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Abstrnet

Faquilibrium displreement modelling (EDM) is now a popular procedure (o estimate
thee extent and distiibution of the benefits from new technology or demand
enlincement Alston and Wohlgenant showed empicically that choice of functions!
form had only a small impact on the mensurement of ceanomic surplus chinges
However many recent studies have continued to assume global linearity, which
nnplies the quite stringent restriction that the ownsprice supply elasticity exceeds
unity n this paper o is shown analytically, using the Taylor Bxpansion Theerem, that
il parallel shifls are assumed and the researeh-indueed ghift of supply (or demand) s
small, only 1 loeal linear approximation of any funetional form is required to
aecurntely measure econpmme surplos changes. Thus no assumption of functional form
is regquired, nor s the restacton that the supply elusticity exceeds unity The
unalytical approach allows an assessment of the magnitude and direction of errors
made in estimating changes in prices, quantities mnd econome surplus. Alternative
surplus formulae are also compared for sitwations mvolving multiple markets and
endogenous shifls
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1. Introduction

Following Buse (1958), Muth (1964) and Gardner (1979), there has been a
considerable literature applying comparative static analysts to-structural models of
commodity markets to estimate small finite changes in prices and quantities and
consequent changes in economic surplus, from new technology or demand
enhancement. This approach has been termed ‘equilibrium displacement
moduliing’(HDM) by Piggott (1992). In empirical applications.of this method,
changes in pnccs and quantities have been estimated froni linear approximations of
the demand ana supply curves and shifts in demand and supply curves have been
assumed to be parallel. Both assumptions are likely to be a source of error in addition
to errors in estimating the extent of the supply or demand shift.

Lindner and Jarrett (1978) pointed to the potential errors from making an incorrect
assumption about the nature of the supply shift. No doubt similar errors can arise
from assuming that promotion and changes in product quality can be modelled as a
paralie! shift in demand. Rose’s (1980) arguments about the difficulty of forming
expectations a priori about the nature of a supply shift from new technology have
been well accepted and the custom has been to assume parallel shifts in demand and
supply in the absence of strong cvidence to the contrary. In this paper parallel
demand and supply shifts are maintained and attention is focussed on errors from
using finear approximations of the true functional forms of demand and supply.

The issue of functional form and linear approximation has been a continuing source
of confusion in the EDM literature, despite the efforts of Alston and Wohlgenant
(1990) and Alston, Pardey and Norton (1995). The main point of confusion concerns
whether linear approximation of demand and supply based on point estimates of
demand and supply clasticities necessarily requires the global imposition of either a
linear or constant elasticity functional form. Alston and Scobie's (1983) application
of EDM was criticised by Freebairn, Davis and Edwards (1983) as actually using “a
global linear ... but ...a constant elasticity model as a local approximation”, From their
empirical experiment using linear and constant elasticity demand and supply
functions, Alston and Wohlgenant (1990) have provided some evidence that for small
parallel supply shifts, the errors in estimating changes in prices, quantities and
economic surplus using the linear approximation methods of EDM are small when the
“true’ demand and supply curves are of constant elasticity form. They therefore
concluded that functional form is not a critical issue in EDM applications, However
many studies have continued to assume global linearity, which, to some, also implies
a quite stringent restriction that supply is elastic in order to have a positive supply
intercept (for example, Piggott, Piggott and Wright 1995).

In this paper, the issue of functional form is addressed analytically. This examination
conﬁnns the empmcal results of Alston and Wohigenam ( 1990) that no assumpuon

orto csttmate changes in economlc surplus usmg stand‘ \
Alston and Wohlgenant 1989 and P:ggott, Plggott:and
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the shift, A, is small. Thus there is no nced to assume that supply is elastic orthat
demand and supply are globally linear. The contribution of this paper over that by
Alston and Wohlgenant (1990) is that the analytical approach-used here allows more
general conclusions to-be drawn than is possible from their empirical approach. In
particular some of their empirical conclusions are specific for the constant elasticity
function and do not hold with generality.

Using the mathematical concept of *order of magnitude’ (Ledermann and Vajda 1982,
Chapter 2), the errors in estimating price, quantity and consumer and producer surplus
changes are calculated:(the formal definition and properties of the mathematical
notation O( ) are given in Appendix 1). These errors are shown to be of the
infinitesimal order of O(A%) when A->0. The error in the total surplus change measure
is even smaller, being of the order of O(A’) when A-+0. The exact expressions and
the upper bounds of these errors are derived as an indication of direction of the errors
and the accuracy of the EDM results In Section 3 the paper also explores the
appropriate formulae for measuring surplus change areas for a multimarket situa’ion
when the supply and/or demand shift is endogenous, and similar results concerning
EDM errors are given as for a single market model in Section 2.

2. A Simple Model
Consider a simple model of a market for a commodity. Assume that the true demand

and supply curves for the considered commodity are not known but can be
represented in general form as:

(hy § Q=58P initial supply curve
2) Dy Q=DM inftial demeand curve

The intersection of the above curves, E,(Qy, P,), is the initial equilibrium point with
Qi and P, as the initial equilibrium quantity and price (Figure 1). Assume that a new
technology will cause the supply curve to shift down and, following Rose. that the
shift is parallel in the price direction. The new supply curve will be:

(3) S8y Q=S(P-AS)  newsupply curve

where AS = §,-8;=AP, is the constant change in cost on a per unit basis, A is the cost
change as a Percemage of the initial price level P, and AS<0 and A<0 for a. downward
supply shift’ 3 is exogenous to the model. The new equilibrium point is the
intersection of D; and S; and denoted as E;(Q,, P;) in Figure 1.

The aim of using the EDM is to employ knowledge of the current equilibrium-price
and quantity (point E;), the demand and supply elasticity values at E,, and the amount
of the percentage supply shift, X, to approximate the changes in-price and quantity
associated with moving to the new equilibrium point E, and thus estimate the
economic surplus changes resulting from the displacement from E; to E,. These

l AS>0and A>0 for an upward supply shift,
3




uitknown demand and
[)to\w mmlytmlly thm,‘

smvmg ﬂw thc new u;ml;hxmm ;mm. b and calenlatin
the etrors are expressed in the ‘order of magnitude’ of the: pm:u\mgc §
A0

2.1 Solving For Price and Quantity Changes

Price and quantity changes are estimated by applying comparative statle analysis to
the demand and supply functions above Differentiating the logarithms: of equations
(2) and (3) gives

() dQIQ = n(dP/P)

(5)  dQ/Q = e(dPP-A)

where vy and & are the demand and supply clasticities at point I, Appmxunat ng the
infinite small change d( ) with a finite change A( ) from point By 1o 1, ic

AQ = Q) o ) aned
AP~ PP, = dP,

we have the following incar relationship between the percentage change of price
(EP™), the percentage change of quantity (") and the pereentage supply shift A

(@) Q= i
5y BQ = e’ 3)

Solving (4)" and (5) jointly gives an estimite of the relative price and quantity
changes resulting from the research-induced supply shift:

(6)  EP = Ael(e-n)

(7 BQ = kenien)

Thus the new equilibrium point E; is approximated by E;'(Qs", Py'), where
®) Q) =QHEQ)  or  EQ =(Q-Q)/Q

©) PP EPEP) or EP e PR

where the superseript *** represents the EDM estimates of the true variables.




o ll:umlly nppmxunme S S, y isthens tifted down y AS=AP
obtain S, , which is the tangentto §; at point B(Qy, P+AS).

appm\mnuon of the new supply curve S,. The intersection: pomt 0
denoted by B, , is then used to approximate the new equilibrium point By,

Wc can see fi rom l sg,urc. 1 (hat the dlﬂcrcnm bctwccn L; and I.Z; is \vcry small as Iong

'1oeally) ln mher wordx che hle mmy and quanmy »:hang,c,s are e\cactiy c*orrcct for
local linear demand and supply functions. We can also see from Figure 1 that we
always overestimate the size of EP for a downward shiftin supply. BQ canbeover
or under estimated depending on the relative distance from S, 10 S, and from Dy to
D,

Analytically, through a Taylor expansion of the demand and ';upply functions, we can
show that the error invelved in approximating point 2, with B, is of the order of
O(1%) when A-»0, ie

(10) lBp-Ep’[=00%
an - 1EQ-EQ =00k

The mathematical proof of this result is given in Proposition 2 of Appendix 2.
Equations (10) and (11) are strong mathematical results which iniply that, if a
pcmcmagc shift A is small, the approximation errors are mughly of the magnitude of
A% But, for a given small value of A in a particular problem, it is also useful to know
the exact expression for the error terms in terms of the parameter values in a
particular model. Examining the higher order terms in the Taylor expansion, we can
derive a relationship between the-magnitude of the error and the first and second
order parameters of demand and supply curves (clasucuy and curvature) The upper
bounds of the errors can then be estimated as (proofs in Proposition 4 in Appendix 2):

(12) 1P -EP" < QeI %) DM (e1) - $P(e) |

(13)  1EQ-EQ'l = 20y '\ max( eDPep)l, InsPea)l )

where D®(c,) and §%(c,) are the second derivatives-of demand and supply with
respect to price and Pygc<P(i=1,2). Therefore, if we are willingto m aSSumpuom

of ranges of the first (elastic‘iti‘es) and sccond derivatives of demand and sup)
can esumate the swe of these crrors Wc can also see from equatn on




Some interesting results.are also-obvious from: these ervor oxpmssmm. _I-Qr example,
the more inclastie ( le] and In|, smaller) and eurved (D™ and | )], bigy
the demand and supply (nncumm, the bigger arethe-errors in EP*, Addi’tuq illy
assume that the supply curve is increasing and concave and the demand curve is
decreasing and concave in the vieinity of the equilibrium point, je.

(1) 820,  SPM<0, and
(15)  m0, D)0,

where Pe (Py, Py), we can also show that (proof’ in Remark | of Proposition 4,
Appendix 2)

(16)  BP- e

In ather wards, we ahways overestimate the size of a price decrease (whw BP0 in
the case of a downward sapply shift) and under «.,minmtu the size of & price increase
(when EP >0 in the case of an upward supply ahm) This analytically proves the
empirieal result of Alston and Wohlgenant (1990) but also demonstrates that their
finding is conditional on the nature of the curvature of demand and supply functions
{as can be seen (mm equation A 37). The sign of the error term for thic quantity
change BQ-BQ" depends on the relative sizes of the demand and supply elasticities
and eurvatures 1t can be positive or negative The empirical result from Alston and
Wohlgenant (1990) that quantity change in the constant elasticity case is always
overestimated does not hold with generality

2.2 Caleulating Surpiny Changes

The displacement from the initial equilibrium point E; to the new equilibrium point
F, wall cause changes in the producer, consumer and tolal syrplus measures. Referring
to Figure 1, the initial consumer sueplus (CSp) and produger surplus (PS;) with
respect to Iy are the areas Py, C and AjEiPy. The new consumer surplis (CS,) and
producer surplus (PS;) after the shift are the arcas P4I5LC and Aqli;P. Thus the
changes in the consumer surplus (ACS), producer surplus (APS) and total surplus
(ATS), when assuming a paralled shift from Sy to S, are the areas 1L E1, FBE,
and FBEE P, respectively Analytically, these “true” surplus c:h:mg,c Areas can bb
expressed by the integrals of the demand and supply functions along the-price axis

¥
(17)  ACS = Area(P gl ) = [ (LY
Ny

’ The same result halds for a-demand shift,
md :»tm‘t. the prtcu du, Case w;ll be ovcrc timzilt;“f"




r
(18)  APS = Arca(FBEP,) = j S(P ~ AS)dP

Preas

r2
(19)  ATS = Arca(FBE,EP)) = j D(PYP + [ S(P - AS)dP

(0 POAS

If we know the exact functional forms of the demand and supply curves, these surplus
changes can be calculated exactly cither analytically or numerically.

Figure 1 illustrates the etrors involved-in mcmnrmg the above surplus arcas using an
EDM. Since we use I), and S5 1o locally lmcar approxsma!c tlm “true” dcmand and
supply curve D, and §;, we are using arcas P, B, E,l’ FBE,'P, " and FBE, E\P; to
appm\unatc the true surplus change areas in equations (17)- (19) These
approximations can be analytically represented as (Alston 1991):

(20)  ACS'= Area(P, By ByP)) = -P1Q BP(140.56Q)

(21)  APS’ = Arca(FBE, P ) = PyQu(EP" - M)(140.5EQ")

(22)  ATS" = Area(FBE,'E\P)) = -AP),(1+0.5EQ")

where A<0 for a downward supply shif v,

Guomcnmlly we can see from Figure 1 that the error in measuring ATS with AT §*
is extremely sinall (with triangle BE, "B, approximating BE,E,). The errors in
estimating ACS and APS with ACS* and APS* arc also relatively small, depending on

the magnitude of the error in EP*,

Analytically, in Appendix 2 (Proposition 3), using the Taylor Expansion Theorem we
proved the following results:

23) lacs-acs'| =on?)

(24) 1APS - APS'| = 0%

@s) |ATS - ATS | =00

In other words, the error in measuring the total surplus change ts of a higher order of

“infinite small” (when A->0) than that of measuring consumer and producer: surplus
changes. This is the mathematical reasoning behind the “striking” empirical results of
Alston and Wohlgcnam (1991) that for the case of constant. elasucny dcmand aud

supply, the error in ATS' is much smaller than that in APS', ACS”, EP and I"Q

Another interesting analytical result is that the level of the errors in measuring
producer and consumer surplus changes (APS and ACS) is largely dueto ‘the-error in

* x>0 for an upward supply shift,
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estimating the, pnue and quantity changes (especlally EP). We: can prove: that if the
new equilibrium point s known: exactly, ie. E, =E;, theerrors in'measu d
ACS, which now only arise from assuming that the curves joining E; and. E,and B
and E, are finear, are much smaller. If we define:

(26) ACS™=-PQEP(1+0.5EQ)
(27)  APS™ =P Q(EP-A)(1+0.5EQ)
(28) ATS™ =-AP,Qi(1+0.5EQ),
we can show (Remark 1 of Proposition 3, Appendix 2).
(29) |ACS - ACS = O
(30)  |APS - APS"{ = O(A")
(1) |ATS - ATS1=0(0%
In other words, the errors in measuring surplus change arcas are to a large extent due
to the errors in estimating price and quantity changes (EP mam!y) The errors in-using
local linear approximations of nonlinear curves in measuring surplus areas are trivial
compared to the errors caused by not accurately locating the new equilibrium point.
This can be seen from Figure 1.
The upper bounds for the errors in measuring surplus changes are estimated as
functions of demand and supply parameters by (proofs in Proposition 5, 6 and 7,
Appendix 2):
32)  |Acs - acs’| s pmee) ' PAD® ()-8 e A
+ max ([2m-e)) P, [8P(e2) - DPe)]l. [(1/6)P* DPen)l ) M
+118Qun-2)"T P, '[8D(ey) - DP(en)) | A
33)  1aps-aps’| < pi-e)l'PDP(e))-8P e,) 4
+ max  [[201-8)] eP, *[8P(e) - DPAen)ll, (16)P* $Pe)l) X
+1 [8Qu(n-e)"T P, ’[8P ) - DDy} A
34)  |1ATS - ATS| < max([(Sn-2¢)|, [3el ) [12(n-e)"P, ISP er) - DFey) X’

where PZSC,&l’t(lﬁl 2) Equatnons (32) (34) can befuscd:;to estlmate the s:ze., of the

W

hen all the second derWaﬂves m the abovc error;tcrmssare zero‘ When A
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small, the O and O terms | equ uations (32)-and (33).
O()?) terms. Thus we can use the' O(A”) terms in (32) and
consumer and producer surplus errors, ic.

) as rough estimates of

32y 14CS - ACS"| s~ fa0n-0) Py IDPe)-8 M) | X°
@37 14PS - APS'] sx o)l P AID(e)-8%(cs) | A2

From the expression for the error terms (Remark 2 of Proposition § and 6, Appendix
2), we can also st ow that, under the assumptions in equations (14) and (15)",

(35) ACS g= ACS*
(36) APS 2= APS*

This implies that, for a research-induced downward supply shift, we will almost
always overestimate consumer surplus gain and underestimate producer surplus gain .
The total surplus change can be over or under estimated (Remark of Proposition 7),
though the-error in the toal surplus measure is much smaller. These results are
consistent with the empirical evidence from Alston and Wohlgenant (1990).

The results in this section are for a supply shift. Similar results hold when the initial
shift oceurs in the demand curve, as described in the footnotes.

3. A Multimarket Situation

Now we consider the use of EDM in multimarket situations, When products are
related in demand or inputs are related in supply, a new technology or demand
enhancement which initially has an impact in one market may induce shifts in
demand and supply in other related markets.

Thurman (1990) has pointed out the difficulty of interpreting welfare measures when
there are feedback effects or induced shifts in supply and demand in multimarket
situations where netputs are substitutes or complements to each other, This issue
needs to be addressed in empirical applications, In addition to this pro‘olem of the
welfare significance of surplus areas, there-arises a problem of measur;ng these areas
correctly when there are induced changes in demand and supply. In section 3.1 we
show that the standard formulae for changes in economic surplus, as in equations
(20)+(22), are not suitable for markets with endogenous shifts. We go on to show that
the measures used by Piggott, Ptggott and Wright (1995) are more-appropriate for

s Thesc results also hold f’or upward and downward shifts in demand,
For an upward supply shift, the size ofthc consumer su j' ylus loss will be

underesnmated and the sxze of the
Si




bath exogenous aﬂdcndbgenousxaemand nnd supply shi'ﬂﬁ, lh act, as der
above, because these measures do not: req ; i
presumed by Piggout, Piggottand Wri
and gcomctrmal insights into the useo ED
are presented in Section 3.2,

y- a0 5
| methodology in multimarket situations

3.1 Economic Surplus Formulae

Before repeating the analysis above for the accuragy of EDM in multimarket
situations, we first look at the nppmnm(c formulae for measuring aurplu': change
areas inthe multimarket situation. For each individual marketin the model, a number
of situations are possible with respect to whether demand and/or supply curves shift
and whether these shifts are generated endogenously or exogenously.

Consider a particular market i in the model If we use A, and 1; to represent the
percentage shifts of supply and demand respectively (exogenous or endogenous), the
commonly-used economic surplus change formulae are

(37)  APS, = P QP - A)(110 SEQ;)

i

(38)  ACS, = P,,Q (B ) (140 5EQ,)
(39)  ATS, = APS,” + ACS,” = P,Q(t, -A)(140.5EQ; )

These formulae are only useful if we know the vaiues of 4, and 1, When the shift is
exogenous and known (eg. A= -1%) or we know that a curve does not shift (eg. A=
0), equations (37)-(39) are appropriate. However if there are endogenous shifts where
the amounts of the shifts A, and 7, are unknown but nonzero ( they can be
endogenously solved from the results of price and quantity changes), using zero for
the values of A and/or 1, will result in mcon’cct measures of the surplus areas.

Figure 2 illustrates how we can mismeasure the surplus changes if we use the
formulae (37)-(39) inappropriately. If for example we are dealing with new
technology that reduces the cost by 1%, then the producer surplus change can be
correctly measured using (37) with A; =-1%. But, if in a multimarket situation, where
there is also an induced demand (endogenous) shift in market i, setting T; to zero in
(38) will mismeasure the changc in consumer surplus. In this case the area being
measured with 17, =0 will be P, E,'E 1Py, while the actual EDM measure of constimer
surplus change should be area P, E, AB with t,#0 but unknown,

For the general situation including the case when both demand and supply curves
have shifted and some of the shifts are endogenous, it can be shown that the following
formulae are more appropriate for measuring the conventional surplus areas:

(40) AP, =P, ,Q,(EQ;/8)(140.5EQ;)
41)  ACS;" =Py Qi (-EQ m)(1+0.5EQ;")

10




(2)  ATS; =APS; +ACS;" = P,Q,EQ; (Mg - Un)(1+0.5EQ;")

where g and i refer to the supply and demand elasticities for market i at the initial
equilibrium point E,. Formulae (40)-(42) are shown to be- cqmva!mtnto @n-
(39)(Appendix 3), but are preferred since: they do-not-explicitly require the values for
Ai and 1, which are unknown for endogenous shifts,

Note that, in the multimarket situation, the underlying assumption far the above
surplus change measures is that the new equilibrium point E, in each market is
reached through parallel exogenous or endogenous demand or/and supply shifts.

3.2 Errors for Multimarket EDM

We have shown in Section 2 that when using EDM in a single closcd market the
errars in estimating BP, EQ, ACS and APS are of the order O(W) (or O(G?)) and in
estimating ATS are of the order O (or O(x*)). With the multimarket situation,
assume that there are k commadities (miarkets) involved inthe model, and P;, Q;are
the price and quantity for market i (i=1, 2, ., k). Define a price and quantity vector Y
=Py, . Py QL Q)" and anexogenous shnﬂer vector A. The structural model
charaemrising the relationship among different markets can be described by a 2k
equation vector function

(43)  F(Y, A)=0

Applying comparative static analysis to each equation and converting it to finite
relative changes before-and-after the shift

{4y AEY" =BA or

(45) EY*=A'BA

where EY" = (Ep,’, .. JEPSEQ, . EQ.'Y are the EDM estimates of price and
quantity changes and A and B are parameter matrixes consisting of the first order
parameters of the demand, supply and production functions. Because (45) involves a
local linear approximation of F(Y, A), it can be shown that

(46) EY=A-IBA+O(AY)=EY*+O(A%)

In other words, if we use A to represent the maximum of the exogenous percentage
shift in the model, it ¢an be shown that ;

47 EBP,=EP +0O(M) (=1, .k

(48) EQ,=EQ, +OQY (i=1,..k)

(49)  ACS,=ACS; +0(Y (i=1,....k)

(50) APS,=APS; + 0O} (i=1,k)
11




(51)  ATS=ATS; + Oy (i=1,...,%)
which is a similar result o the single market model.

It is also possible to derive, usinga T aylor expansion with remainder, the exaot
expressions of the above error terms, in terms of the first order and second order
parameters of the demand, supply and production functions as we do for the single
market situation. Analytical expressions of the error terms can be very complicated
when the size of the multimarket model is large. For a particular model, if we are
willing to make assumptipns about the first and second order parameters for all the
demand, supply and production funetions and work through the Taylor expansion, the
upper bounds of the errors can be estimated.

Figure 2 shows g 5comatrimlty the sitmtion when both demand and supply curves shift
ina partu.u!m market §. The ‘true’ new equitibrium point is £, And the EDM cstimate
is l’ig which is solved through equation (45). Assuming that Tz2 is reached through
parallel shifts and linear approximations of the initial and new demand and supply
curves, as for the simple case in Section 2, the resulting *true’ surplus changes and
their EDM approximations for market i are’

B
(52) ACS, = Area(’,E,AB) = j Do PydP
"y

(53)  ACS; = Arca(Py By AB) = Py Qy (-BQ my)(1 +0.5EQ;)
P2

(54)  APS, = Area(P,E,DC) = j S PYdP

e

(55)  APS," = Area(P, By DC) = P\ ,Qu(EQ; /e)(140.5BQ))
B r2
(56)  ATS; = Area(BAEDC) = [ Dx(P)dP + [SaoP)lP
P2 ¢
(57)  ATS; = Area(BAE, DC) = P, Q) BQ;' (I/g; - 1m)(1+0.5EQ;)

Note from Figure 2 that, for the case of endogenous shifts, the amount of the shifis &
and v can be estimated from the position of E;, demand and supply elasticities at E;
(from which slopes of D and § at E are derived) and the position of the EDM solution
of r;z This is exactly what formulae (40)-(42) do analytically to measure the surplus
areas.

4. Conclusion

12




Equitibrium displacement modelling has become a popular procedure to estimate the
extent and distribution of the benefits from new technology or product promotion. As
the basis of this procedure is the linear approximation of demand and supply curves,
there have been concerns about the extent of ¢rrors that arise when the true functional
forms arc not linear. Additionally there has been concern as fo whether it is necessary
to assume global linearity, which implies undesirable restrictions such as supply must
he clastic.

Alston and Wohlgenant (1290) have shown empirically that the errors are very small
when the trae demand and supply functions are of constant elasticity rather than linear
form. In this paper, we have been able to generalise their results to any functional
~form by taking an analytical rather than an empirical approach. In general our results
confirm their findings but the analytical approach enables us to identify some of the
underlying assumptions of their empirical results Some of their empirical canclusions
are shown nof to hold with generality.

We also conﬁnned their finding that EDM methodology is exactly correct for local,
rather than ;,lnb'tl linear demand and supply functions, and hence, that the
restriction of elastic supply is not necessary.

Two steps are involved in the EDM procedure: (1) estimating price and quantity
changes, BP and EQ, and (2) caleulating surplus changes ACS, APS and ATS. Local
tinear approximation of the unknown ‘true’ functional form is used in both steps. Tt
was shown that the major source of errors comes from the first step. When the
amount of the percentage shift -0, the errors resulting from the first step are of the
infinite sde order O(A%), while thase from the second step only cause errors of the
order O(\Y), if BP and "Q are exact. But since we do not know the exact values of EP
and EQ and have to use the results from the first step to calculate ACS, APS and ATS,
the aceuracy of the consumer and producer surplus measures ACS and APS is reduced
to O(A)). Fortunately, the error in total surplus ehange is still o ).

The actual exprcsqmns for the error terms in estimating price, quantity and surplus
changes are given in terms of the demand and supply parameters. Determinants of the
size and direction of the errors can be seen from these expressions, For example, the
size of the errors increascs as demand and supply become more inelastic and curved.
Also, for a downward aupply shift, we will always overestimate the pmcc decrease
and consumer surplus increase and underestimate the prqducer surplus increase. The
upper bounds of ali the errors can actually be estimated using these expressions if we
are willing to assume values for the elasticities and second derivatives.

We also noted from the analytical derivation that, theoretically, the elasticity values
and & in the EDM must refer to the initial equilibrium point E; on the demand and
supply curves for the results to be exactly correct. The empirical 1mp!mauon of this s
that, when we suspect the clasticity values have been changing over time, values
calculated using the price and quamuy at E, should be preferredto an average
estimated over a fong time series. Thus for an explicit functional form, the values of

7 The use of 'I‘aylor s expansion with remainder enableus to analytically: prove this.
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elasticities should be taken at the base price and quantity values used in the model.
Note that care must be taken to avoid atypical situations such as extreme drought.

Finally a reminder of an earlier qualification, that while in this paper we have
focussed on the mathematical or geometrical measurement of the conventional
surplus areas, we note Thurman's (1990) concerns that in a mullimarket situation
when there is more than one source of feedback in the model, some surplus areas in
some markets may not have a clear welfare interpretation. This issue has to be
addressed in each situation,
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Appendix 1. Order of Magnitude

Mathematical tool of the ‘order of magnitude’ is used to examine the sizes of the
errors of EDM estimates when A is near zero. We first introduce the notation of O(,).

Definition. Let f(x) and g(x) be two functions. If
lim [((x)/g()] = c,
where O<e<+eo is a constant, then we write
f{x) = O(g(x)).
(i) 28 + X = O(x?) as x-»0;
(if) sin(x) = O(x) as x>0, ie. sin(x) turns to zero with the same rate as x when x—0;

(iii) In(1+x) = O(x) as x—0, ie. In(1+x) turns to zero with the same rate as x when
x—0,

Properties. As x—0,
(i) O(1) = constant,

(1) cO(g(x)) = O(g(x)) where 0<c<+oo is a constant;

(i) If f(x) = O(g(x)), then [f(x)]* = O([gx)1*). k=1, 2, ...
(v) [0™] [O(x")] = O("""), m,n=1,2 .;

™) [0EM] /O] =0™"), m,n=1,2,...andm >n;

i) O(x™) £ O™y = O™ ™) m,n=1,2, ....
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Appendix 2. Derivation o

Refer 1o Figure 1, consider the initial supply and demand with general functional
forms.

(A 8 Q=S initial supply

(A2) Dy Q=D initial demand

The intersection of $; and Dy is assumed to be point B,(Q,, P}), where Q, and Py are
initial equilibrium quantity and price. Assume that a new technology has resulted a
paralleld downward shift of S to S,

(A3) Sy Q= S(P-AS) new supply

where AS= §,-8,=AP, is the amount of shift along the price direction, A is the
percentage shift with respect to the initial price Py and AS <0 and A<0 for downward
shift The new cquilibrium point after the shift is reached as the intersection of' 8, and
D, denoted as B,(Q,, Py) Refer o Figure 1 in the following derivation

Define relative price and quantitity changes from point Ey to point 123 as

(A4) EP = (000,

(A 5) EQ » (Qy-OQ))Vy

The BEDM approximation of the relative price and quantity changes are

(A6) EP" =0y -0y = delen)

(A7) BQ = (Q) -0 Q" = kenl(e-n)

where 1 and ¢ are the demand and supply clasticities at the initial equilibrium point
£y

The *true’ and EDM approximation of the economic surplus changes resulting from
displacement from E 1o By are

a1

(A.8) ACS = Arca(P41LEP)) = j DMdar ‘tfrue " consumer surplus change
P2
o 2
(A.9) APS = Arca(A{BE,P;) = f‘ﬂ‘(l%'mAS):IP ‘true’ producer surplus ehange
PrEAS

(A10) ATS = Area(ABE,E(P))
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= j’ D(PYdP + Is(z) ~ AS)dP ‘truc’ total surplus change

PI4AS
(A.11) ACS’ = Area(P, E, E,P})
=-P,QEP"(1+0.5EQ") estimated consumer surplus change
(A.12) APS’ = Area(A,BE,'P,")
= PQ,(EP'J,)CI +0.5‘EQ“) estimated producer srirplim change
(A.13) ATS = Area(A,BE, E,P))

=.AP;Q,(1+0.5EQ") estimated total surplus change

(a). Proof of the Order of Magnitudes for the Errors (Equation (10),
(11), and (21)-(23))

Using the mathematical tool of the ‘order of magnitude’, we examine the sizes of the
errors of EDM estimates when A is near zero.

Proposition 1. The percentage changes of price and qunmy are of the same order of
‘infinite small as the percentage shift A when 250, ie.

(A.14) O(EP) = O(EQ) =O(}).
Proof, Refer to figure 1, connect points E, and E, with a straight line and consider
the triangle E,E,B. Side E;B=AS, height E;D=AQ and E,D=AP. Thus it is obvious
using Property (ii) that

O(AP)=0(AQ)=0(AS)
Since EP=AP/P,, EQ=AQ/Q, and A=AS/P,,
using Property (ii) again we have  O(EP) = O(EQ) =O()) #

Proposition 2. The errors in EDM estimation of price and quantity changes are of
the order of A* when A~»0, ic.

(A.15) |EP-EP’ |=0(3}) and |EQ-EQ" |=00).

Proof. Taylor expanding demand function Dy at point P, and taking the value at point
P,, we have

D(Py) = D(P,) + DU(P,)(Py-Py) + O(P»-P,[*)
ie.  Q=Q; +DY(P)PEP +P O(ER]), or
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EQ = (Qy-Q)/Q, = D(P)P,/Q, EP + O(EP)  using Property (ii)
(A.16)  =nEP+O(EP)
where D®MP,) is the first derivative of demand function at point Py, Sim‘iliarly, Taylor
expanding new supply function S, in-equation (A.3) at point P;-AS and evaluating at
point Py, we have ‘
Q= S(Py-AS) = S(P,) + SR Py-Py-AS) + O(Py-Py-ASP)
where SUXP,) is the first derivative of supply function at point Py. Thus
EQ = (Qu-Q))/Q; = SR PY/Q, (EP-A) + OUEP-AL), or
(A17) EQ = (EP-A) + O(EP-AP)
From Proposition 1 and Property (iii), we also have
O(EP) = O(AY)  and  O(EP-AP) = O(\%)
Thus equating (A.16) and (A.17):
NEP + O(A?) = e(EP-A) + O(A?), or
(A.18) EP = Ael(s-n) + O(AY) = EP' + O(AD) (using (A.6))
(A 19) EQ = henf(e-n) + OA) =EQ' + O(\Y)  (using (4.7))
gives |EP-EP'|= 00} and |EQ-EQ' |= 00}
Proposition 2 is therefore proved.  #
Proposition 3. The errors of the EDM measurements of consumer and producer

surplus changes are of the order o ) when A—»0. The total surplus measure are of
the order of O(A} ) as A=0. ie.

(A.20) |ACS - ACS' |= 00\,
(A.21) |APS - APS’ |= O(A%) and
(A.22) |ATS - ATS | =0(0%)

(i) Proof of (4.20)

Taylor expanding Dy: Q = D(il?;:) atpoint P




Pl
Thus  ACS = [ D(P)AP =-Q (Po-P1) - (1/2) DU )(Pr-P)* + O(P-Pi[)
P2
= -P,QEP - (1/2)nP,Q,(EP)’ + O(EP]")
From equation (A.16), nEP = EQ + O(A?).
= ACS=-P,QEP - (1/2)P,Q,EP(EQ+ O(Y) + O()
(A.23) = -P,Q,EP(1+0.5EQ) + ond) using Property (iii)

= -DyQy(BP"+ O() [1+0.5(EQ"+ O(A*)) + ON’)  (using (A.18) and
(4.19)

= -PyQEP’(1+0.5EQ") + O\)  using Property (iii) and (v)
= ACS' + 0% using Property (iii -~ ~d (v)
(A.20) is thus proved #
(ii) Proof of (A.21).
Taylor expanding S,- Q=S(P-AS) at point P{+AS:
S(P-A8) = S(P,) + S™)(P,)(P-P,-AS) + O(IP-P-AS)
Pz

=  APS= [S(P-aS)dP

preas
= Qy(P-P-A8) + (172)SU(P)(P,-P,-A8) * + O(P,-P,-AS])
=P, Qy(EP-L) + (1/2)P,Qe(EP-1) + O(XY)
=P, Qi(EP-}) + (1/2)P,Qu(EQ+ OAY) + O(RY)  (using (4.17))

(A.24) = P,Q,(EP-X)(1+0.5EQ) + O(A%)
= P,Q)(EP +O(W)-M[1+0.5(EQ "+ O(A*)] + O(NY) (using (A.18) and (4.19))
=P, QuEP"- 1)(1+0.5EQ") + O(AY)
=APS +O()  #

(iii) Proof of (A.22),

ATS = ACS + APS = -P,Q EP(1+0.5EQ) + O(})
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+ PIQ{(EP-M)(140.5EQ) + O(\Y)  (using (A4.23) and (4.24))

(A.25) = -AP,Qy(1+0.5EQ) + O(\Y)
= AP\ Qi [1+0.5(EQ+OAN)] + OQ) (using (A.19)
= A Q, [140.5EQ ] + AO(AY) + O(XY)
=ATS + O #
Remark 1. If the pnuc and quantity changes could be found exactly, ie. El’wi‘;l’ and
P‘QmF’Q the errors in the surplus measure itself would be of the order of 0(% ) when
A0, ic if we define
(A.26) ACS = -P,Q,EP(140.5EQ)
(A.27) APS = Q(EP-A)(1+0.5EQ)
(A.28) ATS™ = -AP,Q,(140.5EQ),
then
(A.29) JACS - ACS | = O(\")
(A.30) JAPS - APS' = O(LY)
(A31) [ATS - ATS | = O(X")
The implication of this result is discussed in the paper.
Proof. These are very obvious from cquations (A.23)-(A.25) in the proof. #
(b) Derivation of the Error Expression and Upper Bounds
Proposition 2 and 3 showed some very strong mathematical results that when the
amount of the initial pamlh.l shift A0, the errors of EDM procedure are of the order
O} or OAY). But empirically A is a finite small value, and therefore the error will
not be exactly A* for a pamcular model. To obtain some knowledge of the s;gns and
magnitudes of the crrors for a given problem, itis neccessary to: cst;mat s the:sizes of
the errors with a particular A and the parameters of the demand-and sug

use the Taylor expansion with reminder to derive the exact expression and the upper
bounds of these errors.

Assumptions, Demand function is always increasing and concave Supply functmn is
always decreasing and convex. ie,
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(A.32) £>0, S"”(?p);e:,o

(A.33) <0, DAP)>0 ‘;ﬂ

Proposition 4. |EP - EP’ |5 [20,-n)" @A) IDP(c1) - SP(c2)|

and [EQ - EQ* | £ [20,e-n)" @, A% max( [eDP(c)], InSP(c2)] )

Proof. Repeating the first half of the proof of T oposition 2 butusing the Tayor

ot

expansion formula with remainder, we have, in placgsraf (A.16) and (A.17)

(A 34) BQ=nEP +(2Q))"'D¥e))( Pp-P)?

(A.35) BQ = (EP-A) + (2Q)'SPc;)( Py-Py-AS)?

where Py ¢, 8 Py (i=1,2). EP can then be solved through (A.34) and (A.35):
(A.36) BP = Aaf(e-n) + [2Qu(n-8)] " [SPc)( Po-Pi-AS) - DB o )( Po-P))?, e,
(A.37) EP- 1iP" = [2Q,(n-8)]"'P* [SPep)(BP-A)” - D ey )(BP)]

Since IEI’»-A.LQ [Af and [EP] = JA] (obvious from Figure 1), and 'S(z)(c,)(ﬁl?‘«k)"s 0 and
'Dm(c,)(EP)” 20 (from assumptions (A.32) and (A.33), we have

[EP- EP'| < 12Q,(e-n)[" (P, "2 ID®(c1) - S¥(c2)]
EQ can be solved through (A 34) and (A.36):
BQ = Ang/(s-n) + [2Qi(n-6)] "nISPer)( Pp-Py-AS) - DP (e )( Py-Py)]
+(2Q,) 'DP e, )( P,-P)), or
(A.38) EQ - BQ* = [2Q)(n-6)] 'P,* (S®(c)(EP-A)*- eDP(c,)(BP)]

Assume assumptions (A.32) and (A.33) are satisfied, then nS®(c,)(EP-A)* and
eD®(c,)(EP)” are both positive. Therefore

JEQ - BQ* | < 2Q,(en) (@3 max( nSP(ey)l, €DPey)l)  #

Remark 1. From assumptions (A.32) and (A,33), the error term: in equation (A.37)
8,~{2Qi(n-8)]"'P\? [SP(ca) EP-AY’ - DP(e)(EP)'] > 0. Thus

(A.39) EP 2 Ep’
The empirical implication of this result is given in the paper. #

relative sizes of nS®(e;)(EP-A)* and eD(c,)(EP)*. Hence EQ nder
cstimated. - ,

Remark 2. The sign in the error term-in gA,BSQ,iis.-jﬁd terminate depanding:on-the -

22




Proposition §. [ACS - ACS'| < pmee) ' PRIDP(c;)-$Pes) | A
+ max ([[2(n-8)] P (8% ep) - DDl 101/6)P DP(ep)}) A
+ | [8Qi(n-e)’T P *18P(cy) - DD ey A A

Proof. In the proof of Proposition 3, (i), if we use the Taylor expansion with
remainder, we have

4] ) .
ACS = [ D(PYdP = -P\QiBP - (1/2PQy(EP)’ -(1/6)P)" DP(c,) (EP)*

P2
From (A.37).
(A.40) BP = EP" + [2Qy(m-8)] 'P,* [SP(e)(BP-1) - DP(e))(EP)*) = BP'+ A,
Substitute EP for the above EP"+ 4, we have
ACS = P QiEP"+ A, )-(1/2P,Qu(EP™+ A) -(1/6)P,* DP(ey) (BP)Y
= ACS'- P QA P\ QUEP"A(1/6)P, DP(ey) (EPY
= ACS - [2(n-8)]'P,*[SPUen) (BP-A)’ - DP(e,)(EPY’)
- [2(n-e)] P, [™c) (EP-A)'EP" - D (e,)(EPYEP']
- [8QiM-e)’T P [SPUe)EP-N - DP ey )(EPY)?
- (116)P” D(cy) (BPY'
Consider the signs of O(A), O(L") and O(A") terms in the above error under the
assqmptions in equations (A.32) and (A.33), and note that [EP-X| £ ||, |EP} < [A} and
[EP| £ ||, we have
lacs - Acs’| s lanee) P IDP(e,)-$M(e) | A7
+ max (J2-e)] 'nP, [89ey) - D eI, ((1/6)P, DFe)) ) A
+ 1 [18Qi(n-e)T P (8P cy) - DHe ) A1 #

Remark 1. When A is very small, the crror in estimating ACS can be roughly
estimated by the O(A%) term, ie.

(A.41) [aCS - ACS'| s~ j2(em) P, IDP(ey)-5Pcy) | A2
Remark 2. When A is very sn.all,

(A.42) ACS <~ ACS'.
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This is because, l‘mm the above proof ACS - ACS e P;Q;Ap O where -
P1Q)4,= -[2(n- E)] P (S (cr)EPHA)} - D®(e,)(EP)Y] £ 0. The. implication of this
result ts in the main text,
Proposition 6. {APS - APS"{ < !g(\n.&)r!p!31(3(1)(3’),SQ)(%).‘ 32

+ mas (208 6P, [$Me) - DA 1(1/6)Py” 8Py ) A

] [8Qi(n-e)T 6Py *[8ey) - DPe)) ) A

Proaf. In the proof of Proposition 3, (if), if we use the Taylor expansion with
remainder, we have

Pz
APS = [S(P - AS)aP

M+AS
= PiQ(BP-A) + (1/2)8P O, (BP-1) + (1/6)P,° 8%c,) (BP-A)

= Py QB -A+A) + (1/2)8P O (EP'-A+4,) + (16)R SPUe) (EP-A)  (using
(4.40))

= PQuEP'-A) + (112)eP QuEP M) + Py Q4
+ (12)eP, Q) [2(EP M)A+ A1+ (1/6)P, $¥cy) (EP-1Y’
(A.43) = APS” +{2(n-8)]"P (S Py (EP-1)? - DP(e, MEPY']

L F o) 'eP P EPTANSPe)EP-A) - DM o) @RY + (1/6)P, SP(ey) (BP-
A)

+ [8Qi(m-6)T"eP, [SMe)BP-1) - D ep)(EPY)?
Consider the signs of the above O(AY), O(A) and (L") terms according to
assumpuons in equations (A.32) and (A.33), and note that [EP-A| < [A], |EP| < [A] and
{EP"-AJ< M|, we come to the resuit of Proposition 6. #

Remark 1. When A is very small, the error in APS' can be roughly estimated by the
0(?» ) term, ie.

(A.44) |aps - APS™| <= (o) Py 8P ey) - DD A° #
Remark 2. . We almost always underestimate producer surplus cbangc From (A 43),

APS - APS' = PiQ,4, + O(%) where PiQ,4A,= [2n-6)]" P [SPUco)(EP-V) -
Dm(c YEPY] 2 0. 'I‘hcref’ore when A is very small

(A.45) APS z~APS'
24
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Proposition 7. lars - ars'| <
max( [(Sn-2e)l, [3¢]) [120-e)" Py 18P - DB(ey)] AP
Proof, ATS = ACS + APS
= Py QBP - (1/2)nP,Q,(BY ~(1/6)P," DP(ey) (BPY
+ Py Q(EP-R) + (1/2)eP, 0 (BP-1) + (1/6)P;* §P(e,) (BP-AY’
= M PQy - (120D Qu(ER"+8,)° + (1/2)60 QER 8, 1)’
+ (U6, (SPep)(EP-A) - DPey)EPY')
Using BQ = qEP” and BQ'= e(ZP"-A), we have (details omitted):
ATS = AP, Q, + (1/2AP,QUEQ" - (12mP,Q,EPA,
+(176)P,” [SPc)(BP-) - DF ey BPY') + (1/2)6P, QA (BP-A)
= ATS" - [4e)] P ER[S e )(BP-A) - DPe, )(EP)]
+ (UOYP, (SPe)(BP-1) - DPe)(BPY)
+ [a(n-e)] el (EP-1)[S e (EP-A)F - D) )(EP)')
= ATS + E, + Ey + By,

where E<0, B, <0 and E,>0 according to the assumptions (A.32) and (A 33), and
[EP-A] < AL, IBP] £ Al Thus

[ATS - ATS'| & max( B, +Eyl, |By])

< max( {(5n-28)), 3e]) [20-e) ' P, 18P (e - DB )| A #

Remark. ATS can be over or under estimated depanding on the relative sizes of [By +

Byland [Bq #
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uilvalence of Surplus Change Formulae

Consider two sets of surplus change formulae, the first widely used (Alston, Norton
and Pardey (1995):

@) APS," = P,Q,(EP'-M)(1+0.56Q")
(B.2) ACS; = PQu(r-EP')(1+0.56Q")
and the second recently applicd by Piggott, Piggott and Wright (1995):
(B.3) APS,’ = PQ,(BQ /)10 SEQ")
(B.2) ACS, =PQ, (-EQ'Mm)(1+0.5BQ") ...
We want to prove that under appropriate conditions these formulae are equilvalent.
Refer to Figure 2. The EDM estimates of the surplus changes are:
(B.5) APS' = Area(CDE, ;)
@.6) ACS' = ArcalABP,'E;)
In other words. we want to prove.
Proposition.
(B.7) (i) APS," = APS, = APS’
B.8) (i) ACS," - ACS," = ACS'
()  APS = Area(CDE,’P,") = (112)(Q,+Q, ) |GD)
GD] = [B,D] - [E,Gl = IWP)| - | PyPy|

For the situation of downward supply shift and upward demand shift illustrated in
Figure 2, A<0 and P, <P, <0. Thus [AP,| = -AP and | P, P =-(P,"-P)), and

APS" = (1/2)(Q;+Qy )( Py -P-AP))
= (Q+0.5(Q5"- Q)) ) ( Py -P-AP)) = P,Qy(BP -A)(140.5EQ") = APS,’
On the other hand, looking at triangle GDE," in Figure 2,

IGD| = [5G [slope(S, )| = | Qa'+Q| slope(S: )
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Also, Istope(Sy)| = Islope(S, ") = (P'x’/Qx)/S,

where €0 is the supply elasticity at E;, and Q, -Q;>0, therefore
APS’= (1/2)(Q+Q,) [GD| = Q(1+0.5EQ) |Q; ~Q)|(P1/2Qy)
= P,Qi(EQ /e)(1+0.5EQ’) = APS,;

ie.  APS," =APS, =APS’

(i)  ACS’ = Area(ABP, E, ) = (1/2)(Q,+Q; ) |AG]

and  |AG]= |AE| + [E,G|=|tP)| + [P, - Py},

where 1 >0 and P, - P;<0

Sty = tPand [Py - P -( Py - Py).

Thus  ACS' = (1/2)(Q,+Q;") IAG] = Q(1+0.5EQ )(tP-( P, - P))
= Q,(1+0.5EQ") P,(+-EP, ) = ACS, .

Considering triangle AGE, ,
IAG| = E; G} 'slope(D, )] = |Q; -Qy| Islope(D, )| = 1Q; -Qi| Islope(D; "),

Also, from the definition of demand elasticity at point E,,

Islope(Dy )l = (P,/Q, Mnt = -(Py/Q))/n,
where 11<0 is the demand e sticity at E;. Therefore
ACS' = (1/2)(Q1+Q,") IAG] = -Q,(1+0.5EQ)[Q, -QiIP/1Q:)
=P,Q, (-EQ m)(1+0.5EQ’) = ACS,
where le'-Q,}:Q;—Q, since Q;-Q,>0. This proved
ACS, = ACS, =ACS'.

The above proof is for the case of upward demand shift (t>0), downward supply shift
(A<0), EP <0 and EQ >0 as illustrated in Figure 2. The same results as in (B.7) and
(B.8) can be shown in the same way for other situations of the shifts with the
appropriate signs of A, 7, EP" and EQ’. #
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Figure 1

Geometrical Demonstration of the EDM
Approximation in a Single Market Model

E1B=AP1: exogenous shift
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Figure 2

Geometrical Demonstration of EDM Approximation for
an Individual Market in a Multimarket Model
AE1=tP1: exogenous or endogenous demand shift

E1D=AP1: exogenous or endogenous supply shift






