B(H,D) + PD]or
for the certain price [B(H,D) + wD + II(D)] where p is the mean expected
price of distance. The two prices must be such that

(11) V(q,w,[B(H,D) + pnD+II(D)]) = E{V(q,w,[B(H,D) + PD}}

Expanding by Taylor series about the expected price of distance and ignoring
terms of order smaller than o?, the right hand side of (11) may be written

(12) E{V(-)} = V(- .E{d}) +"Vye (- E{$)D? 0

where E{¢} = B(H,D) + nD, o = E{(p—n)?} and V,, is the second derivative
of V w.r.t.¢. The left hand side of (11) is approximately given by

(13) V() = V(- .E{d}) — Vs (-, Eld}) 11(D)

Equating (12) and (13) as required by (11) and simplifying yields the funda-
mental relation

Vo ()
From the definition of V and the envelope theoren as applied in Appendix
(1) it follows that the bracketed part of (14) is equal to —q[___ Y= ") Jatthe

u .
maximizing values for & = E{¢} and is therefore strictly positive)f(This termis
equivalent to Pratt’s coefficient of absolute risk aversion (CARA) and serves
as an indicator of the consumer’s willingness to accept risk. In order to
maintain constant expected utility. The consumer’s bid function must vary
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with distance so as to keep [B(H,D) + wD + II (D)] constant for housing of a
fixed type. Because II(D) is strictly positive, the rate of decrease of the
consumer’s bid must exceed the expected price of distance. Furthermore,
consumers who are more risk averse in the Pratt sense will include a larger
risk premium in their bids for housing at each possible location.

Because one possible choice for the consumer is to reside at the city center
where there is no random element to the gross price of housing, the relation-
ships given by (11) and (14) allow us to compute the bid for each possible
location given by a particular member of the family of bid functions relative to
the bid at distance D = O. From (11), (14) and the definition of I1, it follows that

(15 D) = BHO) + D+ % [ #) ] Do

Ve (+)

for housing of each fixed type; (15) allows us to make the following compari-
sons among bid functions of different consumers.

Let B' and B' be bid functions for consumers i and j such that B(H,D) =
B(H,D) for a fixed housing type H. Then the following relations must hold.

Proposition (1):  If consumers i and j have the same wage rates and subjec-
tive probability distributions over commuting costs and i is
uniformly more risk averse than j for each possible ¢, then
B(H,D) > B(H,D) for each D>D.

Proposition (2): Ifiand j have the same wage rates and the same CARA for
each possible ¢ and their subjective probability distribu-
tions over possible commuting costs are respectively F
and Fiwhere p; = [pdF(p) =/pfFi(p) = pjand o* = f(p —.
wi)2dFi(p) =/ (p—w;)*dFi(p) = o3 with strict inequality at least
once, then B(H,D) > BH,D) for D>D.

The above comparison follows immediately from inspection of (15) but
leaves as an unanswered problem the effect of different wage rates on bids of
consumers who are otherwise similar. If they have the same CARA for each ¢,
then that consumer with higher wages, and hence a higher implicit price of
distance, will have lower bids at all distances. However, Pratt has argued that
the coefficient of absolute risk aversion is generally decreasing in its argu-
ment (consumption). Thus, the consumer with greater income should tend to
include a smaller risk premium in the housing bid and submit a higher bid at
each location. The final effect of different wages on consumers’ bid functions
depends on which of these influences predominates.

V. Uncertainty and Equilibrium

The process of adjustment toward equilibrium and the conditions which
characterize equilibrium in the housing market are the same whether com-
muting costs are certain or uncertain. Uncertainty does, however, alter the
bids which consumers submit and hence, the structure of equilibrium rental
values. Furthermore, the simple typology of consumers considered in Section
Il is not sufficient under uncertainty to capture the sources of heterogeneity
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among individuals. Consequently conclusions concerning the spatial distribu-
tion of individuals and their indifference toward various locations may no
longer be valid. We shall present these results as a series of propositions
concerning uncertainty and equilibrium in the housing market.

First, keeping in mind the conclusion of section (l) that if all consumers
have the same wage rents will fall at a rate equal to the common price of
distance, we may demonstrate that uncertainty, even when wages are identi-
cal, must alter the shape of the rent gradient.

Proposition (3):  If all consumers are risk averse, all earn the same wage
and alternative land values are not effected by uncertain
commuting costs, then center city rents will be higher under
uncertainty than they will in the standard equilibrium model
if the actual price of distance is p.

Proof: Since all consumers attempt to obtain housing at the
lowest cost, rental rates at the city’s periphery must equal
the reservation rent r. Let I' be the minimum Pratt coef-
ficient of absolute risk aversion (evaluated at the equiii-
brium expected gross price of housing) over consumers. In
the case of certainty, rent at the city centeris R(H,0) = r +
uDwhere Dis the commuting distance from the periphery.
Inthe case of uncertainty R(H,0)>r +pD + D+ 'F a2 >r
+ uD.

Q.E.D.

Proposition (3) indicates that uncertainty and risk aversion must alter the
shape of the rent gradient. Without uncertainty and with equal wages, we
found in section (ll) that every consumer must be indifferent among all
housing of a type regardless of location. The next two propositions indicate
that even with identical wages, differences in risk aversion or subjective
probability estimates render this no longer true.

Suppose consumers i and j choose housing the same type at distances D'
and D respectively from the city center. Then the following comparison must
hold.

Proposition (4):  If consumers i andj have the same wage rate and subjec-
tive probability distributions over possible commuting costs
and i is uniformly more risk averse than j for each possibie
¢, the D' < D\,

Proof: Suppose, contrary to the proposition that D' > D'. From the
definition of equilibrium Bi(H,D) > B(H,D). However, by
proposition (1) this implies Bi(H,D) > Bi(H,D’) which cannot
be an equilibrium.

Q.E.D.

Proposition (4) indicates that under uncertainty individuals who are identi-
cal in the typology of Section Il and who have identical expectations will tend
to stratify on the basis of attitudes toward risk. A similar conclusion is possible
if individuals who are otherwise the same have different expectations.
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Proposition (5):  Ifi and j have the same wage rates and the same CARA for
each possible & and ;> p;, and o? > o2 with strict inequality
) d i
at least once, then D' > D',
Proof: Proposition (5) follows from Proposition (2). The method of
proof is identical with that of proposition (4).
Q.E.D.

In Section Il we found that location in equilibrium was dependent, for similar
individuals, upon their wage rates. Under uncertainty location decisions are
influenced by attitudes toward risk and expectations but the effect of different
wage rates is ambiguous as noted in IV. Furthermore, the conclusion that
consumers who are identical in the typology of section Il must be indifferent
among residences obtained by members of their class is also rendered invalid
by uncertainty as shown by this last proposition.

Proposition (6): Suppose consumers i and j satisfy the hypotheses of
proposition (4) or (5). Then there is Dwith D' <D< D' such
that B(H,D) > Bi(H,D) for D <Dand Bi(H,D) > Bi(H,D) forD
>D.

Proof: From propositions (4) and (5), D' < D’ and by definition of
equilibrium Bi(H,D} >(H,D} and Bi(H,D’) > B(H,D)). By con-
tinuity of the bid functions there exist D, D' < D' such that
B{(HD) = B(HD). Thus, by proposition (1) or (2) B(H,D) >
B' (H,D) for D < D and Bi(H,D) > B(H,D) for D> D.

Q.E.D.

We thus find that several of the central results concerning the shape and
interpretation of the city’s rent gradient derived in the certainty model of
Section Il will fail to be true when commuting costs are uncertain. Proposition
(3) indicates that even in the simplest case uncertainty must influence the
structure of rents. Propositions (4) and (5) show that under uncertainty it is
expectations and attitudes toward risk which influence location rather than
wages and that in fact the effect of differential wages is ambiguous. Finally,
proposition (6) indicates that while itis true that identical consumers should be
indifferent in equilibrium among residences chosen by others of their type,
uncertainty required that this typology of individuals be expanded to en-
compass not only housing type and wages but expectations and attitudes

toward risk as well.

VI. Conclusion

In this paper we have examined the effect of commuting cost uncertainty on
consumers’ location decisions and on equilibrium housing rental rates. We
have shown that uncertainty must alter consumers’ bids for housing at various
locations and hence alter the structure of equilibrium rents in a predictable
way. In general, we have found that equilibrium rents must decrease more
rapidly with commuting distance under uncertainty because of the risk pre-
miumn inherent in individuals’ bids. A consequence of this observation is that
center city rents must be higher under uncertainty even if consumers correctly
anticipate the actual future price of distance.
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Furthermore, in contrast to the standard model of location choice which
predicts that cities with heterogeneous populations will tend to stratify on the
basis of wages, we find that under uncertainty other influences may determine
location outcomes. Those consumers who are most risk averse or who have
the most pessimistic estimates of future commuting costs will tend to locate
nearest the city center. Under certainty the effect of differential wage rates on
location is ambiguous. The fact that higher wages increase the anticipated
price of distance is at least partially offset by the tendency of high wages, and
hence high income, to reduce risk aversion and so encourage risk taking in
the form of longer commuting distances.
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Appendix 1
The indirect utility function is

V(gw,(H)) = Max {u(hx,): W(t—) —ax—&(H) = O)}
H,x,/

where u is striclly monotone strictly concave and of class C> We wish to
examine the behavior of V as ¢ varies for consumers who choose housing of
type H First, we show that V is strictly concave. Choose ¢, i=1,2,3 where ¢*
= ad + (1 — a)dp?forae(0,1). Let Hx'[) solve the maximum probiem for ¢ =
dandlet(X,L7) = a(x',L") + (1—a) (*L?). Thenw(t—) — gk — ¢* = Oandso
u(H,x3 %) > uH,0). Since u is strictly concave UHX,D) > au (H,x LY+ (1 -
o) uHxz,?). Thus, V(q,w,¢°%) > a V(qw,¢’) + (1 — ) V(q,w ,$?) and Vis strictly
concave. Furthermore, it is clear that V is strictly decreasing in ¢ and, by the
implicit function theoren, of class C~

If follows by the envelope theoren that

Vo(-) = u(-) X = -ux(-)q
dé

and
Vool *) = Uod - ) @F
thus

Voo () _ Ul *)
Ve(-) Ue( - )
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Appendix 2

We wish to show that if V is a strictly decreasing strictly concave function of
P, then

E{Ve (- )P} >E{Vs(-)}P}

To prove the result, we may apply the following lemma due to Eaton and
Rosen [3].

Lemma: Given a random variable X with probability distribution F(x)
and support [a,b) and a function g(x) with x*&[a,b] such that
g(x) > 0 for x>x* and g(x) > 0 for x > x* then
J& H(x)g(x)dF(x) > 0 if H is uniformiy increasing.
To apply the lemma, note first that V,( - ) is negative and strictly decreasing.
Define H(-) = -V, (-)anddefine g(-) = [p — E{p}]. Then H and g satisfy the
hypotheses of the lemma and so

JeH(-)g(-)dF(-) = E{=V, () (P — E{P})}
= — E{Vy(- )P} + E{V, (- )} E{P} >0
or
E{Vo( - )P} > E{Vy( - )} E{P} Q.E.D.
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