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ABSTRACT 

A common method used' to measure the returns to fixed factor.s'qn dairy 

farms is a residual approach in which all but one of the fixed factors,are 

valued at current market prices and any remaining income is taken as ,the 

return to' that factor. When using this method it often is found' tha,t the 

feturns to the residual factor is negative, which implies that some or all 01: 

the returns to fixed factors are below current market values. 

This report presents the findings of experiments with several 

statistical models that allow simultaneous estimation of the contribution of 

each factor to variable profit defined as the difference between cash income 

and cash expenses adjusted for inventory change. The assumptions?f ea.ch 

model are described and the mathematical relationships among the mod:els,are 

summarized. Empirical estimates are calculated fora set of dairy farms in 

North Carolin~ for the year, 1982. 

The tran'slog model is the most elegant of those tested, but the data set 

was. too small, to meet requirements for statistical significance of many 

individual parameters. The estimated values are of interest, however. 'More 

restrictive Cobb-Douglas models with fewer variables were estimated and,the 

results compared with the translog estimates. 
, 

In each of the models reported, here 'the return to land waS,negative, 

although the coefficients from which the value of land was calculated were 

not different from zero. In seeking an explanation for this result it ,was 

noted that a nuniber of farms reported little or no land ~sed by the dairy 
. ".. '. ~ .' . 

operation, suggesting that off-farm sources 'of feed provided a pro,fitable 

alternative to farm-produced roughage.' Howeve,r, a high proportion of farms 

in the data set rented land in addition to that owned. Land rent is included 
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in the crop variable expense category. A second explanation might be "that 

the marginal contribution of land to variable profit was offset by additional 

land rent expense and thus the shadow price of land was zero. 

Returns to cow numbers ranged from $300 to $400 per head for" the 

trans log models to as high as $1200 for Cobb-Douglas models and tended to 

fall as herd size increased. Returns to investment in buildings and 

equipment were found to be between 5 and 38 percent per year including 

depreciation. The value of family labor varied from $1.10 to $2.87 per hour 

for the trans10g models, was as high as $4.01 per hour for the Cobb-Douglas 

models, and increased steadily with size of herd. 

Use of the statistical models described here represents an improvement 

over the usual residual method of measuring returns to fixed factors and 

offers new insights into the relative contribution of the fixed factors used 

on North Carolina dairy farms in 1982. According to these models, one would 

expect that (1) herd size would increase in response to the large variable 

profit associated with additional cows and (2) operators of small herds would 

either exit from dairying or increase the size of their herd because of the 

low returns to operator and family labor on farms with small herds. These 

expected adjustments in the North Carolina dairy industry are consist"ent with 

the 24 percent increase in December daily deliveries per farm and with the 36 

percent decrease in number of Grade A herds observed between December 1982 

and December 1987. 
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INTRODUCTION 

Objective 

Milk production in North Carolina is influenced by the income dairy 

farmers receive from resources used in milk production compared to potential 

returns from those resources in other uses. Cash receipts and cash expenses 

associated with milk production are relatively easy to measure,but valuing 

the contribution of different types of resources owned by farmers is more 

complicated. This is because resources ·owned by farmers provide a flow of 

services over several years, making it difficult to assign an appropriate 

economic value in anyone year. 

The objective of this study is to calculate the returns to owners of 

resources used in milk production when selected statistical procedures are 

employed. The four resource groups considered are land, dairy cows, 

buildings and machinery, and unpaid labor supplied by the operator and his 

family. Financial reports summarized by the North Carolina Farm Business 

Records Program for the year 1982 provide the data base for the study. 

Recent Changes in Milk Production and Income 

To provide background for the analysis; recent changes in milk 

production and income may be of interest. Production of Grade "An milk in 

the state increased slowly over the period 1975-85 then declined as a 

consequence of the federal dairy herd buyout program (Table 1). Class I 

(fluid milk and cream) sales to North Carolina consumers showed little change 

from 1975 through 1982 but have drifted upward since then. 



Table 1. Grade A milk purchases, Class I sales, farms numbers, average 
deliveries, and blend prices received by farmers, North 

Year 

1975 

1976 

1977 

1978 

1979 

1980 

1981 

1982 

1983 

1984 

1985 

1986 

1987 

Carolina, 1975-1987 

Average 
Fluid milk Grade A daily 

Milk and cream producers, deliveries 
purchasesa salesab December December 

(mil. lbs. ) (mil. lbs.) (no. ) (pounds) 

1340.0 1104.9 1586 2350 

1419.0 1147.5 1528 2600 

1419.2 1128.2 1437 2703 

1375.4 1116.7 1349 2866 

1397.6 1181. 0 1301 3040 

1445.6 1161. 0 1280 3196 

1465.3 1138.2 1250 3369 

15-11.4 1126.2 1231 3461 

1525.0 1146.1 1222 3546 

1492.8 1164.7 1166 3632 

1583.6 1208.4 1139 3896 

1546.5 1234.3 1012 4031 

1403.3 1238.3 912 4277 

a1975-78: 
1979-87: 

Purchases and sales by N.C distributors. 
Purchases and sales adjusted to state line. 

Average 
blend 
price 

($/cw't) 

10.51 

10.71 

10.95 

11.47 

12.83 

14.12 

15.08 

14.80 

14.94 

15.18 

14.70 

14.14 

14.82 

bInc1udes Class IA military sales and milk shake mix and cream items 
now classified as Class II. 

Source: North Carolina Dairy Report, various issues, N. C. Department of 
Agriculture, Raleigh. 
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The number of Grade "A" dairy farms in the state decreased dramatically 

over this period, from 1586 in December 1915 to 912 in December 1987 - a 42 

percent drop. Over the same period, daily December milk deliveries per farm 

,increased 82 percent, from 2350 pounds per day in 1975 to 4277 pounds in 

1986. Clearly, fewer farmers found milk production to be the best use bf 

their resources, but those who remained in dairy farming expanded milk 

production from their operations to more than compensate for those who left. 

Between 1975 and 1981 the average blend.price received for fluid milk 

rose from $10.51 to $15.08; blend prices stabilized from 1981 to 1984 but 

declined to $14.14 by 1986. When adjusted for increases in prices paid by 

farmers, there was a slow but unbroken decline in the r~al blend price from 

1975 through 1986. 

Measurement of Returns to Fixed Resources 

Two broad classes of resources used on dairy farms can be identified: 

variable inputs and fixed inputs. The level of use of variable inputs is 

readily changed. Examples include purchased feed, hired labor, crop and 

livestock cash expenses and overhead cash expenses. "Fixed" inputs is the 

term applied to those resources that in the short run can be regarded as 
given, al,though the term "quasi-fixed" might be more accurate. Examples 

. . 
include cropland, number of dairy cows,. buildings, equipment inventory, and 

owner and family labor .. 

Clearly, it is possible to change the level of use of inputs in the 

fixed category through land purchase or rental, purchase or leasing of 

milking cows, custom machine use, and off-farm work. However, these 

resources are less subJect to change than inputs in the first group. As 

noted earlier, the cost of variable inputs is easy to measure. The value to. 
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be placed on fixed inputs presents more of a problem. Market prices·provide 

a starting.place, but these may not reflect their contribution to current 

dairy farm profits. 

Two methods can be used to calculate the value of fixed inputs using 

financial records of dairy farm operations. Both make use of variable 

profits, which are measured as the difference between cash receipts and cash 

expenses, with appropriate adjustment for change in inventories. The 

residual method assigns current prices to all but one of the fixed inputs and 

the value of the remaining input is calculated as a residual claimant on 

variable profits. The second method uses statistical estimating procedures; 

The values of all fixed inputs are estimated simultaneously through a 

function that relates the levels of use of each of the fixed factors to 

variable profits of the farm as a whole. 

Use of the residual method to estimate the contribution of fixed 

resources to profits on the farms in the N.C. Farm Business Records Program· 

in 1982 is illustrated in Table 2. Interest on net worth is assigned a value 

of 11 percent. Operator's labor is valued at $5.35 per hour,theav~rage 

hourly wage paid to textile· workers in North Carolina knitting mills. Unpaid 

family labor is valued at $3.35, the federal minimum wage. Management is 

assigned a value ofS percent of cash receipts. When interest on net worth 

.is deducted from net farm income the return to management and to operator and 

family labor is a negative $8807. On the other hand, when the assigned value 

of unpaid labor and management is subtracted from net income, the result is a 

return to net worth of $953 for the year. 
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Table 2. Average return to fixed assets using residual method, 117 dairy 
farm records, 1982 

Item 

Assets: 
Land 
Buildings 
Machinery 

. Dairy livestock 
Other assetsa 
Total 

Liabilities 

Interest on net worth 

Labor and management: 
Operator and partner 

unpaid labor 
Unpaid family labor 
Managementb 
Total unpaid labor and 

management 

Amount 

$183,132 
29,900 
62,199 

167,170 
102.673 
545,074 

146,837 

398,237 

3505 hr 

613 hr 
264,818 

Residual valuation of management and 
unpaid labor: 
Net farm incomec 

less interest on net worth 
Return to management and unpaid labor 

Residual valuation of return on net worth: 
Net farm income 

less unpaid labor and management 
Return on net worth 

Assumed 
value 

11% 

$5.35/hr 

3.35 
5% 

Annual 
value 

43,806 

18,752 

2,054 
13,240 
34,046 

34,999 
43,806 
-8,807 

• 
34,999 
34,046 

953 

aIncludes feed, crops, supplies (44,138), other livestock (1624), milk 
base and allotment (28,312) and accounts receivable. 

bReturn to management taken as 5 percent of cash receipts. 

cSee Table 3 for calculation. 

Source: Benson, G. A. and S. R. Sutter. 1982 Dairy Farm Business 
Summary a.nd Business Evaluation Workbook. N. C. Agr. Ext. Service 
Bulletin AG-39 (Revised), Raleigh, undated, 50 pp. 
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Comparison of the financial performance of dairy farms participating 

in the N.C. Farm Business Program for the years 1980-1984 is provided in< 

Table.3. As explained in the table footnotes, the values assigned to each of 

the fixed inputs vary from year to year, reflecting changes·in current 

.market values. Clearly, the return to each of the fixed fa.ctors depends on 

the assumed value placed on other resources. 

An alternative to the residual method is statistical estimation of the 

value of each fixed input using the variability among farms to calculate the 

effect of level of fixed input use on net farm income. This study presents 

the results of several statistical estimating procedures. 

The study is based on the financial records kept by farmers 

participating in the N.C. Farm Business Records Program: in 1982. This 

program has been in operation for two decades and is offered to all farmers 

it:! the state for a small annual fee. Cooperating farmers receive support 

from county agents and state specialists to assure accurate and complete 

reporting methods. 

A sUmmary of the'records for 1982 is provided in Benson and Sutter. 

Income, expenditure and performance measures included in that report are 

found in Appendix Table 1. The records are sUitable for farmers to use in 

filing income tax returns, to locate strengths and weaknesses in their 

businesses and to assist in evaluating business opportunities. A detailed 

description of each item and an explanation of how it is obtained can be 

found in Benson and Sutter. 

Characteristics of Farms. in Data Set 

Farmers participating in the farm records program do not·represent a 

random sample. However, comparison with results of a mail survey of randomly 

6 
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Table 3. Financial performance of dairy farms participating in N .. C. State 
Farm Business Records Programs, 1980-1984 

Item 1980 1981 1982 1983 1984 

Number of farms 127 l30 117 106 80 
Number of cows 105 114 109 100 108 
~leri~ price ($!cwt.) 14.08 15.00 14.71 14.85 15 .. 11 
Tt')t~l farm receiptsa 253,336 284,788· 264,818 246,212 288,576 
Operating expenses 194,620 228,475 210,439 203,095 226,332 
Net operating income 58,716 56,313 57,582 43,117 62,244 
Less depreciationb 16,893 20,654 22,583 23,917 27,420 
Net farm income 41,823 35,659 34,999 19,200 34,774 
Less interest on 

net investmentC 45,342 59,912 43,806 34,938 . 41,003 
Return to management 

and unpaid labor -3,519 -24,253 -8,807 -15,738 -6,229 
Less value of operator 

and unpaid family 
1abord 20,478 20,456 20,805 23,665 25,270 

Return to management -23,997 -44,709 -29,612 -39,403 -31,500 

aAdjUsted for changes·in inventories, excluding land appreciation. 

bBuildings and machinery. 

cAssumed to be 12 percent (1980), 14 percent (1981), 11 percent (1982 and 
1983), and 10 percent (1984); 

dOperator's labor valued at $4.70 (1980), $5.10 (1981), $5.35 (1982 and 
1983), and $5.80 (1984). Family labor valued at $3.10 (1980), and $3.35 (1981, 
1982, 1983, and 1984). 

Source: G. A. Benson and Stephen R. Sutter, Dairy Farm Business Summary 
and Business Evaluation Workbook, N. C. Agricultural Extension Service 
Bulletin AG-39, Selected issues, Raleigh. 
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selected dairy farmers in 1983 (King, Benson and'Ganoza) indicates ac):ose 

correspondence between the two, as shown in'Tab1e 4 using the size ' groupings 

found in the mail survey report. 'Herds with less than 50 cows are tinder-

represented and those with 140 or more cows overrepresented in the 

records program whencomparedw1th the survey proportions. The average 

number of milk cows is 18 percent larger and milk sales 27 percent larger on 

record-keeping farms. One reason for this difference is that the reco:rds 

include only those farms receiving 70 percent or more of total farmre~eipts 

from milk sales. 

In summary, farms analyzed in this study tend to be a bit more, 

specialized than those of ,a 'random sample and tend to be, somewhat more 

concentrated in the Piedmont region. However, the differences are n!lt so 
, , 

, , 

great as to render invalid the results from the analysis that follows. 
, , 

V~luab1e insights into farmer behavior can be gained,', but anY' i.nferences 

drli~must take into account these characteristics. 
. ·i, 

Three output categories, five variable inputs and four fixed inputs ,were 

used. Measured outputs were milk sales. livestock sales and crop sales. "The 
.. . . . . 

grouping of farm expense categories useq in the analysis is shoWn in Table,S.' 

Milk sales represent total sales less freight costs. No adjustment is made 

, for milk used on the farm. Livestock and crop sa:1es are tho,se reported by 

farmers. Miscellaneous fixed expenses include all costs not included I 

elsewhere such as interest, taxes,' insurance, .and general farm expenses. ' 

Variable profit is'defined as the d:Lfference between income and expenses 

measured in this way . 
. : .. ; 
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Table 4. HLlk production, sales, and farm acreage, by herd size 

She of Hlllrd 
Lesa than 

SO SO - 79 80 - 109 110 .., 1]9 140 cova 
Sampl.!.....!!!!..a.! cow. cow. COVil cova or .ore 

It_ Units SURVEY rRP SURVEY FlU' SURVEY rRp SURVEY YaP SURVEY FIll' SUIVEY FIP 

PerclIllt of fal1llB (%) 100.0 100.0 19.3 8.S :U.II n.] 20.1 18.8 12.5 is.4 13.7 23.9 

Averaie number of cow. (No, ) 92.4 108.9 36.4 38.1 63.0 61.4 91.8 94.5 122.8 124.3 217.9 199.0 

M11k produl't,lun per .. uv (lb." ) 14596 1440~ 11269 12491 1418-, 14104 14982 14454 lS645 15111 iSI40 14605 

HUk sold, 1982 (thous. lbs.) l2S) 1588 465 491 820 900 1205 1368 1720 1905 2978 2908 

Acreage per farlll: 

Cropl.md (acres) 208.1 208.5 87.1 100.3 157.1 133.2 0117.8 :a05.S 261.0 :aDZ.!! 4:17.8 H8.6 

Pasture' (acres 1 93.1 81.4 19.6 43.0 74.4 62.0 83.1 85.2 131.0 61.1 149.4 132.1 
..:; 

Total (acres) 301.2 289.9 166.7 143.3 231.5 195.2 300.9 290.1 392.0 263.6 5111.2 490.7 

Acreage per cow: 

Cropland (ae reo» 2.25 1.91 2.)9 2.63 2.65 2.10 2.37 2.17 2.13 1.63 2.01 1.80 

Pasture ,- (acre" ) 1.01 .75 2.19 I.Il 1.18 .98 .91 .90 I 1.07 .49 .69 .66 

Total (.If're::::. ) 3.26 2.66 4.58 3.76 3.67 3.08 3.28 3.07 3.20 2.12 2.70 2.46 

Sources: Survey: 1983 survey of N. C. dairy farms, King, Benson and Ganoza. 

FRP: 1982, N. C. Farm Business Records Program, Benson and Sutter. 



Table 5. Financial summary for average farm by herd size, N.C. Farm Business 
Records Program farms, )982 

Item 
Less than 

50 cows 

INCOME: 
Mill,< sales 
Dairy livestock sold 
Crop sales 
Total sales 

EXPENSES: 
Hired labor 
Purchased feed 
Crop expenses 

Seed 
Fertilizer and lime 
Chemicals 
Conservation expense 
Machine repairs 
Gas, fuel, and oil 
Machine hire 
Land rent 

Livestock expenses 
Breeding fees 
Vet and medicine 
Livestock marketing 
Miscellaneous 

livestock 
Dairy supplies 
Herd testing 

-L Utilities 
Fixed Expenses 

Interest 
Taxes 
Insurance 
Other repairs 
Supplies 
Miscellaneous 

Total expenditures 

Variable Profit 

ASSETS 
Land 
Livestock 
Bldgs. & Equip. 

Price of output ($) 

79.9 
8.3 
~ 

83.9 

3.8 
21. 8 

1.6 
7.5 
0.7 

o 
3.7 
3.2 
1.0 
1.5 

0.6 
0.9 
1.0 

0.1 
0.7 
0.5 
2.0 

5.4 
0.7 
0.9 
0.3 
2.4 
~ 

61.2 

22.7 

142.3 
49.7 
21.3 

14.12 

Size of herd 
50-79 80-109 110-139 

cows cows cows 
(thousands of dollars) 

126.6 
11.1 

--M 
144.1 

8.7 
41. 5 

1.5 
10.3 
1.0 

o 
5.8 
4.9 
1.1 
3.8 

1.1 
2.7 
1.3 

0.5 
1.3 
0.9 
2.7 

6.7 
1.3 
1.3 
0.9 
3.8 

--.L..2. 
105.2 

38.9 

122.8 
101.1 

58.0 

13.82 

10 

195.5 
20.8 
~ 
226.1 

21. 7 
60.8 

2.7 
15.7 

2.5 
o 

9.4 
8.1 
1.6 
5.5 

2.8 
3.6 
1.6 

1.1 
1.3 
1.4 
3.9 

11.1 
2.3 
1.8 
1.6 
5.1 

-L.Q 
167.9 

58.3 

190.5 
142.4 

88.9 

14.05 

269.7 
16.4 

---.i.:..Q 
291.1 

22.6 
94.6 

2.7 
14.6 

2.4 
o 

13.0 
8.2 
2.0 
7.6 

4.0 
4.2 
1.2 

0.7 
1.5 
1.7 
5.1 

18.5 
2.7 
3.2 
2.4 
8.9 

-.l....l. 
224.3 

66.9 

153.9 
197'.3 
107.3 

13.73 

'140 cows 
or more 

412.8 
31.,9 
12.4 

457.'1 , 

58.2 
129.3 

4.9 
32.:4 
4.7 
0.,5 

19.'0 
16.5 
3.3 

11.3 

4.7 
9.6 
3.8 

0.9 
2.1 
2.4 
8.1 

30.4 
5.2 
5.7 
4.3 

15.0 
~ 
376.6 

80.5 

285.9 
331.4 
155.7 

13.64 
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Land .inputs lncll~e both owned and rented cropland Rnd pasture used~ 

Cow nwnbers represent the average herd size during 1982. The value of 

buildirigsand equipm~ntrepresents the tax basis (undepreciated balance) as 

reported by the farmer, excluding the residence. Unpaid family and op'erator. 

labor are extJressed in hours as reported by cooperating farmers. A total of 

117 records were available. Of these, four·farms reporting cash expenses 

exceeding cash receipts were deleted from the set; since there was no 

variable profit to allocate; 

Organization of the Report 

The theoretic.al foundation for this study and model development are 

discussed in the following section. The use of shadow prices to value the . 
. ' . 

fixed inputs used in milk production is explained. ·Selection of the variable 

profit function form and specific statistical models are discussed . 
. " .. ' . 

A comparison of the results obtained fi·om several forms of the translog 

model is provided in the section that follows. Next, results from the. use of 

linear estimation procedures are provided and compared with the earlier 

'findings~ These models differ from the translog models in that a iinejir 

expansion path is asswned, which implies that theproportiorisin,whichthe 

fixed factors are .used are invariant across herd sizes . Model perforltliinCe 

and implications are summarized in the final section of the report. 

':-"' . 
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THEORETICAL FOUNDATIONS AND MODEL DEVELOPMENT .' 

The allocation of resources and the evaluation of theiropportunrty cost 
. . 

in alternative uses is .an ongoing process on dairy farms. Decisions ,to 
~ : . 

allocate certain resources to milk production occur at very short intervals,· 

while other decisions are made at rather lengthy intervals .. Resourcedfor 

which the allocative decision occurs frequently are commonly referred to as. 

variable inputs. Resources for which allocative decisions are made at rather 

lengthy intervals are referred to as'fixed or durable inputs. Once tne 

allocative decision has been.made for (iurable inputs, . there often can be 

substantial costs. involved if reallocation is desi'red. 

Seiection of Variable Profit Functions 

The choice of inputs that will result in profit maximization is a 
. . . .. . :, . . . 

process that can be· evaluated at several different levels; as suggested by 

Figure 1. The underlying production function (A) summarizes the relationship 

between inputs 1.lsed and the output which results. In the short run the 
. '. 

selection of inputs may be constrained by certain inputs that are aV'ai1.i:tble 

infixed quantities (B). Given sufficient time, the levels of these illputs 

can be varied by the.firm manager, but for some questions it is of interest 

·toregard these quantities as fixed. In the short run the manager nius:t 

choose among the attainllbl(~ BI·t (>C outputs' (C) . 

When the prices of the variable inputs (D) are. known, a C.ost function 

(E) can be constructed from the attainable production set. If the prices of 

outputs (F) areg::i.ven, it is possible for the manager tq select the desired 

. * output level, Y . 

12 
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Fixed input 
supplies (Z) 

Input prices 
(W) 

Output 
prices (p) 

K 

Prod. fn. A 
Y = f(X) 
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output set C 
Y = F(X;Z) 

Cost fn. E 
C = c (w,Z. Y) 

Profit 
max. y* 

Shadow 
~ri ces, 
fixed 
inputs 

)., . 
'-" 1 

Constraints 
on co t fn. G 

k 

Figure 1. Relation between production, cost and profit function. 
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The outcome of this output selection process may be viewed as 

maximization of a variable profit function (H), which represents returns to 

the set of fixed factors, (B) in Figure 1. The form of the variable profit 

function reflects the constraints (G) placed on the cost function. Using the 

variable profit function, it is possible to derive factor shares (I)· 

attributable to each of the variable inputs used in the production process 

and the profit~maximizing output shares (J). 

Quantitative estimates of any of the functions shown in Figure 1 are 

feasible. In the present study the variable profit (H) function was selected 

as the relationship to be estimated. Given the variable profit function, it 

is possible to calcul.ate the shadow prices of each of the fixed inputs (K) . 

. These are the measures of particular interest in this study, which 

investigates the returns to fixed inputs used by North Carolina dairy 

farmers. 

Profit Maximization 

Using a profit function (H) to estimate production relations has certain 

advantages as compared to cost (E) or direct production function (A) 

approaches. Given the firm's set of feasible outputs and inputs, and 

assuming price-taking behavior in both product and input markets, the 

maximization process determines the firm's profit function,1r. Under certain 

. regularity conditions on the feasible input and output set, the profit 

function 11' may be us.ed to determine the input-output set. Derived input 

demand and output supply can be obtained simply by differentiating the profit 

function. Behavioral characteristics such as profitmaximiza,tion can be 

empirically investigated and no endogenous variables need be used as 

explanatory variables as called for in estimating a production function. 

14 



In the most general or long-run case, the farm owner seeks to maximize 

expected profits before any resources have been committed to the productive 

process. Under this scenario, there is a given production function for the 

firm: Y - F(X), where Y is firm output and X (Xl .... , XI) is a vector of 

inputs. If output price and input prices are known and equal to p and wi, 

respectively, the allocation of resources is dictated by the following 

maximization problem: 

Max 11" pF(X) - L wiXi 
i 

(1) 

where 1\" is profit (revenue minus costs). This unrestricted profit 

maximization process yields the well known result that each input is used up 

to the point where its marginal value product equals its price. 

A more common situation is that in which the farm owner, at a given 

point in time, has fixed amounts of m of the I inputs needed ih the 

production process. Maximization under these circumstances is assumed to be 

carried out over the I - m variable inputs. Thus, the short-run profit 

maximization problem is given by 

Max 1\" (2) 

where X is an (n x 1) vector of variable inputs, Z is an (m x 1) vector of 

fixed inputs (m + n - I), and 1\" is variable profit defined as revenue minus 

outlays on variable inputs. 

,The first order conditions on maximization of equation (2) with respect 

to the i variable inputs are given by equation (3) 

aF(X) 
p i 1, 2, ... , n (3) 

15 



The demand for theith variable input of the profit maximizing firm can be 

solved from the system as 

i-I, ... , n (4) 

where X! is the optimal quantity of the ith input and ~ is the n x 1 vector 

of variable input prices. 

Shadow Prices of Fixed Inputs 

The implicit cost of a fixed input is referred to as its shadow price. 

Estimation of shadow prices involves the allocation of variable profit among 

the fixed inputs·. The case of one fixed input presents no problem since all 

variable profit is allocated to the single fixed input and returns per unit 

of that input can be easily calculated. When two or more inputs are fixed, 

one approach is to select one of those inputs for which the shadow price will 

be calculated while assigning a value (generally the market price of some 

input conside.red to be similar to the farm input) to each unit of the other 

fixed factors. However, the opportunity cost of the fixed factor already in 

use may be higher or lower than that of the market proxy. 

By assigning a specific form to the term F(K;Z) in equation (2), Diewert 

(1974) shows it is possible to estimate the shadow price of each fixed factor 

by solving the maximization problem first and then assume that the levels of 

fixed factors in use were chosen so as to minimize the cost of producing the 

observed level of variable profit. Given a variable profit func~ion ~(~, ~; 

Z) that is differentiable at a point (p*, w*; Z*) with respect to the 

components of Z, and specifying that the expenditure on fixed inputs equals 

the value of outputs minus the cost of variable inputs, the shadow price or 

16 



imputed value of a marginal unit of the kth fixed input is defined as 

8~(p*, w*; Z*)/8Zk' 

Selection of Profit Function Forms 

There remains the matter of selecting particular functional forms for 

the profit function; The following criteria have been used in choosing 

desirable functional forms (Diewert [1973]); 

(i) They are linear in unknown paI:arneters so that linear regression 

techniques can be used to estimate the parameters of interest. 

(ii) They provide a second-order approximation to an arbitrary, 

twice-differentiable profit function satisfying appropriate 

regularity conditions. 

(iii) Only simple restrictions on the unknown parameters are needed to 

ensure sufficient conditions for satisfying appropriate 

regularity conditions. 

The form of the variable profit function reflects. the restrictions 

placed on the underlying production and cost functions. It is assumed that 

neither input prices nor output prices are influenced by the individual dairy 

farmer and so can be regarded as given. To compare the alternative forms 

that might to be considered it is convenient to use the cost functions shown 

in Figure 2. The mathematical relationship among the different forms is 

provided in Appendix B. 

The generalized Box-Cox function can be taken as a starting place. 

By imposing appropriate restrictions, a function can be derived that is 

homogeneous in factor prices. This implies that if all factor prices are 

changed by a given proportion, the profit-maximizing output will remain 

17 



Factor price 
homogeneity 
Yi o = Yji 
L0I.1 = 1 + ACt, 
Ly. 0 = A/2 0 
L¢~J = 0 

1 

GBC: LHFP 

Translog' 

Non-homothetic Forms 

Homotheti c Forms 

8 = 0 

s = 

Figure 2. Generalized Box-Cox family of cost functions. (Note: Derivation 
found in Anpendix B.) 
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unchanged. Selecting specific values for the coefficient'x leads to 

three common functional forms; the Generalized Leontief form ('x-l) , the 

Generalized Quadratic Square Root form (.x=2) and the Translog function 

(A -> 0). All are nonhomothetic functions that permit the expansion path to 

be nonlinear, allowing factor proportions to vary with output. The 

Translog form was selected as the initial functional form to be used in this 

study. 

An alternative constraint (~i = 0) leads to a set of homothetic 

functional forms, those having linear expansion paths. This constraint 

implies that level of output has no effect on the relative use of inputs. 

If, in addition, the coefficient B is set equal to zero, a homogeneous 

functional form with scale elasticity of l/~ is produced. Finally, if ~ is 

restricted to 1, the result is a linear homogeneous function of degree 1, 

reflecting constant returns to scale. The latter two homogeneous forms were 

also used in estimating returns to the fixed factors employed on North 

Carolina dairy farms. 

As in production cost estimation, there are numerous forms available for 

approximating the unknown profit function of a firm. For a single-output 

firm, the normalized restricted profit function developed by Lau(1978) has 

been widely used. A normalized profit function, 7r*, can be obtained from the 

maximization process to yield 

7r* = G(w*; Z) (5) 

where G {s a . f . f'': (* *) f l' d 
.L convex unct~on 0 w = wl,"" wn , a vector 0 norma ~ze . 

. * ili ~nput prices defined as wi = wi/P where wi is the i input price and p is 

the aggregate output price. 
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It i~ not necessary to solve the maximization process to obtain 

normalized profit functions that:yie1d demand and supply function~ .cori.dst~nt 

with profit .maximization subject toa production function; As lon~r aEf one 

starts out with a' normalized function satisfying certain regu1c!irlty·· 

conditions, the appropriate demand and supply functions are simply derived" 

by Hotelling's Lemma (Lau [1978], p. 139). The normalized profit function 

is a tool for the estimation of shadow prices, which ref1ectretlirns to the 

fixed inputs used on North Carolina dairy farms. 

Empirical Models Selected 

Two model types'were employed to estimate the value of fixed'inputs on 

farms in the 1982 dairy farm records data set. The first type uses the 

, trans10g profit function, which allows testing the appropriateness of 

generalized Cobb-Douglas assumptions. 

The second set of models includes three versions of the generalized 
, '. 

Cobb-Douglas profit function. The first of these allows estimatIon of 

several efficiency measures. The second investigates, the ittlportance of farm . 

size and geographic region effects. The final Cobb-Douglas mode1,asswpes 
, " .... '.' . ,.', . '.,:, 

that all farins in the set are homogeneous. '. Each of these models is discussed. 

in some detail and the results compared . 

.... , .. 
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ASSET VALUES BASED ON TRANSLOG MODELS 

Description of the Trnnslog Model 

1 ~~ The normalized trans log profit function, n n , may be written as: 

lnn* - 00 + E 0ilnq! + 1/2 E E 0ij lnq! lnq1 + 
i i j 

+ E ~i lnZi + 1/2 E E ~ij lnZi lnZj + 
i i j 

(6) 

Using * to denote normalized variables, n* is variable profit (total revenue 

less variable costs) divided by the price of output, qi* is the price of the 

ith variable input divided by the price of output, and Zj is the quantity of 

the j th fixed input. 

Equation (6) is estimated subject to restrictions to ensure homogeneity 

of degree one in prices: 

(a) E °i ~ 1 
i 

(b) E °ij 0, and 
i 

(c) E bij = ° 
i 

(7) 

It is further assumed that the symmetry conditions of Young's theorem hold: 

(a) 0ij = OJ i, and 

(b) ~ij = Pji (8) 

These restrictions are illustrated in the flowchart in Figure 3. 

Variable input shares of normalized profits, Si. may be obtained by 

taking derivatives of the profit function: 
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Translog 
profit function Fixed Variable 

inputs qi 9,n 1T (q., Z.) f.f-,---i 
1 1 

1 nputs Zi 

Output 
prices Py 

Homogeneity 
in prices 
L:ai = 1 
L:aij= 0 
L: 0 .. = lJ 0 

~. _ ... ___ -..li< _____ --., 

Normalized 
translog profit (6) 

function 
£n1T* (q.*, Z.) 

1 1 

... ..... 

Variable profit function 
! 

(1JJ 

Symmetry 
a .• = a .. 

lJ Jl 

s· . == s· . 1J J1 

Variable 
input shares wrt qi wrt Zi j" 

0.0'0. 1., a .. S., S.· 0 .. 1J 1 1J, 1J 
~--------.~~.--

ai' a, •• , ct •• 
~. 1J 1J 

.

. S. hadow pri ces 
(10) . Z. 

1 

(8) 

(9) 

Figure 3. Flowchart for norma.1ized translog profit function. (Note: Equation 
number in text shown in brackets.) 
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81n1l"* 
Si - ----

8lnq! * 11" 
, i-I, ... , n 

If the ratio of output value to variable profit, Sy, is 

then L Si + Sy - 1 
i 

(9) 

The profit function (6) and the input equations (9) may be estimated as 

a system using seemingly unrelated regression (SUR) methods or the profit 

function may be estimated alone using ordinary least squares (OLS). 

Shadow prices for each of the m fixed inputs, Zi' are obtained by taking 

. the derivative of the normalized translog profit function with respect to 

each input: 

81n1l"* 811" Zi Zi 
---- - .xi , i - 1, ... , m 

* 8lnZi 8Zi 11" Py 11" 

81n1l"* 11" 

or .xi = --- . 
8lnZi Zi 

m n 11" 

- L8 i + L /3ij 
j 

In Zj + L 0ij 
j 

1nqjl (10) 
Z1 . 

It will be noted that three sets of variables are included in the formula for 

the shadow price of fixed input Zi. The first is the direct effect, /3i~ of 

the input Zi. The second set measures the cross-effects of other fixed' 
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inputs, Pij' Finally, there are the terms Oij measuring the effects of 

variable input prices on the shadow prices of fixed input 2i' 

In the present study based on farm financial records the price of labor 

was reported, but only total expenditures on other variable inputs were 

available. As in Garcia et al., expenditures on purchased feed, crop 

expenses, livestock expenses and overhead expenses were substituted for the 

price of these input groups and therefore capture both price and quantity 

effects. The terms 0ij thus will measure the effects of variable input 

prices on the fixed inputs, Zip only if the quantity of the variable input 

used is constant across farms having any given mix of the fixed inputs. 

Estimated Eguation Set 

Expressed in actual variables, the normalized restricted translog profit 

function for the set of North Carolina dairy farms can be specified in actual 

variables as:-

5 
+ ~ Qll(Lnw)2 + ~ ~ 0li(LnTi)2 

i-2 

5 5 
+ ~oli LnwLnTi + ~ Q2i LnT2LnTi 

i-2 1-3 

5 
+ ~ 03i LnT3LnTi + 0/.5LI1T4LI1T5 

i-4 

4 
+ ~ ~ Pii(LnZD 2 + P12LnZ1LnZ2 + P13LnZ1LnZ3 

i-l 

5 4 
+ P23LnZ2LnZ3 + ~ ~ Oij LnTi LnZj + el 

i-l j-l 
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where ~* is normalized variable profit per farm; 

w, normalized hourly wages;l 

T2. expenditures on purchased feed normalized by the price 
of output; 

T3, expenditures in crop-producing activities normalized by 
the price of output; 

T4, expenditures on livestock normalized by the price of 
output; and 

T5, "overhead" or miscellaneous expenditures per farm 
normalized by the price of output. 

The fixed inputs are defined as: 

Zl, the total amount of land used by each farm; 

Z2, average number of cows per farm; 

Z3, book value of buildings and equipment (undepreciated) 
owned by the farm; 

Z4, hours of unpaid operator and family labor reported. 

No interaction was assumed to exist between unpaid hours of operator and 

family labor reported per farm, Z4, and the other fixed factors, 

Following the development of (9), the Si equations for wages, purchased 

feed, crop expenses, livestock expenses, and "overhead" expenses are: 

* 11" 

(12) 

(13) 

lHourly wages were obtained by dividing total wage bill per farm by 
hours of total paid labor per farm as reported by the farmer. Differences in 
hm.trly wages are assumed to represent differences in the opportunity cost of 
time for laborers rather than quality differences. 
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* 11" 

Equations (11) to (16) were estimated using the data from the Farm 

(14) 

(is) 

(16) 

Business Records Program described earlier. For statistical specification, 

additive errors with zero expectations and finite variance are assumed for 

each of the six equations of the model. Covariance of errors of any two of 

the equations for the same farm may be different than zero, but the 

covariance of errors of any two equations corresponding to different farms is . . 

assumed to be identically zero. Under these assumptions, an asymptotically 

efficient method of estimation, Zellner's Seemingly Unrelated Regression 

Method (SUR) is used to jointly- estimate equations (11) to (16). 

For ease of interpretation, the system of equations shown above can be 

arrayed as in Table 6. The parameters of the system are reported in 

Appendix Tables 2 and 3. 
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Table 6. Format for estimated coefficients, translogfunction 

Variable 

Variable profit 
function§: 

Intercept 

Input/profit 
ratio eguations: Q 

Hired labor 

Purchased 
feed 

Crop expense 

Livestock 
expense 

Overhead 
expense 

First order 
terms 

Intercept 

aSee text Equation 1l. 

bSee te~t Equations 12 to 16. 

Second order .. terms 

Purchased 
inputs 

27 
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Fixed 
inputs 
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Estimated Shadow Prices 

Translog system estimates of shadow prices for the fixed inputs are 

found in Table 7, Column 1. The shadow price of land was $-24, the va.lue per 

cow was $307, return to investment in buildings and eqUipment was $.25 per 

dollar, and operator and family labor was valued at $1.24 per hour. 

Siz'e of herd influenced the value of each of the fixed inputs. Land· 

increased slightly with herd size but remained negative; the value of cows 

was highest in small herds, as was the return to buildings and equipment. 

Returns to labor on farms with small herd-shalf that of farms with medium and 

large herds. 

In the second model the translog profit function was estimated as a 

single equation. Equality of the 0ij terms in the profit function and in the 

variable input share equations seen in Figure 3 no longer holds. The effect 

was to raise the shadow prices of each of the fixed inputs except land, where 

larger negative returns were found (Column 2, Table 7). The signs of the 

herd size effects were not changed from the unrestricted system estimates 

except for buildings and equipment, which now increased with size. 

The third model used the translogprofit function only with all va.riable 

input cross-terms restricted to zero, producing a generalized Cobb-Douglas 

function. Estimating shadow prices using the first two sets of terms in 

Equation 10 had the effect of lowering all shadow prices for the fixed inputs. 

relative to the unrestricted translog model (Column 3, Table 7). The value 

of cows and returns to buildings and equipment again declined with herd size; 

land returns changed little, while operator and family labor increased 

substantially with herd size. 
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Table 7. Estimated shadow prices for fixed inputs using three alternative 
trans log models 

Herd Trans10g Profit function only: 
size systema Trans10gb Cobb-Doug1asC 

($ per acre) 

Land All farms -24.43 -50.92 -5.59 
(acres) Small -26.69 -65.12 -5.76 

Medium -20.63 -48.62 -6.65 
Large -17.01 -31.93 -4.66 

($ per cow) 

Cows All farms 306.90 374.50 248.80 
(number) Small 389.80 441.50 302.40 

Medium 362.20 410.50 289.80 
Large 216.30 298.70 192.30 

($ per $1 invested) 

Buildings & AU farms .252 .342 .221 
equipment Small .284 .276 .258 

($) Medium .250 .294 .239 
large .237 .378 .185 

($ per hour) 

Owners' labor All farms l.238 2.869 1.103 
(hours) Small .797 1.846 .679 

Medium l.689 3.816 1.241 
Large l.596 3.894 1.733 

aSimu1taneous estimation of profit function (11) and variable input 
equations (12-16) us~ng SUR. Weighted R2 for the system is .650. 

bEquation 11 estimated using OLS. Uncorrected R2 - .758. 

CEquation 11 estimated using OLS with all second order terms assumed 
equal to zero. Uncorrected R2 - .550. 
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Thesfl thrc;fj trllnslog lIlod(d.s J "[I(} to the cone lusj on that land had 1 f tt1(1 

effect on variable profits Oil thIs set of dairy fl11"l1l8 ill 19HZ. A munber of 

farms reported little or no land used by the dairy operation, suggesting that 

off-farm sources of feed provided a profitable alternative to farm-produced 

roughage. However, a high proportion of farms in the data set rented land in 

addi tion to that owned. Land l'ent is included in the crop expense category. 

A second explanation might be that the marginal contribution of land to 

variable profit was offset by additional land rent expense and thus, the 

shadow price of land was zero. If rent paid by farmers is treated as income 

to land, the shadow prices per acre for the trans log system model become 

$-8.61, $2.40 and $6.11 for small, medium and large herds, respectively. 

There was a clear incentive for operators to expand the number of cows 

in the herd, both because of the positive effect of cow numbers on profits 

and because of the higher returns to labor with larger herds. The estimated 

returns to buildings and equipment seem a bit high, but include depreciation 

allowances as well as return on the inventory value reported for these 

inputs. Returns to labor as estimated hy these models was substantially 

below minimum wage levels, suggesting that some operators might find off-farm 

employment an attractive alternative to dairy farming. 

C()!Dpnrison of Statjstical Models 

The unrestricted trans log system mooe1 was compared with the Cobb-

Douglas model in which all second-order terms were restricted to zero. This !' 

test indicated that the restricted model could not be rejected (F(87,S76) 

.OS3 compared with the critical value of F(.OS) of 1.32). This result.is not 

surprising, since the translog profit function requires identification pf Sl 
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parameters while the data set consisted of 113 observations, well below the 

desired level of five observations per parameter. 

A comparison of the shadow prices calculated using the system estimates 

with the estimates based on the profit function alone shows that the two 

methods provide very similar results. The models presented in the following 

sectibn use the Cobb-Douglas form for the profit function alone rather than 

for the complete system of equations derived from the theoretical model. 
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ASSET VALUES BASED ON LINEAR MODELS 

Description of the Linear Model 

It was established in the previous section that the translog model with 

second-order terms constrained to be zero was an acceptable functional form 

for this data set. In this section the linear profit function model is used 

to measure the effects of three additional characteristics thought to affect 

fixed asset values: size of herd group, productivity measures, and region 

where the farm is located. 

The Cobb-Douglas profit function as derived in Appendix C can be written 

as follows: 

In1r* 

where the parameters ¢l and ¢2 measure the effect of small herd and large 

herd size, respectively, relative to the base medium herd size group. 

Two productivity characteristics were added. One measures the effect of 

milk production per cow as the ratio of individual farm average yield per cow 

to the average of all herds, PROD. The second measures specialization in 

milk production using the relative importance of milk sales to total sales, 

MPCT. It should be noted that only those farms receiving 70 percent or more 

of cash receipts from milk sales were included in the data set. A total of 

100 farm records were used in estimating the Cobb-Douglas profit function 

models reported in this section. 
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The effect of farm location on variable profits was investigated by 

adding a discrete variable for Coastal Plain counties, Rl, and a variable for 

Mountain locations, R2. 

Estimated System Equations Using SUR 

A set of system models was estimated using the Cobb-Douglas framework 

with both variable profit function and the variable input equations described 

earlier for the translog models (see equations 6 and 9) Location effects 

were omitted from these ~UR models. The system was estimated using the 

va.rictble profit function (equation 17) and the following variable input 

equations, which allow for variations among the three herd sizes: 

* **s Ss **M SM *,'cL SL WXrJ1T °1 + al + Ql + v2 

* **S 88 **M SM **L SL T2/1T Q2 + °2 + °2 + v3 

* o:~*S Ss **M SM **L SL T3/1I' + Q3 + Q3 + v4 

* **S S8 **M SM **L SL T4/1I' °4 + °4 + °4 + vs 

* **s Ss **M SM **L SL (18) Ts/lI' °S + °S + °S + v6 

The discrete size variables are Ss = 1 for farms with small herds and 

zero otherwise, 8M = 1 for medium size herds and SL = 1 for farms with large 

herds. Small herds are defined as those with less than 80 cows, medium herds 

are those with 80 to 139 cows and large herds are those with 140 or more 

cows. 

The parameters of the profit function and five factor equations 

estimated for the three SUR models are shown in Table 8. In the unrestricted 

model no constraints were placed on any of the equations. In Column 2 equal 

. technical efficiertcy was assumed across farm size groups by setting <Pl and <P2 

in the profit function equal to zero. The equal technical efficiency 
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Table 8. Profit function and factor equations for .three Cobb-Douglas system 
models estimated using SUR 

Variable 

Intercept: 

Purchased Inputs: 
Wage 
Purchased·feed 
Crop expenses 
Livestock expenses 
Overhead expenses 

Fixed Inputs: 
Acres of land 
Number of cows 
Buildings & eqUipment 
Own labor 

Farm Characteristics: 
Productivity index 
Milk sales percent 
Small herd group 
Large herd group 

Wage 

Purchased feed 

Crop expenses 

Livestock. expenses 

Overhead expenses 

Sum of squared error 
Degrees of freedom 

Model characteristics 
Equal technical 

ID Unrestricted efficiency 
Variable Profit Function: 

0:0* 3.1444** 4.5545** 

0:1* - .1149 - .1064 
0:2* - .3519** - .. 3451** 
0:3* - .1699** - .1586 
0:4* - .0999 .1239 
0:5* - .2837** - .2676** 

[31* - .0087 - .0313 
[32* 1.8363** l.4203** 
[33* .0590 .0511 
[34* .1550* .1920** 

PROD l. 7287** l. 7413** 
MPCT . -1. 6499** -1.5615** 
(/11 .2315* 
(/12 - .3448** 

Factor Eguations: 
Sl - .2793** - .3162** 
S2 - .9860** - .8633** 
S3 - .3727** - .4020** 

Sl -1.1013** -1.1810** 
S2 -2.4279** -2.1631** 
S3 -l. 3750** -1.4381** 

Sl - .8638** .- .9272** 
S2 -l. 5951** -1.3847** 
S3 - .8745** - .9247** 

Sl - .2756** - .2922** 
S2 - .4968** - .4418** 
S3 .2773** .2903** 

Sl - .4348* - .4874** 
S2 -1.2572** ~ l. 0824** 
S3 - .6033** ~ .6450** 

514.7975 515.0486 
505 507 

34 

Neutral 
efficiency 

4. 2652~~* 

- .1101 
- .3414** 
- .1563 

.1235 
- .2682** 

- .0222 
l.4716** . 

.0507 

.1875* 

1. 7125*~~ 
-1.5760** 

~ 

- .4648** 

~1.4860** 

-1.0239** 

- .3234** 

- .6728** 

513.5273· 
517 

~ 

.~ 



~' , 

.. -.... ~ .. 

h~othesis cannot be rejected based on a Chow test of the differenceiri sum 

of squared errors for the two models (F(2;505) .... 12 vs critical value of 

"(2;400) ,of 3.02 at the .05 level). 

The assumption of neutral efficiency (Column 3) requires zero values for 

<PI and <P2 in the profit function as well ,as equality of the herd size 

eq~tficients ai in each factor equation. The sum of squared errors is 

smaller, but the weighted R2 for the system drops from .52 to .37., 

Shadow prices calculated from these Cobb-Douglas system models are shown 

in Table 9. As in the case of the translog estimates, the contribution of 

land to variable profits was small but negative. The shadow price of cow 

numbers WaS substan1:ially higher than those from the translog models:, but, 

a~ain decreased with size of herd. Returns' to investment in buildings and I 

equipment were less than 5 percent with little difference among herd sizes. 

Returns to operator andf:amily labor ranged from $2.10 to $2.60 per hour , and 

incre'ased with herd size, reaching $4.00 per hour for the large herds. 

Estimated Profit Functions Using OLS 

The ~ormalized variable profit functions for three models'estimated 

us;ing ordinary least squares are shown in Table 10. The locationeffacts for 

Motin,tain and Coastal Plain farms found in the first: model were negative but 

1l~1= statistically 'significarit, possibly because of the small number of farms 

outside the Piedmont area. Using a Chow test to coniparethe first andsecorid 
.-.. . .;. 

OLS models,itw8s found that the second model in which location effectss.re 

'constrained to zero could not be rejected. This second model is the OLS 

cou:nterpart to the SUR system model shown in columnl, Table 8. 

The third model,in which both region and herd size parameters are 

constrained to be zero,when compared with the first model was marginally 
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Table 9. Estimated shadow prices for fixed inputs using three alternative 
Cobb Douglas system models 

Herd Equal Tech. Neutral 
In12ut size Unrestricted Efficiency Efficiency 

($ per acre) • -

Land All farms -l. 77 -6.35 -4.51 
(acres) Small -l. 81 -6.50 -4.61 

Medium -2.16 -7.77 -5.51 
Large -1.40 -5.05 -3.57 

($ per cow) 

Cow All farms 976 755 782 
(number) Small 1202 930 963 

Medium 1147 877 919 
Large 551 551 511 

($ per $/invested) 

Buildings & All farms .038 .033 .033 
equipment Small .045 .039 .038 

($) Medium .041 .036 .036 
Large .031 .027 .027 

($ per hour) 

Owners' labor All farms 2.10 2.60 2.54 
(hours) Small l. 36 l. 69 l. 65 

Medium 2.38 2.95 2.87 
Large 3.28 4.07 3.97 
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Table 10. Profit function for three Cobb-Douglas models estimated using OLS 

Variable 

Intercept: 

Purchased Inputs: 
Wage 
Purchased feed 
Crop expenses 
Livestock expenses 
Overhead expenses 

Fixed Inputs: 
Acres of land 
Number of cows 
Buildings & equipment 
Own labor 

Farm Characteristics: 
Productivity index 
Milk sales percent 
Small herd group 
Large herd group 
Coastal Plain Region 
Mountain Region 

Sum·of squared error 
Degree of freedom 

R2 

ID 

aO 

PROD 
MPCT 
<PI 
<p2 
Y1 
Y2 

Model Characteristics 
With size 
and region 

2.3642* 

- .1928** 
- .5247** 
- . 3109~"'* 
- . 0435 
- . 3108** 

- . 0254 
2.4023** 

.1116 

.3028** 

2.2044** 
-2.1289** 

.3195* 
- . 3509** 
- .0756. 
- . 0058 

7.6699 
73 

.7540 
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No region No size or 
effects region effects 

2.3958* 

- .1889** 
- .5246** 
- .3144** 
- . 0467 
- . 3113** 

- . 0233 
2.4074** 

.1101 

.3027** 

2.2080** 
-2.1566** 

.3199** 
- .3463** 

7.6854 
75 

.7535 

4.3351** 

- .1792* 
- .5294** 
- . 3312** 
- . 0004 
- . 2907** 

- . 0464 
1.9069** 

.0981 

.3482** 

2.2331** 
-2.0979** 

8.7277 
77 

.7200 



rejected at the .05 level (F ratio of 2.52 with a critical F(4,70) value of 

2.50) but was not rejected at the .01 level. When compared with the second, 
I 

model three was rejected at the.Ol leve~. This third model is the OLS 

counterpart to the SUR models found in Columns 2 and 3 of Table 8. 

Estimated Shadow Prices 

The shadow prices for fixed inputs calculated from the three OLS models 

are found in Table 11. The first two which include size of herd produce 

similar estimates with and without the region variables. Returns to land are 

negative but small, returns to cow numbers are large and decline with size of 

herd, returns to investment in buildings and equipment range from 5 to 9 

percent, while returns to operator and family labor range from. $2.46 per hour 

for small herds to $5.89 for large herds. 

When both size of herd and region effects are restricted to zero (column 

3), the estimated shadow price per cow drops from over $1200 to $982 per cow 

in the average size herd, returns to land and investment in buildin~s and 

equipment drop slightly and the value of operator and family labor increases 

to $4.01 per hour. The OLS estimates of the variable profit function provide 
.1 

additional support for the view that returns per cow are greatest on small 

herds but that the value of family labor rises with herd size. 
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Table 1L Estimated shadow prices for fixed inputs using three alternative 
Cobb-Douglas OLS models 

Herd With size No region No size or 
In:gut size and region effects region effets 

($ per acre) 

Lahd All farms -5.19 -4.76 - 9.49 
(acres) Small -5.41 -4.96 - 9.88· -. Medium -6.09 -5.59 -11.13 

Large -3.80 -3.49 - 6.95 

($ per cow) 

Cow All farms 1237 1240 982 
(number) Small 1416 1419 1124 

Medium 1350 1353 1072 
Large 844 846 670 

($ per $/invested) 

Buildings & All f~rms .077 .076 .067 
equipment Small .091 .090 .080 

'($) Medium .079 .078 .069 
Large .053 .053 .047 

($ per hour) 

Owners' labor All farms . 3.49 3.49 4.01 
(hours) Small 2.47 4.46 2.83 

Medium 4.26 4.25 4 .. 89 
Large 5.89 5.89 6.77 
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EVALUATION OF MODELS AND RESULTS 

This study investigates the factors that influence the profitability of 

Grade A milk production in North Carolina. The usual method for evaluating 

fixed resources used on dairy farms is a residual procedure in whichC!urrent 

market values are placed on all but one factor and the remainder of variable 

profits allocated to the selected input. This method produces negatiV-e 

values when the profitability o,f milk production is not great enough to cover 

current market prices for all fixed factors. 

In this study a theoretical model of resource allocation was presented. 

The most general model for estimating the values of fixed factors considered 

here is the translogvariable profit system. This system relates prices o.f 

variable inputs and quantities of fixed factors to variable profit, 'the 

difference between cash receipts and cash expenses adjusted for inventory 

change. 

When financial records for a set of farms in a particular year are used, 

for estimation, variability in factor prices is not observable. As a result, 

it is necessary to substitute expenditures on selected variable factors for 

the prices called for in the theoretical model. While this is a serious 
, , ' 

weakness of the empirical model when used ,to estimate certain characteristics 

of the system, it is possible to obtain estimates of the marginal value of 

the fixed inputs. These shadow prices are of primary interest in this study. 

The first set of shadow prices of fixed inputs on dairy farms was' 

developed using the translog profit function and five factor supply equations 

estimated as a seemingly unrelated regression (SUR) system. These es~imates 

were compared with those derived from the variable profitfunctibn alone 

using ordinary least squares (OLS). The translog system requires a larger 
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data set than the 117 farm records used in this study to provide desired 

levels of statistical significance. 

It was shown that a more restrictive linear model could not be rejected. 

This model is the generalized Cobb-Douglas form. Estimates were developed 

using both SUR estimates of the equation system and OLS estimates of the 

variAble profit function alone. It was found that region of the state in 

wqich the farm was located did not have a significant effect on variable 

profit. 

The results from all models reported here suggest that variation in the 

quantity of cropland and pasture used on these farms had little impact on 

variable profits. Investment in buildings and equipment also played a small 

role in explaining variable profit differences among farms, ranging from as 

much as $.38 per dollar invested for one model to $.05 for other models. 

Number of cows in the herd was an important determinant of variable 

profit. Shadow prices for cows averaged between $300 and $400 per head for 

translog forms but reached as high as $1200 per cow for some Cobb-Douglas 

models. In every case the shadow price of cows was highest on small herds 

and lowest on large herds. 

The fourth fixed factor considered, hours of unpaid operator ':mdfamiiy 

labor, was also important in explaining differences in profits among f,arms . 

. Translog estimates for the average farm varied from $1.10 to $2.87, Whine 

Cobb-Douglas estimates were as high as $4.01 per hour. In contrast to the 

decline in value of cows, operator's labor was valued least on small herds 

and rose steadily for medium and large herds. 

The shadow prices of fixed factors reported in this study should be 

regarded as marginal values calculated at the mean rather than average-
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values. This implies that mUltiplying shadow prices by average farm use 

. levels need not exactly equal the. average variable profit per fa·rm..The 
. : ;.: 

. . 

values per cow derived using two of the three Cobb-Douglas models seem 

unreasonably high, but the translog forms 'and the last Gobb-Doug;Las model 

seem to provide sensible estimates~ 

. Insights can be gained concerning the relative contributi.on to diiiry 

farm profits of the four types of fixed factors using the statisticai 

proce.dures described here. They make it possible .to derive consistent 

estimates of the marginal values of the fixed factors and the effec·ts of herd 

siZe and productivity that are not possible using the traditional residual' 

method. 

Based on the models reported here which analyze. the financial 

performance of a set of dairy farms inl982,it would be· expected (1) that 

herd size w6uld increase. in response t.O the large contribution to variable 

' .. profit from additional cows and (2) that operators of small herds would 

either exit trom dairying or increase the size of their herd in response to 

the low returns to operator and. family labor in small herds as cOlnpar~d with 

large.herds. These expected adjustments in the North Carolina dairy'industry 

are .consistent with the 24 percent increase in December daily deliveries:' per 

farm· and with the 36 percent decrease in number of Grade Aherdsobse:.;ved 

between December 1982 and December 1987. 
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Appendix Table 1. Income, expenditure; and performance data available for 
each farm in the Electronic Farm Business Recqrds Program 

FARM RECEIPTS 

(1) Milk sales 
(2) Dairy livestock sold 
(3) Other livestock and 

livestock products 
(4) Crop sales 
C5) Rent, interest, dividends 
(6) Other income 
(7) Total cash receipts 
(8) Change in feed, crops and 

supply inventory 
(9) Change in livestock inventory 
(10) Total farm receipts 

OPERATING EXPENSES 

(11) 
(12) 

(l3) 
(14) 
(15) 
(16) 

(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 

(24) 
(25) 
(26) 
(27) 
(28) 

(29) 
(30) 
(31) 

(32) 
(33) 
(34) 
(35) 
(36) 

Hired labor 
Purchased feed 
Crop expenses 
Seed 
Fertilizer and lime 
Chemicals 
Conservation expense 
Livestock expenses 
Breeding fees 
Vet and medicine 
Livestock marketing 
Livestock purchases 
Miscellaneous livestock expense 
Dairy supplies 
Herd testing 
Power and·machinery expenses 
Machine repairs 
Gas, fuel··and oil 
Machine hire 
Freight--trucking 
Utilities 
Interest, taxes, insurance 
expenses 
Interest 
Taxes 
Insurance 
General farm expenses 
Other repairs 
Supplies 
Rent 
Miscellaneous expenses 
Total operating expenses 

(37) 
(38) 
(39) 
(40) 
(41) 

(42) 

NET OPERATING INCOME· 
Less maChinery depreciation 
Less building depreciation 

NET FARM INCOME 
Less interest on net worth 

at 11 percent 
RETURN TO MANAGEMENT AND 
UNPAID LABOR 

(43) Less operator and partner 
unpaid labor 

(44) Less unpaid family labor 
(45) RETURN TO MANAGEMENT 
(46) RETURN TO MANAGEMENT PER COW 

CHARGE FOR MANAGEMENT 
@ 5% CASH RECEIPTS 

(47) RATE OF RETURN ON NET WORTH 

(48) 
(49) 

(50) 

(51) 
(52) 

(53) 
(54) 
(55) 
(56) 
(57) 
(58) 
(59) 
(60) 
(61) 
(62) 
(63) 

(64) 
(65) 
(66) 
(67) 
(68) 
(69) 
(70) 
(71) 
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OTHER FACTORS 
Blend price per cwt. 
Percent farm receipts used 

for operating expenses 
Percent farm receipts for 

depreciation 
Net operating income per cow 
Percent cash receipts from 

dairy 

BALANCE SHEET, ASSETS 
Accounts receivable 
Land 
Buildings 
Machinery 
Feed, crops and supplies 
Dairy livestock 
Other livestock 
Base and allotment 
Total assets 
Liabilities 
Net worth 

MEASURES OF SIZE OF BUSINESS 
Number of cows. 
Pounds of milk sold 
Farm receipts 
Total acres cropland 
Man-years of dairy labor 
Man-years of farm labor 
Total .assets 
Total value of assets used 



Appendix Table 1 (continued 
MEASURES OF RATES OF PRODUCTION 

(72) Pounds of milk sold per cow 
(73) Milk sales per cow 
(74) Tons of corn silage per acre 
(75) Ton~ per hay per acre 
(76) Bushels of corn grain per acre 

Roughage harvested 
(tons of silage equivalent) 

(77) Hay 
(7~) Corn silage 
(79) Small grain silage 
(80) Other silage 
(81) Total tons of silage 

equivalent harvested per cow 

(83) 
(84) 

(85) 
(86) 

(87) 
(88) 

(89) 

(90) 
(91) 

(92) 
(93) 
(94) 
(95) 

(96) 

(97) 

(98) 

(99) 
(100) 
(101) 

MEASURES OF LABOR EFFICIENCY 
Number of cows per man-year 
Pounds of milk sold per 

man-year of dairy labor 
Crop acres per man-year 
Farm receipts per man-year 

ITEMS RELATED TO FEED COSTS 
Pounds of milk sold per cow 
Feed purchased per cwt. of 

milk sold 
Feed purchased as percent 

of milk sales 
Crop expense per cwt. 
Total purchased feed and 

crop expenses per cwt. milk 

OTHER FACTORS 
Silage equivalent per cow, tons 
Acres of cropland cow 
Acres of pasture per cow 
Fertilizer and lime 

per crop acre 
Seed and chemicals 

per crop acre 
Heifers as percent of 

cow numbers 

POWER AND·· MACHINERY EXPENSE 
Machinery depreciation per 

cwt. of milk sold 
Interest per cwt. of milk sold 
Utility cost per cwt. milk sold 
Machinery oper. expense per 

cwt. milk sold 

(102) Total P&M expense per cwt. 
milk sold 

(103) Percent of milk sales for 
P&M expense 

LABOR AND MACHINERY EXPENSE· 
(104) Total P&M expense per cwt. 

milk sold 
(105) Hired labor expense per cwt. 

milk sold 
(106) Value operator and unpaid 

labor per cwt. milk sold 
(107) Total labor and machinery 

expense percwt. milk 
sold 

(108) 

(109) 
(110) 
(111) 
(112) 

(113) 

(114) 
(115) 
(116) 

(117) 
(118) 

. (·1+9) 
..... (120) 

(1,21) 
(122) 
(123) 
(124) 
(125) 
(126) 
(127) 
(128) 
(129) 
(130) 
(131) 

Percent of milk sales for 
labor and machinery expense 

INVESTMENT ANALYSIS 
Total investment 
Per man-year 
Per cow 
Mach. & equip. investment/cow 
Land and building investment 

per cow 
Capital turnover (investment/ 

farm receipts) 

FARM DEBT ANALYSIS 
Percent equity 
Farm debt per cow 
Available for debt service, 

living & taxes 
Annual debt payment per cow 
Debt payment as percent of . 

milk sold 

NET COST OF PRODUCING MILK 
Farm receipts 
Less milk sales 
Other receipts 
'fotal operat~ng expens"es 
Depreciation 
Interest 
Operator and unpaid labor 
Total cost 
Less other receipts 
Net cost 
Pounds of milk sold 
Net cost per 100 pounds 
Blend price received for milk 
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Appendix Table 2. Variable definitions and mean values, Cobb-Douglas mdels 

Farm Record Identification Mean C-D 
. Namea 'Sourceb fanns 

LN Norm by p(mTPut' 
Item Cobb-D Tra.ns. 
--'~--' ----------. ------------------------ .~~~, -----.. 
Farm Locationc 

Size of herd 

Dollar values: 
Milk sales 

Region 

Small 
Medium 
Large 

Milk less freight 'Xl 
Livestock sales X2 

'. Crop sales X4 
Total sales Sales 
Total op expenses .Expenses 
Variable profit Profit 
Prices: 

Milk 
·.··Livesto~k 

Calves 
Gull cows 
Milk cows 

Crops 
Output 

Variable Inputs($) 
Hired labor: 
Labor expense 

'. Hqurs hired 
Wage rate, W 

Purchased feed 
Crop expenses 

Livestock expense 

Overhead expense 
Total variable 

expense 

Milk sold/cow (lb.) 
Rel; productivity 
PCT milk sales 

Owned inputs ($) 
Land (crop+past) 
Livestock 

PM ilk 
PStock 

PCrop 
POutput 

TI 
HLabor 
Wage 
T2 
1:3 

T4 

IS: 

TEXP 

Yield 
Prody 
MPCT 

Zl 
. Z3 

Piedmont Base 
CPlain Rl==l 
Mountain R2=1 
<80 cows Sl=1 

·80-139 Base 
140+cows S2=1 

i 
1-27 
2+3 
4 
Xl+X2+X4' 
36-20-27 
Sales-expenses 

.80 

.05 

.15 

.43 

.34 

.23 

221435 
17475 

5644 
244554 
187019 

57535 

131 14:876 
Geo. mean of: 49.7702 
55.02**(2446.74/164Q3.94)* 
40.00**(11059.2/16403.94)* 
105.00**(2898;0/16403.94) . 
State mean cornpr. 4.8124 
PMilk**(Xl/Sales)*·15.1452 
PStock**(X2/Sa1es) 
*PCrop** (X4/Sa1es)' 

11 
69*2640+N25 

'l1/HLabor 
12 
13 To 16+24 
To 26+34 
17 To 19+ 
21 To 23+28 
29 To 33+35 

T1 To T5 

87 
87/14387 
Xl/Sales 

54 
·58+59+20 

47 

23744 
5626 
3.85 

702.02 
47134 

16630 

.29308 

187019 

14387 

181892 
169102 

8.0729 

-1.4157 
8.2618 
7.8306 

6.795 

7.2275 

-.0187 
- .1095 

8.02277 

-1. 3027 
8.2852 
7.8621 

6,8296 

7.2770 



Appendix Table 2 (continued) 

Item 

Building & equip. 
Value family 

labor 

Owned inputs 
(Quant.) 
Cropland (AC) 
Pasture (AC) 
Total land (AC) 
Milk cows (NO) 
Family 

Labor (HR) 

Farm Record Identification Mean C-D 
Namea Sourceb farms 

Z4 
Z5 

NZl 
NZ2 
NZT 
NZ3 

NC5 

55+56 
43+44 

67 
64*94 
NZ1+NZ2 
64 

43/$5.35+ 
44/$3.35 

88807 
21399 

202.67 
80.83 

283.50 
108.21 

4241.4 

LN Norm by POUTPUT 
Cobb-D Trans. 

11.1565 11.1668 

5.4616 5.4673 
4.5382 4.5468 

8.3383 7.7867 

Note: The following farm numbers were deleted: Trans; 40, 50, 58, 98. C-D: 
Also 1, 14, 15, 22, 38, 47, 56, 65, 85,91, 101, 105, 106. 

aCanoza, Appendix B, pp. 160-169. 

bCanoza, Table 5, pp. 19, 20. 

cCanoza, Figure 1, p. 18. 
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I! J. Estimated profit function, unrestricted translog model 

-------------------------------------------------------------------Secund-order-terIDs------------------------------------------

------_______________________________________________ ~~Li~~l!_lE£~J~ ______________________________ fi~!~_ln£~il ________________ _ 
1st Wage Feed Crop· Livestock Overhead Build. & Own 

order r-ate expo exp, expo expo Land Cows equip. labor 
Variable 10 terms w 12 T T4 T5 Ii Z2 Z3 Z4 

--------------------
. Intercept 5.7866 , (16.2934) 

Purdased )npiji.~: 
Wage w 1.7904 - -)'i'15* -.3688 .1405 .2738 % 1324 .3067 -.5320 -.0400 -.1537 ;&0 __ 

12.5953) ( .2622) 1.3181) ( .2750} {. 224B} L2119i { ~ 30iBj i .4637) ( .2225) (. 148ll 

Pur-chased T -.4077 -.4991 -.44ii .6764 . i 998 -.1901 .5429 - .1695 .2063 • -1 

feed I.. (6,0722) (L0361l 1.4870) (,6175) ( ,28(4) ( .4951) (Li 9911 1.49251 (.1800) 

Cr-op 11 ,7702 -.0274 12683 .2454 ,0198 .2075 -.0342 -,0998 
expense 

,; (2.8157j ( .4823} ( .3530) ( :2429) (2988) (.6323) (2936) (.1058) 

livestock 14 -1. 6657 -.7425 ,0648 -,2038 -.6891 .4238 -,1407 
expense (3i4660) ( 88492) ( .32(4) ( ,4895) (.7682) !.Ja49l (, 1224) 

Ow-head T5 0.2604 -.3535 -.3598 - -i(i7--' -.0674 .0282 .1.. .. /1 i.. 

expense (2.0496) ! t2i81l ( ,27(2) ( .4490) (,2708) ( .(666) 

Fixed ifieijt~: 
Anes of it .7509 .0253 .5994 .1941 

Jand (2.6925) ( .2b41} ,8968) (2223) 

Nlll!lber of 12 -.0543 -.0768 .2573 
COIJS (7.0nll (2.4736) (.7086) 

Build. & 13 .4264 -.1532 
eqUIp (2.7295) (-.36371 

Own Z4 -2.2511 -.0019 
labor (,5656) (,0285) 

.' 
fOiagonal entries are ·PA11 = i/2 All! etc. Standard errors are shown in parentheses. 
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Appendix Table 4. Estimated input/profit ratio equations, unrestricted 
trans log model 

Variable ID 

Hired 
labor 

w 

Factor 
Purchased 

feed 
T2 

equation 
Crop 
expenses 

T3 

Livestock 
expenses 

T4 

Overhead 
expenses 

T5 
--------------------------------------~---------------------------------~-----

Intercept 

Purchased inputs: 
Wage w 

Purchased T2 
feed 

Crop T3 
expenses 

Liv.estock T4 
expenses 

Overhead T5 
expenses 

Fixed inputs: 
Acres of Zl 

land 

Number of . Z2 
cows 

Build & Z3 
equip. 

Own Z4 
labor 

-1.0227 
(1.4373) 

-.1224 
( .1376) 

- .1922 
(.2351) 

-.0733 
(.1717) 

-.0843 
(.2201) 

-.3073* 
( .1355) 

-.2445 
(.1549) 

.1343 
(.3426) 

.4506** 
( .1524) 

.1238** 
( .0383) 

*Significant at; 05 level. 

**Significant at .01 level. 

-6.4960 
(3.8385) 

-.3993 
(.3674) 

-1.5783** 
(.6279) 

.1901 
(.4586) 

.4884 
(.5878) 

-.6803 
(.3618) 

- .4298 
(.4136) 

.6083 
(.9148) 

1.3948>'< 
( .4071) 

.1731 
(.1022) 

Standard errors are shown in parentheses. 

50 

-1.9795 
(2.1950) 

-;2232 
(.2101) 

-.3674 
(.3590) 

- .9218*>'< 
(.2622) 

.2655 
(.3361) 

- .4524* . 
(.2069) 

- .1182 
(.2365) 

.8294 
(.5231) 

.7462** 
(.2328) 

.1041: 
(.0584) 

-1. 4634 
(.6999) 

- .0.570 
(.0670) 

-.0421 
(.1145 ) 

.0559 
(.0836) 

-.2439* 
(.1072) 

- .1776** 
(.0660) 

-.0730 
(.0754) 

.1994 
(.1668) 

.2672** 
(.0742) 

.0474** 
(.0186 ) 

-.8520 
(2.0750) 

- .0340 . 
(.1986) 

- .1784 
( .3394) 

.0850 
(.2479) 

.0051 
(.3177) 

- .9874''<* 
( .1956) 

-.2484 
(.223~) 

.6999 
(.4945) 

.5058* 
( .2200) 

.0635 
(.0552) 

.' 
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APPENDIX B. GENERALIZED BOX-COX FAMILY OF COST FUNCTIONS 

Function class 

1. Generalized Box-Cox 

2. Linear homogeneous in factor prices 

a. Generalized Square Root Quadratic 

b. Generalized Leontief 

c. Translog 

3. Homethetic production technology 

a. Nonhomogeneous 

b. Homogeneous, degree l/~ 

c. Constant returns to l:lcale 

Chara.cteristics 

Unconstrained 

Nonlinear expansion path 

2 

1 

,X -> 0 

Linear expansion. path 

ifJi 

() 

o 

o 

1 (Cobb Douglas) 

The generalized Box-Cox function, C, can be expressed as 

C = [1 + 'xG(p)]l/'x y~(Y,P) 

where G(P) = Qi + 2; Pi ('x) + 1/2· 2;2; l'ij Pi (,x) Pj (,x) 
i ij 

~(Y,P) ~ + 1/2 ()In Y + 2; ifJi in Pi, and 
i 

Pi (,x) = (Pi,X/2 - 1)/1/2,X, l'ij = I'ji 

The function, C, can be constrained to be linear homogeneous in factor 

prices. 

lf 2; Qi = 1 + ,x Qo 
i 

2; l'ij 1/2 .x Qi, and 
i 

2; ifJi 0 
i 
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. then· C 

Three nonhomothetic cases can be identified,·-

If A = 2, then the nonhomothetic generalized square root quadratic 
form is: 

C [~~ 'Yij Pi Pj]l/2 Y {3(Y,P) 
ij 

If A 1, then the nonhomothetic generalized Leontief form is: 

C2 ~~ .." .. p.I/2 p. I / 2 y{3(Y,P) 
;= 11J 1 J 

ij 

Rewriting the general form as: 

G(P) = I/A{[C/y{3(Y,P)]A -I} 

and taking the limit as A -> 0, we obtain the nonhomothetic version of the 

trans log cost function 

inC ao+ ~ ai inPi + 1/2 ~.'Yij inPiinPj + 
.L ~J 

+{3 in Y + 1/20 (iny)2 + ~ f/Ji in PiinY 
i 

which is the linear homogeneous in prices form with the additional 

restriction that 

lim 
A ->0 ~ ai 1 

i 
- . 

. Alternati.v~ly, three homQtheti~formsarecibtainedbyplacing 

constraints onf/Ji, 8 and {3. _ In each Case f/Ji =0. If 8 =0, the function is 

h~mogeneouSwith returns to scale equal to -{3: Go:n$tant returns to scale 

requires that {3 = 1. 

Source: Berndt, E.R. and M.S. Kha1ed (l979)pp. 1222, 1223 . 

.. , " 
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APPENDIX C. GENERALIZED COBB DOUGLAS PROFIT FUNCTION 

The generalized Cobb-Douglas form of the trans log production function, 

extended to include fixed inputs Zj following Lau (1978)and Garcia and Sonka 

(1984), can be written as: 

m n 
Y = A IT X~i IT z~j . 

i j 
(1) 

Where Y is homogeneous of degree ~ and w! are normalized input prices, the 

normalized profit function is express~d as: 

where 

* 11" 

m m ai(l-~)-l 
(l-~ ai)[ IT ai ] x 

i i 

m .8j(l-~)-l 
] [IT Zj ] 

j 

When extended to include efficiency difference parameters for farm 
group g, the second term in (2) is written 

m m -ai(l-~)-l 
[1 - ~ (ai/kf)] [IT(kf) ] 

i i 

(2) 

(3) 

(4) 

To incorporate relation (4) in the normalized profit function define 
a new constant term 

(1_~)-1 
'A* A g "" . 

m m -ai(l-~)-l m ai(l~~)-l 
[1 - ~ (ai/kf)][IT (kf) ][ IT ai ] 

i i i 

and define the exponents of w! and Zj as 

-ai (1_~)-1 
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We now rewrite equation (2) as 

dr, 

* Ag * 1rg = 

in natural 

* in1rg 

m 
IT 
i 

~'( (3-l: ) Qj n 
(wJg IT (ZJ) J 

j 

logarithms, as 

m n 

(7) 

(8) 

(9) 

Equation (9) permits both the constant term and the coefficients to vary 
with farm group. If it i.s assumed that farms in different groups have 
.identical production functions up to a neutral efficiency parameter, the 
coefficients in (9) are identical for all groups. In the case of three herd 
size groups S, M and L, the following three equations 

.m n 
* inA* * * L: * inw~ L: (3Jin .in1rs m + in(As/Am) + Qi l + Zj 

i j 
(10) 

m n 
* inA* L: * ~'-

L: (3J in in1rm m + Qi inw{ + Zj 
i j 

(11) 

m n 
* inA* * * L: * * (31 in Zj .in1rL + in (AL/Am) + Q' inwi + L: m l 

i j 
(12) 

may be combined as: 

m n 
in1r ,'( inA* + </>lSs + </>2 SL + L: * ,'r: 

+ L: (31 in Zj ~ QiWi m 
i j 

(13) 

The parameters </>1 and</>2 measure the effect of small herd (S) and large herd 
(L) size, respectively, relative to the base medium size herd group (M) where 
Ss is a discrete variable equal to 1 if farm size is small and zero 
otherwise, and SL is equal to 1 if size is .large and zero otherwise. 
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