
 
 

Give to AgEcon Search 

 
 

 

The World’s Largest Open Access Agricultural & Applied Economics Digital Library 
 

 
 

This document is discoverable and free to researchers across the 
globe due to the work of AgEcon Search. 

 
 
 

Help ensure our sustainability. 
 

 
 
 
 
 
 
 

AgEcon Search 
http://ageconsearch.umn.edu 

aesearch@umn.edu 
 
 
 

 
 
 
 
 
 
Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only. 
No other use, including posting to another Internet site, is permitted without permission from the copyright 
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C. 

https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
https://makingagift.umn.edu/give/yourgift.html?&cart=2313
http://ageconsearch.umn.edu/
mailto:aesearch@umn.edu


Price Elasticities Implied by Homogeneous 
Production Functions 
J. Michael Price 

Abstract. If a productIOn process IS characterized 
by a homogeneous productIOn functIOn, the condi­
tions required for profit maximizatIOn Imply that 
the elastIcity of demand for each Input must be 
elastic wzth respect to output price ThiS restrictIOn 
lzmlts the usefulness of these functIOns In empIrical 
analysIs 
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Chand and Kaul (1986)1 have demonstrated that 
usmg the Cobb-Douglas profit functIOn to charac­
terize a productIOn process Imposes a number of 
restrictIOns on the price elastiCities of mput 
demand However, smce every Cobb-Douglas profit 
functIOn corresponds to a Cobb-Douglas productIOn 
functIOn, their results are also applicable to the 
case where the productIOn process IS characterized 
by a Cobb-Douglas productIOn functIOn The pur­
pose of thiS note IS to show that one of the more 
Important restrictIOns derived by Chand and Kaul 
also applies to the more general case of a 
homogeneous productIOn functIOn 

Profit Maximization 

Assume that the production process reqUIres, at 
most, n mputs to produce a smgle output Let f 
denote the correspondmg productIOn functIOn 
Then 

y = f(x), 

where x IS an n-dimenSIOnal vector of mputs with x 
'" 0, and y '" 0 IS output 2 Assume that f IS strictly 
quasI-concave and tWice contmuously dIfferentiable 
with posItive first order derivatives 

The profit functIOn IS defined as 

'" (p, w, x) = p . y - w x, 

PrIce IS a senior economist with the AgrIculture and Trade 
AnalYSIS DIVIsion, ERS 

lSources are hated In the References section at the end of 
thiS artIcle 

2For any vector, Z, the notabon z ~ 0 wlll be used to mdlcate 
that each component of the vector IS non-negative 

where w represents the n-dimenSIOnal vector of 
pOSItive mput prices and p denotes the POSitive 
output price If the producer IS a price-taker m all 
markets, profit maXimizatIOn mvolves determmmg 
some value of x' '" 0, such that 

'" (p, w, x*) '" '" (p, w, x) 

for all x '" 0 

ThiS constramed optimization problem may be 
converuently broken Into two parts (Takayama, 
1985, p 142) First, mInimize the cost functIOn 
w . x subject to the constramts that f (x) '" y and x 
'" 0 Because f IS contInuous, the solutIOn to thiS 
cost mlruffilzatIOn problem gIVes rise to a mInimum 
cost functIOn, c, defined for all values of wand y, 
WIth 

c (w, y) ,,;; w . x 

for all x satisfYIng the constraInts (Dlewert, 1982, 
pp 537-538) Shephard (1981, pp 43-45) has 
shown that If the production function IS homothetlc 
and satisfies the conditions above, then there eXist 
functIOns, hand g, such that 

c (w, y) = h (w) g (y) 

and 

x, (w, y) = [ah (w)! aW,l' g (y) (I = 1, 2, n), 
(2) 

where x, (w, y) denotes the derived demand for the 
Ith mput based on the cost mlrumlzatIOn problem 
The solutIOn to the profit maximizatIOn problem IS 
then gIVen by determInIng that value of y '" 0 
which maximIzes 

p . y - c (w, y) 

Assume now that f IS also POSItively homogeneous 
of degree k WIth respect to x As IS well known, 
there does not eXist a uruque solutIOn to the profit 
maXimization problem, If the productIOn functIOn 
exhibits either IncreaSIng or constant returns to 
scale (k '" 1) Therefore, restrictIng the productIOn 
function to haVing decreasmg returns to scale (k < 
1) IS a necessary conditIOn for obtaInIng a uruque 
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mput level, x', satisfymg the profit maXImIzatIOn 
condItions 3 

Because the productIOn functIOn IS homogeneous, f 
IS also homothetlc Therefore, Shephard's results 
are applIcable In addItIon, the functIon g m 
equatIOn 1 IS gIVen by g(y) = yl1k (Shephard, 1981, 
p 43) Thus, the profit maxImIzatIOn problem 
reduces to findmg y '" 0 whIch maXImIzes the 
expreSSIOn 

p y - h(w) yIIk 

The first order condItions for a maXImum Imply 
that 

p - (11k) h(w) yO-k)Jk = 0, 

whIch, after rearrangIng terms, YIelds 

yew, p) = [p k h(W)-I)k1(l-kl, (3) 

where y(w, p) denotes the output level WhICh 
maXImIzes profit for each level of wand p 
Furthermore, substItutmg equatIOn 3 mto equatIOn 
2 YIelds the mput demand functIOn correspondmg 
to the profit maxImIzatIOn problem 

X, (w, y(w, p)) = [ah(w)law,) , [p 'k. h(W)-')lI('-k) 
(4) 

Restrictions on the Price Elasticities 

EquatIOn 4 Imphes that the elastIcIty of the 
derIved demand for mput 1 WIth respect to output 
prIce IS (1 - kr' for I = 1, 2, , n Because profit 
maXImIzatIOn reqUlres that k be less than one, thIS 
Imphes that (1 - k)-l > 1 Hence, the condItions 
reqUlred for profit maxImIzatIon Imply that the 
elastIcIty of demand for each mput Wlth respect to 
output prIce IS elastIc and that thIS elastlClty IS 
IdentIcal for all mputs ThIs restrIctIOn IS Identical 
to "characterIstic five" gIven by Chand and Kaul 
(1986) However, the result IS now seen to pertam 
to a much WIder class of productIOn functIOns 

ExammatIOn of equatIOn 3 YIelds a result that 
augments the work of Chand and Kaul (1986) 
ThIS equatIOn ImplIes that the elastICIty of supply 

3If the productIOn functIOn IS employed to model aggregate 
productIOn for a commodIty. these remarks are not strictly true 
Even If the producbon functIOn for the market exhibits 
constant returns to scale, pnce and quantity will be umquely 
determIned by the mteractlOn of aggregate supply and demand 
(Samuelson, 1974, pp 78-89) Vanan (1984, p 27), however, 
observes that employtng the assumptIOn of decreaSing returns 
IS reasonable If we restnct our attention to the short-run 
Moreover, Chand and Kaul (l986) Impitcltiy employ thiS 
assumption In their work 

WIth respect to output prIce IS k (1 - k)-I Thus, 
the elastICIty of supply WIth respect to output pnce 
Wlll be InelastIc only If k < 1/2 ThIS condItIOn may 
prOVIde a useful check for selectmg productIOn 
functIOns to characterIze a partIcular Industry 

Conclusions 

The restrIctIOns denved above should be conSId­
ered before selectmg a homogeneous productIOn 
functIOn to characterIze a partIcular productIOn 
process If prIor knowledge or empIrical eVIdence 
suggests that the restrIctIons ImplIed by the profit 
maXImlzmg condItIons are apt to be VIolated for a 
partIcular Industry, alternatIve methods should be 
used to model the productIOn process 

The precedmg results demonstrate that the restrIC­
tions needed to ensure profit max1mIzatIon are 
mconslstent WIth melastIc mput demand functIOns 
Therefore, If there IS reason to suspect that mput 
demand IS melastIc WIth respect to changes m 
output prIce, homogeneous productIOn functIOns 
should not be used to model the productIOn 
process 4 Moreover, thIS restnctlon may be 
espeCIally pertment for agrIcultural commod,t,es 
EstImates by BaU (1988), for example, mdlcate 
that many of the mputs used In agrIcultural 
productIOn may be melastIc WIth respect to output 
prIce 

The restrIctIOns Imphed by profit maxImIzatIOn on 
the elastICIty of supply WIth respect to output prIce 
are less serIOUS If supply IS beheved to .be melastIc 
WIth respect to output prIce, only those functIOns 
whIch are homogeneous of degree less than one 
half are relevant Th,s result only hmlts the class 
of homogeneous functIOns that are approprIate m 
certam apphcatIOns It does not preclude theIr use 
entIrely 

References 

Arrow, K J , H B Chenery, B S Mmhas, and R M 
Solow 1961 "CapItal-Labor SubstItutIOn and 
EconomIC EffiCIency," ReVieW of EconolnLCS and 
Stattstzes Vol 43, pp 225-35 

Ball, V Eldon 1988 "ModelIng Supply Response 
m a MultIproduct Framework," Amencan Journal 
of Agncultural Economics Vol 70, pp 813-25 

Chand, Ramesh, and J L Kaul 1986 "A Note on 
the Use of the Cobb-Douglas PlOfit FunctIOn," 

4It IS noted In paSSing that, In additIOn to the Cobb-Douglas 
function, the Arrow-Chenery-Mmhas Solow constant elastiCity 
of substitutIOn function IS also homogeneous 

32 



American Journal of Agricultural EconomIcs Vol 
68, pp 162-64 

Dlewert, WE 1982 "DualIty Approaches to M,cro­
economIC Theory," In K J Arrow and M D IntrI­
ligator (eds), Handbook of MathematICal 
EconomIcs Vol 2, pp 533-99 Amsterdam North­
Holland 

Samuelson, Paul Anthony 1974 FoundatIOns of 
EconomIc AnalysIs New York Atheneum 

Shephard, Ronald W 1981 Cost and ProductIOn 
FunctIOns, reprmt of 1953 ed New York Sprmger­
Verlag 

Takayama, A 1985 Mathematical EconomIcs, 
second ed New York Cambridge Umverslty Press 

Varian, Hal R 1984 M,croeconomlC AnalysIs, 
second ed New York W W Norton & Co 

33 


