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Cumulative Rolling Stochastic Frontier Analysis 

 
Abstract 

In this paper, we estimate the time-varying betas or input elasticities and returns to scale 
in a stochastic frontier cumulative rolling regression analysis framework using FAO data 
of Southeast Asian countries from 1960-2002.  Empirical results indicated returns to 
scale are overestimated by pooled and panel models relative to stochastic frontier models 
without accounting for technical inefficiencies.  Second, the time-varying estimates of 
betas or input elasticities and returns to scale indicate variations not only between the 
models but also over time. 
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Keywords: Southeast Asian countries, Agriculture sector, Time-varying betas or input 
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Southeast Asian Agriculture Returns to Scale: Inferences from 
Cumulative Rolling Stochastic Frontier Analysis2 

 

Introduction 

One of the fundamental pillars of neoclassical economics relates to production functions.  

Production functions have been the subject of intense research over the last century; at 

the macro-level the focus has been on the use of aggregate production functions to 

explain technological progress, convergence, and factors contributing to economic 

growth.  At the micro-level economists use production functions to construct cost and 

profit functions, estimate the elasticity of inputs/outputs, and compute returns to scale for 

a firm/industry/sector/state/country.  Overall, the contributions of neoclassical 

economists have led to the development of new theory, methodologies, data requirements 

and collections, and empirical applications to economies in all stages of development.  

Most production function research has focused on developed countries or OECD 

countries due to the availability of data.  In developing or underdeveloped continents 

like Africa and Asia the focus has been on poverty alleviation and food security, 

respectively.  These efforts have contributed to a green revolution in food grain crops, a 

yellow revolution in oilseeds, a white revolution in milk production, a blue revolution in 

fish production, and a golden revolution in horticulture.  The underlying principle of 

                                                 
2 We would like to acknowledge the contribution of Corey Miller, Department of Agriculture Economics at 
Mississippi State University, for suggestions and editorial comments on the paper. 
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these revolutions and research is the identification, estimation, and examination of 

production functions, elasticity of inputs, and returns to scale. 

The interaction between economist Paul Douglas and mathematician Charles W. 

Cobb resulted in the famous two-factor Cobb-Douglas production function, 

1K Ky b L C −= .  The exponents constitute the elasticity of labor and capital, or the 

marginal products under perfect equilibrium.  If the elasticities sum to one, the 

production function exhibits constant returns to scale.  Existing literature (Mundlak, 

Larson and Butzer; Basu and Fernald; ……….) estimating production functions have 

computed the input elasticities and reported the returns to scale using micro and macro 

level data. 

When the production function allows for technological change it results in the 

Solow growth equation , 1rt K Ky e L C −= .  The residual term rte  captures the trend in 

technological change over time.  With the introduction of stochastic frontier analysis in 

1977 by Aigner, Lovell, and Schmidt; and Meeusen and van den Broeck, the residual or 

error term can be decomposed into a true residual and technical inefficiency term.  

Comprehensive literature reviews [Forsund, Lovell and Schmidt (1980), Schmidt (1986), 

Bauer (1990), Greene (1993), and Kumbhakar and Lovell (2000)] on the use of stochastic 

frontier analysis have evolved since the methodology was first proposed in 1977.  The 

past decade has witnessed a surge in the extension of the parametric techniques to 

measure technical efficiency.  Furthermore, within the primal framework progress has 

been made on the ability to handle multiple outputs and inputs via the distance functions, 

adjusting for time series properties, incorporating autocorrelation and heteroskedasticity, 
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and finally the use of Bayesian techniques in the parametric efficiency measures.  

Unlike stochastic frontier analysis, the traditional estimation of production function does 

not account for technical inefficiency in the calculation of input elasticities and returns to 

scale.  Because the technical inefficiency are neither accounted for nor quantified, the 

use of traditional returns to scale measures in agricultural policy analyses examining the 

structural changes in agriculture could lead to erroneous implications.  Accounting for 

technical inefficiencies in the estimation of production functions leads to a realization of 

accurate input elasticities and returns to scale measures. 

Second, most of the literature in this area has no information on the time-varying 

betas or input elasticities and their returns to scale estimates.  The importance of 

time-varying beta estimates has been well established in the financial, risk, and time 

series literature (Chiang; Fisher and Kamin; Smith and Taylor; Groenewold and Fraser; 

Rosenberg and Guy; Corckett, Nothaft and Wang).  We apply a variant of the rolling 

regression technique in order to identify possible time-varying estimates of betas or 

regression coefficients or input elasticities and returns to scale of a production function. 

In this paper we explore the use of stochastic frontier analysis to examine the 

time-varying returns to scale of Southeast Asian agriculture sector accounting for 

technical inefficiency.  Specifically, we estimate a stochastic frontier production 

function and recover the time-varying betas or elasticities of inputs to compute the 

returns to scale measures.  Our investigation incorporates an empirical application to 

Food and Agricultural Organization (FAO) data with fifteen Southeast Asian countries 
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forming the cross-sectional units over the period 1960-2002 with emphasis on the 

agricultural sector. 

Stochastic Frontier Production function and Returns to Scale 

Depending on the availability of the data, returns to scale can be estimated for a single 

country using time series data, multiple countries using cross-sectional data, and multiple 

countries over time using panel data.  To represent efficiency of a country i , 1,...,i I=  

over time t , 1,...,t T= , the basic form of the production function can be represented as: 

(1) , , ,( ; )i t i t i ty f x β ε= ⋅  

where y  denotes output produced from a vector of input, x  and β  the associated 

vector of betas or parameter coefficients.  These betas or parameter coefficients are the 

elasticity of inputs if the vectors of inputs and outputs are in logarithmic form.  Our 

focus is on the two-way random effects model and the pooled model.  

To represent the production function in a stochastic frontier analysis framework 

that includes decomposed error, equation (1) can be re-written as: 

(2) , , , ,( ; )i t i t i t i ty f x v uβ= ⋅ −  

where ,i tv  represents firm and time-specific random errors which are assumed to be i.i.d. 

and normally distributed variables with mean zero and variance 2
Vσ ; ,i tu represents 

technical efficiency.  This variable must be positive and is absolutely normally 

distributed variable with mean zero and variance 2
Uσ .  The variables y , x , and β  

are as defined in equation (1).  Using the findings of Jondrow, Lovell, Materov, and 
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Schmidt (1982), individual firm and time specific u  conditional on ε  can be 

represented as: 

(3) ( )
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=  and andφ Φ  are the standard normal density and standard 

normal cumulative density functions, respectively. 

The returns to scale are computed as the sum of the betas,β , or the elasticity of 

inputs estimated from equation (2).  Equation (3) provides the firm and time-variant 

inefficiency measures. 

To examine the time-varying effects of the betas or parameter coefficients and the 

returns to scale we perform a variant of the rolling regression, cumulative rolling 

stochastic frontier analysis.  To represent the production function in the cumulative 

rolling stochastic frontier analysis framework, equation (2) can be re-written as: 

(4) , , , ,( ; )j j j j j
i t i t i t i ty f x v uβ= ⋅ −  

where 25,.......,j I= .  The first regression starts with a window of 25 observations if 

there are five exogenous variables in order to avoid loss of degrees of freedom.  The 

second regression includes an additional year of data; that is, 

(26,..., ), (27,..., ),............j I I I= . 
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FAO Agriculture data for Southeast Asian Countries 

Our study is based on data exclusively drawn from the AGROSTAT system of the 

Statistics Division of the Food and Agricultural Organization of the United Nations.  

The study includes 15 Southeast Asian countries.  As some countries lack the necessary 

data to constitute the complete econometric model, we excluded these nations to avoid 

potential estimation error.  Our results are for the period 1960 to 2002.  Initially we 

planned to study the 1960-2005 period, but our analysis was restricted to the shorter 

period since labor force data were not readily available from the FAO or the ILO sources 

for the years 2003 to 2005.  For the output and the five inputs, a quantity index with 

2001 as the base year was constructed. 

Output Series  

Due to the problems of estimating multiple outputs in primal production functions, we 

use an aggregate output variable.  The output series for the output variable is derived by 

aggregating detailed output quantity data on 185 agricultural commodities.  The FAO 

output concept is the output from the agriculture sector net of quantities of various 

commodities used as feed and seed, which is why feed and seed are not included in the 

input series. 

Input Series 

We have opted to consider only five input variables.  This variable covers arable land, 

land under permanent crops, and land under permanent pasture.  Arable land includes 

land under temporary crops (double-cropped areas are counted only once), temporary 

meadows for mowing or pasture, land under market and kitchen gardens and land 
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temporarily fallow (less than five years). Land under permanent crops is the land 

cultivated with crops that occupy the land for long periods and that does not need to be 

replanted after each harvest. This category includes land under flowering shrubs, fruit 

trees, nut trees, and vines but excludes land under trees grown for wood or timber. Land 

under permanent pasture is land used permanently (five years or more) for forage crops, 

either cultivated or growing wild. 

Tractor variable covers the total number of wheel and crawler tractors but 

excludes garden tractors used in agriculture. Importantly, only the number of tractors is 

used as the input variable with no allowance made to the quality (horsepower) of the 

tractors. 

Labor variable refers to the economically active population in agriculture. An 

economically active population is defined as all persons engaged or seeking employment 

in an economic activity, whether as employers, own-account workers, salaried 

employees, or unpaid workers assisting in the operation of a family farm or business. The 

economically active population in agriculture includes all economically active persons 

engaged in agriculture, forestry, hunting, or fishing. This variable obviously overstates 

the labor input used in agricultural production, but the extent of overstatement depends 

on the level of development of the country. 

Following other studies on inter-country comparisons, of agricultural 

productivity, we use the sum of nitrogen, (N) potassium, (P2O2) and phosphate (K2O) 

contained in the commercial fertilizers consumed. This variable is expressed in thousands 

of metric tons. 
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The livestock input variable used in the study is the sheep-equivalent of five 

categories of animals.  The categories considered are: buffaloes, cattle, pigs, sheep, and 

goats. Numbers of these animals are converted into sheep equivalents using conversion 

factors of 8.0 for buffalo and cattle and 1.00 for sheep, goats and pigs. Chicken numbers 

are not included in the livestock figures. 

Table 1 provides the means and standard deviations of the output and input index 

variables used in the analysis for the period 1960-2002.  The Philippines, South Korea, 

Bangladesh, North Korea, Sri Lanka, and Mongolia each have a higher realized output 

index compared to the average across all the countries.  However, Malaysia and 

Indonesia were the only countries with a revealed higher deviation in the output index 

compared to the overall average across all the countries.  North Korea, Pakistan, Sri 

Lanka, India, Mongolia, Bangladesh, and South Korea have allocated more land to 

agriculture production than the overall average across all the countries.  The variation in 

the allocation of land to agriculture production was higher in Thailand and Malaysia 

compared to the average.  The amount of labor working with agriculture production was 

higher in Mongolia, North Korea, Malaysia and South Korea compared to the overall 

average across all the countries.  With respect to capital China, Bangladesh, North 

Korea, the Philippines, Sri Lanka, and Mongolia allocated relatively more capital to 

agriculture production compared to the overall average.  South Korea, North Korea, and 

Mongolia applied more fertilizer than the overall average across all the countries.  

Bangladesh, North Korea, Thailand, and Sri Lanka had more livestock than the overall 

average. 
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Empirical Application and Results 

To examine the effect of accounting for technical inefficiency in the elasticity of inputs 

the stochastic frontier production function defined in equation (2) is estimated.  For 

comparison the pooled and two-way random effect models are also estimated.  The 

results of the stochastic frontier model accounting for technical inefficiency, and the 

pooled and panel models are presented in table 2 for Southeast Asian countries spanning, 

1960 - 2002.  Next, to examine the time-varying betas or parameter coefficients and the 

returns to scale, a variant of the rolling regression, i.e., the cumulative rolling stochastic 

frontier analysis, (equation 4) is estimated.  The results from the pooled, panel, and 

stochastic frontier models are presented in table 3.  Figures 1 and 2 present the betas or 

input elasticities for the pooled and panel models, respectively, from seventeen runs with 

the addition of each year starting from 1985 to 2002.  The betas or input elasticities and 

the t-values from the stochastic frontier production function model are graphed in figures 

3 and 4, respectively.  Finally, the returns to scale estimated from the pooled, panel, and 

stochastic frontier models are graphed in figure 5 for the seventeen runs with the addition 

of each year from 1985 to 2002. 

Regression results of the three models presented in table 2 indicate all the 

variables are positive and significantly affect agricultural output.  First, the results from 

the pooled model indicate an input elasticity of 0.95 for land, which is very high relative 

to the other inputs.  Due to the use of available technology, a 100 percent increase in the 

allocation of land to agriculture would increase the output by 95 percent, which indicates 

land is the most important input.  More agricultural products can be produced when 
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more land is available.  Livestock has an elasticity of 0.23 and ranks second with respect 

to the magnitude of contributions to agricultural output.  The remaining three 

inputs—labor, capital, and fertilizer—each have an elasticity around 0.10 and are 

relatively smaller compared to land, showing that these inputs have a smaller influence 

on agricultural output. 

To account for the availability of time series and cross-sectional data, a two-way 

random effects model is estimated and the results are provided in table 2.  Similar to the 

pooled model, the elasticity of land is 0.85, indicating land has a strong influence on the 

output.  With an elasticity of 0.32 and 0.14 for livestock and labor, respectively, the 

two-way random effects model indicates a higher contribution to output compared to the 

pooled model.  However, the elasticities of 0.08 and 0.05 for capital and fertilizer, 

respectively, indicate a smaller contribution to output compared to the pooled model.  

Further, this indicates that in these Southeast Asian countries the inputs of capital and 

fertilizer have relatively smaller contributions. 

In the stochastic frontier model that accounts for technical inefficiency, the 

elasticity of land is 0.48 (compared to 0.94 and 0.84 in the pooled and panel models, 

respectively) but still has the largest contribution among the inputs.  Almost half of the 

change in agricultural output is attributable to land.  Capital with its elasticity of 0.02 is 

still relatively very low.  However, the contribution of labor, which has an elasticity of 

0.27, seems appropriate because of the labor-intensive nature of agriculture in Southeast 

Asia. 
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Overall, the variations of agricultural output in Southeast Asia are largely 

explained by the input levels for land, livestock, and labor, and less so by capital and 

fertilizer. The estimated returns to scale from the three models are 1.49, 1.43, and 1.2, 

respectively, for the pooled, panel, and stochastic frontier models, meaning that a one 

unit change in inputs results in a more than one unit change in agricultural output. 

Table 3 presents the mean, minimum, and maximum values of input elasticities 

and returns to scale from cumulative rolling regressions from 1985 to 2002.  In the 

pooled model, the mean elasticity of land is 0.92 and the elasticity ranges from 0.90 to 

0.96.  Similarly, for the two-way random-effects panel model the elasticity of land 

ranges between 0.77 and 0.86 with a mean of 0.82.  In contrast, the stochastic frontier 

model estimates an elasticity of 0.50 for land and a range of 0.73 between the minimum 

(0.15) and maximum estimates (0.88).  The stochastic frontier model may generate more 

consistent results because it accounts for technical inefficiency in the estimation of the 

production function unlike pooled or panel models.  The stochastic frontier model 

estimates average elasticities of 0.24 and 0.40 for labor and livestock, respectively, which 

are higher than those of the pooled and panel model.  However, the elasticities of capital 

and fertilizer from the stochastic frontier model are lower compared to the pooled and 

panel model.  Finally, the returns to scale for Southeast Asian agriculture from the 

stochastic frontier model are 1.22 units lower than the 1.34 and 1.45 units estimated by 

the pooled and panel models, respectively.  Lower returns to scale measures from the 

stochastic model are understandable as it accounts for the inefficiencies in the estimation 

of the production function. 
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Next the time-varying betas or parameter coefficients estimated from the 

cumulative rolling regression are graphically presented in figures 1 and 2 for the pooled 

and panel models, respectively.  The plots are the cumulative rolling regression analysis 

of seventeen runs by adding of each year from 1985 to 2002.  Figure 1 is the plot of 

input elasticities of Southeast Asian countries estimated from the pooled model.  From 

the figure, the time-varying elasticities of labor, capital, fertilizer, and livestock changed 

little with each additional year from 1985-2002.  However, the elasticity of land 

changed relatively more and reached a minimum of 0.9 in 1996.  Overall, the elasticities 

of labor, livestock, and land decreased over the seventeen years, but the elasticities of 

capital and fertilizer increased.  Figure 2 depicts the input elasticities of Southeast Asian 

countries estimated from the two-way random effects model.  Unlike the pooled model, 

the elasticities of labor indicate an increasing trend and the elasticity of livestock 

indicates an inverted cup shape with each additional year from 1985-2002.  Capital, 

fertilizer, and land elasticities did not change much for the same time period. 

Next the time-varying betas or parameter coefficients and the associated t-values 

estimated from the stochastic frontier model are presented in figures 2 and 3, 

respectively.  From the plot, the elasticities of land, labor and fertilizer increased each 

year.  The elasticities of capital and livestock decreased each year.  From the graph, the 

t-value of land, fertilizer, and livestock are significant for each additional year with few 

exceptions.  However, the elasticities for labor and capital had significant t-values for 

more than half of the years.  Figures 5 through 10 present the elasticity estimates in an 

alternative way that compares across the three models for each input. 
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Next the time-varying returns to scale estimates from the cumulative rolling 

regression are presented in figure 5 for the pooled, panel, and stochastic frontier model.  

The returns to scale of the two-way random model increase smoothly to 1.53 until 1997, 

at which point it decreases to about 1.42.  In the stochastic frontier model, the returns to 

scale changed every year within a range of 0.82 to 1.51, but the trend of the returns to 

scale was increasing.  The returns to scale of the pooled model did not change as much, 

as they increased slightly.  Returns to scale experienced an increasing trend from 1985 

to 2002 for all three models. 

Conclusions 

Using agriculture sector data from 1960 to 2002 for 15 Southeast Asian countries, this 

paper estimates the time-varying betas or input elasticities and returns to scale in a 

stochastic frontier cumulative rolling regression analysis framework. 

First these results are slightly different from earlier research results for two good 

reasons – one the time period, 1960-2002 follows the onset of green revolution especially 

in the 15 Southeast Asian countries.  Second the returns to scale are overestimated by 

earlier research that used time-series, pooled and panel models relative to stochastic 

frontier models.  Here in this study, we compared the elasticity of inputs and the returns 

to scale estimated from pooled and panel models to the stochastic frontier model that 

accounts for technical inefficiency. 

Second, the time-varying estimates of betas or input elasticities and returns to 

scale indicate variations not only between the models but also over time.  The pooled 
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and panel model elasticity of inputs and returns to scale indicated smooth changes with 

each additional year starting from 1985 to 2002.  On the contrary, the elasticity of inputs 

and returns to scale estimated from the stochastic frontier model indicated changes with 

each additional year. 
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Figure 1. Time-Varying Input Elasticities of Asian Countries 
Pooled Model
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Figure 2. Time-Varying Input Elasticities of Asian Countries 
Two-way Random Effects Model
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Figure 3. Time-Varying Input Elasticities  of Southeast Asian Countries  
Stochastic Frontier Model
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Figure 4. Time-Varying T-vaules  of the Input Elasticities  of Asian Countries  
Stochastic Frontier Model
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Figure 5. Southeast Asian Agriculture Sector Returns to Scale, 1985-2002
Cumulative Rolling Regress ion
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Figure 6. Elasticity estimates of Agriculture Land from Pooled, Panel and 
Stochastic Frontier models, 1985-2002
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Figure 7. Elasticity estimates of Agriculture Labor from Pooled, Panel and 
Stochastic Frontier models, 1985-2002
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Figure 8. Elasticity estimates of Agriculture Capital from Pooled, Panel and 
Stochastic Frontier models, 1985-2002
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Figure 9. Elasticity estimates of Agriculture Fertilizer from Pooled, Panel and 
Stochastic Frontier models, 1985-2002
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Figure 10. Elasticity estimates of Agriculture Livestock from Pooled, Panel and 
Stochastic Frontier models, 1985-2002
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Table 1 Average and Standard Deviations of Variables, 1960-2002 

Country Output Land Labor Capital Fertilizer Livestock
   

Average 
Bangladesh 64.37 104.71 82.40 67.37 39.53 97.95
China 47.31 81.73 86.96 64.70 48.15 67.91
India 59.09 99.26 80.61 33.18 43.53 89.90
Indonesia 58.93 89.89 89.33 31.10 52.57 85.04
N. Korea 77.43 91.17 113.87 69.17 164.01 128.50
S. Korea 64.30 112.16 272.07 20.64 102.02 79.63
Laos 47.43 87.77 68.33 55.85 17.24 67.75
Malaysia 51.91 75.25 126.16 39.36 51.93 89.33
Mongolia 102.30 99.78 107.76 149.67 218.56 80.37
Nepal 58.51 84.01 67.44 51.06 56.85 85.95
Pakistan 54.96 93.04 73.29 45.29 43.25 66.71
Philippines 63.05 82.75 83.08 78.03 48.37 85.47
Sri Lanka 79.45 97.06 87.75 96.94 64.94 165.81
Thailand 61.97 89.40 96.37 27.32 37.26 148.55
Vietnam 47.21 73.46 76.89 24.18 32.68 69.41
   

Standard deviation 
Bangladesh 16.20 4.26 12.57 31.34 32.00 8.80
China 25.64 13.61 11.65 38.33 36.29 17.95
India 21.84 0.97 13.06 31.28 32.97 8.73
Indonesia 26.34 5.76 9.43 34.43 39.16 19.51
N. Korea 22.78 4.59 5.60 36.59 96.83 36.35
S. Korea 22.67 6.21 105.92 31.88 29.21 29.69
Laos 21.29 6.09 17.03 33.78 23.98 23.42
Malaysia 26.24 17.90 13.73 36.61 38.17 17.56
Mongolia 13.60 6.47 6.94 54.83 219.17 17.03
Nepal 20.85 9.04 17.65 37.52 51.09 10.33
Pakistan 25.42 4.87 16.53 38.63 33.12 16.90
Philippines 20.57 12.10 13.07 21.16 28.32 11.21
Sri Lanka 16.00 6.10 10.28 29.70 23.59 26.84
Thailand 22.64 16.34 9.15 35.09 35.66 20.91
Vietnam 24.09 8.50 15.30 31.26 32.96 17.76
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Table 2. Parameter Coefficients or Input Elasticities of the Asian Agriculture 
Production Function for the period 1960-2002 
 

  

Country Parameter 
Coefficient

Standard 
Error T-ratio 

  
  

Pooled Model 
Intercept -2.4456 0.2211 -11.06 
Land 0.9495 0.0461 20.61 
Labor 0.0983 0.0294 3.34 
Capital 0.1106 0.0062 17.82 
Fertilizer 0.1043 0.0089 11.75 
Livestock 0.2311 0.0215 10.75 
Returns to Scale 1.4937   
    

Two-way Random effects Model 
Intercept -2.2713 0.2450 -9.27 
Land 0.8451 0.0442 19.13 
Labor 0.1404 0.0296 4.74 
Capital 0.0774 0.0062 12.54 
Fertilizer 0.0481 0.0074 6.52 
Livestock 0.3236 0.0262 12.36 
Returns to Scale 1.4345  
    

Stochastic Frontier Analysis 
Intercept -0.7967 0.3854 -2.07 
Land 0.4778 0.0717 6.67 
Labor 0.2681 0.0462 5.80 
Capital 0.0256 0.0119 2.15 
Fertilizer 0.0514 0.0084 6.11 
Livestock 0.3788 0.0290 13.08 
sigma-squared 0.0171 0.0019 8.97 
Gamma 0.4471 0.0318 14.06 
Mu 0.1749 0.0540 3.24 
Eta 0.0257 0.0019 13.83 
Returns to Scale 1.2017  
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Table 3.  Mean, Minimum and Maximum values of Input Elasticities and Returns 
to Scale from Cumulative Rolling Regressions, 1985-2002 
 

Country Land Labor Capital Fertilizer Livestock Returns to 
Scale

   
Pooled Model 

   
Mean 0.9203 0.0927 0.0986 0.0921 0.2414 1.4451
Minimum 0.8968 0.0776 0.0923 0.0737 0.2311 1.4146
Maximum 0.9604 0.1023 0.1106 0.1043 0.2452 1.4938
   

Two-way Random Effects Model 
   
Mean 0.8177 0.0870 0.0660 0.0401 0.3690 1.3797
Minimum 0.7753 -0.1156 0.0473 0.0316 0.3071 1.0544
Maximum 0.8548 0.1675 0.0791 0.0481 0.4121 1.5287
   

Stochastic Frontier Model 
   
Mean 0.5019 0.2416 0.0404 0.0333 0.4037 1.2210
Minimum 0.1531 -0.0231 -0.0036 -0.0043 0.3028 0.8192
Maximum 0.8767 0.3961 0.1035 0.0558 0.5011 1.5128
   
   

 


