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Eqmhbrium dl~plncmtwnt nHHk,llins ((t,Dtvf) h: now a J'>()puhtr procechm.~ to estimate 
the cxtc111 nnd dtxtribut1m1 nf tht: herwfhs rnnu nt~w tcdumlogy or dcmutttd 
cnluule('fiiNtt A Is tun mtd \Vohlg<wnnt slu)\ved (Hnplriunlly rhnt ctmico nf f\tt\tHionnl 
lbnn hnd only n ~lllH\Il Hli(.H\t'l 01\ the lllC~t,.'ltlf(~HlJHH nf' CC<~HlOHtk SUI'(liW~ ChfUigtHl 

Hrn.vevt•t muny rec~"'' ~Hlltht•s hnvc ,,:ntilimttHI tn nssume glob1tl Un~ndty, which 
nnplt~tl lhC' qmtt• ~~lrin~t·tH H~stnt<tlon thnt th<~ nWtl.,JWl('e supply <$lnstlcity OX(,(:~CdH 
unitv ln tlus papm u is s:hown HIHtlyucnlly, usiug the Tnyh;u· Hxpnr\ljinn Tlawrentl lhnl 
iJ puruU(•I shirts un• nt4Slllllt~d nnd the r(~N<~Hrt~h .. lndw.~ed shin of supply (or d0.1tHUHI) t$ 
srnnlt. only n h\cot lim,ur 4'pprnxnltntion or any f\mct.icmnl fhrm iu required to 
ncctlrntcly rn,~mmn~ NXInnmtc mu:plu!) t~hm\gus 'l"hus no ns:aunplinn of f\tnotir,nnl fbrm 
1s tQt}t.Hrod. nor u. tht~ rt.'strwnou tlmt the supply cln~tichy ~.~x~.;·t·ed!l unity trh(' 
unntyttl'.ttl nppmm:h allow~ an nll!WS'Hrwnt or the ltHtgnltwt(~ nud dtl~{·<~tion c1f orrnrs 
mnd<: in mtt.inunmg t:htmftt~~. in JWH:~·~. qunntitw:; nnd ct~On(HnH~ ~ltu'plus AltomJtlh'O 
~mrplus fonnutnc nro nhm .. ·wnrn~tcd fht ~;ituotHHls wvnlviua umlr.iplt~ rnnrkots nnd 
tm(logc·rln\.m ~llu fh 

Kc;·..,wonh t~t~unomic ~wpluh tU<:UMif('ftlNH, ftmctionnl ronn. equilibrium 
displnetmwnt ltlO<lcUmg 
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I. Introduction 

Following Buse (l9S8)t Muth(l964) and Gardller (1979), there 'has been a 
considerable literature applying comparative static .analysis to structUral. models of 
commodity markets to estimate small t1nitc changcsin prices and q~-tantities and 
consequent changes in economic surph..1s, from new technology or demand 
enhancement This approach has been tenncd teqtiilibrhmt (Jisplacemcnt 
modellitlg'(ED~1) by Piggott (1992). In empirical applications of this method, 
changes in prices and quantities have been estimated fron\ linear approximations of 
the demand ano supply cttrvcs and shifts in demand and supply curves have been 
assumed to be parallel. Both ass~ttnptions are likely to be a source of error in addition 
to errors in estimating the extent of the supply or demand shift 

Lindner aJ\d Jarrett ( 1978) pointed to the potential errors from making an incorrect 
assumpt.iot1 about the nature of the supply shift No doubt shnilar ertors can arise 
from assuming that promotion aild changes in product quality Cc\Jl be modelled as a 
parallel shift in demand. Rose's (1980) arguments about the difficulty offonning 
expectations a priori about the nature of a supply shift from new technology have 
been well ac.ccpted and the custom has been to assume parallel shifts in demand and 
supply in the absence of strong evidence to the contrary. In this paper parallel 
demand and supply shifts are maintained C\nd attention is focussed on errors from 
using linear approximations of the true functional forms of demand and supply. 

The issue of functional form and linear approximation has been a continuing sautee 
of confusion in the EDl\.1 literature, despite the efforts of Alston and Woh1genant 
(1990) and Alston, Par dey and Norton ( 1995). The main point of confusion concerns 
whether linear approximation of demand and supply based on point estimates of 
demand and supply elasticities necessarily requires the global imposition of either a 
linear or constant elasticity functional form. Alston and Scobie1 s (1983} application 
of EDM was criticised by Freebairn, Davis and Edwards (1983) as actually l1Sing "a 
global linear ... but ... a constant elasticity model as a local ~pproxhnation". From their 
empirical experiment using linear and constant elasticity demand and supply 
functions, Alston and \Vohlgemmt (1990) have provided some evidence that for small 
parallel supply shifts, the errors in estimating changes in prices, quantities and 
economic surplus using the linear approximation methods ofEDM are small when the 
'true' demand and. supply curves are ofconstant elasticity form. They therefore 
concluded that functional fom1 is not a critical issue in EDM applicatioi1s. How~ver 
many studies have continued to assume global linearity, which,. to some~' also implies 
a quite stringent restriction that supply is elastic irt order to have a positive supply 
intercept (for example, Piggott, Piggott and Wright 1995} 

ln this paper, the issue of functional fom1 is addressed analytically~ T;his examination 
confinn& the empirical resul~ of Alston and Woh{genant (1990)that'I\O assumption 
about functional form is needed. either to approximate clnmg~ in gri~es and·~yantities 
or to estimate changes in economic surplus using standatg.Jormulae (as in NluHen, 
Alston and Wohlgenant 1989, an<i Piggott, Pig~o« allci:'W~~htl9~5), It is· sf1oWn that 
the errors that arise from makins local H~earappro:?'b:natioo~ ~fth~'~N~functional 
form· are small as· long t1S the suppl.y (or demand) shift Is pata11¢l.an(i th¢ amount of 
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the shift, A., is small. Thus there is no need to assurnr; that ~tmply is elastic <;.ur·that 
demand and supply are globally linear. The contribution oflhisp~pero~erthat'by 
Alston and Wohlgenant (1990) isthatthe analytical approach used here alloWs more 
general conclusions to be drawn than is posslblefrorn'their erupitical approa9h. ln 
particular some oftheir empirical conclusions are spccif1c tor the' constant elasticity 
function and do not hold with generality. 

Using the mathematical concept of 'order of magnitude• (Leqennann cutd Vajda 1982, 
Chapter 2), the errors in estimatitlg price, qt~anthy and consun1cr andprodu~er surplus 
changes arc calculated (the formal definition and properties of the rnathematioal 
tiOtation 0() are given in Appendix 1), These errors are shown to be of the 
infinhcshl1al order ofO(f.?) \vhen A-40 The error in the total surphts change .measure 
is even srnaltcr, being of the t'>rdcr of 0(1.?) when A.-tO. The exact expressions and 
the upper bounds of these erro.ts arc derived as an indication ofdircction ofthe errors 
and the accuracy of the ED1v1 results. In Section 3 the paper also explores the 
appropriate formulae for measuring surplus change areas for amultimarket situa':.:m 
when the supply and/or demand shift is endogenous. and similar results concerning 
EDfv1 errors are given as for a single market model in Section 2. 

2. 1\ Sintple Nlodcl 

Consider a simple model of a market for a commodity. Assume that the true demand 
and supply curves for the considered commodity are not known but can be 
represented in general fonn as: 

(1) S1 Q= S{P) initial supply curve 

(2) D1 Q = l)(P) initial demand curw! 

The intersection of the, above curves, E1(Q., P 1). is the initial equilibrium point with 
Q1 and Pt as the initial eqvilibrium quantity and price (Figure 1). Assume that a new 
technology will cause the supply curve to shift down and, following Rose. thatthe 
shift is parallel in the price direction. The new supply curve will be: 

(3) new supply curve 

where LlS = S2-81=AP 1 is the constant change in cost on a per unitbasis, ~is the cost 
change as a percentage of the initial price level P~, and AS<O and A:<O for a, downward 
supply shift A. is exogenous to the modeL The new equilibrium point is the 
intersectiou of D1 and S2 and denoted as F-1(Q2, P2) in Figure 1. 

The aim of using the, EONi is to employ knowledge of the current equilibrium price 
and~quantity(poinL81). the. demand ~nd supply elastic;tyvaluesatEh and:theamount 
of the perce~tage supply shift,. ~~t to approximat~ the changes in price and quantity 
associated with ,moving to the new equilibrium point~ .anti thus estimClte the 
economic surplus changes resulting from the di~placement from 1131 to,~- these 

1 
&S>O and A>O for an upward supply shift. 
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mnrket: m~mmcu;rs nn~ th~· basis ot: i\ I()Cllf linear ~~J)rt);<imJ\tio•r~t~ ttle ~~·¢·11ot, 
uuknown_dcnuul<J ·'lnd· stmnty f\mCti~lm~. :Oelow.we .wi.lli,ltl~tratq $~Jtt~td~;,lly al)(l 
prove nnulytictllly th~\t_,lt$·lpn~::M\he ~tt.nPifShift.l~ :par;\llctl\lld"·lhe a''-'o'~t\t>o(••h~ 
shift·-~. issn\!,l '·· t.h~·crrors invotvcd.in:the·'IIIl&tpr~)CCdJ.Jr~*'':c.·vcry ~m~tl ~ln. both 
sotvi ng ror th~ nc.w cqtlltibdum p<lint lZt. ~Jttd cttleul~•tins· :HH'J>IV5 changes. 'l~bc"siz~:H>f 
the. e.rrc;)ts nrc uxptc$:;cd hrthc ~order <)f m;tgnHudc.' (>f the pcrecnlt\8¢: shUl~ ~~when 
A.·-~>0 

t'dcc aml q\l;mfhy cfu\l\ges Mo C.'itintatcd by r~PfJlyins <.~<lntJliU'tttivc smdc aua,ysis to 
the deflHHtd ttnd supply f1mcttt)fl$ nhovc f)itlurcntint.ing the log~rhhms of cqunti()HS 
(2.) ttnd p) gives 

(4) dQ/Q q(dP/P) 

( 5) dQ/Q t~( d P/P-.;\) 

where t) ttnd a nrc the dl~ntnnd uud s\1ppl.y \~ht.(jtioi.ti<.~s nt point ll1 Appr(1XiUH\dng the 
inf1nitc St\H\ll changed( ) with a f'irlitc chnugc t~{) from p<>int B, (.() ~~~ ic, 

we hnvc the fbllowin(~ hncar rcJntionship bctwcct\ the percentage~ change: of'l)r:icc 
(J!J))_ the percentage chnngc of <'tutttHity (f:Kf) and tho pcr<!t!rHngo supply shUt. A.: 

(4)' po· 
# .... 

)lllP• 

(5)' 110. g(l:iP 
. 

'A-) ,,i,lt ~ 
.. 

S(>Jving {4)' and (Sf j()inHy gives tm estimate <lf the reh\tive pdce arld tlt~antily 
ch:v1ge.~ rcsqlting n·om the fQSe~•rch .. induccd supply shift 

(8) 

(9) liP' ¢' (ll~ • '"\l>1)/ P J 



J1igl1re l illustrates geometrically h?w ~o ar>~1j'~ppro!Cilllatesthein~w ~q~ilibd'~m 
po.hn l~ and th~ error irlVolvcd. Whh .~h~>~3DNfapproaqh, ').Wf!tl!ie,the:J~il~~nt;to the 
d~mand cur·veDr.at inhiJJI>poi~lt e1, dcn~ted::by o, ~ .to l?~"Uy~~pro~iO)~t(}Ul· 
SJmilalilyJ the taqgcr1t to th~ ·inhial suppl~ curve S1 i\t poi~t·Eh d~noted·by St., is~V$¢d. 
to locally a,Jlproxinutt¢ St. S ,· is then shifted down: by i\·s::;:~•~. in th~' 1pri¢e-:<iir¢ction·to 
obtain S~', \Vhichls the tangent to St ~t point ll(Q,, Pt+~S), S2,· is ti~ed~~as ia ·toc.~l 
approximation <>fthc new S\~pply .:;urvc s,~, The intersection: point or:JJ,. and s~ ' 
denoted by l!1: •• is thcu used to ~~ppr<"iximate the new cqqilibriuru p<.)lnl ~,· 

\Vc can see from fl'igurc l t.hat thedlflercnoo:bctwccil B2. and 'lZ~ iSN¢1)' sm~tl:.a$long 
as the am<)\HH of the sbHl t\S (or 4) is StiHlU sl· will coincide with :(!1 whcJl' I>t aod 
S1 ate exactly Hncar around the ncighbo~u:ht1t:)d <:lf 111(\ic., vJhcn Sz = Sz• and 'Dt =nt· 
loaan.~~). Jn other words. the lil)r\1 price ttnd quantity changes are exactly correct for 
loca.l Hnear dennmd and SUJ)f)}y functions \Ve can alstl se.c from Ftgure l that w~ 
always ovcrestimtue the site of UP nw a dtw.mward shift in suflJ)ly. HQ call be over 
or under estitnatt!d depending on the relative distance ficOill s2 to sz· and from Pt to 
1)1" 

Analyticall)', through a Taylor c.:.; pans loll ot the demand and supply functions, we can 
show that the error inVt)lvcd in approximating point~. with I~ is of the order .of 
(){/,. 

2
) when A.-·>0, ie 

oo) laP .. EP~ I= O(A?} 

(ti > laQ-EQ" I :!:I oo~2) 

The mathcrnatlcal proof of this result is given in Proposition 2 of Appendix z .. 
EquatJons ( 10) and C1 l) arc strong mathematical t'csults which in1ply that if a 
percentage shift A. is small, the approximation errors arc roughly ofthe magnitude of 
~1 (Jut, for a given small value of/.. in a particular problcn1., it is al$o us~ful to kr1oW 
the exact expression for the <.!rror terms ln tcrn1s of the parameter values in a 
particular modeL Examining the higher order terms in the l~aylor expansion, we can 
derive a relationship between the rnagnitude of the error and the>t1rst and second 
order paramct.crs of demand and supply curves (elasticity and curvature)~ the Lipper 
bounds of the errors can then b.e csfilllated ~~(proofs in Proposition 4 in Appendix 2); 

c 12) i IBP .. tt:P ·1 ~ l2l.h(e""t1>r'CPt ~,~) tn<1>(c l) .. s<2>(c2) 1 

(13) IHQ- EQ.I s I2Q,(e-tl)f 1(P, 2~.?) max( lsDc2>(c1)1, ll1S<2>(~)1) 

where 0(2
\cl) and S'2}(~) are the second dcdvatives ofdcm(lnd, ands4p~ly with 

respect to price and P~~sc,~P 1(i=l~2). Therefore, if we are willing'to meike a$$UtnpUons 
of ranges of the first {elilsticit.ies) and second derivatives· or dcm(lpd. and suppl}t; we 
can·. estimate the size: of these errors •. \Ve can abo see from eqo~tiops (l2),~tl(J.(l3) 
that the errors are zero when the second dcri.v~tiYes (lre ·Aero~ lnoth~rwor~s, ·Hie 
I!~~, estimates for price and quantity changes are e~actly correct ~hen' :~e:ll~~O~;~~d 
supply are strictly linear around the ncighbQurhoodof:thecl.Jrr.ent.eq!JiUoti'-lm':pc:>int. 



snmc: intcn:stins •~est-Its tu·e.al:m·obvlous fh>m th~~c c•nJr·<!"J)r~~~io~$. Jr~)t eX.~mph!, 
the HHlfc inciMH'* { htf ;trldl•ll. smallcr)~•nd ClH'Vt:d '(lt)<1>(~ 1 )1 ~ntl!S(:tJ(<h~l, bi~g~r:) ~.~c 
the dont~nd andsqpply n~tlCt.iQn~, 'hf!·bigg¢r arc the errors in Ui~•. AdqiHartftHy~ ,i(wc 
nss~une fhM lftc supply ~W'V<! Js increMhtg f\nd oorJeavc ttt)d rhe demand cur:v¢c fs 
decr<!mung nnd concave i.u the vlt~inH.y of the cq,tiHbrhun pnitit, ie. 

where 1•.(;: (P~ P,). w~ cnn nlsn show that (pmof .in Rcm~lrk l ~)f Prc,poshi<)n 4, 
:\pJlCndlx 2) 

ht mher W'(Wds. we ttlwnys ov<~rcslinuHc tht~ siu~ .of n price decrease (when llPil~:n in 
I he c;t.sc of n thHVn\vnrd supply shift) nnd llndcrcsthnate tho size or tl price incrc:,so 
(wlHm J!JL~O ill the <~aso of ;m t•pWI\nl supply shift)1 'l'his ruttllyti<mlly ptovcs the 
empirical result elf Alston and WohlgciHtJH( 1990) but ahm t.lcrntmstnttcs th~tt, their 
f1nding is COIHiit\onnl on t.he 1\0.hi.I'U or the C\WVaturc or demand and St!pply Cuncd~ms 
(us. c4ln bt.! seen fh:ln) C(JUation A 17} The sign nfth<~ ormr term for the qunndt.y 
ch~mg<!fiQ,.H<f dCflcuds on the; rclsnivc sizes of the dcmnnd ~md supply elnstichi~'t 
nnd curvnuu·es h cnn he positive C:)f n~gtnlYQ 'the empiric;\ I ri',\snlt ff'<>lll Alsmn ;\nd 
\Vohlgcnntll ( 1990) thot quantity choilgc in the con~ta.nt elasticity CJ\Sc is Mways 
ovcl'estinHitcd docs not hold with g£!nc:rnlhy 

The displtlconHmt fl'om the iniWtl equilibrium pc:>int f!t t.o the new equilibrium p<:>hlt. 
r~~ wHl e~msc ch;mges in the pmduc(:r, (~()1\SUJ\lcr and t(l((\1 Sllt'J)h1$ ll\Cll$Uf'cS" R~fcrth1g 
to Figure I, the initial conslmlc.w surplus (CS1} Mld p1·oduccr SllfJ)lu.s (PS1) ·with 
rcsplH!t t<) ~~~ are thtt nrcns P1H1C 1md Alr~1 P1. 'r'h¢ n¢w cnn~Hmcr St,t!'f)his (CS:~) ;,md 
producer sur:ptus (i,S2) after the shHl nrc the 1u·cns P~(~'ZC ~md A1f:~l)'l~ ~f;hmt the 
eluu.tgc.'l in the <.t<>nsumer surplus {1.\CS). ptoduccr ~~H'ph~s (~PS) Mld totHl surplus 
(ATS). when as~uming ;~ pnraHc.l $hift fmm sl to Sz, jlfc.} theM¢~\$ P~J~Jlii\, f~nll,l), 
and 11131'i.2B,t)J• ro.spcctlvaly Analyd~~ally, thcscuirtlC:H surplus ch!u1ge Mc;,~l cnn<bc 
oxpn!ssed by the imcsntls or the dc!nttJHI nnd sup111y f\metions alt)ns thupdec axls 

Pt 

(17) ACS A.rc;t(J>lt~l.hP J) f n{l')dl) 
(ll 

·~the snme rcsuJt holds ftlr ~' dcmtmd shifl, 
1 
t1cw '' d~m,;md shift. the (lricc ,dccre~tsc wirf~~~HH>V~tc$thtHttcd for an ~ur'w~td.:(H'!tnamJ 

shHldtn(hthc price incrcas~, wUt be umtcresthmttcd ror «\.{!t)WnW;tt4.·dctl1M1tl ·Shift~ 
6 



Pl 

(18) ~PS = Ar·ca(FBF~Pz) ;;:. JS(P .... !>S)dP 
Plh\.'i 

PI 1'1 

(19) 6'fS = Arca(I~UitlU.tl)t} = f!)(P)llP 1· fs(P- AS)df' 
I'~ l't!Ni 

lf we know the exa.ct functional .forms ~f the ~em and and s~apply C\liVes, these surplus 
chang~s can be c~\h:ltlatcd exactly either analytically or nttrnedcally. 

Figure l iHustrat¢.~ the errors involved in ntCl!SHriog the above surplus ~rc~s v$in~ ttn 
lil)M. Since we use 01• and $ 2• to Joc~lly linear approximat¢·th~ ''true'' deJl}anrl and 
supply curve \;)1 and S1~ we nrc using arcas vl·a2·n.,PJ. FUl~·p2• tlnd Fl)El·.l~tPJ to 
appmxhm1tc \he true surplus change areas in equations ( 17)~( 19). These 
anptoximations can be nnalytic;tUy represented as (Alston 1991 ); 

{20) ACS' 1::'11 Arca(P2'E./H .. P1) = ~P 1 Q, I.U,. (I +O.SEQ•) 

(21) t\Ps· = Arca(liJll~/P1 ·) ~ P1Q1(1:u,· - /..)(1 +0.5l~Q·) 

(22) i.\TS. = Area(FDE/E1P 1) = .. A_Pt<JI(I+0.5EQ) 

Geometrically we cnn sec from Figure l that the error in measuring ATS with ~Vi"S* 
is extremely !-,illall (with triangle lll~·u. approximating tlEiH1). 11he errors .in 
cstimMing t.\CS and t\PS with L\cs• and 6.PS* arc also relatively small~ d~pending on 
tlu~ magnitude of the error in BP*. 

Analytically. in Appendix 2 (Proposition 3). using the Taylor E>;pansi<)n TheClrcm \Vc 
proved the following rcsulL~;: 

(23) l6cs -~cs·l = OC/..2) 

(24) l t.\PS- i,\PS' I = O(X-2) 

(45) I srs- A.Ts·l = 0(1..3) 

hl other words, the error in measuring the total surplus change ~s of.a hi$hcr order of 
"int1nitc small'' {when A.~O) than Jhat.of me~suring consumt!r and producer surpJps 
clu.mgcs. This is the mathematical re~oning behind the l'~triking'' empirical res~dts .. or 
AlstPJl and Wohlgenant (199l) that for the case ofcons\ant ¢1asticity ~em and an<l 
supply~ the error in ATS' is much :;rna tier than that in APS') 6CS', EP' and EQ•. 

Another int¢resting an(llytical result is that the ,fcvel>of:the errorsin .. m~asudog 
producer and consumer stJtPius. challgt!s (L.\i>S and 4CS) ·is Jarg(!lf ;due 'tO lh~ error in 
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cstim~ting the price ~nd'qu~Htyqfl~n~es (~p(!cially I!.P), We can. prov.etbat~i~~91e 
n~w cqui Hbrium point is known ex~ctly,. ie. Ih•;;:lht the errors in n1~3Surill8' 1\BS and 
ACS, which now orlly ari~efrorn ~sumiog:thatthecurvesjoioing Et and;Ez and n 
and B2 are linear, are much smaUer. If wedefin¢;: 

(26) 4\CS"" = "'P1QtEP(l+O.SI!Q) 

(27) APS" = PtQl(EP-A.)(l+O.SEQ) 

(28) 6TS- = -~PlQ 1 (l+O.SEQ), 

we can show (Remark 1 of Proposition 3. Appendix 2): 

(29) lc,\CS - t1CS-~I = 0(/l,.l) 

(30) I&PS .. APS .. ! = OO • .l) 

(3 1) IATS - L\ TS'"I = 0(/..3) 

ln other words~ the errors in mca,'iudng surplus change areas are to a large c>ttcnt due 
to the en·ors in estimating price and quantity changes (EP mainly). The errors in llSiog 
local linear approximations of nonlinear t.urvC$ in measuring surplus are~ are trivial 
compared to the en~ors caused by not accurately locating the new equilibrium point. 
This can be seen from Figure 1. 

The lJPper bounds for the errors in measuring surplus changes arc estimated as 
functions of demand and supply parameters by (proofs in Proposition 5, 6 and 7, 
Appendix 2): 

(32) l6cs- ~cs'l sl2(n·e)r1P, 31D<2}(c1 }-s<2>(~) 1 t.. 2 

+max ( l[2(n .. e}l' 1 l)P/[S<2>(~)- D(2)(c1)]1, l(l/6)P 1
3 b(2)(c1)1) ;.,? 

+I (8QI(t1·s)4T1l1Pt 5[8(2)(~)- D{2>(c1)) 
21 /..4 

(33) I aPs .. APs·l $ 12(ll-e)r1Pt3ID<z)(ct)-rS<2'(ez) 1 t.. ~ 

+ ma.x ( l(2(n~e)f 1sP, 3[SC2)(~)- D{2>(c1)]J, l(l/6)l>1l Sc1>(<n)f) II? 

+ 1 rsQt(l1-B)2T~~r~ $rs<2>C~)- o(l><~lJl2l ;._-1 

(34) ( 6 TS - 6 TS~ l s max( l(sl1~2e)ly l3sl ) ll2(l1~e)r1P 1 3lS<~J(ez)- n<2)(c1)l ~3 

where P2~ci$l) tCir;:::l,2). Eq\1&\tion$ (32)·:(3<4) carl l>e usccLto esdmate tb¢ $izef; •pf.the 
~rr-ors if we. are wiJHngJo<m~ke ~~yrnptioos abol1t·~h~ ~~~tichif$~,a~d· s~~<md 
d~riv(ltivcs.ofthedemandand·supplyqnves .. As.fort.h¢'pri<:e:·.~tJiQ4~PtitY'?h~J1~CS, 
~h~'~l1rplus measqres Cire·exa~tfy ®rre9tf9t 1o<;al:·lin~~r'den1~n(J:ao~·~!J.~~~·~~¢4f\l,~~. 
w~eo· ~II the second deriv:ativesin :the above error ~~cffil$'~re 2:ero~ '\Vb<m(·~.,~ v~ry 
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small, ·the'O(A. 3) and Q(~4)t~nu~ .in ~~uations (32),and<(~3~'~re muc}Psm~ll~r th~n the 
O(X.2) terrns. Thus we 06n: usethc:()(;J')terms in (32} and(~3) ~sroMsh estimrites<.)t~ 
consumer and prt"'ducer surplus errors, it:!. 

(32) * f ACS - &cs·l ~ l2(tv·e)l·•r 1 3 ft)t2>(cl)~s0)< ~) 1 'A2 

(33)' I APS ~ ,sps•J s~ l2fn-~)r'P/Jom(cJ)"S'2)(0a) 1 A., 

From the expression for the error terms CRcmark 2 ofPropo~hion 5 and 6, Appendix 
2), we can also sl ow that. under the assumptions in equations (14) and ( lS) 

5
, 

(35) L\CS ~ ACS;; 

(36) 6-PS ~~ 4\PS* 

This implies that, for a tesearch,.induccd downward supply shift, we will almost 
6 

a,hvays overestimate consumer surplus gain and underestimate prodt1cer surplus gain . 
1'he to.taf surplus change can be over or under estimated (Remark of"Propositkm 7), 
though the error in the t()lal surplus measure is much smaller. These resJ.JHS arc 
consistent whh the empirical evidence from Alston and Wohlgenant .(1990). 

The results in this section are for a supply shift. Similar results hold when the initial 
shift occurs in the dem&nd curve, as described in the footnotes. 

3. A Multintat~ket Sih1ation 

Now we consider the use of EDM in multima.rket sih.tations. \Vhen products are 
related in demand or inpttl~i are related in supply, a new technology or demand 
enhancement which initially has an impact in one market may induce shifts in 
demand and supply in other related markets. 

Thurman (1990) has pointed out fhe difficulty of interpreting welfare measures. when 
there are feedback effects or indu¢ed. shift~ in S\lpply and demand in multimadce~ 
sitttations where netputs are substitutes ot complements to each other. This issue 
need$ to be addressed in empirical applications. ln addition to this problem of the 
welftlre significance of surplus ~r~~s, thereari~c$ a problem of measuring th¢$~ are&S 
correctly when there are induqedcban~es .;n dem.and :~m:l sqpply. In section 3.1 we 
show that the stt\ndard fonnulae for chan~es in economlc surplus, as in equatJons 
(20)~(22), are not suitable for markets with endogenous: shins. We ~o on to show that 
the mea.sures used by Piggott Piggott and Wright(l99S) are :mor:e approt)datefot 

s These results also hold for upward and downward shifts in .Qemand1 
6 For an tipwarq supply ~hift, the siz~ ofthe con~t:uner~llqihJ$loss wiH be 
tUlderestimated and the size ofthe proqucer&urplus h~$S wHI :pe ov~r§lif11Cit~d. 
Similarly, for. demand shifts, it c~n b~ shQWJlth~t 't\'e:fihllO$t;a,lwa~~:over~stim.at~th~ 
~o~st1mer surplu$. s~in and,underc~dmaleth~;pro4,4q~r.~umlus•~eiin'for.~n ~pward 
d.ema~d •shift,. ~ndunqer~thnate th~c9n~um~r $HrphJs lossj:~nd,ov~r~stimate~,me 
ptodt1c:cr sur:plus los:; for l\<Qownwar{i demand. $hlft• 
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both cxogcnnl1$anti cndogcnPU$ d~m~nd'!\Od'Sl.\PJlfY shlft.s, Jnf~~t, its ~e~?n~tr~tcd 
nbove,. bcc~u~c thc.sc·mc~:mrc$ do mwrc<wire ~n as$ut~ption ofel~stiG sy,ppl~ a~ 
presumed by Pig~ou, ·P{ggottand~'Wtight, th«,w·an~ qvite>gcAcral in!'na•m~e .Ao~lyUca,l 
nndgcQmctrioal·.insights into thcuse·ofUJ)tvfmcthodology irrnn•ltirnatkcl sit.uati9ns 
are presented in Sccfiott 3.2, 

3,1.1PcQIIQt11ic Surplus Ii!ontlulae 

llcfore repenting the nnalysis above for the accuracy offif)M in multinmrket 
situations, wo first lot)k at the appropdalo ftwmulac fbr mcasurit1S sutplus change 
areas in the rnultimnrkct sittmti<lrt 11()1' each individual market :in the rnodcl. a rnmtber 
or sinmtions arc possible with respect to whether demit no 1\ndlor sU.})ply cutver.. shift 
ond whether these shifts arc gcrtcl·ated endt>gen<Jttsly or cKogcnously. 

Consider a particular market i in the model Jf we use A, ;tnd t 1 to represent the 
percentage shirts of' supply and demand respectively (exogenous or ctldogenous)~ the 
conunonty .. uscd economic surplus change formulae are 

(37) APS,' =: P t,iQu(EP,·- ;.,)(I +0 51!Qi•) 

(38) ACSi• = PuQ t,i(t,-EPi•)( 1 +0.5l!Q1') 

(39) L\Ts,· ~ t.\Ps~· + ACs,· = PuQ,,,(t, -"-.)( 1 +0.513Q1\ 

T'hcsc fomuJhte nrc only uscf\1) if we know the vaiues oe ~and "f;1 When the shift is 
cxc)genous and l<m)wn (eg h;= -I o/o) or we know that a curve does not .shift {cg. ·"-i~ 
0). equations (37}{39) are approprh\tc. li()wever if there are endoge.nous shifts where 
the amounts of the shifts A,. and 1:, are unkno\vn bttt nonzero (they can be 
endogenously solved from the results of' price and q~utntlty changes), using ?;CW f<>r 
the values of A, and/or 't1 \Viii result in incon·cct rncastlrcs ofthe surplus areas. 

Figure 2 illustrates how we can mismcasure the surplu~ ch~ngcs if we use the 
foi·mulae (3 7)-(39) intlpproprintely. If for example we are dealing with new 
technology that rcd\tees the cost by 1%, then the producer surplus change can he 
COJTcctly measured using (37) with~ =-l o/o, But, if in a muhhnatJ.:et. situ~tio11, \vhere 
there is also an induced dem~nd (endogenous) shift in market i, setting 1j to zero in 
(38j will mismcasurc the change in consumer su1"plus.ln this q~ethc area being 
measured with 't1 ;;::Q will be P2'E1'E1Ph while the actual EDM measLire of consumer 
suq1lus change should be area P2 E2' AB with 't1 ~0 but unknown. 

For the general situation including the case when both oernand and StJPply Ql1rves 
have shifted and some of the shifts are endogeno~ts, it can be shown that th(! following 
fon11ulae are more iippropriate for measuring the conventional Sltrplu~ arc."!as; 

(40) L\PS1. = P •. iQ,,i(EQ1./e;)(l+O.SEQ/) 

(41) ~Cs,· ~ Pl.lQI,i(~EQr.hli)(l+O.SEQi•) 



(~'2. '.) 61'S·' =: &PS1' + ~CS-~:;; P1 ~Q·: ··1.:En,•{.l/t1- 1/'ni)(I+O.SEA,!) 
' I · · · · ··I .,1 ..• 1···'<1 .. ·· ··. · ''I .· · ~1. 

where e 1 and Tli refer to the :;upply and d~nHtnd eiMticiUe&.formntfcet l.atthe·initial 
cquflibdum pointE,. Fonntal'le (40)•(42) are shown to .be eq~iv~l~rtbtO (37)" 
(39){Appendix :ni but arc preferred sincethey do not explicitly require· the vai\Jes.for 
A.i RJ1d t;, which are unknown for endogenous. shifts, 

Note that, in the multinHlrket sihmtion, the un<terlying ~~sumption for the above 
surplus change mcnsures ls Unit the new equilibrhnn point .fh in each market ~s 
reached throttgh parallel exogenmts or endogenous demand orland st1pply shif4~. 

\Vc have shown in Section 2 that. whcnusinSliDM in ~t single closed m~!rket, the 
error~ inestim~Uing EP. lie!, ACS ilnd ~PS"rc oFtheorder0(~7) (orO(t~)J amlin 
esthnat.ing ~TS nrc ofthu order ()(1,.3) (or O(l)). With the. rmtJthnarkct sitmltlon, 
assume that ~here t~re k commoditiQS (nHtrkcts} involved in the mod~l, anti Ph Q1 are. 
the price and qtmntity for mnrkct i (i=l, 2, ,., k)., Define a price and <JHnnUty vector Y 
= (P,, ... , P.,~ Qt. • Q~)' and an exogenous shifter vector A. 1.'hc stntcttmd rnodel 
chnractcrising the relationship anwug diO'crent markets can be d~~cdbcd by a 2k 
~quat ion vector function 

Applying comparative static analysis to cauh eqt.tation ttnd converting it to finite 
relative changes beforc·and,.after the shift · 

( 44) r\{J!Y'+') =· BA e>r 

(45) EY* = A. 1L~A 

where l!Y~ = (Bflt*· ... , EPk'· BQ1', .• , EQk•)' arethc EPM estima.tes of price and 
quantity changes nnd A and 8 are ptmuneter rnatrixes consisting of the :first order 
parameter:; of the demand, supply and production functions. Because ( 45) involves a 
local linear approx:im{ltkm orF(Y, A)t it can be shown that 

In other words, if we use A. to repr~$erlt the m~imum of the exogenous percentage 
shift in the model, it ~an be shown that : 

(47) EPI =BPi.+ 0(/}') (i;:;I,. .,k) 

(48) EQi = EQ1' + O(X ~) (i= 1 , ... ,k) 

( 49) ACS. -= ACSj' + ()(I/) O~l, .... J;) 

(50) APS.;; t.\PSi' + ()('/) (i;=;l, ... ,k) 

l:t 



which is n similar result to the sinsfe mflrl<et model. 

n is nlso possible to derive, ~tsin~ n Tnyl<lr ~Xp!cln~ion with n:~m~inticr\ the eXt\(.1t 
expressions of the ~\hove ctror terms, in terms ofth9 first order and second order 
ptwamctcrs ()f the dctnfiJldt s(tpply and prodw~ti<mfunctions M; wc do for the sinste 
market slwation Analytical expressions of the crror.teJ11lS ciHl be v~ry compliGPted 
\vhcn the size of'the multimnrkat model is ltttge, For a p"rticuhw JnQdel, if we an~ 
willing to make nssumptions nb,;ut the firstand second onter parameters for an the 
dcmnnd. supply nnd production ft.mctionsand work thnmgh the Taylor expansion, the 
upper bourHls of the errors cnn be cstirlHHCd. 

Fig\tre 2 sfHJws geometrically tha shtH\tion when both demand ~nd, supply curves shift. 
in ft particuh\r market L The 'tntn; new cqtlilibrium noint \~ f~ MHl the llDM qsthnatc 
is r~' which is solved through cqtJathm (45) Assuming that J:l2• is renchec,i thrmlgh 
parallel shUls and linear approximations t)f the initil\1 and new demand and supply 
curves. as fm· the simple case ill Scctiort2) the resulting ~true' surplus q\umges and 
their l!D.tvf approxinmtions for n1arkct i m·e· 

!1 

(52) ACS, ~ AreaCP~E.;zAB) = f D1(P)dP 
P2 

/'l 

(54) t.\PSi ~ Area(ll1f~DC) = f S1.(P)dP 
(' 

P Pl 
(56) t.\TS1 = Atea(HAl~DC) = f IJ"J.(P)(U' + fS~(P)<:IP 

P2 C 

Note from I1igure 2 that, for the ca.~o of endogenous shift$, th(! amou.nt: of the shift$ ·/y 
and~~ can be estimated from the position ofEh dem~nd ~nd SlJpply elct$ticides at·:E1 
(from which slopes of I) and Sat E are derived) and the position ofthe I!DM soh.Jtion 
or~·. This ts exactly what formulae (40)·(42)do ani\lytica.lly to measur~ th¢ surpJU$ 
areas. 

4 .... ·. c.;o.·. Jl~lusion , .......... ' ' 
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r~quHibrium dispJn9emcM modelling h~" be~om~ npo(?~liltr procedure to csUmtn~,th~ 
extent and distribution oft he bcn¢f1ts from new tQChnoiQgy or pro(Jyot promotiQn. A~ 
the basis of this proce~htrG is the Hoenr approx:imcttioo oFdcmM•d anq supply <mJv~sl 
there hnv() bqcn conocrns nbout th(} extent of error~ th~tt nrise Wh9n the true.ftmctlon"l 
forms are not linear. Additionnlty there hils been concern tt$ to whether it is ncce.~snry 
to nssunw global linearity, which hnplics undesinlbfc rc$trictions, S\•ch as sqppty mtlst 
be clnstic. 

Alston and Wohlgennnt 0990) have shown empirically that the errors are V<~ry smoll 
·when the true demand nnd supplyfunoHons arc of const.nnt, clnstiolty rather than linear 
form. Jn this pnper, we hnvc been able to gcncrnliso their r{}sp}fs to o.ny functional 
form by ntking nn nnnlytica) tMhcr thHn an cmpiri¢~l appronoh. ln general our rc~mlts 
confirm their findings but the amdytioat approaoh cnabl(;:!s us t,o identify some or the 
underlying ~ssumpti<>ns of their empirical resultR Some of their cmpirionl conclusions 
are shown not to hold with gcnernlity. 

We also confirmed their flnding thnt l!DM. mctht'ldology is exactly correct for local. 
rrtther than glohal7 ~ linear demand and supply Cunotionst and hence, that the 
restriction of elnstJc supply is not neccssnry. 

Two steps are involved in the EDM procedure: (l} esdmnting price and qunntity 
changes~ JlP ~md l3Q, and {2) cnteulating $ttrplus changes ACS, APS and ATS. Lnonl 
linear approximation of the unknown ~true' functiomtl form is used in bot.h steps. lt 
was shown that the major source of errors comes from the first st~p. \Vhcn the 
Mnount of the. perc~maue shift A.-..)0, the orrors rcsqlting from the firs~ step nrc of the 
Infinite small ordeJ' OP,}), while those from the se(;'.ond step onty oause errors of~ the 
order O(f.;1), if EP and r"Q are e~aCL 13tH since we do not krmw the CX:i\l~t vnlues orar 
and BQ and have to use the results from the first step to calculate 6CS, 6.PS nnd, A~rs, 
the accuracy of the c.<;)nstnner and producer S\lrplus measures 6.CS and 6PS is reduc;:ect 
to O(A.?). Fortunately, the error in total surplus change is still O(A.l). 

The aottml expressions for the error terms in cstimming price, quantity a.nd surplus 
changes are given in terms of thQ demnnd and supply pnrameters. Determinants ofthe 
size and direction ofthe errors can be seem from these eKpressions, For exnmple, the 
size of the errors increases ns demand and ~t•ppty become more inelastic ~nd curved. 
Also, for a downward supply shift, we will always overestimate the PJ'ice decrense 
find consumer surplus increase and tmdcrcst.lmate the prodm~er surpltts inGreose. The 
upper bounds of all the errors cnn acttH\lly be estimat~d using these e~pressions if we 
are willing to assume values f'or the elasticltie~ and S¢cond dcdvativc~. 

We ai$P noted from the analytical derivation that. theoretically, the ~lilsth>ity vah.Jes 11 
and e in the EDM must refer to the Initial eqldHbdtJm po.lnt E't on Jh~ demand and 
supply curves for the results to be exnet:ly correct. The ¢mpldc~l irnplic.~tkm ofthis •s 
th~t, when we sqspt,!ct the ¢lasticityvalucs hnve bGen ohanging,overtime, vf\hl~S 
c:ialo\lliltcd m~ing the pri~;e and quantity at E1 shoulci be prcf~rtedto ~n avera~~ 
est-imated over a long time series. 'thus for an explicit fimctional form, .-{h¢ vaJQe5 of' 

7 The 1,1~e ot'Taylor's expansion with rcmninriQr ennbl~'ll$ to an~Jyfi(mJJ.~:proveltJis. 
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~lasticities should be taken at the ba.-le price and quantity values used in the model. 
Note that care must be taket\ to avoid atypical situations such as extreme drought. 

Finally a reminder of an earlier qualification, that while in this paper we have 
focussed on the mathematical or geometrical measurement ofthe COttventional 
surplus areas, we note Thurman's (1990) concerns that in a multin\atket situation 
when there is rnore than one source of feedback in the model. some surplus areas in 
some markets may not have a clear welfare interpretation. This issue has to be 
addressed in each situation. 
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~,1athentatlcal tool.ofthe 'order of magnitude' is used.to examine ttte si1.:~ofthe 
errors ofBDM estimates when A. is near zero. We .first intr()duce the notation ofO(.). 

J)cfinHion. Let fXx:) and g(x) be two functions. If 

lim lf(x)/g(x)l = c, 
,t.•.-.+0 

where O<c<+(X) is a constant, then we write 

t\x) = O(g(x:)). 

(ii) sin(x) = O(x) as x->0, ic. sin(x) turns to zero with the same rate as x when x~O; 

(iii).ln(l+x) = O(x) as X--)c0, ie. ln(l+x) turns to zero with the same rate as x when 
x->0. 

(i) 0( l) = constant~ 

(ii) cO(g(x)) = O(g(x)) where O<c<+oo is a constant; 

(iii} If f(x) = O(g(x)), then [f(x)t = O([g(x)] k), k = 1, 2, , .~ 

(h') [O(x111
)] [O(x")] = O(x111

"'
11
), m) n = 1, 2 ... ; 

(v) [O(x111
)] I [O(x11

)] = O(x111
"

11
), m, n = 1, 2, ... and m > n; 

(vi) O(xm) ± O(x") = O(xmm(m.n)), m, n = 1, 2, .. .. 
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ltcfcr t.o Figure l, C<>O$id~r the initial supply nnd demand whh :general fun¢tiooal 
ron us 

(A I) 

(A 2.) 

St Q ~: S(P) 

£)1 Q lC l)(P) 

initio/ suppiJ' 

iltitial dt!mand 

The httcrscction of s. and D 1 is nssurncd to be P')int l~ 1 (Q~t I'•)~ where Qt and 1\ nr-c 
initi1ll cqullibriurn quantity and price. Assume that a rlcw tcchrmlogy has rest~! ted n 
prtrallcld dO\VI)\VaJ'(I shift Of S 1 tO S~ 

IU!W Stlpp/y 

whcr'c AS~ S2 ... S 1 ~:~r,,A[> 1 is the nrnount of' shift along the pdco dir<::Qtion, tv· is the 
J)Ctcentagc shift with rcspcot ttl the initi(t.f price r•, nnd 6S <0 nnd i\I<J:O f<H' do\vnward 
shift The new equilibrium p<:)int after the shif1 is rcnchcd as the intcrsccrlrm <:>f. S1 at1d 
() 1, denoted as l}7(Q~! P1J Rcfbr w Figure I in the following derivation 

Define rclnt.ivc price :md quantitity chunge.c; from point fit to p<)irlt l~ as 

(A .. 4) EP (P2 .... P,}/P1 

The i!f)M approximation (lf the rclntivc price and quantity changes tire 

where 11 and t~ rtre the demt~nd nnd supply clasticit:ies at thu lniliM cc1uilibrhun [l()itll 

r; •. 

~f'hc 'trtt<~' and JZI)M. approxiruntion ~)f the CCOOt)nliC suqlhts ClH\nges feSt~ lUng rrt>ltl 
displaccmcnr from 1,~ 1 t<> llz nrc 

t•t 
{A$) 1.\CS ~ Arcn(Ptl~2B,P 1 ) ~ J /)(P)dP 'trucl' cc>nsmncr surplus <J[U~n£tc 

fl:'}; 

fl'!l 

(A. 9) AP S llll Arcn(A1Jll~2 l•z) • J S( P- t:..,~1)dP ~true 'prodr1cet ·''~lf1JIIIs t:lmugc 
l•ft·A~ 
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Pl P2 

~ JD(P)dP + js(P- 6S)dP 
Pl PI-+M 

(A.ll) ACS' = Area(P2.E/E1P1) 

= -PtQ.rEP'(t+O.SEQ*) 

{A.l2) :\PS. = Area(A 1B~'l>2) 

estimated consumer ·surplus change 

= PtQ1(EP' ,.f..)(1 +0.5EQ') astimatedprodiJcer surplus cliangl! 

(A.13) ATS' = Area(A1BEz'E1P 1) 

= -A.P 1Q1(I+O.SEQ') est/mtzted total S11rplu.'>' chmzge 

(a). Proofofihe Order of Magtlitutles for ,flze Errors (13quatio11 (10), 
(11). arul (2.1)-(23)) 

Using the mathernatkal tool .of the 'order of magnitude', we examine the sizes of the 
errors ofED~1 estimates when A. is ncar zero. 

Proposition 1. The percentage changes of price and quntity are ofthe same order of 
'infinite smani as the percentage shift A. when 1 .. ->0, ie. 

(A.l4) O(EP) = 0(11Q) =0(1..} 

.Proof. Refer to figure 1 t connect points E 1 and·~ with a straight line and consider 
the triangle E1E2B. Side E1B=;6S, height E2D=~Q and E1 O:;:::L\P. Thus it is obviou$ 
using Property (ii) that 

O(tSP)=O(AQ)=0(6S) 

Since EP;;::APfPtt EQ==t.\Q/Q1 and A_:::;6S/P., 

using Property (ii) again we have O(EP) = O(EQ) =O(A.) # 

ProRosition 2: The et:rors in EDM. estimation of price and quantity changes are of 
the order of!.? when A-)0~ ie. 

(A. 15) 

P.roof. Taylor expanding demand function D1 at .Point P1 and taking the value at.point 
P2, we have 

O(P2) = D(P t) + [)Ct)(P t)(P2•P 1) + O(IP:t•Pil2) 

ie. Q2 =Qt +oet>~P,)PrEP +:P 12,0(1EPI~)~ or 



fiQ ~ (Q2 .. Qt)/Ql ~ o<J>(P,)Pi/Ql EP +O(IEPl2) U~\'illg Property'(il) 

(A. 16) =r: 11 UP + ·()(jEPl1) 

where t:><'>o>-,) is ·thcJirst.dcrivativeofdemand fl1nctiorl at point P.1• Siroitl:tdy) l:t!Ylor 
expanding new supply function S1 in equation {A.3) at point Pr~S and cvaht~ting at 
point 1'2.~ we have 

HQ= (QrQt)lQ1 ~ s0 '(P1)P1/Q1 (l3P•A.)+ 0((EP--A{2), or 

(A. 17) EQ =~ e(J:!;P ... A.) + O(iJ1P .. "f) 

Prom Proposition 1 and Property (iii), we also have 

l'hus equating (A. 16) and (A.l7): 

l1EP + 0("?) = e(l!P-i...) + 0(1..2), or 

(A. IS) I!P = A.al(e·ll) + 00?) = gp• + O(A. 2) 

(A.19) EQ = tvnlf(e·ll) + O(A. 2) = EQ• + 0(~_2) 

give.s I I!P-EP • I = 0(A2
) and l I!Q-.EQ ·1 = O(i-}) 

Proposition 2 is therefore proved. # 

(using (A. 6)) 

(using (A. 7)) 

J!!:gp.,..ositiortj. The errors of the EDM measurements of consumer and pr:oduaer 
surplus changes are of the order 0(~2) when "-40. The total s~trplus measure are of 
the order of O(l3)as "--tO. ie. 

(A.20) I Acs .. 6cs·l = oo.?J, 

(A.Zl) I APS .. L\Ps·t :.-: OO}) and 

(A.22) I L\TS. t\Ts·l = oo.?) 

(i) Proof of (A. 2f)) 

Taylor e~panding 0 1: Q = D(P) at point P1: 

,I!>(P) ~ D(Pt) + o(ntP'.)&~Fr) +Q(IP~P 1 12.) 

Hl 



11.1 

Thus 6CS;::: fD(P)dP = •Qt (P2•P1)• (l/2) DG1~(P 1)(P2~P'~) 2 +'Q(IH2~Ptl3) 
1>2. 

= .:p,Q,UP- (l/Z)llPrQ,(J!P)2 +O(jEPil) 

From equation (A. to), nEP ·~ EQ + 0('A.2). 

=> 6CS ·~·PtQtEP ~{l/2)PtQ113P(EQ+0(1})) +O(~t.') 

usillg Property (iii) 

= ·PrQ1(liP•+ O(t..~)) [I+O.S(EQ'+ O(f • .l)J] + OP,.3) {ttsing{A.18) and 
(;L/9)) 

= -P1Q1BP'(l+0.5EQ') + O(A?) using Property (iii) and{v) 

~· Acs· + op.?) using Property (iii ·d (v) 

(A.20) is thus proved. # 

(ii) Proofof (A.21). 

Taylor expanding S1 · Q:;;S(P-AS) at point P1+AS 

P2 

=> APS = J S(P- D..S)dP 
l1 l~·ll...li 

= Q,(P2-Pr•·L\S) + {112)S0 >(Pt)(P2·P1-L\S) 2 + O(IP2-P1-6Sj3) 

= P1Q1(EP-A.) + (ll2)P1Q1e(EP-A.) + O(A.3) 

= PtQrCBP-A.) + (l/2)P1Q1(EQ+ 0(7-._2)) + O(i-.?) (using (A.J7)) 

(A.24) = P 1 Q 1 (EP~A.)(l+0.5EQ) +O()..J) 

= P1Q1(EP.+O(A.2)-A.)[I+0.5(EQ'+ (l0}))J + O(t}) (tlsing (A.18)and(AJ9)) 

= P1Q1(EP•- A.)(l+O.SEQ') + 0()._2) 

= APS" + ()0}) # 

(iii) J'rovfof(A~ 22), 

A'TS ~ ACS + &PS;:: .:ptQ~EP(t+O.SEQ)+Q(~;J) 
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(A.25) ~ ~A.l\Qt(l+O.SEQ) + O(A.l) 

= -A.P,QII;t +O.S(I!Q.+OO}))] + O(A-3) 

~ -i\P,Q,(l·l,O.SI!Q•J + AOO}) + O(A}) 

= t~Ts· + O(A-3
) # 

(Tising(A~ I?) 

Rcm~u:!Ll· lf the price and quantity changes C(mld be found cxactly~lc. EP=ar· and 
HQ=BQ ·, the errors in the surplus measure itself would b~ of the order ofO(A:-3) when 
A-)0, ic.if'wc dcf1nc 

(A.27) t.\PS ~ P1Q1(EP-A.)( t +0 SllQ) 

(A.28) 1lTS·· ~ .. AJ> 1Q1(l+O.SEQ), 

then 

(A.29) I~CS ~ f.\CS.I ~ O(A. l) 

(A.Jo) IL\PS .. L\PS ·1 = op..?) 

(A.3l) lt.\TS - t.~TS I = O(A 3) 

The implic,\tion of this result is discussed in the paper. 

Prqgj'. These ore very obvious from equations (A.23).,.(A.2$) in the proof. # 

(h) ,Derivatiotr oftlle Br:ror Expression and UjJperBotlhds 

Proposition 2 and 3 showed some very strong mathematic~l r~"uhs that when the 
amount of the initial parallel shift A-~0, the errors ofEI)M, pro~eclure are ofth~ ord~r 
00}) or 0(A.3). But empirit1nlly f.. is a finite srnall v~lue, and th~refqre'the error will 
not be exactly i..? for a particular model. To obtain some knowlcclge ofthc sign~ .and 
magnitudes of the errors for a given problem, it isnecces$aJ}'tO ¢$timC'ltethesizesof 
the errors whh a particular A. and the parameters ofthe rlernand 4\.J'ld supply. 'Below we 
use the Taylor expansion with reminder to derive the exact expr~4ision ang, th¢ \JPpcr 
bo\llHls of these .errors. 

As.su~nntions. Ocmandfunction is always inorc~insand cgnc~ve .. S\Jpply H.Joc.tiQtli$ 
alWays. decreasing and convex. ic, 
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(A.33) # 

l~rou_Q1jtiruL,4. ll!P- EP' Is (:2Q,(e .. n)I*1(P/?..?}!D(2:)(ql)- s<2>(c~)l 

nnd lt~Q., EQ* Is I2Qt(e"'ll)r~(P, 1A?) ma.-<( le0<21(al)l, lnS(2J(c2.)f) 

~lltmtf: R~pe~ting the f1rst halfofthc proofofl ~opo$ition .2 bottl$ingthcT(lyor 
expansion formtthvwith renminder, we havct in places of (A.lo) and:(AJ 7) 

(A 34) HQ = nEP + (2Q.1f 1D<2>(o1)( P1,J'J)
2 

(i\3.5) EQ ~l e(Ep .. ,A_) -t· (ZQtF1Sc2>(c2){ P:z-Pt·AS)2 

when~ P2 s c1 ~ P1 (i=I ,2.). BP can then be solved through (A.34) and (A.35}: 

(A.36) EP = A8/(e-q) + [2Q1{ll .. e)] ' 1 [S(l)(~)( Pz-Pr··AS)2- om(c,)( Pz-Pl)2
], ie. 

(A.37) UP- J!p" = [2Q 1 (ll,u)r 11\~ [SCl)(~)(EP·A)~ .. D"2>(c1)(BP)2
] 

Since IBP~ll sIll and I BPI:: 1"-lfobvious from Figure l.)t and s<2>(c,.)(EP-Ari ~ 0 and 
oC2)(c1)(EPY i:tO (from assumptions {A.32) and (A.33), we have 

IEP- HP•I $(2Q,(e·tl)r1(P,ll"2
) ID<21(cl)- s<~>(c2)1 

EQ can be solved through (A .34) and (AJ6): 

lSQ w io.llS/(8-11) + [2Qt(ll-8)] ·'ll[S(l)(cl)( p~,.P,-AS)2 N D0)(c,)( p2,.p ,)2) 

+ (2Q1) ·ln<2>(c1)( P2 .. P1)2, or 

(A.38) EQ .. BQ* = [2Q1(rt-e)].1P1
2 [11S<2>(~)(EP-A.)2- ei)<2>(c1)(EP)2

] 

Assume tt.')sumptions (A.32) and (A.33) are satisfied, then 11s<2>(~)(EP-A.)2 .and 
eo<2>(o1)(EP/ arc both positive, Therefore 

Remark L From &SSlJ!11ptions (A.32) nnd (A.33), the .error tenn in ~qua,tion~(A,37) 
~p=(2Qt(f1·e)] ·lp1

2 (SO>(e;z)(EP-"-)2
;,. o<2)(c1)(EP)2

] > Q, Thus 

(A.39) EP >- EP• 

ThG empirical implication of this result is 'giv(!n in thc:.paper. #· 

·J{~mar::k ~· The si&n in the error term in (1\,3 &): is Jndetennihate,·,cJep~ndJo~::orkthe_ 
relativcsi~cs ofns<Z>(c2)(~P;.A,)2 and eiD'2)(c1)(EP)2.<A¢nce lEQ'c~n'be,ov~r'-oruti<J~r 
estimated, # 
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+ flHlX ( l[2(:q.-s)f 1rtP 1 :l[S(2)(~)" o<~>(c 1)]h l(l/G)P/ o<2>(cJ)I) ,.3 

+I (SQ,(n .. eiT'nP/fSc2.>(~)- D(2>(c.)l21 "A4 

J.3:Qof. ln the proof of Proposition 3. (i)t if we use the Taylor expfmskm with 
remainder. we have 

PI 

ACS:;; f D(P)t:IP = ,.p,QtiS:J),. (J/2)nPtQt(l$P)':! .. (J./6)P1
3 o<2>(c1) (lzPi' 

J>7; 

From (A.37): 

(A.40) BP =UP'+ .[2Qt('rl~e)] '1Pt 2 [S<'Jc~)(EP,.A-)2 ., D<12>(0·t)(JEP?J = ar*+ Ap 

S\lbstHute BP for t.he above t:.r • + 61>• we have 

6CS = -.PlQiO!P' + A11 )-(1/2)nPIQ,(BP' + Ap)2 .o(l/6)P1
3 o<2>(c1) (BP)3 

= L\CS' .. PtOtAr ... 11P1Q1EP' Ap·( l/6}P1
3 o<2)(c1) (BP)3 

= ACS'- (2(ll .. e)]. 1 P 1 3 [S0)(~)(EP .. A.)2 - ot21(c1)(IEP)2
] 

• (2(il·a)r1l1P,3[s<'l>cc2)(EP-t-.)2EP' - 1)<2>( e1 )(EPiEP'l 

- (8Qt(ll-e)2r1nP, 5 [S0>(~)(E.P-/..)2 - o<1'(ct)(EP)2
] 

2 

.. (1/6)P,3 D(2>(c1) (f!P)3 

Consider the signs ofQ(?-/), O(f,}) and 0(1.:1) terms in the ~bove error under the 
assumptions in equations (A.32) and (A.33), and note that IEP-A.I ~ I.A.I, IEPI $f/.,;l and 
IEP•I sllwl, we have 

I ACS .. Acs·l si2Cll-s)r'r.3ID(2\cl) .. smc~) 1'}...
2 

+max ( l(2(1l·e)r 1r1P,~(S<Z>(~)- DC
2)(c1)]1, l(l/6)P 1

3 om(o,)l) 'A3 

+I [8QJ(t'l-e)2r'nr,srs<2)(~)- o<Z>(o,)] 21 "-·~ # 

Re~na.rk .1. When A is very small. the error in estim~ting ACS c~n be rotJghly 
estimated by the 00?) term, ie. 

Rer~~ark 2. When /d$ very sn.11l, 
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This is bt,!C(IUSe, from the libove prooft ACS - ACS~;:; .. - PfQ!~ +(),~~~} wh~re -. 
P 1Q 1 4p~ ·[2('n~g)f1 P•:l[s<~>(~)(BP+A,)~ .. p(~>(c,)(EP)2]·~ 0. the impli¢~tio~vofthis 
result is in the main t~xt . 

.CtQJW1iti()n 6, I APS- 4\PS' f $: 1?(11·s>r'P/ID(z)(c,):..S(~)(~)I A?: 

+ ma.-< ( lf'201~e)T1 eP.l(S<2>(Ci) .. l)<2}(e,)JJ, l(li6)P? sm(~)l )}.;1 

+I (8Qt(n-~)~r\~'Pl $cs~>(c:z) .. p<z>(c1H11 ,..:' 

!!0!9-L. rn the proofofProposition 3, (ii)i if we use the Tilylor expansion wlth 
remainder, we hf\Ve 

fl'Z 

t.\PS ~ f 8(1>- AS)dP 
F'I+M 

= PtQ,(lEP--/..) + (l/2)ePtQt (llP-./..)~ + (116)P,3 S'21(o~) (trP .. A-)3 

= PtQ1(EP.·A+A
11
) + (l/2)sPtQt(UP' .. A+t~r)~ + {l/6)P1

3 S0)(~){EJ)-.!.,i' (using 
(A.40)) 

; Q . • . 2 ::;; PtQ1(EP .. A,)+ (l/2)8Pt . ,,(l~P ... A.) . + PtQtilr 

+ (l/2)ePlQ~[2(l~P' ... A,)Ap + Ar 2] + ( l/6)Pt3 s<2)(~) (EP .. ~i 

(A.43) ~ t.\PS. +(2(11-e)r1P, 3[St~>(~)(EP .. A,)~ .. o<2>(c.)(EP)2
] 

+ (2()l .. e)r\)Pt3(EP• ·A.)[Sm(Cz)(EP .. Ai,. D<2>(c,)(EPil -t· (1/6)P•3 s<~)(o~) (EP.-

+ [8Q,(l1·e)~T 1eP 1 '(Sc2>(c'l)(EP-.A.)2 
.. riz'(c1)(BPiJ 2 

Consider the signs of the abov~ 0(:\?), 0(/}) and 00..4) tenns ~v<;oniing to 
assumptions in equations (A.32) and (t\.33), and note that IJJP~A.I s IA.h IEPI·~ 1~1 and 
IEP• ... f. .. js; tA.l, we come tt) the result of Proposition 6. # 

llemark L \Vhen "-is very small, the error in 6PS• can be ro\lgh'ly ~tim~ ted by the 
oo.?) teml, ie. 

(AA4) # 

Relltark 2. \Ve at most always ~mderestimate producer surpJus chanse. From (AA~), 
t11~S ,. L\PS• _~ PtQtAp + Q(A-3) when~ f\Qrl\~ ~2(n--t:Jf'P/[Sl2>(¢i)mr,~iV)~ .. 
p<~1(c 1 )(flP)2] 2 0. Thcr~fore When~ is verY small 

(A.4S) APS ~;;::t\P$~ 
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~ ~PtQlllP., (1/2)ql>tQ1(llPi .. (l/6)P1
3 D<2

l(c1) {llP)3 

+ PlQ/tlP .. A.) + (li2)~PtQt (BJl..,/...)1 + (l/6)P1
1 s<1>(~) (UP-A-i\ 

=A. PtQt ... ( 1/Z)llPtOtfEP• +Ap}~ + (1/Z)f~P,Qt(BP~ -l·t~r ~"Al1 

+ ( 116)1>1 
3 {St~l(Cz)(llP .. /S' .. Dm(c,)(IEPil 

t~TS ~ A.PtQt + (l/2)A.Pt0tHQ' .. (l/2}11PtQtlEP~,.\ 

+ (l/6)P1
1 [S<~~(C:l)(EP.,f.i .. o<~1(c~)(BP)3] + (tl2)aPtQtAlllP-A.) 

= '~TSi .. f4(l)--e}f 1 tlP 1 1 BP[S11>(c~)(BP-.A)2 - ti~>(c 1 ){liP)2 ] 

+ (116)P• 1 [S(2 \(c~)(fSJ) .. /..)1 ~ o<'l(c 1 )(l~Pi1 

+ {4(11-.S)]''r~P, l(EP-A.)[S<2 >(cl)(l;~p .. "i .. o<t>(ct)OlP)~] 
A 'l'S- E I''• I,. ~ l.\ . . i · :! l + :!l + ·~"I 

whcrQ G,<O, Ez <0 and EJ>O according to the assun1.pticms (A.32) and (A.33t a.nd 
IEJ> .. A.l ~ 1~11 !UPI .$!/..1. ThtlS 

lt.\ TS - 6 Tf I s max( 1111 + l~ll lEal ) 

$max( I(Sq-2e)j, IJel) ll2(q-e)I"1
PI

3IS0>(ez) .. o<2\ct)l ').} # 

Remar:k. ~ TS can be over or under estimated dep~nding on the relative sizes of jfit + 
~~and IE:~I·· # 



Cons.irlcr two sets of S\lrpiHs chnng~ lormUI4\e, the first widely nscd (Alst.on, Norton 
and Pcwdey (1995): 

(Il t) APS 1' = P,Q1(EP' ·f..)(l+O.Sl!Q') 

(13.2) (.\CS 1! = P1Q1('t' .. llP~)(l +O.SEQ•) 

nnd the second n~ccnUy applied by Piggott, Piggott and Wright (1995): 

(13.3) APS1' = P 1 Q,(l~Q'/e)(l+O SHQ') 

(l3.2) ACS2' = P,Qt (.-.l~Q~~ln)(l+O.SllQ\ .. ·· 
. ' ' ' 

\V~ Wt\IH to prove that under appropriate conditions t.hesc fornmlac nrc cquilvalcnt. 

Refer to Figure 2. The fii)M estimates of the surplu~ changes arc: 

(D.S) t\PS• ;:::; Aren(CDIZl' Pz•) 

(13.6) i.\cs· = Aren{AUP2·1~·) 

In other words. we want to prove. 

(13.7) (i) t.\PS,• ~ t\PS~' ~ t.\PS' 

(B.8) (ii) L\Cs~· f ~.\csl· = Acs· 

(i) L\PS' = Arca(CD~·rz•) = (l/2)(Q,+Ql•) IGDI 

IGDI;.; IE.,DI .. Il~tC31 = I/"Pd • I P:/ -Pd 

For the situation of downward supply shift an <:I upward demand shitl illustrated in 
Fig~rrc 4, ~<0 and r~· .. r,<o. Thus IAPd ~ .-A.Pt ami I P2 ... Pd = "( P/ -'Pt), and 

APS~ = (l/2)(Q,+Qz.)( P2• .,p, .. NPt) 

;;: (Q,+0.5(Q2' .. Ot) )( P2' .. pt .. ~P 1 )= Pt.Q 1 (EP~~M(1+0.5EQ.) = APSt• 



where e>O is the supply elasticity atBh and Q2• -Q1>0, therefore 

tiPS'= (l/2)(Q1+Q2') IGDI = Ot(I+0.5EQ•) lQ2· .. Q,J(PtleQ1) 

= P1Qt(EQ'/e)(J+0.5EQ•) =- ~PS2• 

ie. tiPs,· = D.PS2. = n_ps· 

(ii) t\Cs' = Area(ABP2·~·) = (li2)(Qt+Q2•) IAGI 

and {AGI = IAEtl + IEtGI = ITPtl + IPz'~ Ptl, 

where t >0 and P2• ~ P1<0 

:.jtP1l = tP1 and IP2·- Pi:;;:.-( P2·- P1). 

Thus rlCS' = (112)(Q 1+Q2•) IAGI = Q1(1+0.5EQ')('tPt-( Pz'- Pt)) 

= QlU+O.SEQ•) P1(-r-EP2') = L\CSt·· 

Considering triangle AGE1'. 

Also, from the definition of demand elasticity at point Eh 

where 11<0 is the demand e 1sticity at E1. Therefore 

ACS. = ( li2)(Q1-TQ2.) IAGI = -Q,(l +0.5EQ.)IQ/ -Qd(Ptll10t) 

= Pt0t (-EQ*/11)(1+0.5EQ') =~CS2• 

where I02. -Qd=02. -Q1 since Q2• -Q1>0. This proved 

The above proof is for the case of upward demand shift (-r>O), downward supply shift 
(A.<O), EP' <0 and EQ'>o as illustrated in Figure 2. The same results as in (B.7) and 
(B.8) can be shown in the same way for other situations of the shifts with the 
appropriate signs of A., 't'~ EP• and EQ'. # 
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